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Abstract

The extentto which Four-DimensionaMariationaldataassimilation(4D-Var) is able
to useinformationaboutthetime-evolution of theatmospheréo infer thevertical spatial
structureof baroclinicweathersystemss investigatedGenerakesultsarederivedusing
the singularvalue decompositiorof the 4D-Var obsenability matricesin anidealized
Eadymodelsetting. Theseresultsareconfirmedwith 4D-Var analyses.

Theresultsshawv that4D-Var performswell atcorrectingthe errorsthatwould other
wiserapidly corruptaforecast.However, in afew cases4D-Varmayaddarapidly grow-
ing errorinsteadof correctinga decayingerror. Theability to extractthetime-evolution
information can be maximizedby placingthe obsenationsasfar apartas possiblein
time, andthe specificationof the case-dependetiackgrounderror variancess crucial
in beingableto projectthe obsenationalinformationontoanalysisncrementghatlead

to theappropriategronth rate.



1. Intr oduction

The dynamicalinstability of the atmosphereneanshatsmall perturbationghatareintroducedinto
the flow may grow rapidly. For example,the flow at mid-latitudesis baroclinicallyunstabledueto
the vertical shearassociatedvith the meridionaltemperatureggradient. This wave-instability pro-
videsthe dominantmechanisnfor disturbancedo develop into mid-latitudeweathersystems.In
suchdevelopmentthe vertical spatialstructureof the disturbanceplaysa fundamentarole in gov-
erningthe development.For example,the normal-modeanalysisof simplelinear models(Charng,
1947;Eady,1949)shovedthatthe fastestgrowing structureexhibits a westwardtilt with heightin
the pressurdield. This verticaltilt leadsto a processknown asself-developmentwherethe upper
andlower level wavesactto intensify eachother leadingto exponentialmodalgrowth. In contrast,
thefastestecayingstructureexhibits aneastvardtilt with heightsothatthe circulationsassociated
with the upperandlower level wavesactto wealen eachother More recentstudies(Farrell, 1982,
1984)showvedthatit is possiblefor thegrowth rateof adisturbancdo exceedthe exponentialgrowth
of the fastesigrowing normalmodeover a limited periodof time. Suchdisturbancesnay be found
by computingthe singularvectorsof the linearmodel(Farrell, 1989;BuizzaandPalmer,1995). The
spatialstructuref thesedisturbancesirecharacterizedby localizedtilted interior potentialvortic-
ity (PV) structureswhich separateanduntilt underthe actionof the sheay leadingto amplification
(BadgerandHoskins,2001). Again, the vertical structureof the disturbances fundamentafor this
rapidnon-modalgrowth.

The rapid growth of small disturbancesn a baroclinically unstableflow hastwo consequences
for dataassimilation. The first consequences that dataassimilationalgorithmsneedto be ableto
generat@analysesvith theverticalstructureghatarenecessarjor bothmodalgrowth anddecayand
alsofor non-modalgrowth. The secondconsequences thatsmall errorsin the initial conditionsof
anumericalweatherforecastmayrapidly developinto largeforecasterrors.lt is thereforemportant
thatthe dataassimilationalgorithmis ableto correctsuchrapidly growing errors.

Algorithms suchas Three-DimensionaV/ariationaldataassimilation(3D-Var) (Courtieret al.,
1998),usingspecifiederror covariancematrices generatean analysisby blendingtogetherobsena-

tions nearthe analysistime with a backgroundstate. Algorithms suchas Four-DimensionalVaria-



tional dataassimilation(4D-Var) (Rabieret al., 2000)andEnsemblé-ilters (Evensen1994; Tippett
etal.,2003;Lorenc,2003a,b)extendthis methodby usinga forecasimodelto link togetherbsena-
tionsthataredistributedin time andalsoto evolve the backgrounderror covariancematrix (Lorenc,
1986). This meansthat obsenationsare combinedwith dynamicallyevolved covariancesso that
4D-Varis ableto generatehe verticalstructuregshatareneededor baroclinicgrowth. For example,
singleobsenationexperimentshy Thépautet al. (1996)shovedthat 3D-Var analysisincrementsio
notexhibit any tilt with height,whereaglD-Varanalysisncrementsareanisotropicandalsoexhibit a
westwardtilt with height. Idealizedexperimentdy RabierandCourtier(1992)shavedthat4D-Var
is ableto combinethe information provided by the modeldynamicswith obsenationsof only the
eddypartof theflow to reconstruct baroclinicwave.

Thépautet al. (1996) demonstratea stronglink betweenthe dominantsingularvectorsof the
tangentlinear model and 4D-Var analysisincrements. Theoreticalstudiesby Pireset al. (1996)
and Rabieret al. (1996) also shaved that the 4D-Var cost function is most sensitve to analysis
incrementggiven by the dominantsingularvectors. Hence4D-Var shouldprovide accurag of the
unstablecomponent®of the flow by correctingthe componentsn the initial errorsthatarerapidly
growing.

Many of the previous 4D-Var studieshave considerebsenationsgiven at only the endof the
window. However, oneof themajoradwantage®f 4D-Varis thatit is ableto usethe modeldynamics
to link togetheratime-sequencef obsenations.This extrainformationcanbeusedto build abetter
pictureof boththe spatialandtemporalstructureof theatmospherdy ensuringconsisteng between
the obsenationsandthe predictedevolution of the atmosphericstate. Hereandin the companion
paperJohnsoret al. (2005a),hereafterJHN, we usethe singularvaluedecompositior{(SVD) of the
obsenability matrix to examinethe spatialandtemporalinterpolationin 4D-Var thatresultsfrom the
interactionof atime-sequencef obsenationswith the modeldynamics.Thetechniquevasusedin
JHNto investigateheextentto which4D-Var couldusethetime evolutioninformationto reconstruct
the statein anunobseredregion, whilst filtering the obsenationalnoise. The techniques usedin
this paperto investigatethe extent to which 4D-Var is able to usethe information from a time-

sequencef obsenationsto generatehe vertical spatialstructuresthat are necessaryor accurate



forecastf baroclinicweathersystemsandalsoto correcterrorsin theinitial conditionsthatresult
in rapid growth. For a completeassessmertdf whether4D-Var is ableto generatdhe appropriate
vertical structureswe investigatewhether4D-Var is ableto generatdhe appropriatestructuredor
bothbaroclinicgrowth anddecay

The 2D Eadymodelis usedthroughouthis paper This linear modelis oneof the mostsimple
modelsof baroclinicinstability, and allows a clearunderstandingf the operationof 4D-Var. The
4D-Var algorithm, singularvectortechniqueand Eady modelaredescribedn section2. In section
3, we comparecaseswith groving anddecayingmodesandinvestigatethe impactof the accurag
of the obsenations,the temporalposition of the obsenationsin the assimilationwindow andthe
positionof the obsenationsin the spatialdomain.The experimentsn section3 only considererrors
thatresultin modalgrowth or decaybut the experimentsn section4 alsoconsidercaseswith errors
thatresultin non-modalgrowth. Thesefinal experimentsare usedto investigatethe impactof the
specifiederrorvariance®nthegrowth rateof thefollowing forecast.Themainconclusionsregiven
in section5, andthepaperthenendswith adiscussionFurtherstudiesassociateavith thiswork may

befoundin Johnson(2003)andJohnsoretal. (2005b).

2. Description of the Eady model experiments

a. 4D-Var algorithm

4D-Var findsthe optimal statetrajectorythatis closeto the obsenedvaluesover a specifiedassim-
ilation time window andis closeto the backgroundstateat the beginning of the window. It is too
expensve to computethe optimal stateat every time level. Therefore,with the reductionof the
controlvariable(Le DimetandTalagrand;1986),only theinitial conditionsareadjustedandthetra-
jectoryis requiredto satisfythe modelequationsexactly. In thefollowing, we only considerinear
modelsbutit is possibleto apply4D-Varto nonlineammodelsby usingthenonlinearmodelin anon-
incrementaformulation,or usinga linearizedmodelin anincrementaformulation(Courtieret al.,
1994).

Mathematicallythe analysisattime ¢, x?, is givenby theinitial state x,, which minimizesthe



costfunction,

N
J(%0) = p*(x0 —x")" B~ (x¢ — x") + Z(YL - Hx)'R; (y; — Hix), (1a)
1=0
subjectto thelinearmodelconstraint,
Xigr1 = M(ti+1, tL>XL fori = 0, caay N —1. (1b)

Here x; is thestatevectorattimet;, x” is thebackgroundtate y, is thevectorof obserationsattime
t;, andH; is the (linear) obsenation operatorwhich corvertsfrom statespaceto obsenationspace,
andM(t,41, t;) isthelinearmodeloperatofromtimet; tot¢;.;. In themajority of 4D-Varalgorithms,
B andR; arethespecifiedbackgroundgtateandobsenationerrorcovariancematricesandy.? is taken
as1. Herewe chooseo insteadconsideranexplicit dependencen the parametey?; the parameter
12 is consideredo betheerrorvarianceratio betweerthe obsenationsandbackgroundstate and B
andR; areconsideredo bethespecifiedbackgroundtateandobsenationerrorcorrelationmatrices.
Wheny? > 1 it impliesthatthe backgroundstateis moreaccuratehanthe obsenationsandhence
thealgorithmdraws closeto thebackgroundstate. Wheny? < 1, it impliesthatthebackgroundstate

is lessaccurateéhanthe obsenationsandhencethe algorithmdraws closerto the obsenations.

b. SVD framework

The SVD of whatis known asthe obsenrability matrix provides a useful tool to examinethe in-
teractionof obsenationsanddynamicswithin 4D-Var, asshovn by JHN. The obsenability matrix
incorporateghe obsenation and backgrounderror covariancesthe obsenation locationsand the
linear forecastmodel. We denotethe block diagonalmatrix with the obsenration error correlations
at eachtime on the diagonalas R, andthe symmetricsquarerootsof R and B asR'/2 and B!/

respectrely. The generalizecbbsenation operatoris a block matrix linking the time-sequencef



obserations,y = [y{,y7{,... ,ymT, to theinitial statevector x,, andis denotedby

. T
H = { HI (H;M(ty,t)T ... (HyM(ty,to)T | - (2)
Thenthe obsenrability matrix H andits associategingularvaluedecompositions givenby

H=R"HBY? =) M\uyv?!. (3)
j=1

The singularvalues, left singularvectors(LSVs), right singularvectors(RSVs) and rank of the
obsenrability matrix aredenotedoy A;, u;, v; andr.
The RSVsform anorthonormalbasisin the uncorrelatedstatespacewhich meanghatthe 4D-

Var analysisncrementanbewritten as:

X' —x" = Z fic;BY?v;, (4a)
j=1
where
f] - MQ + )\JQ)
uIR12d
cj = J N (4C)
J

andwhered = § — Hx" is the generalizednnovation vector The RSVsareindependenbf the
obsenedvaluesandthe backgroundstate.They give the possiblespatialstructureghatcanbe anal-
ysedby 4D-Var for the specifiedlinear modeldynamics linearizationtrajectory error covariances
andobsenationlocationsin bothspaceandtime.

The particularcombinationof RSVsthatareincludedin theanalysisncremenis determinedy
thecoeficients,c;. If thevectorR —1/2d hasalarge projectionontothe LSV u;, thenthecorrespond-
ing RSV is givenalarge weight. The obsenationalnoisecanhave a large projectionontothe LSVs
with smallsingularvaluesso thatthe correspondindRSVswould dominatethe analysisincrement.

However, thesearefilteredby thefilter factors,f;, which dampthe RSVswith smallsingularvalues,
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)\3 << u?. Hencethealgorithmselectiely filters unrealisticstructuresandthe analysisncremenis

dominatedby the RSVswith large singularvalues.

c. Eady mode

The non-dimensionagquationgor the 2D Eadymodel (Eady,1949)arenow described.The basic
stateis given by a linear zonalwind shearwith heightin a domainbetweentwo rigid horizontal
boundaries. The domainis infinite in the meridional direction and the only dependencen this
directionis the uniform meridionaltemperaturgradientwhich is in thermalwind balancewith the
zonalwind shear The density staticstability andCoriolis parameterareall takento be constants.
Theperturbatiorto the basicstateis describedy the non-dimensionabuoyangy, b, ontheupper
andlowerboundariegndby thenon-dimensionajuasi-geostrophipotentialvorticity (QGPV),q, in
theinterior. Equivalently, the perturbatiormayalsobedescribedy thenon-dimensionajeostrophic

streamfunctiomy, which satisfies:

o 0% _ 11

w+w—q, nze |:—§,§:|, SCE[O,X], (53.)
onp 1
gfb, onzfiQ, x € [0,X], (5b)

wherez is the non-dimensionatlistancen the zonaldirection,andz is thenon-dimensionaheight.
Thenon-dimensionaime will bedenotedy ¢. Theperturbatiorio thebasicstatels advectedzonally

by thebasicshearflow asdescribedy thenon-dimensionaQG thermodynamiequatiorandQGPV

equation:
0 0 e 1
(aJrza—x)b;a—x, onz;iﬁ, z € [0, X], (6a)
0 0 . 11
<§+28—$>q: , Inze |:—§.§:| , S [O.X] (Gb)

Theperturbatioris periodicin the horizontalsothatthe lateralboundaryconditionsare: b(0, z, t) =
b(X,zt) andq(0,z,t) = q(X,z,t). The modelis discretizedusing 11 vertical levels for QGPV

with 40 grid pointsin one periodicinterval in x. The adwectionequationsare discretizedusing a



leap-frogadvectionscheme Thecomputationadetailsto computethe4D-Var analysisandthe SVD
areidenticalto thosein JHN.

Dimensionablaluesfor z, z andt will beusedto discusgheresults.Thesearebasebnadomain
heightof 10km, buoyangy frequeny N = 10-2s~ %, Coriolisparametef = 10~*s~!. Thedifference
in the basicstatezonalwind shearover a heightof 10kmis 40ms~!. Theimplied wavelengthof the

mostrapidly growing andmostrapidly decayingnormalmodess about4000km.

3. Resultsconsideringmodal growth and decay

In this section,we usethe Eady model to investigatethe extent to which 4D-Var is able to use
the temporalevolution information containedn the obsenationsto correctthe errorsin the initial

conditionsthatresultin eithermodalgrowth or decay

a. Experiment Description

Thetruestateis givenby eitherthemostrapidly growing or the mostrapidly decayinghormalmode,
the equationdor which aregivenin AppendixA. The growing modeexhibits a westward tilt with

heightof the streamfunctiorfield, v/, andan eastvardtilt with heightof the buoyangy field, 0v/0z.

This vertical tilt is associatedvith the growth in amplitudeof the mode with time. In contrast,
the decayingmodeexhibits an eastvard tilt in the streamfunctiorfield and a westward tilt in the
buoyangy field.

Thebackgroundstateis givenby the true statebut with eitheranamplitudeor a phaseerror. For
the amplitudeerror, x* = 0.5x¢; for the phaseerror, the true stateis shifted westward by 500km.
Thus,in all the experimentsthe backgroundstateerroris alsogivenby eithera growing or decaying
normal mode. Theseexperimentscan be usedto comparecasesn which the errorsin the initial
conditionsareeithergrowing or decaying.

Theinterior QGPVis zerofor all the true andbackgroundstates.The control variablesusedin
the4D-Var algorithmaregivenby only the upperandlower boundarybuoyang atthe beginning of

thewindow. This meanghatanalysisncrementsnayonly beaddedo the buoyang field andnotto



the QGPVfield. It is assumedhatthereareno obsenationerror correlationsR = 1. Thespecified
backgrounderror correlations,B, have a horizontalcorrelationlengthscalel = 1000km, andare
definedin AppendixA.

Perfectsyntheticobsenationsof only thelowerboundarybuoyangy aregivenattwo timesduring
al2hassimilatiorwindow. Theassumptiorof perfectobsenationsis notcrucialhere.ln anequiva-
lentexperimentwith noisy obsenations,the RSVsthatcorrespondo noisewould be dampedy the
filter factorsandhencea similar analysiswould be obtained.Thus,in theseexperimentsyaryingthe
sizeof theerrorvariance?, hasthe sameeffect asvaryingthe sizeof the obserationalnoise.This
assumeshatin the assimilationof noisy obsenationsthe appropriatevaluefor 2 is used. This is

describedn furtherdetailin AppendixB.

b. Preliminary Examples

Beforewe discusghemainresultswe shov someexample4D-Var analyse$rom theseexperiments.
The analysesareshownn at the middle of the 12h assimilationwindow. In Fig. 1a-b,thetrue stateis

givenby a growing normalmode thebackgroundtatehasanamplitudeerrorandthespecifiederror
varianceratiois ©2 = 1. Obsenationsof the lower level buoyang/ aregiven at the beginning and
the endof the 12h assimilationwindow. The 4D-Var algorithmdraws closeto the obsenationsso
thatthe analysisis closeto the true stateon the lower boundary The algorithmalsoincreaseghe
amplitudeof the upperboundarysomevhatso thatthe growth rate of the analysisthroughthe time

window is moreconsistentwith the obsenations. The equivalentanalysisfor the decayingmodeis

showvn in Fig. 1c-d. The algorithmagaindraws closeto the obsenationson thelower boundary but

the upperboundarywave is not adjustedasmuchasfor the growing mode. In particular the upper
boundarywave is shiftedeastvardwith only aslightincreasen theamplitude.

Figure2 shows similar experimentsbut with phaseerrorsinsteadof amplitudeerrors. The anal-
ysisfor thetrue stategiven by a growving modeis shown in Fig. 2a-b The upperboundarywave is
moved eastvard so thatit is closerto the true state,but thereis alsoa reductionin the amplitude.
The equivalentanalysisfor the true stategiven by the decayingmodeis shovn in Fig. 2c-d. Again

the upperboundarywave hasbeenshifted slightly but lessinformation aboutthe upperboundary
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wave is inferredthanfor the growing mode. In boththe amplitudeandphaseerrorcases4D-Varis
muchbetterableto correctthe unobsered upperboundarywave for the casewherethe true state,
andhencethebackgroundstateerrorresultsin growth ratherthandecay

Theseexperimentdllustratethat4D-Var is ableto usethe time-evolution informationto correct
theupperlevel wave. However, it is not clearwhy 4D-Var is betterat correctingthe growing errors
thanthedecayingerrors,andhow theanalysesanbeimproved.

In thefollowing experimentghe SVD framework is first employedto considerfurtherthe extent
to which 4D-Var is ableto correctthe upperlevel wave and producean analysiswith the correct
growth rate. The conceptghatarelearnedfrom the SVD framewvork arethenconfirmedby 4D-Var
analysesTheanalysesareverified by comparingthe behaiour, including the magnitudeandphase

error, over the following forecastinterval. The magnitudeis evaluatedusing the non-dimensional

KE = / / vidadz (7)

wherev = 01 /0x is the perturbationmeridionalwind. The phaseerror is evaluatedusing the

kineticenegy (KE) norm:

correlationbetweerthe streamfunctiorfields of the analysisandthetrue state.The errorcorrelation
takesavalueof onewhenthe analysiss completelyin phasewith thetrue stateandtakesa valueof
minusonewhenthey arecompletelyout of phase.

We first considerthe impactof the accurag of the obsenationsby varyingthe valueof ;2; we
thenexaminetheimpactof thetemporalpositionof the obsenationsby varyingthetime of thefirst
setof obsenations;andwe finally examinetheimpactof the spatialpositionof the obsenationsby

observinghorizontallines of the buoyangy field at differentheights.

c. Accuracy of the observations

Theability of 4D-Varto reconstructhe upperlevel wave for differentvaluesof .2 is now examined.
Theobsenationsareagainof thelower level buoyang atthe beginningandthe endof the window,

butthevalueof 1.2 is varied.It is assumedhatin theappropriatevalueof ;.2 is usedn theassimilation
of realdata. A large valueof ;2 impliesthatrelatively inaccurateobsenationsare assimilatedand

sothe analysisis closeto the backgroundstate. A smallvalueof 12 impliesthatrelatively accurate
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obsenationsareassimilatedandsothe analysisis closeto the true state. Hencevarying the size of

1% allows usto investigateheimpactof theaccuray of the obsenations.
1). SVD RESULTS

We first examinethe RSVsof the obsenability matrix anddiscussthe generalconclusionghatare
implied from these. Section2 shaws that the uncorrelatedanalysisincrementcan be written asa
linear combinationof the RSVsof the obsenability matrix. For our purposespnly the RSVsthat
contributeto the analysisincrementareof interest;thesearethe RSVsthathave non-zerovaluesof
¢; (4c). Thevaluesof ¢; arelargewhenthe generalizednnovationvectord is in the samedirection
asthe correspondind-SVs. In thesecarefully constructedexperiments(with perfectobsenations,
atrue stategivenby a growing or decayingnormalmode,anda backgroundstatethathaseitheran
amplitudeor phaseerror) the innovationsd arealsoeithergiven by a growing or decayingnormal
mode.This meanghatthereareonly four valuesof ¢; thatarenon-zeroto machineprecision.These
arefor j = 2,3,6, and7. Further the RSVsoccurin pairssothatRSVs2 and3 have the same
singularvalue (A = 2.99) andanidenticalstructureexceptfor a phaseshift of 1000km. Similarly
RSVs6 and7 bothhave A = 0.74. Thus, it is only necessaryo examinethe spatialstructureof the
secondandsixthRSVs.Theseareshovnin Figs.3 and4. NotethattheRSVs,definedn uncorrelated
statespace are premultipliedby the squareroot of the backgrounderror correlationmatrix so that
they arein correlatedstatespaceandto be consistentvith (4). The structureof the samefields after
they have beenevolvedby thelinearmodelM arealsoshovn. Thesegive the associatedtructures
attheendof theassimilationvindow. It shouldbe notedthattheevolvedRSV atthefinal timeis not
thesameasthe LSV, astheseRSVsarethesingularvectorsof the obsenrability matrix H andnot of
themodel M.

RSV 2, from the first pair of RSVs,is shavn in Fig. 3. It hasa large amplitudeon the lower
boundarywhichis theobseredregion. Thebuoyang field tilts eastvardwith heightandthestream-
functionfield tilts westward with height. This tilt is characteristi®f a growving solutionbut it does
nottilt asmuchasfor anormalmode.Whenthis RSV is evolvedby themodelto give thestructureat

thefinal time we find thatthelower boundarywave increaseslightly in amplitudeandthereis alarge
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increasen theamplitudeof thewave ontheupperboundarywave suchthatit is similarto thatonthe
lower boundary Also the upperboundarybuoyang/ wave moveswestward andthe lower boundary
wave moveseastvard sothatthe streamfunctiorfield exhibits a greatettilt with height,closeto that
of theunstablenormalmode.Thus,thestructureof the RSV atthefinal time morecloselyresembles
thestructureof anormalmode.

RSV 6, from the secondpair of RSVs, is shovn in Fig. 4. At the initial time, it hasa large
amplitudeon the unobseredupperboundary The buoyangy field tilts westwardwith heightandthe
streamfunctiorfield tilts eastvard with height,characteristiof a decayingmode,but againit does
not tilt asmuchasfor a normalmode. Whenthe RSV is evolved to the end of the window, the
circulationassociatedvith the upperboundarywave actsto the wealen the lower boundarywave
until it becomegzeroandthenbeginsto grow againwith the oppositesignsothatatthefinal time the
buoyangy field tilts eastvardwith heightandthe streamfunctiorfield tilts westwardwith height. Its
structureat thefinal time is moresimilar to thatof a growing wave thana decayingwave.

The coeficientsc; have a large valuewhenthe generalizednnovation vectord is in the same
directionasthe correspondind-SVs. Thus,the structureof the LSVs shav how the obsenational
informationis projectedonto the RSVs. The LSVs exist in obsenation spacewhich is the lower
boundarybuoyang at the initial andfinal time. The LSVs correspondindo the first pair of RSVs
have a similar structureto the lower boundarybuoyangy fields of the first pair of RSVsandare
thereforenot showvn. Thereis very little changein the shapeand amplitudeof the wave with time
whichimpliesthatthefirst pair of RSVsgive the structurecorrespondingo the generakhapeof the
obsenedwave. The pair of LSVs correspondingo the secondpair or RSVs(alsonot shavn) have a
similar structureto thelower boundarybuoyangy fieldsof the secondpair of RSVs. Thewave atthe
final time hasthe oppositesignto thatat theinitial time. This impliesthatthe secondpair of RSVs
correspondo extractingthe growth ratefrom the obsenedwave.

Fromthe Tikhonov filter factors, f; (4b), the algorithmdampsthe RSVswith /\§ < p? sothat
asthe varianceratio, 12, is increasedhe algorithmdampsmore of the RSVswith small singular
values.In this case thefirst pair of RSVswith A = 2.99 containthe informationthatis neededo

reconstructhe statein obsenedregionsandalsoto give a growing analysisincrement.In contrast,
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the secondpair of RSVs,with A = 0.74, containthe informationneededo reconstructhe statein
the unobsered regionsandalsoto give a decayinganalysisincrement. In particular theseRSVs
correspondo the informationdetectingthe growth or decayof the obsenedwave. This growth is
harderto detectthanthe generakpatialstructureof thelower boundarywave andhencetheseRSVs
have a smallersingularvalue thanthe first pair of RSVsand are dampedby the algorithmif the
obsenationalnoiseis relatively largei.e ;1 > 0.74.

Fromthe SVD results,we expectthatwhenthe obsenationsare extremelyaccurateandhence
1 = 0, thealgorithmis ableto addboth pairsof RSVsto the backgroundstate. Whenthe obsenra-
tional noiseis largersothat . = 0.74, thealgorithmwill filter out muchof thesecondpair of RSVs.
Theseare the vectorsthat are neededo reconstructhe upperlevel wave andto give a decaying
analysisincrement.Whenthe obsenationalnoiseis increasedurther, sothat ;. = 2.99, both pairs
of RSVsarestronglyfiltered,andsothereis little differencebetweernthe backgroundstateandthe

analysis.Thisis now confirmedwith the4D-Var analysesndforecasts.
2). A4D-VAR ANALYSES

4D-Varanalysesisingobsenationsof thelowerlevel buoyang atthebeginningandtheendof a12h
assimilationvindow, but with differentspecifiedvarianceratiosarenow comparedWefirst consider
the casesvherethe backgroundtatehasanamplitudeerror TheKE valuesfor the 12hwindow and
following 36hforecastfor the growing modecaseareshavn in Fig. 5a. The analysisis closeto the
true statewhen z2 is small (12 = 0.1) but as u? increasesthe RSVsarefiltered more so that the
analysisis closeto the backgroundstate. The equivalentdiagramfor the decayingmode(Fig. 5b)
is moreinteresting.Whenp? = 0.1, the analysisis closeto the true state. Whenp? = 1, thefirst
RSVscontrituteto the analysisncrementbut the secondpair of RSVsarefiltered. It is the second
pair thatarerequiredto form a decayingincrement.Hence the KE decayghroughthe assimilation
window, but thenbeginsto grow so that the 36h forecastis worsethanthat from the background
state.Whenu? = 100, the obsenationsareassumedo be soinaccuratehatboth pairsof RSVsare
filtered, andthe analysisremainscloseto the backgroundstate. It shouldbe notedthatthe diagram

for thedecayingnodehasa differentscale andsotheimpacton the 36hforecasis smallcompared
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with thegrowing mode.

Thereare similar resultsfor the casesvherethe backgroundstatehasa phaseerror. For both
the growing anddecayingmodes the KE valuesfor the backgroundstateareidenticalto thosefor
the true state(Fig. 6). The error canonly be seenin the error correlationvalues(Fig. 7). For the
growing mode,whenu? = 0.1, both pairsof RSVscontrikute to the analysisincrement,andboth
the phaseandKE arecloseto thetrue state.Wheny? = 1, only thefirst pair of RSVscontritute to
the analysisincrement. This actsto correctthe lower level wave, but not the upperlevel wave and
hencethe growth rateis reducedbut the phaseerroris improved. When 2 = 100, both pairs of
RSVsarefiltered sothatthe analysiss closeto the backgroundstate.For the decayingmode,when
1% = 0.1, theanalysishasalmostthe correctrateof decayandno phaseerrorfor the majority of the
forecastWhenyu? = 1, it is mostlyonly thefirst pair of RSVsthatareaddedo thebackgroundstate.
This meanghatthe growing incrementeventuallydominateshe analysisso thatthe KE grows and
the error correlationeventuallyhasthe wrong sign. This is becausehe streamfunctiorfield of the
analysisbeginsto tilt westwardinsteadof eastvard. Whenp? = 100, bothRSVsarefiltered andso
the analysisis closeto the backgroundstate. Again, for the decayingmode,the 36hforecastwhen

obsenationsareassimilateccanin factbeworsethantheforecastwithout assimilatingobsenations.

d. Temporal position of the observations

For the investigationof the impactof the temporalposition of the obsenationsin the assimilation
window, obsenationsof the lower boundarybuoyang/ are againgiven at two timesduringa 12h
assimilationwindow. Thefirst (initial) setof obsenationsare given at eitherthe beginning (T+0),
middle (T+6) or end (T+12) of the window whilst the second(final) setof obsenationsarealways
givenat the endof thewindow. Notethatthe experimentswith theinitial setof obsenationsat the
endof thewindow areequivalentto experimentswith a singlesetof obsenationsat only the endof

thewindow andwith thevarianceratio, 1.2, halved.
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1). SVD RESULTS

Singularvaluedecompositionsf the correspondingpbsenability matricesarefirst considered For
a fixed assimilationwindow length, the temporalposition of the initial obsenationshasvery little

impacton the spatialstructureof the RSVsandsotheir structuresarenot shovn. Thereis, however,

a changein the singularvalues. Fig. 8 shavs the singularvaluesof the first and secondpairs of
RSVsthatcontributeto the analysisncrementasselectedy thevaluesof ¢; (notnecessarilyaways
number2&3 and6&7). Whentheinitial obserationsareat T+0, the singularvaluesare A = 2.99

and0.74. Thesecorrespondo the RSVsshaown in Figs.3 and4. Whentheinitial obsenationsare
moved towardsthe endof the window, the singularvalue of the first pair of RSVsincreasesvhilst
that of the secondpair decreasesFor initial obsenationsat T+6, the singularvaluesare3.17 and
0.34.Whentheinitial obsenationsareat T+12,thesingularvalueof thesecondair of RSVsis zero;
whenthe obsenationsareonly the endof the window, only thefirst pair of RSVscancontribute to
theanalysisncrementasthereis no obsenationalinformationaboutthe growth of the wave.

The secondpair of RSVscorrespondo the informationaboutthe growth rate of the wave. In-
tuitively, we know thatmoreinformationaboutthe growth ratecanbe extractedif thetime between
theinitial andfinal time obsenationsis longer Whenthe obsenationsarefar apartin time, there
is a large differencein the amplitudeof the obsened wave at the initial andfinal times. Whenthe
obsenationsare moved closertogetherin time, thereis a small differencein the amplitudeat the
initial andfinal timesandthereforet is muchmoredifficult to infer the growth rateaccuratelywhen
assimilatingrelatively noisy obsenations. It is for this reasonthatthe singularvalue of the second
pair of RSVsincreasessthe obsenationsaremovedfurtherapartin time.

To be ableto includethe secondpair of RSVsin the analysisincrementwe needa valueof 1.
thatis smallerthanabout0.5. Further the singularvaluesshow thatthe secondpair of RSVswill
have a larger contritution to the incrementf the initial obsenationsare closerto the beginning of

thewindow. Thisis now confirmedby the4D-Var analyses.
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2). A4D-VAR ANALYSES

4D-Var analysesisingobsenationsof the lower level buoyang but at differenttimesarenow com-
pared.Thefirst setof obsenationsaregivenat the beginning, middle or endof thewindow andthe
secondsetof obsenationsare alwaysgiven at the end of the window. For all the caseswe select
avarianceratio of 42 = 0.1. Thisis closeto the singularvalueof the secondpair of RSVsandso
allowsthe effect of the positionof the obsenationsto beillustratedclearly.

The resultsfor the caseswith an amplitudeerror are shovn in Fig. 9. For the growing mode,
thereis little differencein the KE valuesfor the differentcasesandall arecloseto the truth. For
thedecayingmode,wherethe secondair of RSVsaremoreimportant,theanalysisis indeedcloser
to thetrue statewhenthe initial obsenationsare at the beginning of the window. Whenthe initial
obsenationsareat the endof the window, the analysisincrementieadsto growth ratherthandecay
becausehe secondpair of RSVsarefilteredcompletely

The resultsfor the caseswith a phaseerror (Figs. 10 and 11) are someavhat similar. For the
growing mode, the phaseerrors are significantly improved for all three casesas the lower level
wave hasbeenshiftedto the correctpositionandthe KE valuesareslightly worseasthe upperlevel
wave is not shiftedcompletely Further boththe phaseerror and KE valuesfor the growing mode
areworsewhenthe initial obsenationsare at the end of the window ratherthan at the beginning.
For the decayingmode, the differencesare againmore pronounced.With obsenationsat the end
of the window, only the first pair of RSVsare includedand the KE valuesbegin to grow whilst
the streamfunctiorfield eventuallytilts westward insteadof eastvard, giving a negative correlation.
With obsenationsat the beginning of the window, the RSVsneededo give decayarefiltered less,
improving boththe KE valuesandthe phaseerror.

Fromthe equivalencebetweerdD-Var andthe KalmanFilter, 4D-Var implicitly propagateshe
backgrounderror covariancematrix throughtime. This meansthatthe error covarianceat the end
of the interval is more sensitve to the flow regime (more flow-dependentthan at the beginning
(Thépautet al., 1996),which suggestshat you would expectobsenationsto be moreusefulat the
endof thewindow. However, theseexperimentsshaw thatthe 4D-Var analysesareimprovedwhen

theinitial andfinal obserationsarefurtherapartin time. Thus,in thesecasesthe obsenationsat
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thebeginning of thewindow arealsoimportant.

e. Spatial position of the observations

The impactof the spatialpositionof the obsenationsis consideredy repeatingthe SVD analysis
and4D-Var experimentswith the horizontalline of obsenationsgiven at differentheights. This is

achiezed by observingtheinterior non-dimensionabuoyangy, which is the verticalderivative of the
non-dimensionastreamfunction.The obsenationsin eachcaseare given at the beginning andthe

endof a 12hassimilationwindow.
1). SVD RESULTS

Thesingularvaluesof thefirstandsecondoairsof RSVs,asafunctionof the heightof thebuoyang/
obsenations,areshown in Fig. 12. Dueto the symmetryof the of the Eadymodel,the experiments
usingobsenationson the lower boundaryare equivalentto thoseusing obsenationson the upper
boundary Hence,the curvesare symmetricalaboutSkm. As the heightof the obsenrationsis in-
creasedrom 0 to 4.5km,the singularvaluesof boththefirst andsecondRSVsdecreaseTheformer
decreasefom 2.99to 1.64andthelatterfrom 0.74t0 0.57.

The SVD shaws that we expectthe 4D-Var analysedo be closestto the truth whenthe obser
vationsare nearesto the upperor lower boundariesasthesegive the largestsingularvalues. The
normalmodesaredrivenfrom the boundariegandtheir buoyangy fieldshave their largestamplitudes
attheboundariesHenceobservingheboundarybuoyang/ couldbeexpectedo beoptimumandthe
differencebetweerthe obsenationsandthe backgroundstateis largestatthe boundariesTherefore,
moreaccuratenformationcanbeextractedin the presencef relatively noisy obsenationswhenthe
obsenationsareclosesto therelevantboundaryherethelower one. Thisis now confirmedwith the

actual4D-Var analyses.
2). 4D-VAR ANALYSES

Whenthetrue stateis givenby the growing mode,the varianceratio is specifiedas > = 10. With

this value, the position of the obsenationshasthe mostimpacton the filtering of the first pair of
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RSVs. Whenthe heightof the obsenationsis increasedthe first pair of RSVsarefiltered more.
The KE values(Fig. 13a)shawv thatthe analysisis indeedclosestto the backgroundstatewhenthe
obsenationsarenearto the centreof thedomainandcloseto thetrue statewhentheobsenrationsare
onthelowerboundary
Whenthe true stateis given by the decayingmode,the varianceratio is specifiedas ? = 0.1.

With this value, the positionof the obsenationshasthe mostimpacton the filtering of the second
pair of RSVs.Whenthe heightof the obsenationsis increasedthe secondoair of RSVsarefiltered
moresothatthefirst pair dominatethe solution,leadingto growth insteadof decay The KE values
(Fig. 13b) show that the bestanalysisis indeedobtainedwhen the obsenationsare on the lower

boundary

f.  Summary

Casewvherethetruestates givenby eitheragrowing or decayinghormalmode,andwheretheback-
groundstatehaseitheranamplitudeor phaseerrorhave beenconsideredTheright singularvectors
(RSVs)of the 4D-Var obsenrability matrix provide a usefultool to examinehow the obsenational
informationis projectednto theanalysisncrement.in thesecasesthereareonly two pairsof RSVs
thatareneededo form theanalysisncrement.Thefirst pair of RSVsbothhave largesingularvalues,
andleadto a growing analysisincrement.The secondpair of RSVshave small singularvaluesand
areneededo reconstructhe upperlevel wave andto give a decayinganalysisncrement.

The 4D-Var algorithmfilters the RSVswith relatvely small singularvalues,comparedvith the
sizeof the obsenationalnoise. This impliesthat4D-Var preferentiallyaddsan analysisincrement
that resultsin growth. Suchbehaiour meansthat 4D-Var is extremely efficient in correctingthe
errorsin the initial conditionsthat would otherwiseleadto large forecasterrors. However, if the
errorsin the backgroundstateleadto decay addingan analysisincrementthat leadsto growth is
detrimentako theforecast.

4D-Var is ableto extract the information aboutthe growth rate of the true statefrom the time-
sequencef obsenations. This informationis containedn the secondpair of RSVsandis filtered

lesswheneither? decreasesr whentheir singularvalueincreasesWe have examinedthreeways
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in whichthis canoccur First,astheaccuray of theobsenationsincreaseshevalueof ;2 decreases.
Secondasthetime betweertheinitial andfinal setsof obsenationsincreasesthe singularvalueof
the secondpair of RSVsincreases.Third, astheline of buoyang/ obsenationsis movedfrom the
centreof the domainto eitherthe upperor lower boundarythe singularvaluesof boththefirst and

secondoairsof RSVsincreases.

4. Resultsconsideringmodal and non-modal growth

The experimentsn section3 arebasedon backgroundstateerrorsthatare givenby eithera grow-
ing or decayingnormalmode. Suchexperimentsareusefulfor understandinghe differencesn the
behaiour of 4D-Var in the presencef growing anddecayingerrors. However it is possiblefor an
errorin theinitial conditions,typically associatedavith interior QGPV anomalies{o exceedthe ex-
ponentialgrownth of the mostrapidly growing normalmode.In thisfinal sectionof results the extent
to which4D-Varis capableof correctingsuchanerroris investigatedy comparinghe behaiour of
4D-Var in casesvherethe true stateis given by eitherthe mostrapidly growving normalmodeor a

PV-dipole perturbatiorthatexhibits non-modakapid growth.

a. Experiment Description

Theexperimentsn section3 only allowedtheanalysisncrementdo beaddedo theboundarybuoy-
ang/. Theexperimentsn this sectionallow theanalysisncrementgo beaddedo boththeboundary
buoyang/ andthe interior QGPV. The backgrounderror variancefor buoyangy and QGPV canbe
expectedto be different,andthis is allowed for. The ratio betweenthe obsered and background
buoyang errorvariances denotedy 2 and Mg is theratio betweerthe buoyang/ obsenationerror
varianceand the backgroundQGPV error variance. Horizontal backgrounderror correlationsare
specifiedby the matricesB,, andB,,, bothwith lengthscaled = 500km. B, is block diagonal,
with two horizontalcorrelationmatriceson the diagonal,which correspondo the buoyang/ on the
upperandlowerlevels.B,, is alsoblock diagonal but with 11 horizontalcorrelationmatriceson the

diagonalthatcorrespondo the 11 verticallevelsfor QGPV Thedetailsof the horizontalcorrelation
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matricesaregivenin AppendixA. To simplify the experimentswe considerthe casewhereall the

backgroundstatevaluesarezero,x” = 0. Thecostfunctionis thengivenby:

o) = | 0 s (v ) (v i) ®
0 ungq

The true stateis given by either the most rapidly growing normal mode or a PV-dipole that
exhibits non-modalrowth, theequationdor which aregivenin AppendixA. Thehorizontaldomain
isincreasedo 8000km,with 80 grid pointsin thehorizontal.Horizontallinesof perfectobsenations
of thenon-dimensionabuoyancg aregivenat the beginningandthe endof a 6h window at a height
of 4.5km. Providing obsenationsin the middle of the spatialdomainallows an interior buoyancgy
anomalyto bewell obsened.

Theratio 117 /i givesthevarianceof the non-dimensionaboundarybuoyang errorsdividedby
the varianceof the non-dimensionainterior QGPV errorsin the backgroundstate. In practice,the
sizeof this ratio will dependon the forecastimodelusedto generateghe backgroundstate previous
analysiserrorsandthe particularflow situation. The following experimentscomparethe resultsof
the SVD of the obsenability matricesand 4D-Var analyseswith differentspecificationdor the a
priori errorvarianceratios.

Extremevaluesarechoseno illustrateclearly the behaiour of 4D-Var. Thesearesummarized
in Table 1. Specificationl usesa large valueof 17 /u; (10°). This assumeshatwe think thatthe
backgroundstateerrorsin the boundarybuoyang field are muchlarger thanthosein the interior
QGPVfield. Specification3 usesa smallvalueof 2/.; (107°). This assumeshatwe think that
the backgroundstateerrorsin the buoyang field are muchsmallerthanthosein the QGPV field.

Specificatior? usesvaluesthatarea compromiseof thetwo extremes(y.2 /; = 5 x 1072).
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b. SVDresults

The obsenability matrix correspondingo the costfunctiongivenby (8) canbewritten as:

~ [ wB)? 0

H=H (9)

0 1Bl
We now examinethe RSVs of the obsenability matricesfor different specificationsof the error
varianceratios. We only examinethe RSVsthathave large valuesof c; whenthe backgroundstate
errorsaregivenby a groving modeandthe obsenationsareperfect. It shouldbe notedthatfor the
non-modalcase therearemary valuesof c; thatarenon-zeroandhencetherearemary RSVswith
a variety of spatialscalesthat contribute to the analysisincrements.However, for our purposesit
sufficesto examinethe structureof only afew of theseRSVs.

TheRSVsfor the casewith specificationi (u2/; = 10°) areshavn in Fig. 14a-b Theinterior
QGPV hasa relatively small magnitudewhilst the buoyang field hasa relatively large magnitude.
The buoyang field for RSV4 exhibits an eastvard tilt with heightand that for RSV10 exhibits a
westwardtilt, similar to the RSVsin section3. Suchstructuredeadto modalgrownth andarethere-
fore likely to be appropriatefor correctingsucherrors. The RSVsfor the casewith specification3
(u2/py = 107°) areshavnin Fig. 14c-d. Theinterior QGPV now hasarelatively large magnituden
comparisorto thebuoyang field. Suchstructuredeadto non-modalgrowth throughPV-unshielding

andaretherefordik ely to be appropriatdor correctingsucherrors.

c. 4D-var analyses

We now considerthe impactof differenterror variancespecificationson analysesvherethe back-
groundstateerrorsareeithergivenby modalgrownth or non-modalrowth. Theanalysesreverified

by comparingthe spatialstructureat the beginning of the window, andalsothe exponentialgrownth

1 KE a
t) = ——1 10
oxell) = 55 n(KEt_At) (10)

rate,whichis definedas:

whereAt is thetimestep.
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Thespatialstructureof theanalysesreshonn atthe beginning of thewindow. Wefirst consider
casesvherethe true stateis givenby the growing normalmode. Thetrue state,shavn in Fig. 15a,
is given by buoyang/ waves and zero interior QGPV This gives an exponentialKE growth rate,
showvn in Fig. 16a, thatis constantthroughoutthe forecastperiod. The analysesusingthe three
different varianceratio specificationsare shavn in Fig. 15. For specificationl, a large analysis
incrementamplitudes.5) is addedo the buoyang fieldsanda smallanalysisncrementamplitude
10~%) is addedto theinterior QGPV, This givesan analysisthatlooks similar to the true stateat the
initial time, andthe KE growth rate values(shavn in Fig. 16a)arealsosimilar. For specification
2, asmalleranalysisincrement(amplitude2.4) is addedto the buoyang field anda larger analysis
incremeniamplitude4.1) is addedo the QGPV As theanalysishasalargeamplitudein theinterior,
theincrementgrows by the PV-unshieldingmechanismleadingto a larger growth ratethanthat of
thetrue state.For specificatiorB, the structureof the RSVsaresuchthat4D-Var addsanevenlarger
analysisncrementamplitudes.5) to theinterior QGPV leadingto anevenlargergrowth rate.

Finally, we considercaseswvherethetrue stateis givenby a PV-dipole perturbatiorthatexhibits
rapid finite-time non-modalgrowth. The true state,shovn in Fig. 17a, correspondgo a positive
temperatur@anomalywhich may have resultedfrom, for example,diabaticheating.As discussedy
Badgerand Hoskins(2001), the anomalyevolves by the PV-unshieldingmechanisnto give rapid
finite time growth which peaksat 6h, asshavn in Fig. 16h The analysesisingthe threedifferent
varianceratio specificationsare shovn in Fig. 17. For specificationl, a large analysisincrement
(amplitude3.7) is addedo the buoyangy fieldsanda smallanalysisncrementamplitude7 x 10~4)
is addedto the QGPVfields. This resultsin bothan extremelyunrealisticanalysisandgrowth rate.
Although the time-evolution informationis containedin the obsenations, it is projectedonto the
inappropriateRSV structures. For specification2, a larger analysisincrement(amplitude2.9) is
addedto the interior QGPV field, giving an analysisthat hasa similar structureto the true state.
The growth ratealsohasa similar behaiour to that of the true state,but never exceedshat of the
most unstablenormal mode. For specification3, the obsenational information can be projected
onto the appropriateRSV structures. A larger analysisincrement(amplitude5.9) is addedto the

interior QGPV anda smalleranalysisincrementis addedto the boundarieso thatin the analysis,
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the buoyang/ anomalyhasa small vertical scale,similar to the true anomaly The growth rate now
achieesa value that exceedsthat of the fastestgrowing normalmode. However, it still doesnot
reachthe maximumvalueof the true stateandit is likely thatmary moreaccurateobsenationsare

requiredto producea growth ratethatis closeto thatof thetrue state.

d. Summary

We have compareatasesvherethebackgroundtateerrorsexhibit eithermodalor non-modabrowth
andwheretherearedifferentspecificationgor the backgrouncerrorvariancedor theinterior QGPV
andtheboundarybuoyangy.

The RSVs of the 4D-Var obsenability matrix illustratedthat the possibleanalysisincrement
structuresare pre-determinedby the model,obsenation locations,andthe covarianceswithout the
knowledgeof the obsened values. When the specifiedboundarybuoyang/ varianceis relatively
large, the RSVshave maximaon the boundaries Suchstructuregesultin modalgrownth. Whenthe
specifiedinterior QGPV varianceis relatvely large, the RSVs have maximain the interior. Such
structuregesultin non-modalgrowth.

With aninappropriatespecificationof the error varianceratios, the obsenationalinformationis
projectedontotheinappropriatestructures Althoughthe obsenationsmay containinformationthat
canbeusedto infer thatthetrue stateis for examplea PV-dipole, this maybe mistalenly filtered by
the 4D-Var algorithmif the error covariancesare specifiedinappropriately The growth ratesshow
clearlythatthis canleadto poorforecastsgespeciallyfor the casewherethe true stateexhibits non-
modalgrowth. Hencethe specificationof the backgrounderror covarianceis crucial to enablethe

benefitsof 4D-Var to be maximized.

5. Conclusions

In this paperwe have usedthe singularvalue decomposition(SVD) of the 4D-Var obsenrability
matrix to investigatethe extentto which 4D-Var is ableto usethe informationaboutthe temporal

developmentof idealizedbaroclinicweathersystemdo infer the vertical spatialstructure. Simple
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caseausingthe 2D Eadymodelwith a singlehorizontalline of buoyang/ obsenationsat two times
during the assimilationperiod have beeninvestigated. The SVD provides a generalframework,

withouttheneedfor repeatinghumerougiD-Varidenticaltwin experiments However, to confirmthe
anticipatedresultsfrom the SVD, we have alsoexaminedmary 4D-Var analysesandcomparedhe
evolution of the KE valuesandthe correlationof the streamfunctiorield throughoutheassimilation
window andfollowing forecasts.

Threemainconclusiongrom thiswork canbedrawvn. First,we have shavn that4D-Var preferen-
tially generatesnanalysisncrementhatleadsto growth, but a decayinganalysisincrementcanbe
generategrovidedthatthe informationaboutthe evolution canbe extractedfrom the obsenations.
Secondthe ability of 4D-Var to extractthe valuabletime-evolution informationcanbe maximized
by adjustingthe locationsof the obsenationsin spaceandtime. Third, the specificationof the ap-
propriatebackgrouncderror covariancess crucialin beingableto generatenalysisincrementghat

leadto the appropriategronth rate.

6. Discussion

The factthat4D-Var is efficient in correctingrapidly growing errorsis not a new result. Previous
studiesby Thépautetal. (1996);Piresetal. (1996)andRabieret al. (1996)demonstratethata 4D-
Varalgorithmwith nobackgroundermis ableto useobsenationsgivenattheendof theassimilation
window to correctsucherrors.However, this papemasextendedhis conclusiorto shav that4D-Var
is moreefficientin correctingsucherrorswheninformationaboutthetime-evolution of theobsenred
systemcanbeinferred. Further we have shavn thatin the casewherethe actualerrorsaredecaying
with time, it is possiblefor the obsenationsto be projectedonto analysisincrementstructureghat
leadto growth insteadof decay;suchincrementsaredetrimentalto the forecast.An incrementhat
leadsto decaycanbe generategrovidedthereis accuratanformationaboutthe growth rate of the
system,but otherwise4D-Var generatesn incrementthat leadsto growth. Sonot only is 4D-Var
efficientin correctinggrowing errors,it is alsoefficientin addinggrowing errors. The casesvhere
4D-Varcorrectssucherrorsmostlik ely outweighthecasesvhere4D-Varaddstheseerrors.However,

therearelikely to be a few occasionsvhere4D-Var addsrapidly growing errorsto the background
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state resultingin aworseforecasthanif obsenationshadnot beenassimilated.

The benefitsof 4D-Var canbe maximizedby placingthe obsenationsin the optimal locations
in spaceandtime. Suchadaptve obsenation strateies have previously beenconsideredSryder,
1996),andincludeplacingthe obsenationsin regionsthataresensitve to errorgrowth (Buizzaand
Montani, 1999) or wherethe obsenationshave a large impacton a measureof the forecasterror
(BishopandToth, 1999). This papersuggestshatanalternatve stratgyy could be basedon optimiz-
ing theinformationthatcanbe extractedby the 4D-Var algorithm. Further the4D-Var obsenability
matrix enablesusto considerthe optimallocationfor obsenationsin bothtime andspace(Daescu
andNavon, 2004),andtakesinto accountoththe modeldynamicsanderror covariances.

This work hasalso highlightedthe importanceof using case-dependeitackgrounderror vari-
ancessothatthemaximumamountf informationcanbeextractedfrom theobsenationsandsothat
thealgorithmcangeneratehemodalandnon-modabrowth structureslnappropriatesrrorvariances
canleadto usefulinformationbeingmistalenlyfilteredfrom thesolution,or informationcanbe pro-
jectedontotheinappropriatestructuresCase-dependentvariancesnaybeachiezedusingmethods
suchaserrorbreeding(TothandKalnay,1997),or alternatvely by computingtheappropriatevalues

from thedata(Dee,1995;Gongetal., 1998;Desroziersaandivanors, 2001).
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APPENDIX A
Definitions of the true stateinitial conditions and background error

correlation matrices

Thenormalmodesaredefined(e.g. HoskinsandBretherton, 1972)as:

Y(z, z) = cosh(kz) cos(kx) — asinh(kz) sin(kz), Growing Mode (A.1la)

Y(z, z) = cosh(kz) cos(kx) + asinh(kz) sin(kx), DecayingMode (A.1b)

wherek = 1.6, a = 2.59 andthe interior QGPV is zero. The interior QGP\tdipole perturbation

consistof two spatiallyconfinedvorticesby definingq(z, z) = f(z)g(z), where

R T

flz) = L exlko) —Lcr<l (A.2a)
kg fog o

g(2) = cos*(mz)sin(mz) 2 < z < 8km (A.2b)

with L = 800km, k = 2x/L, m = = /0.8 andboth f(z) andg(z) arezerooutsidethe specified
ranges.

The backgrouncerrorcorrelationmatricesaredefinedby assuminghatthe backgroundstateer-
rors arecorrelatedn the horizontal,but thatthereare no correlationsbetweenvertical levels. The
matrix B is block-diagonalwith matricesp on the diagonal,which definethe horizontalcorrela-
tion betweenvariableson onevertical level. The correlationsare specifiedby definingthe inverse

correlationmatrix, asin JHN:

l4
o =~ (I i §(Lm>2) . (A.3)

L., is afinite differencesecondderivative matrix in the x direction which incorporatesperiodic
boundaryconditions,! is the horizontalcorrelationlength-scaleand~ is a scalarparametethatis

specifiedsothatdiagonalelementof p have avalueof one.
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APPENDIX B

On the useof perfect obsewations
The experimentsn this paperuseperfectobsenationsratherthanobsenationswith errors,but
still includethe effect of filtering provided by the backgrounderm in the costfunction. We now
describefirst theoreticallyandthenwith experimentswhy theseresultsarerelevantto assimilation
with real data. The effects of obsenational noiseandfiltering by 4D-Var are describedn further
detailin JHN.
Following from (4), whenimperfectobserationsy® = Hx' + ¢ areassimilatedthe analysis

incrementscan be written in termsof componentsrom the true signal Hx! andthe obserational

noisee.
B~1/2(x* —x¥) = Z ficivi+ Z [ic5v; (B.1a)
j j
where
¢t =u/R™(Hx' — Hx")/\; (B.1b)
¢ =u;R7'e/); (B.1c)

Typically, the obsenational noisehasa large projection, c;, onto the RSVswith small spatial
scalesandassociategvith smallsingularvalues whilst thetruesignal,c}, hasa largeprojectiononto
the RSVswith large spatialscalesand associatedvith large singularvalues. This is illustratedin
Fig.B.1. Therole of thefilter factor f;, isto filter the contribution from the noisewhilst retainingthe
contritution from the true signal. Whenthe appropriatevaluefor the varianceratio is specified the
contritution from the noise, } _; f;c5v; (the secondermin equationB.1a), shouldbe closeto zero
sothat the equationdor perfectandimperfectobsenationsare almostidentical. This meansthat
the analysiswith perfectobsenationsshouldbe closeto the analysiswith imperfectobsenations.
Thusthe relevanceof perfectobsenationsrelieson the assumptiorthat the obsenational noiseis

projectedonto the RSVswith small singularvaluesandthereforethatthe noiseis filtered from the
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solution. It is only with this sameassumptiorithatvariationalassimilatiormethodscanbe of use.

The analysiswith perfectobsenationsdoesaccountfor the fact thatthe obsenationalnoiseis
filtered, becauseahe appropriateamountof filtering is alsoappliedto the true signal. This is very
differentto a similar analysiswith perfectobsenationsbut with no backgrounderm andhenceno
filtering.

Theremaybesomesmalldifferencedbetweertheanalysedor perfectandimperfectobsenations
asit is possiblefor the obsenational noiseto projectonto the RSVswith large singularvalues.
Thesesmall differenceswill dependon the actualobserational errorsand are likely to become
importantfor a seriesof assimilationwindows in which the forecastdoecomehe backgroundstates
for the next analysis.However, for a singleassimilatiorwindow it is unlikely thatthesedifferences
have a significantimpacton the results. Further asthesedifferenceslependon the structureof the
obsenationalnoise,anensemblef experimentswith differentvaluesfor the randomnoise,would
beneededo deduceconcreteconclusionsThe useof perfectobsenationseliminateshis need.

To finally confirm thatthe resultswith perfectobsenationsarealmostequialentto thosewith
imperfectobsenations,we comparean analysisthat usesperfectobsenationswith ananalysisthat
usesnoisy obsenations. The true stateis givenby a growing modeandthe backgroundstatehasa
phaseerror The casewith noisy obsenationshasrandomnoiseaddedto the perfectobsenations
thathasa Gaussiardistribution with standardieviation 1.5. The appropriatevalueof 12, andhence
the appropriateamountof filtering, is found by repeatingthe analyseswith differentvaluesof ;>
andselectingthe casewherethe value of the costfunction at the minimum s equalto the number
of obsenations (Talagrand,1998). This gives an appropriatevalue of ;2> = 3.5. The analysed
wave, shovn at the beginning of the window in Fig. B.2a-b,is closeto the true stateon the lower
boundaryandmid-way betweerthe backgroundstateandtrue stateontheupperboundary Thecase
for perfectobsenationsagainusesy? = 3.5. The analysis(Fig. B.2c-d)is almostidenticalto that
for the perfectobsenations,with theanalysedvave closeto thetrue stateon thelower boundaryand
mid-way on the upperboundary Thereare someslight differenceswhich dependon the valuesof

theobsenationalnoise.
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Specification 2 ui 12/
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Figure 1: 4D-Var analysedor the casesvherethe backgroundstatehasanamplitudeerrorandthe

true stateis given by the mostrapidly (a)-(b) growing and(c)-(d) decayingmode. The analysis(x“,

solid), backgrouncstate(x’, dashedpndtrue state(x?, dotted)fields areall shovn at the middle of

the time window. The upperpanels(a) and(c) shav the buoyang/ on the upperboundaryandthe

lower panelsb) and(d) shav the buoyang/ onthelower boundary
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Figure 2: 4D-Var analysedor the casesvherethe backgroundstatehasa phaseerrorandthe true
stateis given by the mostrapidly (a)-(b) growing and(c)-(d) decayingmode. The detailsareasfor

Fig. 1.
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Figure 3: Thetop panelsshav thesecondRSV, v, of the obsenrability matrix, premultipliedby the
squareroot of the backgrounderror correlationmatrix, B'/2. The lower panelsshow the resultof
integratingthesefields by the Eadymodelover a 12hinterval. The numbersat the top left of each

plot indicatesthe maximummagnitudeof eachplottedfield.
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Figure 4: The structure of the sixth RSV, (B'/2v;). The details are as for Fig. 3.
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Figure 5: Theevolution of the kinetic enegy (KE) for the casesvherethe backgroundstatehasan

amplitudeerror andthe true stateis given by the mostrapidly (a) growing and(b) decayingmode.

Thetrue stateKE is shavn by thethick solid line (T) andthe backgroundstateKE is shovn by the

thin solidline (B). Theanalysehave specifiederrorvarianceratios.® of 0.1 (dash),1 (dot-dash);10

(dot-dot-dashand100 (dot).
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Figure 6: The evolution of the KE for the caseswvherethe backgroundstatehasa phaseerror and
thetrue stateis givenby the mostrapidly (a) growing and(b) decayingmode. The detailsareasfor

Fig. 5.
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Figure 7: The evolution of the error correlationfor the caseswherethe backgroundstatehasa

phaseerrorandthe true stateis given by the mostrapidly (a) growing and(b) decayingmode. The

backgroundtatecorrelationis shavn by thesolidline (B). Theanalysesiave specifiederrorvariance

ratiosy.? of 0.1 (dash),1 (dot-dash); 0 (dot-dot-dashjand100 (dot).
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Figure 8: The singularvaluesof the obsenability matrix that correspondo the first (solid) and
seconddashedpairsof RSVsthat contrikute to the analysisincrement plottedagainsthe time of

theinitial obsenations.In all casesthefinal setof obsenationsaregivenat T+12.
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Figure 9: The evolution of the KE for the caseswvherethe backgroundstatehasanamplitudeerror
andthe true stateis given by the mostrapidly (a) growing and(b) decayingmode. Thefirst setof
obsenationsare eitherat the beginning (T+0, dash),the middle (T+6, dot-dash)or the end (T+12,
dot) andthe secondsetarealwaysat the endof thewindow. Thetrue stateKE is shovn by the thick

solidline (T) andthe backgroundstateKE is shavn by thethin solid line (B).
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Figure 10: Theevolution of the KE for the casesvherethe backgroundstatehasa phaseerrorand
thetrue stateis givenby the mostrapidly (a) growing and(b) decayingmode. The detailsareasfor

Fig. 9.
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Figure 11: The evolution of the error correlationfor the caseswherethe backgroundstatehasa

phaseerrorandthe true stateis given by the mostrapidly (a) growing and(b) decayingmode. The

first setof obsenationsare eitherat the beginning (T+0, dash),the middle (T+6, dot-dash)or the

end(T+12,dot) andthe secondsetarealwaysat the endof the window. The backgroundstateerror

correlationis shavn by thesolid line (B).
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Figure 12: The singularvaluesof the obsenability matrix that correspondo the first (solid) and
seconddashedpairsof RSVsthatcontributeto theanalysisncrementplottedagainsthe heightof

thehorizontalline of obserations.
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Figure 13: Theevolution of the KE for the casesvherethe backgroundstatehasanamplitudeerror

and(a) thetrue stateis givenby the growing modeandthe specifiederrorvariancey? is 10, and(b)

thetruestateis givenby thedecayingnodeandthe specifiederrorvariance.? is 0.1. Thehorizontal

line of obsenationsis givenat heightsof 0km (dash),1.5km (dot-dashjand3.5km (dot).
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Figure 14: Thestructureof thenon-dimensionaQGPV (upperpanelslandbuoyang (lower panels)

for selectedRSVs B/?v of the obsenability matriceswherethe varianceratios are (a)-(b) Spec-
ification 1, and (c)-(d) Specification3. Thesehave correspondingingularvalues,(a) A, = 802,

(b) A\ = 213, (c)\y = 194 and(d)A\;2 = 56. Thevaluesat thetop left of eachpaneldenotethe

maximummagnitudeof thefield.
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Figure 15: 4D-Var analysesnon-dimensionalQGPV (upper)and buoyang/ (lower) for the cases

wherethe true stateis given by the mostrapidly growing mode(shown in (a)). The specifiederror

varianceratiosare: (b) Specificatiorl, (c) Specificatior2 (d) Specificatior.

52



3r -
Growth Rate| a7 D70 = -

Oe (5 ),’

2,

""" Specification 1
Oof 1 0 N e Specification 2 |4
= = = Specification 3

"0-°776 12 18 24 30 36 42 48> 6 12 18 24 30 36 42 48

Time (hours) Time (hours)
Figure 16: The evolution of the KE growth ratesfor the casesvherethe backgroundstatevalues
areall zeroandthe true stateis given by (a) the mostrapidly groving modeand (b) a PV-dipole
perturbation Thetrue stateis shovn by the solid line andtheotherlinesshowv theanalysesisingthe

differentspecificationgor thevarianceratios.
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wherethe true stateis given by an interior QGPV dipole perturbation(shovn in (a)) that exhibits
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rapidfinite-timenon-modalgrowth. Thedetailsareasfor Fig. 15.
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Figure B.1: lllustration of typical Picardratios,log|c;|, for thetruesignalandthe noise.The Picard
ratio for thetrue signal,log|c§.|, decreasewith increasingsingularvectorindex, j. The Picardratio

for theerror, log|c;

, iIncreasesvith j.
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Figure B.2: 4D-Var analysegreatedusingobsenationswith (a-b) noisewith standardieviation 1.5
and(c)-(d) no noise.Both experimentsusey? = 3.5 andthe analysesreshavn at the beginning of

al2hourassimilationwindow.
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