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Abstract

This thesis is a collection of published and submitted papers. It investigates Toeplitz and Han-
kel operators, as well as Berezin transforms on scalar weighted and vector-valued Fock spaces,
focusing on how analytic and geometric properties of the underlying weights influence the
boundedness, compactness, Schatten class membership, and spectral behavior of these oper-
ators. The results unify and extend several known facts of operator theory on reproducing
kernel Hilbert spaces, particularly in the non-Gaussian and vector-valued settings.

In Chapter 2, we introduce weighted Fock spaces, including standard, doubling, scalar
weighted, and large vector-valued Fock spaces. Chapter 3 is devoted to a detailed summary of
our findings, motivation behind our work, and known results related to our study. More detail
is as follows.

In the first part, we study Hankel operators on doubling Fock spaces and establish Schatten-
class characterizations in terms of integral distance to analytic functions and mean oscillations.
By developing a detailed analysis of the geometry associated with the doubling measure and
the corresponding radius function, we extend the Berger–Coburn phenomenon, i.e., the symme-
try between compactness of Hf and Hf̄ when f is a bounded function on the complex plane,
beyond the classical Fock space. These results provide new insight into the structure of Hankel
operators on more general weighted Fock spaces.

The second part concerns Toeplitz operators on large vector-valued Fock spaces, where func-
tions take values in a separable Hilbert space. For operator-valued symbols G, we derive
necessary and sufficient conditions for boundedness, compactness, and Schatten-class mem-
bership of the corresponding Toeplitz operators TG in terms of scalar and operator-valued
Berezin transforms, averaging functions, and Carleson conditions. This framework extends
known scalar results to infinite-dimensional vector-valued settings and reveals how the fibre-
wise Hilbert-space structure affects operator-theoretic behavior.

In the final part, we examine polynomial fixed points of the Berezin transform on Fock-type
spaces associated with weights of the form e−|z|

m
, m > 0. We show that every harmonic polyno-

mial is a fixed point, and depending on the exact form of the weight, most polynomials fixed
by the Berezin transform are harmonic.

Collectively, the results contribute to a unified understanding of Toeplitz and Hankel op-
erators and Berezin transforms on generalized Fock spaces, demonstrating the deep interplay
between geometric analysis, function theory, and operator theory in both scalar and vector-
valued contexts. Full versions of the papers are provided in Appendix A, Appendix B, and
Appendix C.
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Chapter 1

Introduction

Operator theory on spaces of holomorphic functions is a central branch of modern functional
analysis, linking techniques from complex analysis, harmonic analysis, and geometry. Among
the most extensively studied operators in this setting are the Toeplitz and Hankel operators,
which serve as natural models for non-commutative function algebras and Berezin-Toeplitz
quantization. Their behavior encodes deep analytic and geometric information about the un-
derlying spaces, and their study continues to be an ongoing source of questions linking opera-
tor theory to mathematical physics and the theory of several complex variables.

A particularly rich environment for such investigations is provided by Fock-type spaces. The
classical Fock space F2 consists of all entire functions on the complex plane C that are square-
integrable with respect to the Gaussian measure

dλ(z) =
1
π
e−|z|

2
dA(z),

where dA denotes the Lebesgue area measure. The space F2, which was originally introduced
in quantum mechanics, has long served as an important object of study in functional analysis,
complex analysis, and mathematical physics. From the complex analysis point of view, it pro-
vides a canonical example of a reproducing kernel Hilbert space, which is a central setting to
the study of Toeplitz and Hankel operators. From a geometric perspective, the Fock space can
be interpreted as the space of holomorphic sections of a Hermitian line bundle over C, where
the Gaussian weight naturally induces a Kähler metric. This interpretation establishes deep
connections with complex differential geometry and the framework of geometric quantization.

The Toeplitz operator with symbol f is defined as Tf (·) = P (f ·), where P denotes the or-
thogonal projection from L2(C,dλ) onto F2. The Hankel operator is Hf (·) = (I − P )(f ·). These
operators link pointwise multiplication by f to analytic projection. The study of boundedness,
compactness, and Schatten class membership of Tf and Hf has been an important subject of
study in operator theory.

In their seminal work, Berger and Coburn [17] observed a notable duality between certain
Hankel operators on the classical Fock space: for a bounded function f on C, the Hankel
operator Hf is compact if and only if Hf̄ is compact, where f̄ is the complex conjugate of
f . This phenomenon, now known as the Berger-Coburn phenomenon, has since motivated a
substantial body of work examining its validity in more general analytic settings. The first
part of the present thesis, based on [10], in collaboration with Hu and Virtanen, extends this
analysis to doubling Fock spaces, a class of weighted Fock spaces that generalize the Gaussian
weight, while keeping much of its analytic structure.
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Let φ : C → R be a subharmonic weight such that the measure dµ = ∆φdA is doubling.
That is, there exists C > 1 such that

0 < µ(D(z,2r)) ≤ Cµ(D(z, r)) <∞, z ∈C, r > 0.

Taking H(C) as the set of entire functions on C, the corresponding doubling Fock space is

F2
φ = {f ∈H(C) : ∥f ∥22,φ =

∫
C

|f (z)|2e−2φ(z)dA(z) <∞}.

Such spaces, developed in the works of Christ [24], Marco-Massaneda-Ortega Cerda [64], and
Marzo-Ortega Cerda [65], provide a geometric generalization of the Gaussian framework. The
Laplacian of the weight defines a radius function ρ(z) via µ(D(z,ρ(z))) = 1, encoding the con-
formality of the Riemannian metric in the space. Using a notion called integral distance to an-
alytic functions, we obtain characterizations of Schatten class Hankel operators Hf and estab-
lish criteria for simultaneous membership of Hankel operators Hf and Hf̄ in Schatten classes
Sp, p > 0. In particular, we showed that the Berger-Coburn phenomenon holds for Hilbert-
Schmidt Hankel operators on the doubling Fock space F2

φ, and we discuss the validity of the
Berger-Coburn phenomenon for Schatten Sp classes, for which 0 < p ≤ 1. Moreover, we discuss
why our approach cannot be used to study the validity of the Berger-Coburn phenomenon for
Schatten classes Sp with 1 < p < ∞ and p , 2. This is since ρp−2 is not necessarily a Muck-
enhoupt weight. These results extend the scope of known Schatten-class criteria for Hankel
operators on less complicated Fock-type spaces.

The second main theme of the thesis concerns Toeplitz operators on large vector-valued Fock
spaces, based on the joint work with Arroussi and Virtanen [6]. Compared to the long-term
interest in the scalar-valued Fock spaces, less attention has been paid to the vector-valued case,
where functions take values in finite- or infinite-dimensional Hilbert spaces. Motivated by
this, we consider Fock-type spaces of the form F2

φ(Cn,H), consisting of holomorphic functions
f : Cn→H, where H is a separable Hilbert space, with norm

∥f ∥22,φ =
∫
C
n
∥f (z)∥2He

−2φ(z)dA(z),

and where φ belongs to the class of admissible weights W introduced by Dall’Ara [30]. Such
spaces generalize scalar weighted Fock spaces F2

φ(Cn) and provide the natural setting for the
vector-valued reproducing kernel Hilbert space. That is, a reproducing kernel Hilbert space for
which the reproducing kernel is not an element of the function space, contrary to the scalar
Fock spaces.

For an operator-valued symbol G : Cn → L(H), the Toeplitz operator TG acts by TGf =
P (Gf ), where P is the orthogonal projection from L2

φ(Cn,H) onto F2
φ(Cn,H). We obtain bound-

edness, compactness, and Schatten-class characterizations for TG in terms of Berezin transforms,
averaging functions, and Carleson conditions adapted to the vector-valued setting. The proofs are
based on the geometry induced by the radius function ρ and covering C

n by suitable lattices as-
sociated with admissible weights. These results extend earlier scalar characterizations such as
those by Isralowitz-Zhu [53] and Arroussi-He-Li-Tong [8], to the infinite-dimensional vector-
valued context and reveal how the fiberwise Hilbert space structure governs the behavior of
Toeplitz operators. See [6] for further details. Notice that when H = C

m, each operator G(z)
can be represented by an m ×m matrix, so G becomes a matrix-valued function, which corre-
sponds to the study of block Toeplitz operators. Thus, the matrix-valued symbol corresponds
to the finite-dimensional special case of the general operator-valued symbol theory.
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The third part of the thesis addresses the Berezin transform on Fock-type spaces F2
m, m > 0,

based on joint work with Čučković and Şahutoğlu [9]. Note that F2
m is a doubling Fock space

with φ(z) = |z|m/2. For a symbol f , the Berezin transform of f is

Bmf (z) = ⟨f km,z, km,z⟩ =
∫
C

f (w) |km,z(w)|2e−|w|
m
dA(w),

where km,z denotes the normalized reproducing kernel of F2
m. When m = 2, the Berezin trans-

form for the classical Fock space is a convolution with a Gaussian function. Note that convolv-
ing an image with a Gaussian function is called a Gaussian blur. Mathematically speaking, an
image is a bounded function from some coordinate system to the intensity values of pixels.
Therefore, one can consider the Berezin transform as a natural smoothing/blurring operator.
A classical question, originating in the Gaussian case, is to describe all functions satisfying the
fixed-point equation Bmf = f . It is known that in the standard Fock space, i.e., when m = 2,
bounded fixed points are harmonic and thus constant. Intuitively, this is because the only pic-
tures that remain unchanged by blurring, are those with completely uniform colors. This is a
famous result by Englis [38], which strongly depends on the relationship between the Berezin
transform for the standard Fock space and the heat equation. We are not aware of such a re-
lationship in more general Fock-Type spaces. In [9], we study the polynomial fixed points of
the Berezin transform on F2

m, with m > 0. Our results show that when m = 2, every polynomial
in z and z̄ that is fixed by the Berezin transform is harmonic. Notice that this is different from
the aforementioned result by Englis, as polynomials are not bounded. Moreover, we showed
that whenm is different from two, most polynomial fixed points are harmonic, and exceptional
behavior is rare.

Taken together, the three components of this thesis contribute to a unified understanding
of Toeplitz and Hankel operators, as well as Berezin transforms, on weighted and vector-valued
Fock spaces. They illustrate how the geometry induced by the weight function, captured
through the doubling property, the admissibility classW , and the associated metric structure,
governs the operator-theoretic constructions on these spaces.

The thesis is organized as follows. Chapter 2 provides background material and introduces
the main examples of Fock-type spaces: the classical, doubling, scalar weighted, and large
vector-valued Fock spaces. We will study the radius function, Bergman kernel estimates, and
projection formulas, essential for later work. Moreover, we also define the Toeplitz and Han-
kel operators for each space. Chapter 3 presents summaries of the main results, as well as
related earlier works: Section 3.1 investigates Schatten-class Hankel operators on doubling
Fock spaces and extends the Berger–Coburn phenomenon. Section 3.2 develops the theory of
Toeplitz operators on large vector-valued Fock spaces, and Section 3.3 studies fixed points of
the Berezin transform on Fock-type spaces. The final section discusses open problems and pos-
sible directions for future research. The rest of the thesis contains full versions of each paper
[10, 6, 9], given in Appendix A, Appendix B, and Appendix C.

The results presented here demonstrate how analytic, geometric, and operator-theoretic
methods interact in the study of holomorphic function spaces and open new avenues for ex-
ploration in the theory of Toeplitz and Hankel operators, as well as Berezin transforms, on
scalar weighted and vector-valued reproducing-kernel Hilbert spaces.
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1.1 List of publications

This thesis is based on the following publications, reproduced in Appendices A-C.

Paper I [10] G. Asghari, Z. J. Hu and J. A. Virtanen, Schatten class Hankel operators on dou-
bling Fock spaces and the Berger-Coburn phenomenon, J. Math. Anal. Appl. 540 (2024),
no. 2, Paper No. 128596, 32 pp.; MR4764447

Paper II [6] H. Arroussi, G. Asghari, and J. A. Virtanen, Toeplitz operators on large vector-
valued Fock spaces. arXiv preprint arXiv:2504.15239.

Paper III [9] G. Asghari, Z. Cuckovic, and S. Sahutoglu, Fixed points of the Berezin transform
on Fock-type spaces. arXiv preprint arXiv:2508.13115, to appear in Proceedings of the
American Mathematical Society.

The author of this thesis has made a significant contribution to all of the contained publi-
cations.
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Chapter 2

Definitions and basic results

In this chapter, we introduce Fock-type spaces. This includes standard Fock spaces, doubling
Fock spaces, scalar weighted Fock spaces, and large vector-valued Fock spaces. In more de-
tail, we study radius functions, the Bergman kernel and its pointwise estimate, the Bergman
projection, and Toeplitz and Hankel operators on each space.

2.1 Standard Fock spaces

Let C be the complex plane, dA be the Euclidean area measure, and α > 0. Consider the
Gaussian measure

dλα(z) =
α
π
e−α|z|

2
dA(z), z ∈ C.

The standard Fock space F2
α is the set of all entire functions in L2(C,dλα). Indeed, taking H(C)

as the set of entire functions over C, one can consider the standard Fock space as

F2
α =

{
f ∈H(C) : ∥f ∥22,α :=

∫
C

|f (z)|2dλα(z) <∞
}
. (2.1.1)

F2
α is a Hilbert space with the inner product

⟨f ,g⟩ =
∫
C

f (z)g(z)dλα(z),

inherited from L2(C,dλα). Moreover, the set of monomials {en(z) =
√
αnzn/

√
n! : n = 0,1,2, · · · }

is an orthonormal basis for F2
α. Furthermore, F2

α is a reproducing kernel Hilbert space. That is,
for each z ∈C, there is a Kz ∈ F2

α such that

f (z) = ⟨f ,Kz⟩, ∀f ∈ F2
α .

The reproducing kernel is given by Kz(w) = K(w,z) = eαwz̄, for all w,z ∈ C. The reproducing
kernel is conjugate symmetric, i.e., K(w,z) = K(z,w) for all z,w ∈ C. Since F2

α ⊂ L2(C,dλα) is
closed, there is an orthogonal projection P : L2(C,dλα)→ F2

α given by

P (f )(z) = ⟨f ,Kz⟩ =
∫
C

f (w)K(z,w)dλα(w), ∀f ∈ L2(C,dλα),∀z ∈ C. (2.1.2)

F2
1 = F2, i.e., F2

α with α = 1, is known as the classical Fock space. A comprehensive reference
on classical Fock spaces is [79].

The above establishes the classical framework that we will generalize in the following sec-
tions: first to doubling and then to admissible (Dall’Ara–type) weights, and finally to vector-
valued models relevant for Toeplitz/Hankel theory on scalar and vector-valued Fock spaces.
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2.2 Doubling Fock spaces

In an attempt to generalize classical Fock spaces, one may consider weighted Lp spaces. Sup-
poseφ : C→R is subharmonic. For 0 < p <∞, Lpφ = Lp(C, e−pφdA) is the space of all measurable
functions on C such that

∥f ∥pp,φ =
∫
C

|f (z)|pe−pφ(z)dA(z) <∞,

where dA denotes the Lebesgue measure. L∞φ is the space of all measurable functions f such
that

∥f ∥∞,φ = esssup
z∈C

|f (z)|e−φ(z) <∞.

A particularly fruitful setting arises when the Laplacian

µ = ∆φ

defines a doubling measure. A positive Borel measure µ on C is called doubling if there exists a
constant C > 1 such that

0 < µ(D(z,2r)) ≤ Cµ(D(z, r)) <∞, z ∈C, r > 0, (2.2.1)

where D(z, r) is the open disk in C with center z. The smallest constant C > 1 satisfying (2.2.1)
is called the doubling constant for µ and is denoted by Cµ. This property gives rise to what are
known as doubling Fock spaces. That is, the doubling Fock space Fpφ is defined by

F
p
φ = Lpφ ∩H(C),

whenever φ is a subharmonic function, such that dµ = ∆φdA is a doubling measure. Canonical
examples of such weights are φ(z) = |z|m, with m > 0. See Lemma 2.2.6 for more details.

Doubling measures in more detail

Example 2.2.1. 1. Take R
n with the Euclidean metric d(x,y) = |x − y| and let µ be the

Lebesgue measure. Recall that the Lebesgue measure is translation invariant and the
measure of the disk D(x,r) is π

n
2 rn/Γ (n2 + 1), and hence independent of x. It is easy to see

that µ is doubling and Cµ = 2n.

2. Let X = (M,g) be a complete Riemannian manifold of dimension n, and let µ be the Rie-
mannian volume measure. Assume that the Ricci curvature is non-negative, i.e. RicM ≥ 0.
In the notation of [23], Proposition 4.1, this corresponds to taking H = 0, where H ∈ R is
the constant in the curvature lower bound

RicM ≥ (n− 1)H.

For such an H , the quantity V H
r denotes the volume of a ball of radius r in the simply

connected n-dimensional space form of constant sectional curvature H . In particular,
when H = 0, V 0

r is the volume of a ball of radius r in R
n.

Applying part (iii) of Proposition 4.1 in [23] with x = p, r1 = r, and r2 = 2r, we obtain

µ(B(p,2r))
µ(B(p,r))

≤
V 0

2r

V 0
r

= 2n,

6



which shows that µ is a doubling measure with doubling constant Cµ = 2n. Note that
B(p,r) = {x ∈M : dg(p,x) < r}, where dg is the Riemannian distance induced by the metric
g.

3. As shown in [3], example 2.2, any Cantor-type set has a structure of a doubling metric
measure space. Fix a finite set F of at least two elements, i.e., |F| = k ≥ 2, and consider the
set of sequences of elements of F

F∞ = {x = (xi)i∈N : xi ∈ F}.

Fix a ∈ (0,1), and let us define the distance

da(x,y) =

0 if x = y,

aj if xi = yi for i < j and xj , yj .

One can see that the diameter of F∞ is equal to a. That is, diam(F∞) = sup{da(x,y) :
x,y ∈ F∞} = a. The measure is constructed as follows. Take the uniformly distributed
probability measure ν of F. That is, ν({f }) = 1/k for all f ∈ F. Define the measure µ on F∞

as the product measure of ν infinitely many times. Hence, µ is a probability measure over
the totally disconnected set F∞. Notice that for every x = (x1,x2,x3, · · · ) ∈ F∞, µ({x}) = 0.
To see this, consider the n-neighborhood of x by fixing the first n coordinates.

Cn(x) = {y ∈ F∞ : yi = xi ; i = 1, · · · ,n}.

These are nested. That is, C1(x) ⊃ C2(x) ⊃ · · · , and {x} = ∩∞n=1Cn(x). Since µ is the product
measure of ν on each coordinate,

µ(Cn(x)) =
n∏
i=1

ν({xi}) = (
1
k

)n.

Therefore,

µ({x}) = µ(∩∞n=1Cn(x)) = lim
n→∞

µ(Cn(x)) = lim
n→∞

(
1
k

)n = 0.

Notice that µ({x}) is nonzero only if ν is concentrated on a single point. This is why it is
important to take |F| ≥ 2. It turns out that

µ(D(x,aj )) = µ(Cj(x)) =
1
kj
,

meaning that the chance of the first j coordinates equal a given length-j word is k−j .
Hence, (F∞,da,µ) is a doubling metric measure space. To see this, notice that for each
0 < r < a, there exists some integer j with aj ≤ r < aj−1. One can see that when a = 1,
µ is not doubling. This is because when a = 1, every two distinct points have the same
distance 1. Balls of radius less than 1 are singletons, and balls of radius greater or equal
to 1 are the whole space.

Remark 2.2.2. Let µ be a doubling measure on C. It is well known that µ has no point masses,
in particular, for any z ∈C and r > 0, µ(∂D(z, r)) = µ({z}) = 0, see [75], p. 40.

Moreover, every bounded subset of C has finite µ-measure. Indeed, if X ⊂ C is bounded,
then X ⊂D(z, r) for some z ∈C and r > 0, and hence µ(X) ≤ µ(D(z, r)) <∞.
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On the other hand, probability measures with strictly positive densities on C are not dou-
bling in this sense. Indeed, suppose that µ is a probability measure on C with strictly positive
density and assume, for contradiction, that µ is doubling with doubling constant Cµ. Since the
density is strictly positive, every non-empty disk has positive µ-measure. Also, since µ(C) = 1,
we have

µ(D(0,R))→ 1 as R→∞.

We first note that if two disks D(a,R) and D(b,R) of the same radius intersect, then

µ(D(a,R)) ≤ µ(D(b,4R)) ≤ C2
µµ(D(b,R)).

Hence such disks have comparable measure, with constants depending only on Cµ. Now take
Rk = 3k and consider the disks

D(3Rk ,Rk), k ∈N.

These disks are pairwise disjoint. Moreover, by applying the preceding comparability along
the chain of overlapping disks

D(0,Rk), D(Rk ,Rk), D(2Rk ,Rk), D(3Rk ,Rk),

we obtain
µ(D(3Rk ,Rk)) ≥ C−6

µ µ(D(0,Rk)).

Since µ(D(0,Rk))→ 1, there exists k0 such that

µ(D(3Rk ,Rk)) ≥
1
2
C−6
µ

for all k ≥ k0. Therefore,
1 = µ(C) ≥

∑
k≥k0

µ(D(3Rk ,Rk)) =∞,

which is a contradiction. Thus probability measures with strictly positive densities on C cannot
be doubling. See [3], Remark 2.3.

Let µ be a doubling measure over C. Remark ?? implies that µ(C) = ∞. Fix z ∈ C. Since
{D(z, r)}r>0 is an increasing exhaustion of C, µ(C) = limr→∞µ(D(z, r)) = ∞. The function r 7→
µ(D(z, r)) is an increasing homeomorphism from (0,∞) to itself. Therefore, for every z ∈ C,
there is a unique positive radius ρ(z) such that µ(D(z,ρ(z))) = 1. We call ρ the radius function
associated with µ. From now on, we denote D(z, rρ(z)), r > 0, by Dr(z).

Notation. We use C to denote positive constants whose value may change from line to line
but does not depend on the functions being considered. We say that A ≃ B if there exists a
constant C > 0 such that C−1A ≤ B ≤ CA. Moreover, A ≲ B if A ≤ CB for some positive constant
C.

Radius function for µ = ∆φ and the corresponding geometric features

Assume that φ is a subharmonic function, not identically zero on C, and dµ = △φdA is a dou-
bling measure. As shown in [64], ρ−2 is a regularization of ∆φ. Indeed, Theorem 14 in [64]
states that when φ is subharmonic and ∆φdA is a doubling measure, there exists a subhar-
monic function ψ ∈ C∞(C) and C > 0 such that |ψ − φ| ≤ C, ∆ψdA a doubling measure, and
∆ψ ≃ ρ−2

ψ ≃ ρ
−2
φ . Since the spaces of functions and sequences that we consider do not change if
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φ is replaced by ψ, we will assume that φ ∈ C∞(C) and ∆φdA ≃ dA/ρ2 is a doubling measure.
Hence, up to normalization by a constant, we can consider ρ−2(z)dz⊗dz̄ to be the metric tensor
describing the underlying geometry of our space. Note that the associated Riemannian metric
is conformal, with the conformal factor ρ(z)−1. Moreover, the corresponding measure associ-
ated with the Riemannian metric is dA/ρ2, which is a doubling measure as already mentioned.
To study the function ρ, we first state an important result due to Christ.

Theorem 2.2.3 ([24], Lemma 2.1 & [68], Lemma 2.1). Let µ be a doubling measure on C. Then
there are constants C > 1 and 0 < δ < 1, only depending on Cµ, such that if D and D ′ are open disks
of radii r and r ′ respectively, such that D ∩D ′ , ∅ and r ′ < r, then

C−1(r ′/r)1/δµ(D) ≤ µ(D ′) ≤ C(r ′/r)δµ(D).

Lemma 2.2.4. Let φ ∈ C∞(C) and dµ = ∆φdA be a doubling measure. Then the radius function ρ
satisfies the following properties:

1. The function ρ is Lipschitz, and in particular continuous. Indeed, for every z,w ∈ C, |ρ(z) −
ρ(w)| ≤ |z −w|,

2. For every r > 0, there is a constant cr > 1 depending only on r and the doubling constant for µ
such that

c−1
r ρ(z) ≤ ρ(w) ≤ crρ(z), ∀z ∈ C and w ∈Dr(z), (2.2.2)

where cr = (1− r)−1 for every 0 < r < 1. In other words, ρ(w) and ρ(z) are equivalent on a disk,

3. There are constants C,η > 0 and 0 ≤ β < 1 such that

C−1|z|−η ≤ ρ(z) ≤ C|z|β , when |z| > 1. (2.2.3)

Proof. 1. It is easy to see that D(z,ρ(z)) ⊂D(w, |w− z|+ρ(z)). Hence 1 ≤ µ(D(w, |w− z|+ρ(z))),
and thus ρ(w) ≤ ρ(z) + |w − z|. By symmetry, |ρ(z)− ρ(w)| ≤ |w − z|.

2. Let w ∈Dr(z) and z ∈C. Thus, |w − z| < rρ(z). Then, part 1 implies that

(1− r)ρ(z) ≤ ρ(w) ≤ (1 + r)ρ(z).

Hence cr = (1− r)−1 satisfies (2.2.2) for 0 < r < 1. The case r > 1 is more complicated, and
one needs to use Theorem 2.2.3. We refer the interested reader to [68], Lemma 2.2.

3. Equation (2.2.3) and a partial proof were stated before equation (5) in [64]. Here the
full proof is provided for completeness. First, apply Theorem 2.2.3 to D = D(0,R) and
D ′ = D(0,1) with R > 1. There are constants C > 1 and 0 < δ < 1, only depending on Cµ
such that

C−1(
1
R

)1/δµ(D(0,R)) ≤ µ(D(0,1)) ≤ C(
1
R

)δµ(D(0,R)).

Define µ1 = µ(D(0,1)). We obtain

C−1µ1R
δ ≤ µ(D(0,R)) ≤ Cµ1R

1/δ. (2.2.4)

Now assume that ρ(z) ≤ |z|. Take D =D(0, |z|) and D ′ =D1(z) in Theorem 2.2.3. Then

C−1
(
ρ(z)
|z|

)1/δ

µ(D(0, |z|)) ≤ µ(D1(z)) ≤ C
(
ρ(z)
|z|

)δ
µ(D(0, |z|)).
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Therefore,
C−1/δ

µ(D(0, |z|))1/δ
≤
ρ(z)
|z|
≤ Cδ

µ(D(0, |z|))δ
.

This is equivalent to
ρ(z) ≤ Cδµ(D(0, |z|))−δ|z|, (2.2.5)

and
ρ(z) ≥ C−1/δµ(D(0, |z|))−1/δ|z|. (2.2.6)

Using (2.2.4) forR = |z| > 1, we get µ(D(0, |z|)) ≥ C−1µ1|z|δ, which implies that µ(D(0, |z|))−δ ≤
(C−1µ1)−δ|z|−δ2

. Substituting into (2.2.5), ρ(z) ≤ Cδ(C−1µ1)−δ|z|1−δ2
= C+|z|1−δ

2
. Therefore,

ρ(z) ≤ C+|z|β , for |z| > 1 with 0 < β = 1− δ2 < 1.

To obtain a lower bound, we use (2.2.4) to get µ(D(0, |z|)) ≤ Cµ1|z|1/δ, which implies
that µ(D(0, |z|))−1/δ ≥ (Cµ1)−1/δ|z|−1/δ2

. Substituting into (2.2.6), we obtain that ρ(z) ≥
C−1/δ(Cµ1)−1/δ|z|1−1/δ2

. Note that 1− 1/δ2 is negative. So,

ρ(z) ≥ C−|z|−η , for |z| > 1 with η = −(1− 1/δ2) > 0.

Finally, take ρ(z) > |z|. Then 0 ∈ D1(z), and (2.2.2) implies that ρ(z) ≃ ρ(0). Thus, |z| < C1

for some constant C1. Therefore, we are done with the proof of (2.2.3).

Consider the distance dφ induced by the metric tensor ρ−2dz⊗ dz̄. Indeed, for any z,w ∈ C,

dφ(z,w) = inf
γ

∫ 1

0

|γ ′(t)|
ρ(γ(t))

dt,

where the infimum is taken over all piecewise C1 curves γ : [0,1]→C with γ(0) = z and γ(1) =
w.

Lemma 2.2.5 (See [64], Lemma 4). There exists δ > 0 such that for every r > 0 there exists Cr > 0
such that

C−1
r
|z −w|
ρ(z)

≤ dφ(z,w) ≤ Cr
|z −w|
ρ(z)

, for w ∈Dr(z), (2.2.7)

and
C−1
r

( |z −w|
ρ(z)

)δ
≤ dφ(z,w) ≤ Cr

( |z −w|
ρ(z)

)2−δ
, for w ∈ C \Dr(z). (2.2.8)

Canonical doubling Fock space F2
m, m > 0

Lemma 2.2.6. Let φ(z) = |z|m with m > 0. Then dµ = ∆φdA is a doubling measure. Moreover, there
is an R > 0 such that

ρ(z) ≃ |z|1−m/2

for |z| > R. In particular, when m ≥ 2, ρ is bounded.

Proof. Note that ∆φ(z) =m2|z|m−2. To show that dµ is a doubling measure, it is enough to prove
that for any x ≥ 0 and r > 0,∫

D(x,2r)
|z|m−2dA(z) ≤ C

∫
D(x,r)

|z|m−2dA(z), (2.2.9)
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where the constant C is independent of x and r.
We consider r > x

100 ≥ 0 first. Then D(x,2r) ⊂D(0,x+ 2r), so that

1
m2

∫
D(x,2r)

dµ(ξ) ≤
∫
|ξ |≤x+2r

|ξ |m−2dA(ξ) ≤
∫
|ξ |≤102r

|ξ |m−2dA(ξ) ≤ C1r
m, (2.2.10)

where C1 only depends on m. On the other hand, if m ≥ 2,∫
D(x,r)

dµ(ξ) ≥
∫
D(x,r)∩{Reξ≥x}

dµ(ξ) ≥
∫
D(0,r)∩{Reξ≥0}

dµ(ξ) ≥ C2r
m, (2.2.11)

where C2 only depends onm. From (2.2.10) and (2.2.11) we obtain (2.2.9) form ≥ 2 and r > x
100 .

Now take 0 < r < x
100 and m > 0. Let w = teiθ ∈ D(x,2r). Then x − 2r < t < x + 2r, and

| Imw| = |t sinθ| < 2r, and thus, |sinθ| < 2r/t ≤ 2r/(x − 2r). Since r < x/100, we have

D(x,2r) ⊂ {teiθ : x − 2r < t < x+ 2r, |θ| < arcsin
2r

0.98x
}.

For D(x,r), let |t − x| ≤ r/2 and |θ| < r/2x. Then, taking w = teiθ,

|w − x| = |teiθ − x| = |teiθ − xeiθ + xeiθ − x| ≤ |t − x|+ x|eiθ/2||eiθ/2 − e−iθ/2|
= |t − x|+ 2x|sinθ/2| ≤ |t − x|+ 2x|θ/2| < r/2 + r/2 = r.

Therefore,
D(x,r) ⊃ {teiθ : x − r/2 < t < x+ r/2, |θ| < r

2x
}.

Hence, for any m > 0,

1
m2

∫
D(x,2r)

dµ ≤
∫ x+2r

x−2r
rm−1dr

∫ arcsin 2r
0.98x

−arcsin 2r
0.98x

dθ =
1
m

[(x+ 2r)m − (x − 2r)m]2arcsin
2r

0.98x
.

It is easy to see that for 0 ≤ u < 1, arcsinu ≤ u/
√

1−u2. In fact, take φ(u) = u/
√

1−u2 −arcsinu.
Then φ(0) = 0, and

φ′(u) = 1/
√

1−u2 +
u2

(1−u2)3/2
− 1/
√

1−u2 ≥ 0.

Thus, φ is non-decreasing, and therefore, φ(u) ≥ u for all 0 ≤ u < 1. Let u = 2r/0.98x. Then
u/
√

1−u2 < u/α, for α = 1− 1/(492). Hence,

1
m2

∫
D(x,2r)

dµ ≲
1
m

[(x+ 2r)m − (x − 2r)m]
r
x
≃ r2xm−2 (2.2.12)

Similarly,

1
m2

∫
D(x,r)

dµ ≥
∫ x+r/2

x−r/2
rm−1dr

∫ r
2x

− r
2x

dθ (2.2.13)

=
1
m

[(x+ r/2)m − (x − r/2)m]
r
x
≃ r2xm−2.

Note that constants in the inequalities ≃ are all independent of x and r. Using (2.2.12) and
(2.2.13), we obtain (2.2.9).

Let 0 < m < 2, and r > x
100 . For ξ ∈D(x,r), |ξ | < x+ r. Since t 7→ tm−2 is decreasing,∫

D(x,r)
|ξ |m−2dA(ξ) ≥

∫
D(x,r)

(x+ r)m−2dA(ξ) = πr2(x+ r)m−2 ≥ C3r
m. (2.2.14)
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From (2.2.10) and (2.2.14) we obtain (2.2.9) for 0 < m < 2 and r > x
100 .

Now notice that using (2.2.12) and (2.2.13) and when x is large enough,∫
D(x,x−

m−2
2 )
|ξ |m−2dA(ξ) ≃ 1. (2.2.15)

This, together with the doubling property, implies that there exists R > 0 large enough, such
that for the Fock space F2

φ, with φ(z) = |z|m, m > 0

ρ(z) ≃ |z|−
m−2

2 = |z|1−
m
2 (2.2.16)

for |z| ≥ R.

Definition 2.2.7. Let dµ = ∆φdA be a doubling measure. We say that φ is a doubling weight.
For m > 0, the function φ(z) = |z|m is called the canonical doubling weight. The corresponding
doubling Fock spaces will be denoted by F2

m
1.

Characterizing doubling Fock spaces Fpφ: Hilbert, Banach, and quasi-Banach
spaces

Let 0 < p ≤∞ and φ be a subharmonic function on C, not identically zero, such that dµ = ∆φdA

is a doubling measure. Recall that the doubling Fock space Fpφ is the space of entire functions

inside Lpφ.

Lemma 2.2.8 ([64], Lemma 18(a) & [68], Lemma 2.4). Let 0 < p <∞. For any r > 0 there exists a
constant C > 0 such that for any f ∈H(C) and z ∈C,

|f (z)|pe−pφ(z) ≤ C
∫
Dr (z)
|f (w)|pe−pφ(w)dA(w)

ρ(w)2 . (2.2.17)

Note that by Lemma 2.2.4, ρ(w) ≃ ρ(z) for w ∈ Dr(z). Hence, (2.2.17) can also be written as
the following for another constant C̃, only depending on r and the doubling constant:

|f (z)|pe−pφ(z) ≤ C̃

ρ(z)2

∫
Dr (z)
|f (w)|pe−pφ(w)dA(w).

Moreover, Lemma 2.2.8 implies that for any 0 < p ≤∞,

|f (z)| ≲ eφ(z)

ρ(z)2/p
∥f ∥p,φ, ∀z ∈ C, f ∈ F

p
φ. (2.2.18)

Let C(z) = eφ(z)/ρ(z)2/p. Notice that since dµ = ∆φdA is doubling, ρ(z) is never zero. In fact,
recalling that µ(D(z,ρ(z))) = 1 for every z ∈ C, if there exists a point z ∈ C with ρ(z) = 0, then
µ(D(z,ρ(z))) = µ({z}) = 1, which contradicts the fact that doubling measures cannot have a point
mass. One can see that for any compact subset K ⊂ C and any z ∈ K , C(z) is continuous and
thus bounded. Therefore, (2.2.18) implies that the point evaluation map f 7→ f (z) is a bounded
linear functional on Fpφ, and also uniformly bounded in bounded domains in C. Since locally

1The notation F2
m refers to the canonical doubling Fock space with weight φ(z) = |z|m, and should not be con-

fused with the standard Fock space F2
α defined in Section 2.1. In particular, F2

m , F
2
α with α = m, since the un-

derlying weights are e−|z|
m

and e−α|z|
2
, respectively. This convention is standard in the study of doubling Fock

spaces.
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uniform limits of holomorphic functions are holomorphic, Fpφ is a closed subspace of Lpφ for
every 0 < p ≤∞.

Note that Lpφ is a Banach space for 1 ≤ p ≤ ∞, a quasi-Banach space for 0 < p < 1, and a
Hilbert space when p = 2, with respect to the following inner product:

⟨f ,g⟩ =
∫
C

f (z)g(z)e−2φ(z)dA(z), f ,g ∈ L2
φ. (2.2.19)

In fact, it is well-known that when 1 ≤ p <∞, Lp(C,dν,∥ · ∥ν) is a complete metric space with
respect to any positive measure ν (See [71], Theorem 3.11). Taking dν = e−pφdA we obtain Lpφ.

When p = ∞, consider the linear map T : L∞φ → L∞, with T (f )(z) = f (z)e−φ(z). Then ∥T f ∥∞ =
∥f ∥∞,φ. Since L∞ is complete and T is an isometry onto its range, the domain L∞φ is complete
as well and hence a Banach space. When 0 < p < 1, ∥ · ∥p,φ fails the triangle inequality and
therefore is not a norm. It is in fact, a quasi-norm and satisfies the following properties:

1. ∥f ∥p,φ = 0 if and only if f = 0 almost everywhere,

2. ∥αf ∥p,φ = |α|∥f ∥p,φ, for all α ∈C,

3. It satisfies the p-subadditivity inequality. That is, ∥f +g∥pp,φ ≤ ∥f ∥
p
p,φ+∥g∥pp,φ. In particular,

this implies that ∥ · ∥p,φ is a quasi-norm, i.e., there exists a constant K > 0 such that

∥f + g∥p,φ ≤ K
(
∥f ∥p,φ + ∥g∥p,φ

)
.

Note that the p-subadditivity inequality holds due to the fact that when 0 < p < 1 and a,b ≥ 0,
(a+ b)p ≤ ap + bp.

Recall that a closed subspace of a Banach space is itself a Banach space. Similarly, any
closed subspace of a quasi-Banach space is itself a quasi-Banach space. Therefore, (Fpφ,∥ · ∥p,φ)
is a Banach space for 1 ≤ p ≤ ∞ and a quasi-Banach space for 0 < p < 1. Take p = 2. Further,
F2
φ is a Hilbert space over C such that the point evaluation map evz : F2

φ → C, f 7→ f (z), is a
bounded linear functional. Then the Riesz representation theorem implies that there exists a
unique element Kz ∈ F2

φ such that

evz(f ) = f (z) = ⟨f ,Kz⟩, ∀f ∈ F2
φ. (2.2.20)

In particular, Kw(z) = ⟨Kw,Kz⟩ = Kz(w), for every z,w ∈ C. The function Kz(·) = K(·, z) is called
the reproducing kernel or Bergman kernel for F2

φ at z ∈C.

Bergman kernel and its pointwise estimates

Notice that, unlike the classical Fock space, and since we do not have enough knowledge about
φ, there are no explicit formulas for the basis vectors of F2

φ. Similarly, one cannot find a closed
form for the reproducing kernel. Later, we will see that taking φ(z) = |z|m,m > 0, such formulas
exist. For now, take a generic subharmonicφ, which is not identically zero, and such that ∆φdA
is a doubling measure. Although an explicit form for the kernel cannot be found, valuable
information can still be obtained regarding the behavior of the kernel on and off the diagonal.
This is based on the seminal work of Marzo and Ortega-Cerda in [65]. In the following, we
state their results on the behavior of the kernel K(z,w) when w = z, w is very close to z, and
general z and w.
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Proposition 2.2.9 ([65], Proposition 2.10). There exists C > 0 such that

C−1 e
2φ(z)

ρ(z)2 ≤ K(z,z) ≤ C e
2φ(z)

ρ(z)2 , ∀z ∈ C. (2.2.21)

Recall that K(z,z) = Kz(z) = ⟨Kz,Kz⟩ = ∥Kz∥22,φ. Thus, ∥Kz∥2,φ ≃ eφ(z)/ρ(z) for all z ∈C.

Theorem 2.2.10 ([65], Theorem 1.1, Proposition 2.11 & [68], Theorem 2.6). There exist constants
C > 0 and ϵ > 0, depending only on the doubling constant, such that

|K(z,w)| ≤ C 1
ρ(z)ρ(w)

eφ(z)+φ(w)

exp(dφ(z,w)ϵ)
, ∀z,w ∈ C. (2.2.22)

Furthermore, there is r0 > 0 such that

|Kz(w)| ≃ ∥Kz∥2,φ∥Kw∥2,φ ≃
eφ(z)+φ(w)

ρ(z)2 , z ∈ C,w ∈Dr0(z). (2.2.23)

Notice that using Lemma 2.2.5, we can write (2.2.22) as

|K(z,w)| ≤ C e
φ(z)+φ(w)

ρ(z)ρ(w)
e
−( |z−w|ρ(z) )ϵ

, ∀z,w ∈ C. (2.2.24)

However, the above estimate does not recover the symmetry in the variables z and w at first
glance. The following lemma will be used to prove the Lpφ norm estimate of the Bergman
kernel.

Lemma 2.2.11 ([68], Lemma 2.7, Lemma 2.8). 1. For every ϵ > 0, k ≥ 0, and r ≥ 1, there is a
constant Cϵ,k(r) > 0 such that∫

C\Dr (z)

|w − z|k

exp(dφ(w,z)ϵ)
dA(w)
ρ(w)2 ≤ Cϵ,k(r)ρ(z)k , ∀z ∈ C.

Moreover, Cϵ,k(r)→ 0 as r→∞, for any ϵ > 0 and k ≥ 0.

2. For every r ≥ 1, there is a constant C(r) > 0 such that∫
C\Dr (z)

|Kz(w)|e−φ(w)dA(w) ≤ C(r)eφ(z), ∀z ∈ C,

and C(r)→ 0 as r→∞.

3. There exists a constant C > 0 such that∫
C

|Kz(w)|e−φ(w)dA(w) ≤ Ceφ(z), ∀z ∈ C.

Proposition 2.2.12 ([68], Proposition 2.9 & [43], Lemma 2.3). For any 1 ≤ p ≤∞, we have

1.
∥Kz∥p,φ ≃ eφ(z)ρ(z)

2
p−2, ∀z ∈ C, (2.2.25)

2. Let kp,z = Kz/∥Kz∥p,φ be the normalized Bergman kernel of Fpφ. The set {kp,z : z ∈ C} is bounded

in Fpφ and kp,z→ 0 uniformly on compact subsets of C as |z| →∞.
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Proof. 1. This is Proposition 2.9 in [68], but we state the proof due to its importance. The
estimate ≳ follows from (2.2.23), (2.2.2), and the observation that the Lebesgue measure
of the disk Dr0(z), which from now on, we refer to it by |Dr0(z)| is comparable to ρ(z)2. To
prove the other direction, first take p = 1. This is Lemma 2.2.11, part 3. When p = ∞,
notice that using Lemma 2.2.8 and part 3 of Lemma 2.2.11, one obtains

|Kz(w)|e−φ(w) = e−φ(w)+φ(z)|Kw(z)|e−φ(z) ≲
e−φ(w)+φ(z)

ρ(z)2

∫
D1(z)
|Kw(ξ)|e−φ(ξ)dA(ξ) ≲

eφ(z)

ρ(z)2 .

For 1 < p <∞, using the case p =∞ and Lemma 2.2.11, we have∫
C

|Kz(w)|pe−pφ(w)dA(w) =
∫
C

|Kz(w)|e−φ(w)|Kz(w)|p−1e−(p−1)φ(w)dA(w)

≲
e(p−1)φ(z)

ρ(z)2p−2

∫
C

|Kz(w)|e−φ(w)dA(w) = epφ(z)ρ(z)2−2p.

2. This is Lemma 2.3 in [43]. By definition, ∥kp,z∥ = 1. Using (2.2.3), write

c =

−η(1− 2/p) if p < 2,

β(1− 2/p) if p ≥ 2.

By part 1, (2.2.24), and (2.2.3), we have

|kp,z(w)| = |Kz(w)|e−φ(z)ρ(z)2−2/p ≤ Ceφ(w)ρ(w)−1ρ(z)1−2/pe
( |z−w|ρ(z) )ϵ

≤ Ceφ(w)ρ(w)−1|z|ce( |z|−|w|ρ(w) )ϵ
.

Hence, kp,z→ 0 uniformly on any compact subset of C as |z| →∞.

Bergman Projection

Recall that F2
φ is a closed subspace of the Hilbert space L2

φ. Therefore, there exists a unique

orthogonal projection P : L2
φ→ F2

φ, that is, a bounded linear operator such that for every f ∈ L2
φ,

P f ∈ F2
φ and f − P f ⊥ F2

φ.

In particular, P satisfies P 2 = P , P (L2
φ) = F2

φ, and ∥P ∥ = 1. We call P the Bergman projection. Re-

calling the reproducing kernel property of F2
φ, (2.2.20), one can write the Bergman projection

P : L2
φ→ F2

φ as an integral operator given by

P f (z) =
∫
C

f (w)Kz(w)e−2φ(w)dA(w), f ∈ L2
φ, z ∈ C. (2.2.26)

Theorem 2.2.13 ([68], Theorem 3.1). P is a bounded linear operator from L
p
φ to Fpφ, for any 1 ≤

p ≤∞.

Corollary 2.2.14 ([68], Corollary 3.2). If 1 ≤ p ≤∞, and q is the conjugate exponent of p, then

⟨P f ,g⟩ = ⟨f ,P g⟩, ∀f ∈ Lpφ, g ∈ L
q
φ.
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Theorem 2.2.15 ([68], Theorem 3.3). Let 1 ≤ p ≤∞. Then f = P f for every f ∈ Fpφ.

Observe that Theorem 2.2.13 together with Theorem 2.2.15 implies that P is a bounded
projection of Lpφ onto Fpφ. That is, P : Lpφ→ F

p
φ is a bounded linear operator such that P ◦ P = P

and P (Lpφ) = Fpφ, for any 1 ≤ p ≤∞.

Proposition 2.2.16. Let 1 ≤ p <∞ and q be its Hölder conjugate. Then (Lpφ)∗ is isomtrically isomor-

phic to Lqφ by the integral pairing ⟨·, ·⟩ defined by (2.2.19).

Proof. Define the surjective isometric map

U : Lpφ→ Lp(C,dA); f 7→ f e−φ.

Then for f ∈ Lpφ, ∥f ∥Lpφ = ∥Uf ∥Lp(C,dA). Let us define f̃ =Uf = f e−φ, and g̃ =Ug = ge−φ. Then

⟨f ,g⟩ =
∫
C

f ḡe−2φdA =
∫
C

f̃ ¯̃gdA.

By the classical duality for the unweighted Lp(C,dA), we know that

(Lp(C,dA))∗ � Lq(C,dA).

Therefore, translating back by U−1 gives

(Lpφ)∗ � Lqφ.

Theorem 2.2.17 ([68], Theorem 3.6). Let 1 ≤ p <∞ and q be its Hölder conjugate. Then (Fpφ)∗ can

be identified with Fqφ (with equivalent norms) by means of the integral pairing ⟨·, ·⟩ given by (2.2.19).
Namely, the mapping

g ∈ Fqφ 7→ ⟨·, g⟩ ∈ (Fpφ)∗

is an antilinear isomorphism.

Theorem 2.2.18. The linear span of all the reproducing kernels Kz, z ∈ C, is dense in Fpφ, for every
1 ≤ p <∞.

Proof. A partial proof was given in [68], Corollary 3.7. Here a full proof is given for complete-
ness. Let 1 ≤ p <∞. Lemma 3.4 in [68] states that for every f ∈ Fpφ, there is a sequence {fn}n≥1

of functions in F
p
φ ∩ F

2
φ such that limn→∞ ∥fn − f ∥p,φ = 0. By the argument after (2.2.18), the

point evaluation map evz : Fpφ→ C, given by evz(f ) = f (z) is a bounded linear functional. Take

f ∈ Fpφ. We can write
|fn(z)− f (z)| = |evz(fn − f )| ≤ ∥evz∥∥fn − f ∥p,φ.

Since ∥fn − f ∥p,φ→ 0 and evz is bounded, fn(z)→ f (z) as n→∞.
Moreover, for each n ≥ 1, since fn ∈ F2

φ, the reproducing property holds. That is, fn(z) =

⟨fn,Kz⟩, for all z ∈ C. Now take g ∈ Fqφ, where q is the Hölder conjugate of p. Recalling Theorem
2.2.17, and applying Hölder’s inequality, one obtains

|⟨f ,g⟩| =
∣∣∣∣∣∫

C

f (w)e−φ(w)g(w)e−φ(w)dA(w)
∣∣∣∣∣

≤
(∫

C

|f (w)|pe−pφ(w)dA(w)
)1/p(∫

C

|g(w)|qe−qφ(w)dA(w)
)1/q

= ∥f ∥p,φ∥g∥q,φ.

(2.2.27)
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We will show that ⟨·, ·⟩ is continuous in both variables. Recall that in any Banach space, a
functional is continuous if and only if it is bounded. Define Lf : Fqφ → C, by Lf (g) = ⟨f ,g⟩.
By (2.2.27), |Lf (g)| ≤ C1∥g∥q,φ, with C1 = ∥f ∥p,φ. Hence, Lf is continuous. Similarly, letting
Lg : Fpφ→ C, by Lg(f ) = ⟨f ,g⟩, we can see that Lg is continuous. Therefore, the pairing (f ,g) 7→
⟨f ,g⟩ is continuous in both f and g.

By proposition 2.2.12, Kz ∈ F
q
φ for every z ∈C. Applying Hölder’s inequality once more,

|⟨fn − f ,Kz⟩| ≤ ∥fn − f ∥p,φ∥Kz∥q,φ→ 0, as n→∞.

Thus, for any f ∈ Fpφ, the arguments above imply that

f (z) = lim
n→∞

fn(z) = lim
n→∞
⟨fn,Kz⟩ = ⟨f ,Kz⟩.

One of the consequences of the Hahn-Banach theorem is that if X is a normed vector space
and M is a linear subspace of X that is not necessarily closed, then M is dense in X if and
only if the only bounded linear functional on X that annihilates M is the zero functional. As
a reference, see [26], Corollary 6.14. Furthermore, Theorem 2.2.17 implies that every bounded
linear functional on Fpφ is of the form f 7→ ⟨f ,g⟩ for some g ∈ Fqφ. Now we are ready to show

that the linear span of {Kz : z ∈ C} is dense in Fpφ. Let g ∈ (Fpφ)∗ � Fqφ satisfy ⟨f ,g⟩ = 0 for all f
in the linear span of {Kz : z ∈ C}. Then in particular, g(z) = ⟨g,Kz⟩ = 0 for all z ∈ C, and thus
g = 0 identically. Hence, by the Hahn-Banach theorem, the linear span of {Kz : z ∈ C} is dense
in Fpφ.

Toeplitz and Hankel operators

Recall the Bergman projection P : L2
φ→ F2

φ given by (2.2.26). Let Γ = span{Kz : z ∈ C}. We have

seen in Theorem 2.2.18 that Γ is dense in F2
φ. Consider the class of symbols

S = {f measurable on C : f g ∈ L2
φ for g ∈ Γ }.

Note that since Kz ∈ F2
φ, L∞ ⊂ S . Given f ∈ S and g ∈ Γ , we define the Toeplitz operator Tf and

the Hankel operator Hf acting on F2
φ by

Tf g(z) = P (f g)(z) =
∫
C

f (w)g(w)Kz(w)e−2φ(w)dA(w), z ∈ C, (2.2.28)

and

Hf g = (I − P )(f g) = f g − P (f g). (2.2.29)

Since Γ ⊂ F2
φ is dense, both Tf and Hf are densely defined on F2

φ.

In summary, doubling Fock spaces generalize the classical setting by replacing the strict Gaus-
sian structure with a geometric growth condition on ∆φ. This condition is flexible enough
to allow weights of very different shapes while still supporting a rich function-theoretic and
operator-theoretic theory, including sharp Bergman kernel estimates and precise mapping
properties of Toeplitz and Hankel operators.
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2.3 Scalar weighted Fock spaces- Dall’Ara’s weights

To generalize the notion of doubling Fock spaces to the higher-dimensional complex plane,
Dall’Ara in [30] introduced the set of admissible weights φ as in the definition below. We recall
that for φ : Cn→R, the real Laplacian is

∆φ(z) =
n∑
j=1

∂2φ

∂x2
j

(z) +
∂2φ

∂y2
j

(z)

, (2.3.1)

where zj = xj + iyj .

Definition 2.3.1. Let φ : Cn→R be a C2 plurisubharmonic function (see, e.g., [55, Chapter 2]).
We say that φ belongs to the weight classW of admissible weights if φ satisfies the following
statements:

(I) There exists c > 0 such that

inf
z∈Cn

sup
ξ∈D(z,c)

∆φ(ξ) > 0, (2.3.2)

where D(z,c) is the Euclidean disk centered at z with radius c,

(II) ∆φ satisfies the strongest form of the reverse-Hölder inequality. That is, there exists a
positive real number C such that

∥∆φ∥L∞(D(z,r)) ≤ Cr−2n
∫
D(z,r)

∆φ(ξ)dA(ξ), for any z ∈Cn and r > 0,

(III) the eigenvalues ofHφ are comparable (see Part 3 of “Comparing admissible and doubling
weights” below for a detailed discussion), i.e., there exists a δ0 > 0 such that

⟨Hφ(z)u,u⟩ ≥ δ0∆φ(z)|u|2, for any u,z ∈ Cn,

where the Hessian matrix of φ is given by

Hφ(z) =
(
∂2φ

∂zj∂z̄k
(z)

)n
j,k=1

. (2.3.3)

Comparing admissible and doubling weights

1. The lower non-degeneracy condition (I) prevents ∆φ from vanishing identically on large
regions. Recalling Lemma 2.2.6, φ(z) = |z|m, m > 0 is a doubling weight on C. We will
see in Remark 2.3.7 that property (I) implies that ρ is bounded, and that when m = 1
the radius function of φ(z) = |z| is not bounded. Hence, not every doubling measure is
admissible.

2. The reverse-Hölder inequality (II) is stronger than doubling. It says that local L∞ norms
of ∆φ are controlled by local averages. This condition implies a doubling property. The
proof is given in Proposition 2.3.2.

18



3. To study property (III), recall ∆φ given in (2.3.1). To write the Laplacian in the complex
form, consider the derivatives

∂
∂zj

:=
1
2

(
∂
∂xj
− i ∂
∂yj

)
, and

∂
∂z̄j

:=
1
2

(
∂
∂xj

+ i
∂
∂yj

)
. (2.3.4)

Then the complex Hessian is given by (2.3.3). Its trace gives

TrHφ(z) =
n∑
j=1

∂2φ

∂zj∂z̄j
(z) =

1
4
∆φ(z).

Property (III) is specific to higher dimensions n > 1. In dimension one, this property is
automatic, as the Hessian Hφ is just ∆φ/4. Let us study this property in higher dimen-
sions in more detail. So, take n > 1. Note that Hφ is an n× n Hermitian, positive definite
matrix. In fact, since φ is real-valued and C2,

∂2φ

∂zj∂z̄k
(z) =

∂2φ

∂zk∂z̄j
(z).

Hence, the entries hjk = hkj , and thus Hφ(z)∗ = Hφ(z). That is, Hφ(z) is Hermitian. To
show that Hφ(z) is positive definite, take u = (u1, · · · ,un) ∈Cn. Then

⟨Hφ(z)u,u⟩ =
n∑

j,k=1

∂2φ

∂zj∂z̄k
(z)uj ūk .

For z ∈ Cn, consider the complex line in the direction u. That is, take γ(ζ) = z + ζu, for
ζ ∈ C. Define the function ψ(ζ) = φ(z + ζu). Since φ is plurisubharmonic, its restriction
to any complex line is subharmonic. In particular, ∆ψ ≥ 0. Notice that by the chain rule,

∂ψ

∂ζ
(ζ) =

n∑
j=1

∂φ

∂zj
(z+ ζu)uj , and

∂ψ

∂ζ̄
(ζ) =

n∑
k=1

∂φ

∂z̄k
(z+ ζu)ūk ,

and thus
∂2ψ

∂ζ∂ζ̄
(ζ) =

n∑
j,k=1

∂2φ

∂zj∂z̄k
(z+ ζu)uj ūk .

Hence, ∆ψ(0) = ⟨Hφ(z)u,u⟩ ≥ 0, and thereforeHφ(z) is positive definite. Let λ1(z), · · · ,λn(z) ≥
0 be the eigenvalues of Hφ(z). Hence, ∆φ(z) = 4

∑n
j=1λj(z). Interpreting property (III) in

terms of eigenvalues,
u∗Hφ(z)u ≥ 4δ0 TrHφ(z)|u|2.

The smallest eigenvalue of Hφ(z) is λmin(z) = inf|u|=1u
∗Hφ(z)u. Hence,

λmin ≥ 4δ0

n∑
j=1

λj(z).

Since λMax(z) ≤ TrHφ(z) ≤ ∆φ(z), this implies that

λMax(z) ≲ λmin(z),

so, all eigenvalues are comparable.
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4. As an example of Property (III), consider φ(z) = |z|2 on C
n. Then the complex Hessian

satisfies Hφ(z) = In, the n×n identity matrix, so all eigenvalues are equal to 1, and hence

n∑
j=1

λj(z) = n.

Therefore,

λmin(z) = 1 =
1
n

n∑
j=1

λj(z) =
1

4n
∆φ(z), ∀z ∈ Cn,

and Property (III) holds with δ0 = 1/(4n).

A simple example for which Property (III) fails is

φ(z1, z2) = |z1|4 + |z2|2, (z1, z2) ∈C2.

Then φ is C2 and plurisubharmonic, and

Hφ(z) =

4|z1|2 0
0 1

.
Hence the eigenvalues of Hφ(z) are 4|z1|2 and 1, so λmin(z) = min{4|z1|2,1}. Moreover,
∆φ(z) = 4TrHφ(z) = 16|z1|2 + 4. In particular, when z1 = 0 we have λmin(z) = 0 while
∆φ(z) = 4, so there is no constant δ0 > 0 such that

⟨Hφ(z)u,u⟩ ≥ δ0∆φ(z)|u|2 for all z,u ∈ C2.

Therefore, Property (III) does not hold for this weight.

5. Here we give a geometric interpretation of property (III) to the interested readers. Let

Lφ(z,u) := ⟨Hφ(z)u,u⟩ =
n∑

j,k=1

∂2φ

∂zj∂z̄k
(z)uj ūk .

Along a unit vector u, Lφ(z,u) gives a value between the smallest and the largest eigen-
values of Hφ(z). This is because Hφ(z) is Hermitian, and, in particular, self-adjoint and
diagonalizable. In fact,

λmin(z) ≤ Lφ(z,u) ≤ λMax(z).

So, Lφ(z,u) can vary a lot in different directions if the eigenvalues are very unequal. How-
ever, property (III) guarantees that this cannot happen. Indeed, Lφ is closely related to
the curvature of the spaces, and property (III) states that the "space" bends the same way
in every complex direction, up to a fixed multiplicative constant δ0. But what is the
"space" we are talking about? Weighted Fock spaces can be seen as holomorphic sections
of a line bundle. Consider the trivial line bundle L = C

n ×C. Give it a Hermitian metric
h(z) = e−2φ(z). A holomorphic function f on C

n can be seen as a section of this bundle. Its
L2-norm is

∥f ∥2 =
∫
C
n
|f (z)|2h(z)dA(z),

which is exactly the norm of f in F2
φ. In differential geometry, curvature is given by

the curvature form of a connection on a vector bundle. For a complex manifold M
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and a Hermitian holomorphic line bundle L → M, there exists a unique connection ∇
on M which is compatible with both the Hermitian and holomorphic structures. This
connection ∇ is called the Chern connection of L→ M. Hence, the metric h = e−2φ in-
duces a natural Chern connection on the weighted Fock space. Its curvature is precisely
θh(z) = ∂̄∂(logh) = ∂∂̄(2φ) = 2

∑n
j,k=1

∂2φ
∂zj∂z̄k

(z)dzj ∧ dz̄k . For example, when φ(z) = |z|2,

Hφ(z) = In, θh =
∑n
j=1dzj ∧ dz̄j , and thus the curvature is constant and the same in every

direction. Finally, θh and Lφ(z,u) are two faces of the same objects. Given u ∈Cn, let

α =
n∑
j=1

uj
∂
∂zj

, and ᾱ =
n∑
k=1

ū
∂
∂z̄k

.

Then
θh(z)(α,ᾱ) = 2Lφ(z,u).

For more information on complex line bundles, Chern connection and curvature, see
Chapter 3 of [56].

Proposition 2.3.2. Let φ be an admissible weight as in Definition 2.3.1. Then the reverse-Hölder
inequality (II) implies that dµ = ∆φdA is a doubling measure.

Proof. To prove this, we use characterizations of A∞ weights. We denote by A∞ the Mucken-
houpt class

A∞ :=
⋃

1<p<∞
Ap,

where Ap denotes the Muckenhoupt weight class introduced in Remark 3.1.23. Theorem 9.3.3
in [40] states that a weight ω is in A∞ if and only if there exist C > 0 and ϵ <∞ such that for all
balls B and all measurable subsets E of B,

ω(E)
ω(B)

≤ C
(
|E|
|B|

)ϵ
.

So, let B be any ball and E ⊂ B measurable. By the reverse-Hölder inequality,

µ(E) =
∫
E
∆φ(w)dA(w) ≤ |E|∥∆φ∥L∞(B) ≤ C|E|

µ(B)
|B|

= Cµ(B)
|E|
|B|
.

Therefore,
µ(E)
µ(B)

≤ C
(
|E|
|B|

)
,

implying that µ = ∆φ belongs to A∞. Proposition 9.3.2 in [40] states that if ω ∈ A∞, then ωdA
is doubling. Hence, we can conclude that dµ = ∆φdA is a doubling measure.

Remark 2.3.3. The standard symplectic form on C
n is of the form ω0 =

∑n
j=1dxj ∧ dyj . Let

d = ∂+ ∂̄ be the exterior derivative, and dc = i/2(∂̄−∂). The exterior derivative satisfies d2 = 0.
Hence, ∂2+∂∂̄+∂̄∂+∂̄2 = 0. Basic differential geometry implies that ∂2 = 0, ∂∂̄+∂̄∂ = 0, and ∂̄2 =
0. Hence, ddc = i∂∂̄. Let ψ(z) = |z|2 =

∑n
j=1 zj z̄j . Then ∂̄ψ =

∑n
j=1 zjdz̄j , and ∂∂̄ψ =

∑n
j=1dzj∧dz̄j .

Therefore, ω0 =
∑n
j=1dxj ∧ dyj = i/2

∑n
j=1dzj ∧ dz̄j = 1/2ddc|z|2. Now, let φ ∈ C2(Cn), with

ddcφ ≃ω0. It is easy to see that φ belongs to the weight classW . To see this, note that there are
constants 0 < A ≤ B <∞ such that Aω0 ≤ ddcφ ≤ Bω0 on C

n. Equivalently, there are constants
a,b > 0 such that for every z ∈ Cn, the eigenvalues λ1(z), · · · ,λn(z) of Hφ(z) satisfy a ≤ λj(z) ≤ b,
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for all 1 ≤ j ≤ n. This is the case since ω0 corresponds to the identity matrix in the standard
coordinates. Recall that ∆φ(z) = 4

∑n
j=1λj(z). Then for every z ∈ Cn, ∆φ(z) ≥ 4na > 0, which

implies (I) in definition 2.3.1. To see (II), note that for every z ∈Cn and r > 0,

∥∆φ∥L∞(D(z,r)) ≤ 4nb ≤ b
a

4na ≤ b
a
r−2n

∫
D(z,r)

∆φ(ξ)dA(ξ),

implying that the reverse Hölder inequality holds with C = b/a. Finally, one can see that
the eigenvalues are comparable in the sense of (III). In fact, for every u,z ∈ Cn, ⟨Hφ(z)u,u⟩ ≥
λmin(z)|u|2 and ∆φ(z) ≤ 4nλMax(z) ≤ 4nb. Then

λmin(z) =
λmin(z)
∆φ(z)

∆φ(z) ≥ a
4nb

∆φ(z),

implying (III) with δ0 = a/(4nb) > 0.

Scalar weighted Fock spaces, Bergman Kernel, and the orthogonal projection

Suppose that 0 < p <∞ and φ ∈ W . The space Lpφ(Cn) is the space of all measurable functions
f on C

n for which

∥f ∥Lpφ(Cn) =
(∫

C
n
|f (z)|pe−pφ(z)dA(z)

)1/p

<∞,

and the space L∞φ (Cn) consists of measurable functions endowed with the norm

∥f ∥L∞φ (Cn) = esssup
z∈Cn

|f (z)|e−φ(z) <∞.

Denote by H(Cn) the space of all holomorphic functions on C
n. Then the scalar weighted Fock

space is defined as
F
p
φ(Cn) = Lpφ(Cn)∩H(Cn), (2.3.5)

with the norm defined above. Similarly to the case of doubling Fock spaces, one can see that
the point evaluation map evz : F2

φ(Cn)→C is a bounded linear functional. In particular, F2
φ(Cn)

is a reproducing kernel Hilbert space, with evz(f ) = f (z) = ⟨f ,Kz⟩, for all f ∈ F2
φ(Cn), where the

inner product is given by

⟨f ,g⟩ =
∫
C
n
f (z)g(z)e−2φ(z)dA(z), f ,g ∈ F2

φ(Cn).

Moreover, Fpφ(Cn) is a Banach space when 1 ≤ p ≤ ∞, and a quasi-Banach space when 0 <

p < 1. Theorem 20 in [30] states that the reproducing kernel of F2
φ(Cn) satisfies the following

pointwise estimate. That is, there is a constant ϵ > 0 such that

|K(z,w)| ≲ eφ(z)

ρ(z)n
eφ(w)

ρ(w)n
e−ϵdφ(z,w), z,w ∈ Cn, (2.3.6)

where dφ is the distance associated to φ and ρ : Cn→ (0,∞) is the associated radius function to
φ defined by

ρ(z) = sup{r > 0 : sup
w∈D(z,r)

∆φ(w) ≤ r−2}. (2.3.7)

Note that for a piecewise C1 curve γ : I →C
n, we define

Lρ(γ) =
∫ 1

0

|γ ′(t)|
ρ(γ(t))

dt.
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Then dφ(z,w) = infγ Lρ(γ), where the infimum is taken over all piecewise C1 curves γ : I → C
n

with γ(0) = z and γ(1) = w. Moreover, similarly to the doubling case, dφ(z,w) ≃ |z−w|/ρ(z). For
more details on the radius function ρ and the distance dφ, see [30]. Since F2

φ(Cn) is a closed

subspace of the Hilbert space L2
φ(Cn), there is an orthogonal projection P

C
: L2

φ(Cn)→ F2
φ(Cn)

given by

P
C

(f )(z) =
∫
C
n
f (w)Kz(w)e−2φ(w)dA(w), z ∈ Cn,

which according to [62], Theorem 5, extends to a bounded projection from L
p
φ(Cn) to Fpφ(Cn)

if 1 ≤ p ≤ ∞. In the following, we state some useful lemmas about the behavior of the radius
function and the reproducing kernel. We will not provide the readers with proofs as they can
be done similarly to the doubling case.

Lemma 2.3.4 ([7], Lemma A). Let φ be defined as in Definition 2.3.1. Then the radius function ρ
satisfies the following properties.

(1) There exists M > 0 such that
sup
z∈Cn

ρ(z) ≤M, (2.3.8)

(2) The function ρ is Lipschitz. Indeed, for every z,w ∈ Cn,

|ρ(z)− ρ(w)| ≤ |z −w|, (2.3.9)

(3) For r ∈ (0,1) and w ∈Dr(z),

(1− r)ρ(z) ≤ ρ(w) ≤ (1 + r)ρ(z), (2.3.10)

(4) There exist A,B ≥ 0 such that

|z|−A ≲ ρ(z) ≲ |z|B, for |z| > 1. (2.3.11)

By (2.3.10) and the triangle inequality, for any r ∈ (0,1), there are m1 = m1(r) > 1 and
m2 =m2(r) > 1 such that

Dr(z) ⊂Dm1r(w), and Dr(w) ⊂Dm2r(z), for every w ∈Dr(z). (2.3.12)

Lemma 2.3.5 ([8], Lemma 2.3). Let Kz = K(·, z) be the reproducing kernel of F2
φ(Cn). The following

assertions are true.

(a) There exists α ∈ (0,1] such that

|Kz(w)| ≃ ∥Kz∥F2
φ(Cn)∥Kw∥F2

φ(Cn), w ∈Dα(z), (2.3.13)

(b) For 0 < p ≤∞,
∥Kz∥Fpφ(Cn) ≃ e

φ(z)ρ(z)2n(1−p)/p, z ∈ Cn, (2.3.14)

(c) Let α be as defined in (2.3.13). Then

|kz(w)|2e−2φ(w) ≃ ρ(z)−2n, w ∈Dα(z), (2.3.15)
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(d) For each z ∈Cn, 0 < p ≤∞ and β ∈R,∫
C
n
|Kz(w)|pe−pφ(w)ρ(w)βdA(w) ≃ epφ(z)ρ(z)2n(1−p)+β , (2.3.16)

(e) The set {kz : z ∈ Cn} is bounded in F2
φ(Cn) and kz→ 0 uniformly on any compact subsets of Cn

as |z| →∞.

Lemma 2.3.6 ([7], Lemma B). Let 0 < p < ∞ and define φ as in (2.3.2). For any δ ∈ (0,1], there
exists C > 0 such that for any f ∈H(Cn) and z ∈Cn,

|f (z)|pe−pφ(z) ≤ C

δ2nρ(z)2n

∫
Dδ(z)
|f (w)|pe−pφ(w)dA(w). (2.3.17)

Remark 2.3.7. We would like to emphasize that property (I) in Definition 2.3.1 implies that
the radius function ρ is bounded. In fact, fix z ∈ Cn, and suppose r > c, where c is the constant
in (I). Then D(z,c) ⊂ D(z, r). So, supw∈D(z,c)∆φ(w) ≤ supw∈D(z,r)∆φ(w) ≤ r−2, where the second
inequality comes from the definition of ρ. By (I), there is m > 0 such that supw∈D(z,c)∆φ(w) ≥
m > 0. Hence, m ≤ r−2, and thus r ≤ m−1/2. Therefore, ρ(z) ≤ M := max{c,m−1/2}. Note that
when ∆φdA is doubling, ρ is defined by integrals/averages of ∆φ on balls, and not by the
pointwise supremum of ∆φ. Hence, a doubling condition does not necessarily give any uniform
pointwise lower or upper bound on the density ∆φ. Basically, averages can behave nicely,
while pointwise, and therefore supremums, are wild. As an example, one can see that for the
doubling weight φ(z) = |z|m, with m > 0, ρ(z) ≃ |z|1−m/2 for |z| large enough. Taking m = 1, ρ(z)
is not bounded.

Remark 2.3.8 (Comparing radius functions for doubling and admissible weights). Letφ : Cn→
R be a plurisubharmonic weight. Following [30], we associate to φ the radius function

ρ(z) = sup
{
r > 0 : sup

w∈D(z,r)
∆φ(w) ≤ r−2

}
.

It is natural to compare this with the radius function ρ0 used in the theory of doubling weights
in one complex dimension, defined by µ

(
D(z,ρ0(z))

)
= 1, with µ = ∆φdA.

• When n = 1, the two notions are closely related. Indeed, if 0 < r < ρ(z), then

sup
w∈D(z,r)

∆φ(w) ≤ r−2.

Setting s = r/
√
π, we obtain

µ(D(z, s)) =
∫
D(z,s)

∆φ(w)dA(w) ≤ |D(z, s)|r−2 = πs2r−2 = 1.

Hence s ≤ ρ0(z), and therefore

ρ(z) ≤
√
πρ0(z).

Thus, in one complex dimension, the L∞-type condition defining ρ implies the L1-
normalization defining ρ0.
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• For n ≥ 2, however, an analogous definition based on∫
D(z,r)

∆φ(w)dA(w) = 1

is no longer the appropriate one. The reason is that ∆φ(z) = 4 TrHφ(z), so ∆φ only records
the trace of the complex Hessian, whereas the local geometry is governed by the full
Hermitian form Hφ(z). If λ1(z), · · · ,λn(z) denote the eigenvalues of Hφ(z), then ∆φ(z)
controls only their sum,

∆φ(z) ≍ λ1(z) + · · ·+λn(z),

and therefore does not distinguish between isotropic and highly anisotropic situations. In
particular, an integral condition involving only ∆φ yields merely averaged information
on the curvature.

By contrast, the definition of ρ gives uniform control of the curvature on Euclidean balls.
Indeed, if r < ρ(z), then

sup
w∈D(z,r)

∆φ(w) ≤ r−2,

and since Hφ(w) is positive semidefinite, each eigenvalue satisfies

λj(w) ≲ r−2, 1 ≤ j ≤ n, w ∈D(z, r).

Hence

Hφ(w) ≲ r−2I for all w ∈D(z, r),

so the curvature is uniformly controlled at scale r. This is precisely the type of local
geometric information needed in the pointwise and localization arguments of [30].

Therefore, while ρ0 is natural in the one-dimensional doubling setting, in several complex
variables one works instead with ρ, since it captures the correct local scale of the full complex
Hessian rather than only the averaged mass of its trace.

2.4 Large vector-valued Fock spaces

Up to now, we have studied scalar Fock spaces, i.e., spaces of C-valued holomorphic functions
with respect to some weights, including the classical Fock space, doubling Fock spaces, and
scalar weighted Fock spaces. A possible generalization is to study the space of functions taking
values in a finite or infinite-dimensional Hilbert space. So, letH be a complex separable Hilbert
space. We denote by L2

φ(Cn,H) the space of all measurableH-valued functions on C
n for which

∥f ∥22,φ =
∫
C
n
∥f (z)∥2H e

−2φ(z)dA(z) <∞, (2.4.1)

where dA is the Lebesgue measure on C
n and φ is an admissible weight as in Definition 2.3.1.

When equipped with the inner product

⟨f ,g⟩ =
∫
C
n
⟨f (z), g(z)⟩He−2φ(z)dA(z),
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L2
φ(Cn,H) becomes a Hilbert space. We say that f : Cn→H is holomorphic if for every contin-

uous linear functional φ ∈ H∗, the scalar-valued function φ ◦ f : Cn→ C is holomorphic in the
usual sense (see, e.g., §3.10 in [42]). The large vector-valued Fock space F2

φ(Cn,H) is defined by

F2
φ(Cn,H) = L2

φ(Cn,H)∩H(Cn,H),

where H(Cn,H) stands for the space of allH-valued holomorphic functions on C
n. Notice that

when H = C, F2
φ(Cn,C) = F2

φ(Cn) as defined in (2.3.5).

F2
φ(Cn,H) is a Hilbert Space

To see that F2
φ(Cn,H) is a Hilbert space, we need the following lemmas.

Lemma 2.4.1. If f ∈ F2
φ(Cn,H), then z 7→ ⟨f (z), e⟩H ∈ F2

φ(Cn), for any unit element e ∈ H.

Proof. By Cauchy-Schwarz inequality,∫
C
n
|⟨f (z), e⟩H|2e−2φ(z)dA(z) ≤

∫
C
n
∥f (z)∥2H ∥e∥

2
H e
−2φ(z)dA(z) <∞,

which finishes the proof.

Remark 2.4.2. Lemma 2.4.1 can be generalized for any h ∈ H . Indeed, similarly, one can ob-
serve that z 7→ ⟨f (z),h⟩H ∈ F2

φ(Cn), for any element h ∈ H.

Lemma 2.4.3. For any δ ∈ (0,1], there exists C > 0 such that for any f ∈ F2
φ(Cn,H) and z ∈ Cn,

∥f (z)∥2He
−2φ(z) ≤ C

δ2nρ(z)2n

∫
Dδ(z)
∥f (w)∥2He

−2φ(w)dA(w). (2.4.2)

Proof. Let f ∈ F2
φ(Cn,H). By Lemma 2.4.1, ⟨f (z), e⟩H belongs to F2

φ(Cn) and hence holomorphic,
for any unit vector e ∈ H. Hence by Lemma 2.3.6, and applying the Cauchy-Schwarz inequality

|⟨f (z), e⟩H|2e−2φ(z) ≤ C

δ2nρ(z)2n

∫
Dδ(z)
|⟨f (w), e⟩H|2e−2φ(w)dA(w)

≤ C

δ2nρ(z)2n

∫
Dδ(z)
∥f (w)∥2H∥e∥

2
He
−2φ(w)dA(w).

Since ∥e∥H = 1, we can use ∥f (z)∥H = sup∥e∥=1 |⟨f (z), e⟩| to obtain (2.4.2) and the proof is com-
plete. Indeed, by the Cauchy-Schwarz inequality, for ∥e∥H = 1, |⟨f (z), e⟩| ≤ ∥f (z)∥H∥e∥H =
∥f (z)∥H. So, sup∥e∥=1 |⟨f (z), e⟩| ≤ ∥f (z)∥H. Conversely, take e = f (z)/∥f (z)∥H. When f (z) , 0,
∥e∥ = 1, and |⟨f (z), e⟩| = ⟨f (z), f (z)/∥f (z)∥H⟩ = ∥f (z)∥H. Hence, ∥f (z)∥H = sup∥e∥=1 |⟨f (z), e⟩|.

Remark 2.4.4. Let z ∈ Cn. Then by Lemma 2.4.3, ∥f (z)∥H ≤ C eφ(z)

ρ(z)n ∥f ∥2,φ, and hence the point

evaluation map f 7→ f (z) is a bounded linear homomorphism from F2
φ(Cn,H) to H. Let C(z)

be the bounding constant, depending only on z, φ, and n. One can see that for any compact
subset K ⊂ C

n, and any z ∈ K , C(z) is bounded. To see this, first take K not overlapping the
unit disk centered at the origin. Then (2.3.11) implies that C(z) ≃ eφ(z)|z|nA for some A > 0, and
thus bounded. Now, assume that K overlaps the unit disk D(0,1). By (2.3.9), ρ is continuous,
and since φ is C2, it is enough to show that ρ never vanishes on the unit disk, to conclude
that C(z) is continuous and thus bounded on K . Let z ∈ D(0,1). By continuity of ∆φ, and
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since φ is plurisubharmonic, there is some constant M > 0 such that supw∈D(0,2)∆φ(w) = M.
Let N = max{M,1}. Then 1

N ≤ 1, and thus D(z, 1
N ) ⊂ D(0,2), for every z ∈ D(0,1). Hence,

supw∈D(z, 1
N )∆φ(w) ≤N ≤N2. Using (2.3.7), we can conclude that ρ(z) ≥ 1

N for every z ∈ D(0,1),
and in particular ρ(z) , 0.

Hence, given z ∈ C
n, Lemma 2.4.3 and Remark 2.4.4 imply that there is a constant C(z),

bounded on compact subsets of Cn such that

∥f (z)∥H ≤ C(z)∥f ∥2,φ, for f ∈ F2
φ(Cn,H). (2.4.3)

Therefore, the point evaluation map f 7→ f (z) is a bounded linear homomorphism from
F2
φ(Cn,H) to H and uniformly bounded in bounded domains of Cn. Since locally uniform lim-

its of holomorphic functions are holomorphic, we conclude that F2
φ(Cn,H) is a closed subspace

of L2
φ(Cn,H), and thus a Hilbert space.

F2
φ(Cn,H) is a reproducing kernel Hilbert Space

Let us compare the point evaluation maps of F2
φ and F2

φ(Cn,H). In the former, the point evalu-

ation map evz : F2
φ→ C is a bounded linear functional, and for the latter, the point evaluation

map evz : F2
φ(Cn,H) → H is a bounded linear homomorphism, and not a functional, since H

is not necessarily the complex plane. This is the reason behind the fact that we cannot apply
the Riesz representation theorem to conclude the existence of the reproducing kernel as an
element of F2

φ(Cn,H). In the following, we generalize the notion of the reproducing kernel to
when the functions take values in a general Hilbert space.

Definition 2.4.5. Let H be a separable Hilbert space, H∗ be its dual, and let F be a Hilbert
space of functions f : Cn→H. We say that F is a vector-valued reproducing kernel Hilbert space
if there is a map KH : Cn ×Cn→H⊗H∗ with KH(z,w)∗ � KH(w,z), and

f (z) =
∫
C
n
KH(z,w)f (w)dV (w) for f ∈ F , (2.4.4)

where dV is a measure on C
n.

Note that here � stands for the natural isomorphism H⊗H∗ �H∗ ⊗H. Let L(H) be the set
of bounded linear operators onH. Then there is a natural isomorphism L(H) �H∗⊗H. In fact,
using the map B :H∗ ×H→ L(H) defined by B(λ,w)(v) = λ(v)w, and the universal property of
the tensor products, we obtain a linear map TB :H∗ ⊗H→ L(H). This map is an isomorphism
with inverse S(L) =

∑∞
i=1 e

i ⊗ Lei , where {ei}∞i=1 is an orthonormal basis of H and {ei}∞i=1 is the
dual basis of H∗. Therefore, the vector-valued reproducing kernel KH can be viewed as a map
KH : Cn ×Cn→L(H).

Write KHz (·) = KH(·, z). As a special case of Definition 2.4.5, consider KH : Cn ×Cn → L(H)
and KH(z,w)∗ = KH(w,z). Let us consider the inner product of F as

⟨f ,g⟩F =
∫
C
n
⟨f (z), g(z)⟩HdV (z).

It follows that ⟨f (z),h⟩H = ⟨f ,KHz h⟩F for every h ∈ H and z ∈ Cn. This can be seen as an analog
to f (z) = ⟨f ,Kz⟩ in the scalar setting.
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Taking dV = e−2φdA, F2
φ(Cn,H) is a vector-valued reproducing kernel Hilbert space, and its

reproducing kernel KHz is a map from C
n toH⊗H∗. The reproducing kernel property takes the

form
f (z) =

∫
C
n
KH(z,w)f (w)e−2φ(w)dA(w), f ∈ F2

φ(Cn,H).

When H = C, the above integral is equivalent to the scalar reproducing kernel property of
F2
φ(Cn), where the action of the reproducing kernel in the scalar case F2

φ(Cn) is given by the

usual multiplication. Being an element of H⊗H∗, the most general KH(z,w) is of the form∑∞
m,n=1Kmn(z,w)em⊗en, where Kmn(z,w) are some complex scalars. The following lemma shows

that the reproducing kernel of F2
φ(Cn,H) is obtained by taking Kmn(z,w) = δmnK(z,w), where

K(z,w) is the reproducing kernel of F2
φ(Cn). That is,

KHw (z) = KH(z,w) =
∞∑
n=1

K(z,w)en ⊗ en.

Lemma 2.4.6. Let φ be as in Definition 2.3.1, and letH be a separable Hilbert space. The reproduc-
ing kernel of F2

φ(Cn,H) is of the form

KHw (z) = KH(z,w) =
∞∑
n=1

K(z,w)en ⊗ en,

where K(z,w) is the reproducing kernel of F2
φ(Cn).

Proof. Applying Lemma 2.4.1, we can write∫
C
n
KH(z,w)f (w)e−2φ(w)dA(w) =∫

C
n

∞∑
n=1

⟨f (w), en⟩HenK(z,w)e−2φ(w)dA(w)

=
∞∑
n=1

⟨f (z), en⟩Hen

= f (z),

showing that the choice we made for the reproducing kernel does make sense. Moreover, since
K(z,w) is conjugate symmetric, and by the natural isomorphism H⊗H∗ �H∗ ⊗H,

KH(z,w)∗ =
∞∑
n=1

K(z,w)en ⊗ en �
∞∑
n=1

K(w,z)en ⊗ en = KH(w,z).

Remark 2.4.7. The reproducing kernel in Lemma 2.4.6 is unique when viewed as an L(H)-
valued kernel. More precisely, if KH1 , K

H
2 : Cn ×Cn→L(H) both satisfy the reproducing kernel

property
⟨f (z),h⟩H = ⟨f ,KHj,zh⟩F2

φ(Cn,H), f ∈ F2
φ(Cn,H), h ∈ H, z ∈Cn,

for j = 1,2, then KH1 = KH2 . Indeed, for fixed z ∈ C
n and h ∈ H, the point evaluation map

evz : F2
φ(Cn,H)→H, with f 7→ f (z), is bounded (see the discussion preceding Definition 2.4.5).

Hence, the scalar-valued map

Lz,h : F2
φ(Cn,H)→ C, Lz,h(f ) = ⟨f (z),h⟩H,
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is a bounded linear functional. Since F2
φ(Cn,H) is a Hilbert space, the Riesz representation

theorem yields a unique vector gz,h ∈ F2
φ(Cn,H) such that

⟨f (z),h⟩H = ⟨f ,gz,h⟩F2
φ(Cn,H) for all f ∈ F2

φ(Cn,H).

Thus, for each reproducing kernel KHj , the vector KHj,zh is precisely this unique Riesz represen-
ter, and in particular

KHj,zh ∈ F
2
φ(Cn,H).

Therefore,

⟨f , (KH1,z −K
H
2,z)h⟩F2

φ(Cn,H) = 0 for all f ∈ F2
φ(Cn,H).

Choosing

f = (KH1,z −K
H
2,z)h ∈ F

2
φ(Cn,H),

we obtain

∥(KH1,z −K
H
2,z)h∥

2
F2
φ(Cn,H)

= 0.

Hence

(KH1,z −K
H
2,z)h = 0 for every h ∈ H,

which implies

KH1,z = KH2,z.

Since z was arbitrary, it follows that

KH1 = KH2 .

Consequently, the reproducing kernel is genuinely unique as an L(H)-valued kernel. The
formula in Lemma 2.4.6,

KH(z,w) =
∞∑
n=1

K(z,w)en ⊗ en,

depends on the chosen orthonormal basis {en}n≥1 only at the level of coordinates. Under the
natural identification H⊗H∗ � L(H), one has

∞∑
n=1

en ⊗ en = IH,

where IH is the identity operator on H. So the above expression is simply

KH(z,w) = K(z,w)IH.

Thus the kernel is not merely unique up to isomorphism of H⊗H∗, but it is uniquely deter-
mined as the operator-valued kernel K(z,w)IH. Different orthonormal bases only give different
tensor-coordinate expressions for the same operator.

Orthogonal projection and the vectorial Toeplitz operator

Since F2
φ(Cn,H) is a closed subset of the Hilbert space L2

φ(Cn,H), there is an orthogonal projec-

tion P : L2
φ(Cn,H)→ F2

φ(Cn,H), given by the following lemma.
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Lemma 2.4.8. Let φ be as in Definition 2.3.1, and H be a separable Hilbert space. The integral
operator

P (f )(z) =
∫
C
n
KH(z,w)f (w)e−2φ(w)dA(w) =

∫
C
n
f (w)K(z,w)e−2φ(w)dA(w), z ∈ Cn,

is the orthogonal projection of L2
φ(Cn,H) onto F2

φ(Cn,H).

Proof. Let {em}∞m=1 be an orthonormal basis of H. For f ∈ L2
φ(Cn,H), define the scalar-valued

functions f ∗m(z) := ⟨f (z), em⟩H, for z ∈Cn. Then

f (z) =
∞∑
m=1

f ∗m(z)em

in H for a.e. z, and

∥f ∥2
L2
φ(Cn,H)

=
∞∑
m=1

∥f ∗m∥2L2
φ(Cn)

.

By Lemma 2.4.6, for each z ∈Cn,

P (f )(z) =
∞∑
m=1

em PC(f ∗m)(z),

where P
C

: L2
φ(Cn)→ F2

φ(Cn) is the scalar Bergman projection. Since P
C

(f ∗m) ∈ F2
φ(Cn) for every

m, it follows that P (f ) is H-valued holomorphic. Moreover,

∥P (f )∥2
L2
φ(Cn,H)

=
∞∑
m=1

∥P
C

(f ∗m)∥2
L2
φ(Cn)

≤
∞∑
m=1

∥f ∗m∥2L2
φ(Cn)

= ∥f ∥2
L2
φ(Cn,H)

,

so P (f ) ∈ F2
φ(Cn,H). Next, for f ∈ L2

φ(Cn,H),

P (P f )(z) =
∞∑
m=1

em PC
(
(P f )∗m

)
(z).

But
(P f )∗m(z) = ⟨P f (z), em⟩H = P

C
(f ∗m)(z),

hence, since P
C

is a projection,

P (P f )(z) =
∞∑
m=1

em PC(P
C

(f ∗m))(z) =
∞∑
m=1

em PC(f ∗m)(z) = P f (z).

Therefore P 2 = P , so P is a projection onto F2
φ(Cn,H). It remains to show that P is orthogonal.

Let f ∈ L2
φ(Cn,H). Then f = (f −P f ) +P f . We claim that ⟨f −P f ,P f ⟩L2

φ(Cn,H) = 0. Indeed, using
the orthonormal basis expansion,

⟨f ,P f ⟩L2
φ(Cn,H) =

∫
C
n
⟨f (z), P f (z)⟩He−2φ(z)dA(z)

=
∫
C
n

〈 ∞∑
m=1

f ∗m(z)em,
∞∑
k=1

P
C

(f ∗k )(z)ek

〉
H

e−2φ(z)dA(z)

=
∫
C
n

∞∑
m=1

f ∗m(z)P
C

(f ∗m)(z)e−2φ(z)dA(z)

=
∞∑
m=1

⟨f ∗m, PC(f ∗m)⟩L2
φ(Cn).
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Similarly,

⟨P f ,P f ⟩L2
φ(Cn,H) =

∫
C
n

∞∑
m=1

P
C

(f ∗m)(z)P
C

(f ∗m)(z)e−2φ(z)dA(z)

=
∞∑
m=1

⟨P
C

(f ∗m), P
C

(f ∗m)⟩L2
φ(Cn).

Therefore,

⟨f − P f ,P f ⟩L2
φ(Cn,H) = ⟨f ,P f ⟩L2

φ(Cn,H) − ⟨P f ,P f ⟩L2
φ(Cn,H)

=
∞∑
m=1

(
⟨f ∗m, PC(f ∗m)⟩L2

φ(Cn) − ⟨PC(f ∗m), P
C

(f ∗m)⟩L2
φ(Cn)

)
= 0,

because P
C

is the orthogonal projection of L2
φ(Cn) onto F2

φ(Cn). Thus we can conclude that P is

the orthogonal projection of L2
φ(Cn,H) onto F2

φ(Cn,H).

Lemma 2.4.9. Let {ei}∞i=1 be an orthonormal basis ofH, and KHz =
∑∞
j=1Kzej ⊗ej be the reproducing

kernel of F2
φ(Cn,H), with Kz the reproducing kernel of F2

φ(Cn). Then the linear span of {KHz ei : z ∈
C
n, i ≥ 1} is dense in F2

φ(Cn,H).

Proof. First, notice that for any z,w ∈ C
n and i ≥ 1, KHz (w)ei = Kz(w)ei ∈ H. Moreover, it is

easy to see that for any z ∈ Cn and i ≥ 1, Kzei ∈ F2
φ(Cn,H). Let Γ = span{KHz ei : z ∈ Cn, i ≥ 1}.

Since F2
φ(Cn,H) is a Hilbert space, the density of Γ is equivalent to Γ⊥ = {0}, where ⊥ represents

the orthogonal complement. So, let f ∈ Γ ⊥. Then by definition, for any z ∈ Cn and any i ≥ 1,
⟨f ,KHz ei⟩F2

φ(Cn,H) = 0. Consider the natural isomorphism H⊗H∗ � L(H). By the reproducing
kernel property,

0 = ⟨f ,KHz ei⟩F2
φ(Cn,H) = ⟨f (z), ei⟩H.

Hence, ⟨f (z),h⟩H = 0 for every h is the linear span of {ei}i≥1. Because this span is dense in H,
we get ⟨f (z),h⟩H = 0, for every h ∈ H. Thus, f (z) = 0 for all z ∈ Cn. Hence, f is identically zero,
and we can conclude that Γ⊥ = {0}. Therefore, Γ is a dense subset of F2

φ(Cn,H).

Definition 2.4.10. Denote by Tφ(L(H)) the space of holomorphic operator-valued functions
G : Cn→L(H) such that each G(z) is positive and satisfies

Kz(·)∥G(·)∥L(H) ∈ L2
φ(Cn), z ∈ Cn. (2.4.5)

Let Γ = span{Kzei : z ∈ Cn, i ≥ 1}. By Lemma 2.4.9, Γ is a dense subset of F2
φ(Cn,H). Let f ∈ Γ .

Using ∥G(w)f (w)∥2H ≤ ∥G(w)∥2L(H)∥f (w)∥2H and (2.4.5), one can conclude that Gf ∈ L2
φ(Cn,H).

For G ∈ Tφ(L(H)), the vectorial Toeplitz operator TG is densely defined by

TGf (z) = P (Gf )(z) =
∫
C
n
G(w)f (w)K(z,w)e−2φ(w)dA(w),

for f ∈ F2
φ(Cn,H). For each fixed z ∈Cn and f ∈ Γ , the integral above is understood as a Bochner

integral with values in H.

Remark 2.4.11. Let G be a map from C
n to the Banach space of bounded linear operators on

H. Definition 3.10.1 in [42] states that G is a holomorphic operator-valued function if for every
u,v ∈ H, z 7→ ⟨G(z)u,v⟩H is holomorphic.
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Remark 2.4.12. For the convenience of the reader, we justify that the integral in Defini-
tion 2.4.10 is indeed a Bochner integral. We use the standard definition from Diestel-Uhl [32],
Chapter II: if (X,Σ,µ) is a measure space and E is a Banach space, then a map F : X → E is
Bochner integrable provided it is strongly measurable and∫

X
∥F(x)∥E dµ(x) <∞.

In that case
∫
X
F dµ is defined as the limit of integrals of E-valued simple functions converging

to F.
Fix z ∈Cn and let f ∈ Γ . We claim that w 7→ G(w)f (w)K(z,w) is Bochner integrable as anH-

valued function on C
n with respect to the measure dµφ(w) := e−2φ(w)dA(w). To see this, notice

that since f ∈ Γ = span{Kζei : ζ ∈ Cn, i ≥ 1}, there exist ζ1, · · · ,ζm ∈Cn, i1, · · · , im ∈N, and scalars
c1, · · · , cm such that

f (w) =
m∑
j=1

cjK(w,ζj )eij , w ∈ Cn.

Hence

G(w)f (w)K(z,w) =
m∑
j=1

cj K(w,ζj )K(z,w)G(w)eij .

We first check strong measurability. For each fixed j and each v ∈ H, the scalar function

w 7→ ⟨G(w)eij ,v⟩H

is holomorphic by the definition of holomorphy of the operator-valued map G. In particu-
lar, it is measurable. Thus w 7→ G(w)eij is weakly measurable. Since H is separable, Pettis’
measurability theorem implies that w 7→ G(w)eij is strongly measurable. Multiplication by
the scalar measurable function K(w,ζj )K(z,w) preserves strong measurability, and finite sums
of strongly measurable functions are strongly measurable. Therefore w 7→ G(w)f (w)K(z,w) is
strongly measurable.

Next, we verify integrability of the norm. Using ∥G(w)f (w)∥H ≤ ∥G(w)∥L(H)∥f (w)∥H, we
obtain

∥G(w)f (w)K(z,w)∥H ≤ |K(z,w)| ∥G(w)∥L(H) ∥f (w)∥H.

Hence∫
C
n
∥G(w)f (w)K(z,w)∥H e−2φ(w)dA(w) ≤

∫
C
n
|K(z,w)| ∥G(w)∥L(H) ∥f (w)∥H e−2φ(w)dA(w).

By the Cauchy-Schwarz inequality,∫
C
n
|K(z,w)| ∥G(w)∥L(H) ∥f (w)∥H e−2φ(w)dA(w)

≤
(∫

C
n
|K(z,w)|2∥G(w)∥2L(H)e

−2φ(w)dA(w)
)1/2(∫

C
n
∥f (w)∥2He

−2φ(w)dA(w)
)1/2

.

The first factor is finite by condition (2.4.5), and the second factor is finite because f ∈ Γ ⊂
F2
φ(Cn,H). Therefore ∫

C
n
∥G(w)f (w)K(z,w)∥H e−2φ(w)dA(w) <∞.
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We have shown that w 7→ G(w)f (w)K(z,w) is strongly measurable and integrable in norm
with respect to dµφ. Hence, by the definition of the Bochner integral, for every fixed z ∈ Cn

and every f ∈ Γ , ∫
C
n
G(w)f (w)K(z,w)e−2φ(w)dA(w)

is a well-defined Bochner integral with values in H.
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Chapter 3

Motivation and summary of results

This chapter provides a detailed summary of the articles [10, 6, 9], on which this thesis is
based. Copies of each article are provided in Appendices A-C. Motivation behind our work and
similar earlier results are also discussed in an attempt to provide a self-contained manuscript
to interested readers.

3.1 Berger-Coburn phenomenon for Hankel operators on Fock-type
spaces

In this section, we focus on the Berger-Coburn phenomenon for Hankel operators on Fock-type
spaces. We begin our discussion by defining the Berger-Coburn phenomenon and the famous
operator ideals of bounded linear operators. Then we recall known results about the Berger-
Coburn phenomenon for Hankel operators, to prepare the readers for a summary of our paper
[10] (equivalently, Appendix A) on the Berger-Coburn phenomenon for Schatten class Hankel
operators on doubling Fock spaces.

Berger-Coburn phenomenon for Hankel operator on Fock-type spaces

Let F2
φ be a Fock-type space. One can take φ(z) = α|z|2, with α = 1 or α > 0, φ can satisfy

0 < m < ∆φ < M for m,M > 0, or φ can be a doubling weight. For an arbitrary symbol f ,
in general, very little about Hf̄ can be inferred from the properties of Hf . Berger and Coburn
proved in [17] that for a bounded function f in C

n,Hf is compact on the classical Fock space, if
and only if Hf̄ is compact. Let S be an operator ideal inside bounded linear operators over F2

φ,
and let f be a bounded function on C or C

n, depending on the function space. The following
is referred to as the Berger-Coburn phenomenon for Hankel operators.

Berger-Coburn phenomenon for Hankel operators: For a bounded function f , Hf ∈ S if
and only if Hf̄ ∈ S.

Operator ideals: Compact and Schatten class operators

Let X and Y be normed vector spaces. Thus, one can take X and Y to be Banach or Hilbert
spaces. A compact operator T : X → Y is a linear operator that sends bounded subsets of X to
relatively compact subsets of Y , i.e., sets that have compact closure in Y . Such an operator is
necessarily bounded and so continuous.
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Definition 3.1.1 ([26], Definition 3.2). If X and Y are Banach spaces, and A ∈ B(X,Y ) is a
bounded linear operator from X to Y , then A is completely continuous if for any sequence {xn}
in X such that xn⇀x, i.e., xn converges weakly to x, ∥Axn −Ax∥ → 0.

Proposition 3.1.2 ([26], Proposition 3.3). Let X and Y be Banach spaces, and A ∈ B(X,Y ). Then

1. If A is compact, it is completely continuous,

2. If X is reflexive and A is completely continuous, then A is compact.

Recall that a Banach space X is reflexive if its canonical embedding into its bidual is onto.
That is, consider the natural map J : X→ X∗∗, defined by J(x)(x∗) = x∗(x). J is linear and isomet-
ric. In fact, ∥J(x)∥X∗∗ = sup∥x∗∥X∗≤1 |J(x)(x∗)| = sup∥x∗∥X∗≤1 |x∗(x)|. By the Hahn-Banach theorem,
we know that ∥x∥X = sup∥x∗∥X∗≤1 |x∗(x)|. Therefore ∥J(x)∥X∗∗ = ∥x∥X , and J is an isometry. If J is
onto, i.e., every element of X∗∗ is of the form J(x) for some x ∈ X, we say that X is reflexive.

Remark 3.1.3. Note that every Hilbert space is reflexive. In fact, let H be a Hilbert space.
The Riesz representation theorem gives an isomorphic isomorphism between H and its dual
H∗, via Φ : H → H∗, such that Φ(x)(y) = ⟨y,x⟩. Hence H � H∗. Taking the dual again gives
H∗∗ � (H∗)∗ � H. The canonical embedding J : H→ H∗∗ coincides, up to these identifications,
with the identity map. So, it is surjective, and H is reflexive.

Remark 3.1.4. For any positive measure µ and 1 < p <∞, Lp(µ) is reflexive. This is due to the
fact that (Lpµ)∗ � Lq(µ), where 1/p + 1/q = 1. However, L1(µ) is not reflexive, since (L1(µ))∗ �
L∞(µ), but (L∞(µ))∗ � L1(µ).

Proposition 3.1.5 ([26], Proposition 3.5). Let X, Y and Z be Banach spaces, and K(X,Y ) be the set
of compact operators from X to Y . Then

1. K(X,Y ) is a closed linear subspace of B(X,Y ),

2. If T ∈ K(X,Y ) and A ∈ B(Y ,Z), then AT ∈ K(X,Z),

3. If T ∈ K(Y ,Z) and A ∈ B(X,Y ), then TA ∈ K(X,Z).

Hence, K(X,X) is a closed two-sided ideal in B(X,X).

Corollary 3.1.6. Since K(X,Y ) is a closed linear subspace of B(X,Y ), if (Tn) is a sequence in K(X,Y )
such that ∥Tn − T ∥B(X,Y )→ 0 for some T ∈ B(X,Y ), then T ∈ K(X,Y ). In particular, T is compact.

Theorem 3.1.7 ([70], Theorem 4.19). Let X and Y be Banach spaces and T ∈ B(X,Y ). Then T is
compact if and only if its adjoint T ∗ is compact.

Restricting to a Hilbert spaceH, one obtains more compactness characterizations compared
to Banach spaces. For example,

1. Suppose that {en} and {σn} are orthonormal sets in H, and that {λn} is a sequence of com-
plex numbers such that

|λ1| ≥ |λ2| ≥ · · · ≥ 0, |λn| → 0.

Let T be the linear operator on H defined by

T x =
∞∑
n=1

λn⟨x,en⟩σn, x ∈ H,
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then T is compact ([80], Proposition 1.19) and its singular values are precisely

sn(T ) = |λn|, n ≥ 1.

Conversely, every compact operator T onH admits such a representation, called a canon-
ical decomposition or singular value decomposition. See, for example, [80, Section 1.3].
Although this representation is not unique, the sequence of singular values {sn(T )} is
uniquely determined by T (counting multiplicities). See Lemma 3.1.8 for more details.

2. If T is a self-adjoint compact operator onH, then there exists a sequence of real numbers
{λn} tending to 0 and there exists an orthonormal set {en} in H such that

T x =
∞∑
n=1

λn⟨x,en⟩en,

for all x ∈ H, where for each n ∈N, en is an eigenvector of T corresponding to the eigen-
value λn ([80], Theorem 1.20),

3. A linear operator T on H is compact if and only if there is a sequence of finite rank
operators Tn such that ∥Tn − T ∥ → 0 as n→∞ ([80], Theorem 1.21).

Lemma 3.1.8. Let H be a Hilbert space and let T :H→H be a compact operator. Suppose that

T x =
∞∑
n=1

λn⟨x,en⟩σn, x ∈ H,

where {en} and {σn} are orthonormal systems in H, and {λn} is a sequence of complex numbers satis-
fying

|λ1| ≥ |λ2| ≥ · · · ≥ 0, |λn| → 0.

Then the sequence {|λn|} is uniquely determined by T , counting multiplicities. In particular, the
singular values of T are well-defined.

Proof. First observe that T ∗T is a positive compact operator. Indeed, since T is compact and T ∗

is bounded, the composition T ∗T = T ∗ ◦ T is compact. Moreover, for every x ∈ H,

⟨T ∗T x,x⟩ = ⟨T x,T x⟩ = ∥T x∥2 ≥ 0,

so T ∗T is positive. Using the representation of T , we have

T ∗y =
∞∑
n=1

λn⟨y,σn⟩en, y ∈ H.

Hence,

T ∗T x =
∞∑
n=1

|λn|2⟨x,en⟩en.

Therefore each en is an eigenvector of T ∗T with eigenvalue |λn|2. Hence, the numbers |λn|2 are
precisely the non-zero eigenvalues of T ∗T . Since eigenvalues are defined by the condition that
T ∗T − λI is not invertible, they are intrinsic to the operator, and their multiplicities are given
by the dimensions of the corresponding eigenspaces. Hence the non-zero eigenvalues of T ∗T ,
counted with multiplicity, are uniquely determined by T ∗T , and therefore by T . It follows that
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the sequence {|λn|2} is uniquely determined by T , counting multiplicities. Taking square roots
shows that {|λn|} is uniquely determined by T , counting multiplicities.

Thus, although the representation of T above is not necessarily unique, every such rep-
resentation gives the same sequence {|λn|}. These numbers are called the singular values of
T .

Definition 3.1.9. Let H be a Hilbert space. Given 0 < p < ∞, we define the Schatten p-class
of H, denoted Sp(H), to be the space of all compact operators T on H with its singular value
sequence {λn} belonging to lp, the p-summable sequence space ([80], Section 1.4).

When 1 ≤ p <∞, Sp is a Banach space with the norm ∥T ∥p = [
∑∞
n=1 |λn|p]1/p. For p = 1, S1 is

called the trace class, and when p = 2, S2 is called the Hilbert-Schmidt class. In the following,
we mention a few results about the Schatten class operators.

1. If T x =
∑
nλn⟨x,en⟩σn is a canonical decomposition of a compact operator T , then T ∗x =∑

nλn⟨x,σn⟩en is the canonical decomposition of T ∗. Thus T ∈ Sp if and only if T ∗ ∈ Sp.
Moreover, ∥T ∥p = ∥T ∗∥p for all T ∈ Sp,

2. If T is a compact operator on H with singular values {λn}, then

∞∑
n=1

|λn|2 =
∞∑
n=1

∥T xn∥2 =
∞∑

n,m=1

|⟨T xn,xm⟩|2,

for any orthonormal basis {xn} of H ([80], Theorem 1.22),

3. Suppose T is a positive compact operator on H and p > 0, then T ∈ Sp if and only if
T p ∈ S1. Moreover, ∥T ∥pp = ∥T p∥1 ([80], Lemma 1.25),

4. If T is a compact operator on H and p > 0, then T ∈ Sp if and only if |T |p = (T ∗T )p/2 ∈ S1,
if and only if T ∗T ∈ Sp/2. Moreover,

∥T ∥pSp = ∥|T |∥pSp = ∥|T |p∥S1
= ∥T ∗T ∥p/2Sp/2

.

Consequently, T ∈ Sp if and only if |T | ∈ Sp ([80], Theorem 1.26),

5. Suppose T is a compact operator on H and p ≥ 1. Then T is in Sp if and only if∑
|⟨T en,σn⟩|p <∞, (3.1.1)

for all orthonormal sets {en} and {σn}. If T is positive, we also have ([80], Theorem 1.28)

∥T ∥Sp = sup
{[∑

|⟨T en,σn⟩|p
]1/p

: {en} and {σn} are orthonormal
}
,

6. Suppose T is a compact operator on H and p ≥ 2. Then T is in Sp if and only if∑∞
n=1 ∥T en∥p <∞ for all orthonormal sets {en} in H ([80], Theorem 1.33),

7. Sp is a two-sided ideal in L(H) ([80], Corollary 1.35).
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Known results about the Berger-Coburn phenomenon for Hankel operators

Before we state older results on the Berger-Coburn phenomenon, we give an example to show
the importance of the boundedness assumption on f .

Example 3.1.10 ([14]). Let g(z) = z, and thus unbounded over C. Consider Hg : F2→ L2. Since
g is holomorphic, Hg = 0, and belongs to the Hilbert-Schmidt class. Let ej(z) = zj /

√
j! be the

orthonormal basis vectors of F2, where j’s are non-negative integers. Recall that

P f (z) =
∫
C

f (w)K(z,w)dλ, where K(z,w) = ezw̄ and dλ(w) =
1
π
e−|w|

2
dA(w).

By definition of Hankel operators, Hḡej = ḡej − P (ḡej ). Then

P (ḡej )(z) =
1√
j!

∞∑
l=0

⟨wj ,wl+1⟩
l!

zl =

0 if j = 0,√
jej−1(z) if j > 0.

Recalling that T ∈ S2 if and only if
∑∞
n=0 ∥T en∥2 <∞, one can see that Hḡ is not in S2. Indeed,

by orthogonality of Hḡej and P (ḡej ),

∥Hḡej∥2 = ∥ḡej∥2 − ∥P (ḡej )∥2 = ∥z
j+1√
j!
∥2 − j = 1.

Thus
∑
∥Hḡej∥2 =∞, and Hḡ < S2(F2,L2).

Recall the standard Fock space F2
α defined in (2.1.1). Similarly, for 0 < p <∞, we denote by

F
p
α the space of entire functions f ∈ Lp(C,dλα), that is,

F
p
α := {f ∈H(C) : ∥f ∥pp,α =

∫
C

|f (z)|pdλα(z) <∞}.

We note that some of the notation appearing in Theorem 3.1.11 and Theorem 3.1.12 is intro-
duced later in Remark 3.1.13.

Theorem 3.1.11 (Berger-Coburn phenomenon for compact Hankel operators). Let f ∈ L∞(Cn).
Then the following hold.

1. Hf is compact on the classical Fock space F2 if and only if Hf̄ is compact. This is the result of
Berger and Coburn in [17], Theorem B,

2. Let 1 < p <∞. Then Hf : Fpα → L
p
α is compact if and only if Hf̄ : Fpα → L

p
α is compact, where

F
p
α is the standard Fock space. This is the result of Hagger and Virtanen in [41], Theorem 8,

3. Let φ ∈ C2(Cn). Identify C
n with R

2n and assume that there are positive real numbers m and
M such that m Id2n ≤ Hess

R
φ ≤ M Id2n, where Id2n is the 2n × 2n identity operator. Take

0 < p ≤ q <∞ or 1 ≤ q < p <∞. Then Hf : Fpφ(Cn)→ L
q
φ(Cn) is compact if and only if Hf̄ is

compact. This is the result of Hu and Virtanen in [49], Theorem 1.2.

Theorem 3.1.12 (Berger-Coburn phenomenon for Schatten class Hankel operators). Let f ∈
L∞(Cn). Then the following hold.

1. Assume that Hf is a Hilbert-Schmidt operator on the classical Fock space F2. Then Hf̄ is also a
Hilbert-Schmidt operator, and ∥Hf̄ ∥S2

≤ 2∥Hf ∥S2
. This is the result of Bauer in [14], Theorem

2.4,
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2. Suppose φ ∈ C2(Cn) is real valued, ddcφ ≃ω0, and 1 < p <∞. Then Hf : F2
φ(Cn)→ L2

φ(Cn) is
in the Schatten class Sp if and only if Hf̄ ∈ Sp, and ∥Hf̄ ∥Sp ≤ C∥Hf ∥Sp , where the constant C is
independent of f . Here d = ∂+ ∂̄ is the exterior derivative, dc = i

2 (∂̄−∂), and ω0 = 1
2dd

c|z|2 is
the Euclidean Kähler form on C

n. When n = 1, this is equivalent to ∆φ ≃m, for some positive
constant m. This is the result of Hu and Virtanen in [51], Theorem 1.2.

Remark 3.1.13. For symmetric matrices A and B, we use the convention that A ≤ B if B −A is
positive semidefinite. That is, for all x, ⟨(B−A)x,x⟩ ≥ 0. Notice that for φ ∈ C2(Cn), the require-
ment m Id2n ≤ Hess

R
φ ≤M Id2n in Theorem 3.1.11 implies ddcφ ≃ ω0 as in the assumption of

Theorem 3.1.12. In fact, recall from Remark 2.3.3 that ddcφ = i∂∂̄φ = i
∑n
j,k=1

∂2φ
∂zj∂z̄k

(z)dzj ∧dz̄k .
For z ∈ Cn, let v ∈ TzCn � R

2n. Write v = (a1, · · · , an,b1, · · · ,bn), and define uj = aj + ibj , for each
1 ≤ j ≤ n. Recall that the real Hessian is the 2n× 2n real symmetric matrix

Hess
R
φ =

 A B

BT C

,
where

Ajk =
∂2φ

∂xj∂xk
, Bjk =

∂2φ

∂xj∂yk
, Cjk =

∂2φ

∂yj∂yk
.

Associated to Hess
R
φ, one can obtain the quadratic form Q(v) = vT (Hess

R
φ)v. In coordinates

(x1, · · · ,xn, y1, · · · , yn), Q(v) can be written as

Q(v) =
n∑

j,k=1

Qjk =
n∑

j,k=1

(
∂2φ

∂xj∂xk
ajak + 2

∂2φ

∂xj∂yk
ajbk +

∂2φ

∂yj∂yk
bjbk

)
.

Using (2.3.4), one can write ∂xj = ∂zj +∂z̄j , and ∂yj = i(∂zj −∂z̄j ). For simplicity, use the notation

φzjzk := ∂2φ
∂zj∂zk

, and similarly for other partial derivatives. Since φ is real-valued, φz̄j z̄k = φzjzk ,

and φz̄jzk = φzj z̄k . Therefore,

φxjxk = φzjzk +φz̄j z̄k +φzj z̄k +φz̄jzk = 2Re(φzjzk ) + 2Re(φzj z̄k ),

φxjyk = i[φzjzk −φzj z̄k +φz̄jzk −φz̄j z̄k ] = −2Im(φzjzk ) + 2Im(φzj z̄k ),

φyjyk = −φzjzk +φzj z̄k +φz̄jzk −φz̄j z̄k = −2Re(φzjzk ) + 2Re(φzj z̄k ),

where Re and Im stand for the real and imaginary part, respectively. Using φzkzj = φzjzk , φzk z̄j =

φzj z̄k , Re(φzj z̄k ) = Re(φzj z̄k ), and Im(φzj z̄k ) = − Im(φzj z̄k ), one can write

Qjk +Qkj = 4Re(φzjzk )(ajak − bjbk)− 4Im(φzjzk )(ajbk + akbj )

+ 4Re(φzj z̄k )(ajak + bjbk) + 4Im(φzj z̄k )(ajbk − akbj ).

This implies that

Q(v) = 2Re[
n∑

j,k=1

φzj z̄kuj ūk +φzjzkujuk].
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Let J : R2n→R
2n be the standard complex structure on C

n. That is, J2 = − Id, and J acts on the
vector v by the 90 degree rotation. Hence, Jv = (−b1, · · · ,−bn, a1, · · · , an). Then

Q(Jv) =
n∑

j,k=1

(
∂2φ

∂xj∂xk
bjbk − 2

∂2φ

∂xj∂yk
bjak +

∂2φ

∂yj∂yk
ajak

)

= 2Re[
n∑

j,k=1

φzj z̄kuj ūk −φzjzkujuk].

Hence,

Q(v) +Q(Jv) = 4Re[
n∑

j,k=1

φzj z̄kuj ūk].

On the other hand

ddcφ(v, Jv) = i
n∑

j,k=1

∂2φ

∂zj∂z̄k
(z)dzj ∧ dz̄k(v, Jv).

Notice that zj = xj + iyj , dzj ∧ dz̄k(v, Jv) = dzj(v)dz̄k(Jv) − dzj(Jv)dz̄k(v), and dzj(v) =
∂zj
∂x1
a1 +

· · ·+ ∂zj
∂xn
an +

∂zj
∂y1
b1 + · · ·+ ∂zj

∂yn
bn = aj + ibj = uj . Similarly, dz̄j(v) = aj − ibj = ūj , dzj(Jv) = iuj , and

dz̄j(Jv) = −iūj . Thus, dzj ∧ dz̄k(v, Jv) = −2iuj ūk . Hence,

ddcφ(v, Jv) = 2
n∑

j,k=1

φzj z̄kuj ūk .

Note that since φ is real-valued, φz̄jzk = φzj z̄k . This implies that ddcφ(v, Jv) is real. In fact,

n∑
j,k=1

φzj z̄kuj ūk =
n∑

j,k=1

φzj z̄k ūjuk = φz̄jzk ūjuk =
n∑

j,k=1

φzj z̄kuj ūk ,

where in the last equality, we reindexed the double sum over j and k. Therefore, one can
conclude that

ddcφ(v, Jv) =
1
2

[Q(v) +Q(Jv)]. (3.1.2)

We use (3.1.2) to show that if m Id2n ≤ Hess
R
φ ≤ M Id2n, then ddcφ ≃ ω0. We proceed as

follows. By assumption, for every real v ∈ R2n, m|v|2 ≤ Q(v) ≤M |v|2. Using |v| = |Jv|, we also
have m|v|2 ≤Q(Jv) ≤M |v|2, which implies that

m|v|2 ≤ 1
2

[Q(v) +Q(Jv)] ≤M |v|2.

Using (3.1.2) and the fact that ω0(v, Jv) = |v|2, we can finally conclude that mω0(v, Jv) ≤
ddcφ(v, Jv) ≤Mω0(v, Jv).

Assume that A is a positive semidefinite matrix. Recall that we cannot say much about the
inner product ⟨Ax,y⟩, except for the Cauchy-Schwarz inequality |⟨Ax,y⟩|2 ≤ ⟨Ax,x⟩⟨Ay,y⟩. Now
since A is positive definite, one can use the inequality

√
ab ≤ (a + b)/2 for a,b > 0, to conclude

that |⟨Ax,y⟩| ≤ 1/2(⟨Ax,x⟩+⟨Ay,y⟩), which gives us an upper bound. However, we cannot find a
universal lower bound for the inner product ⟨Ax,y⟩. Accordingly, one can consider the positive
semidefinite matrices A = M Id2n−Hess

R
φ and B = Hess

R
φ −m Id2n. Similarly, by ddcφ ≃ ω0,

we exactly mean that for any v ∈ R2n, mω0(v, Jv) ≤ ddcφ(v, Jv) ≤Mω0(v, Jv). Similarly to the
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|⟨Ax,y⟩| ≤ 1/2(⟨Ax,x⟩ + ⟨Ay,y⟩), we can find an upper bound for ddcφ(v, Jw). To obtain this,
we use the following symmetric bilinear form. For the real (1,1)-form ω = ddcφ, define the
bilinear form

B(v,w) := ω(v, Jw), v,w ∈R2n.

It is easy to see that ddcφ(Jv, Jw) = ddcφ(v,w), andω = ddcφ is skew-symmetric. Using this, one
can see that B is symmetric. In fact, B(w,v) = ω(w,Jv) = ω(Jw,J2v) = ω(Jw,−v) = −ω(Jw,v) =
ω(v, Jw) = B(v,w). The quadratic form associated to B is

Q̃(v) = B(v,v) =ω(v, Jv),

which is exactly the quantity we have already controlled. For any symmetric bilinear form,
B(v,w) = 1/2[Q̃(v +w)− Q̃(v)− Q̃(w)]. So any control of Q̃ gives control of the full bilinear form
B(v,w) from above. Because of the negative terms, we cannot control B from below. Indeed,

|ddcφ(v, Jw)| = |ω(v, Jw)| = |B(v,w)| = 1
2
|Q̃(v +w)− Q̃(v)− Q̃(w)| ≤ 1

2
|Q̃(v +w) + Q̃(v) + Q̃(w)|

≤ M
2

(|v +w|2 + |v|2 + |w|2) ≤M(|v|2 + |w|2) =M(ω0(v, Jv) +ω0(w,Jw))

≤ M
m

(ddcφ(v, Jv) + ddcφ(w,Jw)).

Berger-Coburn phenomenon for Hankel operators on doubling Fock spaces

The Berger-Coburn phenomenon for compact Hankel operators on doubling Fock spaces is still
open. In the following, we will give a summary of our paper [10] (equivalently, Appendix A),
regarding our approach to studying the Berger-Coburn phenomenon for Schatten class Hankel
operators. What we do here is a generalization of Hu and Virtanen’s works in [49, 51].

Definition 3.1.14. For f ∈ Lqloc, q ≥ 1, and r > 0, define

Gq,r(f )(z) = inf
{( 1
|Dr(z)|

∫
Dr (z)
|f − h|qdA

)1/q
: h ∈H(Dr(z))

}
,

where Dr(z) = D(z, rρ(z)), and |E| is the Lebesgue measure of E ⊂ C. Then for 0 < p ≤ ∞, q ≥ 1,
r > 0, and α ∈R, the space IDAp,q,α

r , integral distance to analytic function, consists of all f ∈ Lqloc
such that

∥f ∥IDAp,q,α
r

= ∥ραGq,r(f )∥Lp <∞.

Remark 3.1.15. Let 0 < p ≤∞, q ≥ 1, and α ∈R. For any r1, r2 > 0, we have

IDAp,q,α
r1 = IDAp,q,α

r2 ,

with equivalence of norms. In particular, the space IDAp,q,α
r is independent of the choice of

r > 0. This follows from the proof of Theorem A.1.1.

Note that IDAp,2 := IDAp,2,0
1 type conditions were first introduced by Luecking [60] in his

study of Schatten class Hankel operators on the Bergman spaceA2(D) of the unit disk. Later on,
Hu and Virtanen [49, 51] generalized it to IDAs,q := IDAs,q,0

1 to study compact Hankel operators
Hf : Fpφ(Cn)→ L

q
φ(Cn), for p > q, and s = pq/(p − q), where m Id2n ≤Hess

R
φ ≤M Id2n.
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Definition 3.1.16. For f ∈ L1
loc, define the average function on C by

f̂r(z) =
1

|Dr(z)|

∫
Dr (z)

f dA.

The above is the usual average function, but modified according to the doubling property
of the measure under consideration.

Given a sequence {aj}∞j=1 ⊂ C, and r > 0, we call {aj}∞j=1 an r-lattice if {Dr(aj )}∞j=1 covers C

and the disks of {Dr/5(aj )}∞j=1 are pairwise disjoint. Moreover, for an r-lattice {aj}∞j=1, and a real
number m > 1, there exists an integer N such that

1 ≤
∞∑
j=1

χDmr (aj )(z)
≤N, ∀z ∈C, (3.1.3)

where χE is the characteristic function of a subset E of C.
Note that using (2.2.2) and the triangle inequality, there existsm ∈ (0,1) such that Dmr(w) ⊂

Dr(z), whenever w ∈ Dmr(z). For r > 0, let {aj}∞j=1 be a mr-lattice, and let Jz := {j : z ∈ Dr(aj )},
so that |Jz| =

∑∞
j=1χDr (aj )

(z) ≤ N , for some integer N . Let η : C→ [0,1] be the following smooth
function with bounded derivatives.

η(z) =

1, if |z| ≤ 1/2,
0, if |z| ≥ 1.

For each j ≥ 1 we define ηj(z) = η(
z−aj

mrρ(aj )
). We can normalize ηj such that

∫
C
ηjdA = 1, for each

j ≥ 1. Define ψj(z) =
ηj (z)∑∞
k=1 ηk(z)

. Then one can see that {ψj}∞j=1 is a partition of unity subordinate
to {Dmr(aj )}j≥1, satisfying the following properties:

Suppψj ⊂Dmr(aj ), ψj(z) ≥ 0,
∞∑
j=1

ψj(z) = 1,

|ρ(aj )∂̄ψj | ≤ C,
∞∑
j=1

∂̄ψj(z) = 0,

where the constant C may depend on r. For j = 1,2, · · ·, we can pick hj ∈H(Dr(aj )) such that

̂|f − hj |qr(aj ) =
1

|Dr(aj )|

∫
Dr (aj )

|f − hj |qdA = Gq,r(f )(aj )
q.

To see why the infimum is attained, please see Lemma A.3.1.
In the following, we give a characterization of IDAp,q,α

r .

Theorem 3.1.17 (Theorem A.1.1, [10], Theorem 1.1). Let φ ∈ C∞(C) be subharmonic such that
dµ = ∆φdA is a doubling measure. Suppose that 1 ≤ q ≤ ∞, 0 < p <∞, α ∈ R, r > 0, and f ∈ Lqloc.
Then if f ∈ IDAp,q,α

r , f = f1 + f2, where f1 ∈ C2(C) and

ρ1+α |∂̄f1|+ ρ1+α(̂|∂̄f1|qs)
1/q + ρα(|̂f2|qs)

1/q ∈ Lp, (3.1.4)

for some (equivalent any) s > 0, and

∥f ∥IDAp,q,α
r
≃ inf

{
∥ρ1+α(̂|∂̄f1|qr )

1/q∥Lp + ∥ρα(|̂f2|qr )
1/q∥Lp

}
, (3.1.5)

where the infimum is taken over all possible decompositions f = f1 + f2, with f1 and f2 satisfying the
conditions f1(z) :=

∑∞
j=1hj(z)ψj(z), and f2(z) = f (z)− f1(z), where hj and ψj are given above.
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Recall the set S and the Hankel operator Hf defined in (2.2.29). The following result char-
acterizes the Schatten class Hankel operators on doubling Fock spaces in terms of IDA. A
similar characterization for Schatten class Hankel operators on the Bergman space A2(D) was
obtained by Luecking [60], Theorem 4. Moreover, Hu and Virtanen [51] proved a similar result
on Fock spaces F2

φ with ddcφ ≃ω0, in Theorem 1.1.

Theorem 3.1.18 (Theorem A.1.2, [10], Theorem 1.2). Let 0 < p ≤ ∞, and φ ∈ C∞(C) be subhar-
monic such that dµ := ∆φdA is a doubling measure. Then for f ∈ S , the following are equivalent:

(1) Hf : F2
φ→ L2

φ is in Sp,

(2) f ∈ IDAp,2,−2/p
r , for some (equivalent any) r > 0.

Moreover,
∥Hf ∥Sp ≃ ∥f ∥IDAp,2,−2/p

r
. (3.1.6)

Our goal is to study the Berger-Coburn phenomenon. So, the next step is to characterize the
simultaneous membership of Hf and Hf̄ in Sp(F2

φ,L
2
φ). For this purpose, we define the space

IMO of integral mean oscillations.

Definition 3.1.19. For f ∈ L2
loc and r > 0, the mean oscillation of f is defined by

MO2,r(f )(z) =
(

1
|Dr(z)|

∫
Dr (z)
|f − f̂r(z)|2dA

)1/2

.

Given 0 < p ≤∞ and α ∈R, we define the space IMOp,2,α
r to be the family of those f ∈ L2

loc such
that

∥f ∥IMOp,2,α
r

= ∥ραMO2,r(f )∥Lp <∞.

Theorem 3.1.20 (Theorem A.1.4, [10], Theorem 1.3). Let 0 < p <∞ and assume that φ ∈ C∞(C)
is subharmonic such that dµ = ∆φdA is a doubling measure. Then the following are equivalent.

(1) Both Hf and Hf̄ ∈ Sp(F2
φ,L

2
φ),

(2) f ∈ IMOp,2,−2/p
r , for some (equivalent any) r > 0. Moreover,

∥Hf ∥Sp + ∥Hf̄ ∥Sp ≃ ∥f ∥IMOp,2,−2/p
r

.

Note that Hu and Virtanen [51] found a similar characterization for when ddcφ ≃ ω0 in
Theorem 6.2. Moreover, Xia and Zheng [77] found a characterization for the simultaneous
membership of Schatten class Hankel operators on the classical Fock space over Cn in terms of
the standard deviation. For more information see Theorem 1.1 in [77].

Recalling Example 3.1.10, one can show that taking f (z) = zk , where k is a positive integer,
m > 0, and φ(z) = |z|m, Hf belongs to the Hilbert-Schmidt class of operators from F2

φ to L2
φ,

while Hf̄ is not [72]. Indeed, one can prove a more general result based on the characterization
given in Theorem 3.1.20 to emphasize the importance of the boundedness assumption in the
Berger-Coburn phenomenon for Hankel operators.

Example 3.1.21 (Theorem A.5.4, [10], Theorem 5.4). Let f be a non-constant entire function
and F2

φ be a doubling Fock space. Then Hf̄ is not in S2(F2
φ,L

2
φ).
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Proof. Since f is holomorphic,Hf = 0, and thus belongs to the Hilbert-Schmidt class. Applying
Theorem 3.1.20, it is enough to show that f < IMO2,2,−1

1 . First note that f is harmonic on D1(z)
and by the mean-value property of harmonic functions,

f̂1(z) =
1

|D1(z)|

∫
D1(z)

f dA = f (z).

Hence,

MO2,1(f )(z) =
(

1
|D1(z)|

∫
D1(z)
|f (w)− f (z)|2dA(w)

)1/2

.

Since f is entire, it is homolorphic on D(z,ρ(z)). Set M = sup|ζ−z|=ρ(z) |f (ζ)|. By the Cauchy
estimate, |f ′(z)| ≤M/ρ(z). Using the Taylor expansion, for every w with |w − z| < ρ(z), there is ζ
on the segment between z and w such that

f (w)− f (z) = f ′(z)(w − z) +
1
2
f ′′(ζ)(w − z)2. (3.1.7)

Note that |ζ−z| ≤ |w−z| = sρ(z), for some 0 < s < 1. The disk centered at ζ of radius r := ρ(z)−|ζ−z|
is contained in D1(z) =D(z,ρ(z)). Hence, the Cauchy estimate at ζ gives

|f ′′(ζ)| ≤ 2!
r2 sup
|x−ζ|=r

|f (x)|.

Moreover,
sup
|x−ζ|=r

|f (x)| ≤ sup
|y−z|≤ρ(z)

|f (y)| = sup
|y−z|=ρ(z)

|f (y)| =M,

because the supremum over the closed disk is equal to the supremum on the boundary by the
maximum modulus principle. Therefore, the Cauchy estimate at ζ with radius r yields

|f ′′(ζ)| ≤ 2M
r2 ≤

2M
ρ(z)2(1− s)2 .

Then (3.1.7) implies that

|f (w)− f (z)| ≥
∣∣∣∣∣|f ′(z)||w − z| − 1

2
|f ′′(ζ)||w − z|2

∣∣∣∣∣
≥

∣∣∣∣∣∣ρ(z)|f ′(z)| s2

(1− s)2 − ρ(z)s|f ′(z)|
∣∣∣∣∣∣

= ρ(z)|f ′(z)|
∣∣∣∣∣∣ s2

(1− s)2 − s
∣∣∣∣∣∣.

Hence,

1
|D1(z)|

∫
D1(z)
|f (w)− f (z)|2dA(w) =

1
|D1(z)|

∫ 2π

0

∫ 1

0
|f (z+ sρ(z)eiθ)− f (z)|2sρ(z)2dsdθ

= 2π
∫ 1

0
|f (z+ sρ(z)eiθ)− f (z)|2sds

≥ 2π(ρ(z)|f ′(z)|)2
∫ 1

0

∣∣∣∣∣∣ s2

(1− s)2 − s
∣∣∣∣∣∣2sds

≥ 2π(ρ(z)|f ′(z)|)2
∫ 3/4

1/2

∣∣∣∣∣∣ s2

(1− s)2 − s
∣∣∣∣∣∣2sds.
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Take ψ(s) = s2/(1− s)2− s. Then ψ′(s) = 2s/(1− s)3−1 > 0 for s ≥ 1/2, and thus ψ is increasing on
[1/2,3/4]. Moreover, ψ(1/2) = 1/2. So, ψ(s)2 ≥ ψ(1/2)2 = 1/4 for all s ∈ [1/2,3/4]. Hence,∫ 3/4

1/2

∣∣∣∣∣∣ s2

(1− s)2 − s
∣∣∣∣∣∣2sds ≥

∫ 3/4

1/2

s
4
ds =

5
128

.

Therefore, we can conclude that

MO2,1(f )(z) =
(

1
|D1(z)|

∫
D1(z)
|f (w)− f (z)|2dA(w)

)1/2

≥
√

5π
64
ρ(z)|f ′(z)|.

Hence,

∥f ∥IMO2,2,−1
1

=
(∫

C

ρ(z)−2MO2,1(f )(z)2dA(z)
)1/2

≥
√

5π
64

(∫
C

ρ(z)−2|f ′(z)|2ρ(z)2dA(z)
)1/2

.

So, since f is entire and non-constant, it follows that f < IMO2,2,−1
1 , and thus Hf̄ is not Hilbert-

Schmidt.

In the following, we state the Berger-Coburn phenomenon for Hilbert-Schmidt Hankel op-
erators on doubling Fock spaces, and discuss the open problem for the other Schatten classes
Sp, when 1 < p <∞.

Theorem 3.1.22 (Theorem A.1.5, [10], Theorem 1.4). Let φ ∈ C∞(C) be subharmonic and suppose
that dµ = ∆φdA is a doubling measure. Then for f ∈ L∞, Hf ∈ S2(F2

φ,L
2
φ) if and only if Hf̄ ∈

S2(F2
φ,L

2
φ), with

∥Hf̄ ∥S2
≃ ∥Hf ∥S2

.

Sketch of proof. Let Hf ∈ S2. Since f ∈ L∞, it is in particular in L2
loc. Then by Theorem 3.1.18,

f ∈ IDA2,2,−1
r , for some (equivalent any) r > 0, and ∥Hf ∥S2

≃ ∥f ∥IDA2,2,−1
r

< ∞. Then taking,
f = f1 + f2 as in Theorem 3.1.17, by (3.1.6) and (3.1.5), we see that

∥Hf̄2∥S2
= ∥f̄2∥IDA2,2,−1

r
≲ ∥ρ−1(|̂f̄2|2r )

1/2∥L2 = ∥ρ−1(|̂f2|2r )
1/2∥L2 ≲ ∥f ∥IDA2,2,−1

r
.

Hence, Hf̄2 ∈ S2. To show that Hf̄1 ∈ S2, let {aj}∞j=1 be a fixed m1r-lattice for some m1 ∈ (0,1)
and r > 0. Choose a partition of unity {ψj}∞j=1 subordinate to {Dm1r(aj )}. Take f = f1 + f2
with f1 =

∑∞
j=1hjψj as in Theorem 3.1.17. Then ∂̄f̄1 = F +H , where F =

∑∞
j=1 h̄j ∂̄ψj and H =∑∞

j=1ψj ∂̄h̄j . One can see that |F(z)| ≲ ρ−1(z)G2,r(f )(z), implying that ∥F∥L2 ≤ ∥f ∥IDA2,2,−1
r

. Besides,
∥H∥L2 ≤ ∥∂̄f̄1∥L2 + ∥F∥L2 . Lemma 7.1 in [51] states that for f ∈ C2(C)∩L∞, there is a constant C,
independent of f such that ∥∂f ∥L2 ≤ C∥∂̄f ∥L2 . Therefore,

∥∂̄f̄1∥L2 = ∥∂f1∥L2 ≤ C∥∂̄f1∥L2 ≤ C∥f ∥IDA2,2,−1
r

, (3.1.8)

and thus ∥H∥L2 ≲ ∥f ∥IDA2,2,−1
r

.
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Now, we are left to find a suitable upper bound for ∥Hf̄1∥S2
in terms of ∥H∥L2 and ∥f ∥IDA2,2,−1

r
.

To do this, we proceed as follows. For m1,m2 ∈ (0,1), (3.1.4) implies that

∥Hf̄1∥
2
S2
≲

∫
C

[
(|̂F|2m1m2r )

1/2
]2
dA+

∫
C

[
(|̂H |2m1m2r )

1/2
]2
dA

≲ ∥f ∥2
IDA2,2,−1

r
+
∫
C

[
(|̂H |2m1m2r )

1/2
]2
dA.

Let z ∈Dr(aj )∩Dr(ak). Applying the Cauchy estimate, one can see that

|∂̄(h̄k(z)− h̄j(z))| ≲
1
ρ(z)

G2,R(f )(z), (3.1.9)

for some R > m1m2r. Using (3.1.9) and the identity ∂̄h̄k =
∑∞
j=1ψj ∂̄(h̄k − h̄j ) +H ,

|∂̄h̄k(z)|2 ≲
(
ρ−1(z)G2,R(f )(z)

)2
+ |H(z)|2.

Since hk is holomorphic, so is ∂hk , and thus |∂hk |2 is subharmonic. Then, one can show that for
z ∈Dm1r(ak),

|∂̄h̄k(z)|2 ≤
1

|Dm1m2r(z)|

∫
Dm1m2r (z)

|∂̄h̄k(w)|2dA(w)

≲ (ρ−1(z))2G2,R̃(f )(z)2 + |̂H |2m1m2r(z),

for some R̃ > R. Moreover, one can see that

[
(|̂H |2m1m2r(z))

1/2
]2
≤

∣∣∣∣∣∣∣
∞∑
k=1

ψk∂̄h̄k

∣∣∣∣∣∣∣
2

≲
(
ρ−1(z))G2,s(f )(z)

)2
+ |̂H |2m1r(z).

Let w ∈ Dm1r(z), and define Uw = {z ∈ C : w ∈ Dm1r(z)}. Note that by (2.2.2), there are constants
α,β > 0, only depending on the doubling constant, such that for every z ∈Uw, Dm1r(z) contains
Dαr(w), and Uw ⊂Dβr(w). Then Fubini’s theorem implies that∫

C

|̂H |2m1r(z)dA(z) =
∫
C

1
|Dm1r(z)|

∫
Dm1r (z)

|H(w)|2dA(w)dA(z)

=
∫
C

|H(w)|2
∫

C

χDm1r (z)(w)

|Dm1r(z)|
dA(z)

dA(w)

=
∫
C

|H(w)|2
(∫

Uw

dA(z)
|Dm1r(z)|

)
dA(w)

≤
∫
C

|H(w)|2
(
|Dβr(w)|
|Dαr(w)|

)
dA(w) ≲ ∥H∥2L2 .

Hence, we can conclude that ∥Hf̄1∥ ≲ ∥f ∥IDA2,2,−1
r

.

Remark 3.1.23. A natural question to ask is if the Berger-Coburn phenomenon for Hankel
operators on doubling Fock spaces holds for other Schatten classes Sp with 1 < p < ∞. This
is an open problem, and is discussed in [10], Remark 6.1 (equivalently, Remark A.6.1). For
1 < p <∞ we say that ω is a Muckenhoupt weight and write ω ∈ Ap if there is a constant C > 0
such that for any disk B ⊂C, we have(

1
|B|

∫
B
ωdA

)(
1
|B|

∫
B
ω−q/pdA

)p/q
≤ C <∞,
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where q is the Hölder conjugate of p and |B| is the Lebesgue measure of B. As shown in [34], if
ω ∈ Ap and 1 < p <∞, then the Ahlfors-Beurling operator

I (f )(z) = p.v.− 1
π

∫
C

f (ξ)
(ξ − z)2dA(z)

is bounded on Lp(ω). Hence, similarly to the proof of Lemma 7.1 in [51], we can show that
when f is bounded,

∥∂f ∥Lp(ω) ≤ C∥∂̄f ∥Lp(ω),

where C is a constant depending only on p.
To generalize Theorem 3.1.22 to the other values of 1 < p <∞, our approach would require

the single additional ingredient that ω = ρp−2 is a Muckenhoupt weight (see (3.1.8)). However,
we have not been able to prove this condition. Notice that when p = 2, ω = 1 is trivially a
Muckenhoupt weight.

Berger-Coburn phenomenon fails

On Hardy and Bergman spaces, there are bounded functions f , for which Hf is compact, while
Hf̄ is not compact, and therefore the Berger-Coburn phenomenon for compact Hankel opera-
tors fails [41]. As an example on the Bergman space, take a Blaschke product b with zeros at
αk = 1− 1/2k . That is,

b(z) =
∞∏
k=1

αk − z
1− ᾱkz

|αk |
αk

, z ∈D.

Because b is a bounded analytic function, Hb = 0 is trivially compact, but it can be shown
that b is not in the little Bloch space [11] and hence Hb̄ is not compact according to Axler’s
characterization of compact Hankel operators with conjugate analytic symbols [12].

One can ask if there is a similar phenomenon for Toeplitz operators. One of the simple
properties of Toeplitz operators is that the boundedness of the symbol implies the boundedness
of the operator. However, the converse is generally false.

Example 3.1.24. We show that the converse statement, namely that boundedness of the
Toeplitz operator implies boundedness of the symbol, fails even in the classical Fock space
F2. Consider the family of symbols

φζ(z) =
1
ζ
e−π|z|

2/ζ , z ∈ C,

where ζ ∈C \ {0}. It is known (see [31, Example 4.3]) that the Toeplitz operator Tφζ is bounded
on F2 if and only if ∣∣∣∣∣1 +

1
ζ

∣∣∣∣∣ ≥ 1.

Choose ζ such that
1
ζ

= −1
4

+ i.

Then
φζ(z) =

(
−1

4
+ i

)
exp

(
−π

(
−1

4
+ i

)
|z|2

)
=

(
−1

4
+ i

)
exp

((π
4
− iπ

)
|z|2

)
.

Hence,

|φζ(z)| =
∣∣∣∣∣−1

4
+ i

∣∣∣∣∣e π4 |z|2 −→∞ as |z| →∞,
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so φζ < L∞(C). On the other hand, ∣∣∣∣∣1 +
1
ζ

∣∣∣∣∣ =
∣∣∣∣∣34 + i

∣∣∣∣∣ =
5
4
> 1,

and therefore Tφζ is bounded on F2. This provides an explicit example of an unbounded sym-
bol whose associated Toeplitz operator is bounded.

Example 3.1.25. An unbounded but Lebesgue square-integrable symbol f gives even rise to
a Hilbert-Schmidt Toeplitz operator Tf . Indeed, let f ∈ L2(C,dA), {en(z)}∞n=0 be the standard
orthonormal basis of F2, and P : L2(C,dλ)→ F2 be the orthogonal projection given in (2.1.2)
with α = 1. Then

∥Tf ∥2S2
=
∞∑
n=0

∥P (f en)∥2L2(C,dλ) ≤
∞∑
n=0

∥f en∥2L2(C,dλ).

Using dλ(z) = π−1e−|z|
2
dA(z) and since the Taylor series expansion of the exponential function

implies that
∞∑
n=0

|en(z)|2 = e|z|
2
,

we obtain
∥Tf ∥2S2

≤ 1
π

∫
C

|f (z)|2dA(z) <∞,

and thus Tf belongs to the Hilbert-Schmidt class. For example, take D to be the unit disk
centered at the origin. Then f (z) = |z|−1/4χ

D
(z) is unbounded but belongs to L2(C,dA). Hence

Tf is Hilbert-Schmidt, and in particular bounded, although f < L∞(C).

Consider the classical Fock space over Cn, and let dµ(z) = e−|z|
2/2dA(z)/(2π)n. To character-

ize the boundedness of a Toeplitz operator on the classical Fock space F2(Cn,dµ), instead of
looking at the boundedness of the symbol, it is convenient to look at the heat transform of the
symbol. For t > 0, the heat transform of a symbol g is given by

g̃(t)(a) = (4πt)−n
∫
C
n
g(w)e−|w−a|

2/4tdA(w),

whenever the integral exists. Let ka be the normalized reproducing kernel at a ∈ C
n. Then

⟨Tgka, ka⟩ = g(1/2)(a), and hence boundedness of Tg implies boundedness of g(1/2). Comparing
with Theorem 3.2.1 in the next section, we see that this necessary condition is also sufficient if g
is a positive function. For general complex-valued symbols, Berger and Coburn [16] showed the
following two complementary norm estimates. First, for t ∈ (0,1/4), there exists C1(t) such that
∥Tg∥ ≤ C1(t)∥g(t)∥∞. Next, for every t ∈ (1/4,1) there exists C2(t) such that ∥g(t)∥∞ ≤ C2(t)∥Tg∥.
Given these two different regimes, the single endpoint t = 1/4 remains unresolved. Berger and
Coburn [16] conjectured that for g with gka ∈ L2(Cn,dµ) for all a ∈ Cn, Tg is bounded if and
only if g̃(1/4) is bounded.

A counterexample to the above conjecture was recently found in [59, Theorem 1.2], which
reads as follows. There exists a measurable symbol g on C

n such that gka ∈ L2(Cn,dµ) for all
a ∈ C

n, the Toeplitz operator Tg extends to a bounded operator on F2(Cn,dµ), and the heat
transform g̃(1/4) is unbounded on C

n.
For the rest of this section, our main goal is to investigate the Berger-Coburn phenomenon

for Schatten class Hankel operators on doubling Fock spaces when 0 < p ≤ 1.
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Consider the Schatten class Hankel operators acting on Fock-type spaces, with 0 < p ≤ 1.
Xia [76] used the following simple function

f (z) =

1
z if |z| ≥ 1,

0 if |z| < 1.
(3.1.10)

to show that the Berger-Coburn phenomenon does not hold for trace-class Hankel operators on
the classical Fock space. Hu and Virtanen [50] noticed that when 0 < p ≤ 1, the same example
shows that there is no Berger-Coburn for Schatten class Hankel operators on generalized Fock
spaces F2

φ with m < ∆φ < M, where m,M > 0. In [10], Theorem 1.6 (equivalently Theorem
A.1.7), we used Xia’s example again to prove that the Berger-Coburn phenomenon fails for
some Sp(F2

φ,L
2
φ) while it remains open whether it fails for the remaining doubling Fock spaces.

The idea behind the proof is to use Theorem 3.1.18, Theorem 3.1.20, and the growth of the
radius function outside the unit disk centered at the origin (2.2.3). Indeed, taking f as in
(3.1.10), one can show that f ∈ IDAp,2,−2/p

r , but f < IMOp,2,−2/p
r , provided the following doubling

condition holds.

Theorem 3.1.26 (Theorem A.1.7, [10], Theorem 1.6). Let φ ∈ C∞(C) be subharmonic with dµ =
∆φdA a doubling measure. Recall the growth of the radius function (2.2.3), stating that there are
constants C,η > 0 and 0 ≤ β < 1, such that C−1|z|−η ≤ ρ(z) ≤ C|z|β when |z| > 1. Then, for 0 < p ≤ 1
with β ≤ 1−p

1−p/2 , the Berger-Coburn phenomenon for Schatten class Hankel operators fails; that is,

there is an f ∈ L∞(C) such that Hf ∈ Sp(F2
φ,L

2
φ) but Hf̄ < Sp(F2

φ,L
2
φ).

In particular, when ρ is bounded, the Berger-Coburn phenomenon fails for all 0 < p ≤ 1.

A simple consequence of the preceding theorem is that if F2
φ is a doubling Fock space,

then the Berger-Coburn phenomenon fails for Sp(F2
φ,L

2
φ) provided that p is sufficiently small.

Moreover, the closer p is to 1, i.e., the trace class, the less we know about the Berger-Coburn
phenomenon. Because when p is very close to 1, β must be very close to zero to conclude
that the Berger-Coburn phenomenon fails. However, it will still include a very large class of
doubling Fock spaces, including standard Fock spaces, and F2

φ with ∆φ bounded from below
and above. This is, of course compatible with the known results mentioned above.

Recalling Lemma 2.2.6, it is easy to see that for the canonical doubling weights φ(z) = |z|m,
β = 1−m/2. Hence, one can conclude the following.

Corollary 3.1.27 (Corollary A.1.8, [10], Corollary 1.7). Let φ(z) = |z|m, m > 0, and 0 < p ≤ 1.
Then the Berger-Coburn phenomenon fails for Sp(F2

φ,L
2
φ) if

m ≥
p

1− p2
.

In particular, if m ≥ 2, then the phenomenon fails for all Schatten classes Sp with 0 < p ≤ 1.

3.2 Boundedness, compactness, and Schatten class membership of
Toeplitz operators on Fock-type spaces

In this section, we first recall some known results on the boundedness, compactness, and Schat-
ten class membership of Toeplitz operators acting on Fock-type spaces, including standard,
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doubling, and scalar weighted Fock spaces. Then we investigate the boundedness, compact-
ness, and Schatten class membership of vectorial Toeplitz operators acting on large vector-
valued Fock spaces, based on the results in [6]. A copy of this article is provided in Appendix
B.

Known results about boundedness and compactness of Toeplitz operators on
Fock-type spaces

Consider the standard Fock space F2
α over C, and let µ be a positive Borel measure on C. Define

the Toeplitz operator Tµ by

Tµ(f )(z) =
∫
C

K(z,w)f (w)e−α|w|
2
dµ(w), z ∈ C. (3.2.1)

Note that Tµ is very loosely defined here, since it is not clear when the above integral will
converge. Assume that µ satisfies∫

C

|K(z,w)|2e−α|w|
2
dµ(w) <∞, ∀z ∈C. (3.2.2)

Then Tµ is well defined on span{Kz : z ∈ C}, which is a dense subset of F2
α. Define the Berezin

transform of the measure µ on C as

µ̃(z) =
∫
C

|kz(w)|2e−α|w|
2
dµ(w) =

∫
C

e−α|z−w|
2
dµ(w), z ∈ C, (3.2.3)

where kz(w) = eαwz̄−
α
2 |z|

2
is the normalized Bergman kernel of F2

α. Moreover, define the av-
eraging function µ̂r by the average of µ over balls B(z, r) = {w ∈ C : |w − z| < r}. That is
µ̂r(z) = µ(B(z, r))/ |B(z, r)|, where |B(z, r)| = πr2 is the Lebesgue measure of the disk B(z, r).

Theorem 3.2.1 (Isralowitz & Zhu [53], Theorem A). Let µ be a positive measure, r > 0, and {an}n≥1

be a lattice generated by points r and ri. Then the following conditions are equivalent.

1. Tµ is bounded on F2
α,

2. µ̃ is bounded on C,

3. µ(B(z, r)) is bounded on C,

4. The averaging sequence {µ(B(an, r))}n≥1 is bounded.

Theorem 3.2.2 (Isralowitz & Zhu [53], Theorem B). Let µ be a positive measure, r > 0, and {an}n≥1

be a lattice generated by points r and ri. Then the following conditions are equivalent.

1. Tµ is compact on F2
α,

2. µ̃(z)→ 0 as |z| →∞,

3. µ(B(z, r))→ 0 as |z| →∞,

4. µ(B(an, r))→ 0 as n→∞.
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Later, Hu and Lv [44] generalized the above results to Tµ : Fpα → F
q
α for different values of

1 < p,q <∞. In the following, we give a summary of their work. For a Borel measure µ on C
n,

and t > 0, define the t-Berezin transform of µ on C
n by

µ̃t(z) =
∫
C

|kz(w)|te−
αt
2 |w|

2
dµ(w) =

∫
C

e−
αt
2 |z−w|

2
dµ(w), z ∈ C. (3.2.4)

Notice that µ̃2 is just the Berezin transform (3.2.3).

Definition 3.2.3. Let 0 < p,q < ∞, and take µ to be a positive measure. We call µ a (p,q)-
Fock Carleson measure, if the embedding operator i : Fpα → L

q
α(dµ) is bounded, i.e., there is a

constant C such that for all f ∈ Fpα,(∫
C
n

∣∣∣∣f (z)e−
α
2 |z|

2
∣∣∣∣qdµ(z)

)1/q

≤ C∥f ∥p,α .

We call µ a vanishing (p,q)-Fock Carleson measure, if

lim
j→∞

∫
C
n

∣∣∣∣fj(z)e− α2 |z|2 ∣∣∣∣qdµ(z) = 0,

whenever {fj}j≥1 is a bounded sequence in F
p
α that converges to zero uniformly on compact

subsets of Cn as j→∞.

We say that µ satisfies the integral property if µ is a positive measure satisfying a property
similar to (3.2.2) on C

n. Moreover, for r > 0, a sequence {ak}k≥1 in C
n is called an r-lattice if

{B(ak , r)}k≥1 covers Cn and {B(ak , r/2)}k≥1 are pairwise disjoint. The following theorems classify
bounded and compact Toeplitz operators with the symbol µ for different values of p and q.

Theorem 3.2.4 (Hu & Lv [44], Theorem 3.1 & Theorem 4.2). Let 1 < p ≤ q <∞ and µ satisfy the
integral property. Then the following statements are equivalent.

1. Tµ : Fpα→ F
q
α is bounded,

2. µ(B(·,δ)) ∈ L∞ for some (any) δ > 0,

3. µ̃t is bounded on C
n for some (any) t > 0,

4. The sequence {µ(B(ak , r))}k≥1 is bounded,

5. µ is a (p,q)-Fock Carleson measure.

Theorem 3.2.5 (Hu & Lv [44], Theorem 3.2 & Theorem 4.3). Let 1 < p ≤ q <∞ and µ satisfy the
integral property. Then the following statements are equivalent.

1. Tµ : Fpα→ F
q
α is compact,

2. µ(B(z,δ))→ 0 as |z| →∞ for some (any) δ > 0,

3. µ̃t(z)→ 0 as |z| →∞ for some (any) t > 0,

4. The sequence µ(B(ak , r))→ 0 as k→∞ for some (any) r > 0,

5. µ is a vanishing (p,q)-Fock Carleson measure.
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Theorem 3.2.6 (Hu & Lv [44], Theorem 3.3 & Theorem 4.4). Let 1 < q < p <∞ and µ satisfy the
integral property. Then the following statements are equivalent.

1. Tµ : Fpα→ F
q
α is bounded,

2. Tµ : Fpα→ F
q
α is compact,

3. µ(B(·,δ)) ∈ Lpq/(p−q) for some (any) δ > 0,

4. µ̃t ∈ Lpq/(p−q) for some (any) t > 0,

5.
∑∞
k=1µ(B(ak , r))

pq
p−q <∞ for some (any) r > 0,

6. µ is a (pq,pq − p+ q)-Fock Carleson measure,

7. µ is a vanishing (pq,pq − p+ q)-Fock Carleson measure.

Schuster and Varolin [73] later studied the boundedness and compactness of Tµ on Fpφ for
1 ≤ p <∞ over Cn, where φ ∈ C2(Cn) and ddcφ ≃ ω0 = ddc|z|2, using the following generaliza-
tion of Carleson measures.

Definition 3.2.7. Let µ be a positive measure on C
n and fix 1 ≤ p <∞. We say that µ is Carleson

for Fpφ if there exists a positive constant C such that∫
C
n
|f |pe−pφdµ ≤ C

∫
C
n
|f |pe−pφdA, ∀f ∈ Fpφ.

That is, the inclusion i : Fpφ→ Lp(e−pφdµ) is bounded. Moreover, µ is vanishing Carleson if the

inclusion i : Fpφ→ Lp(e−pφdµ) is compact.

Theorem 3.2.8 (Schuster & Varolin [73], Theorem 1 & Theorem 2). Let φ ∈ C2(Cn), ddcφ ≃ ω0,
and 1 ≤ p <∞. Let µ be a positive measure on C

n. The Toeplitz Tµ is given by

Tµf (z) =
∫
C
n
K(z,w)f (w)e−2φ(w)dµ(w). (3.2.5)

Then Tµ : Fpφ → F
p
φ is everywhere defined and bounded if and only if µ is a Carleson measure.

Moreover, Tµ : Fpφ→ F
p
φ is compact if and only if µ is a vanishing Carleson measure.

The above theorem was generalized to Tµ : Fpφ → F
q
φ, for φ ∈ C2(Cn), ddcφ ≃ ω0, and 0 <

p,q <∞ by Hu and Lv [45]. Recalling Remark 2.3.3, we will not state their result here, as we
will state the generalization later for the set of admissible weights as in Definition 2.3.1. For
n = 1, this was also generalized to doubling Fock spaces by Hu and Lv [43] as follows. First,
notice that given an auxiliary parameter t > 0, similarly to (3.2.4), the t-Berezin transform of µ
is defined by

µ̃t =
∫
C

|kt,z(w)|te−tφ(w)dµ(w), z ∈ C, (3.2.6)

where kt,z is the normalized Bergman kernel of the doubling Fock space Ftφ. For r > 0, the
r-averaging transform of µ is defined by

µ̂r(z) =
µ(Dr(z))
|Dr(z)|

≃
µ(Dr(z))
ρ(z)2 , z ∈ C. (3.2.7)
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Moreover, Given r > 0, we call a sequence {ak}k≥1 in C an r-lattice if {Dr(ak)}k≥1 covers C and
the disks {Dr/5(ak)}k≥1 are pairwise disjoint. Then, the boundedness and compactness of Tµ,
(3.2.5), can be characterized as follows.

Theorem 3.2.9 (Hu & Lv [43], Theorem 3.2). Let 0 < p ≤ q <∞ and µ a positive Borel measure on
C. Then the following statements are equivalent.

1. Tµ : Fpφ→ F
q
φ is bounded,

2. µ̃tρ2(p−q)/pq ∈ L∞ for some (or any) t > 0,

3. µ̂δρ2(p−q)/pq ∈ L∞ for some (or any) δ > 0,

4. The sequence {µ̂r(ak)ρ(ak)2(p−q)/pq}k≥1 ∈ l∞ for some (or any) r-lattice {ak}k≥1.

Theorem 3.2.10 (Hu & Lv [43], Theorem 3.3). Let 0 < p ≤ q <∞ and µ a positive Borel measure
on C. Then the following statements are equivalent.

1. Tµ : Fpφ→ F
q
φ is compact,

2. µ̃t(z)ρ(z)2(p−q)/pq→ 0 as |z| →∞ for some (or any) t > 0,

3. µ̂δ(z)ρ(z)2(p−q)/pq→ 0 as |z| →∞ for some (or any) δ > 0,

4. µ̂r(ak)ρ(ak)2(p−q)/pq→ 0 as k→∞ for some (or any) r-lattice {ak}k≥1.

Theorem 3.2.11 (Hu & Lv [43], Theorem 3.4). Let 0 < q < p <∞ and µ a positive Borel measure
on C. Then the following statements are equivalent.

1. Tµ : Fpφ→ F
q
φ is bounded,

2. Tµ : Fpφ→ F
q
φ is compact,

3. µ̃t ∈ Lpq/(p−q) for some (or any) t > 0,

4. µ̂δ ∈ Lpq/(p−q) for some (or any) δ > 0,

5. The sequence {µ̂r(ak)ρ(ak)2(p−q)/pq}k≥1 ∈ lpq/(p−q) for some (or any) r-lattice {ak}k≥1.

Finally, Arrousi, He, Li, and Tong [8] generalized the above theorems to study the bounded-
ness and compactness of Tµ : Fpφ→ F

q
φ, whenφ ∈ C2(Cn) is an admissible weight as in Definition

2.3.1. Note that µ̃t is defined as in (3.2.6), while similarly to (3.2.7), µ̂r(z) = µ(Dr(z))/ |Dr(z)| ≃
µ(Dr(z))/ρ(z)2n.

Theorem 3.2.12 (Arrousi, He, Li, & Tong [8], Theorem 1.1). Let 0 < p ≤ q <∞, µ a finite positive
Borel measure on C

n, φ ∈ C2(Cn) is an admissible weight, and α as in (2.3.13). Then the following
statements are equivalent.

1. Tµ : Fpφ→ F
q
φ is bounded,

2. µ̃tρ2n(p−q)/pq ∈ L∞ for some (or any) t > 0,

3. µ̂δρ2n(p−q)/pq ∈ L∞ for some (or any) o < δ ≤ α,
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4. The sequence {µ̂r(ak)ρ(ak)2n(p−q)/pq}k≥1 ∈ l∞ for some (or any) r-lattice {ak}k≥1 with 0 < r ≤ α.

Theorem 3.2.13 (Arrousi, He, Li, & Tong [8], Theorem 1.2). Let 0 < p ≤ q <∞, µ a finite positive
Borel measure on C

n, φ ∈ C2(Cn) is an admissible weight, and α as in (2.3.13). Then the following
statements are equivalent.

1. Tµ : Fpφ→ F
q
φ is compact,

2. µ̃t(z)ρ(z)2n(p−q)/pq→ 0 as |z| →∞ for some (or any) t > 0,

3. µ̂δ(z)ρ(z)2n(p−q)/pq→ 0 as |z| →∞ for some (or any) 0 < δ ≤ α,

4. µ̂r(ak)ρ(ak)2n(p−q)/pq→ 0 as k→∞ for some (or any) r-lattice {ak}k≥1 with 0 < r ≤ α.

Theorem 3.2.14 (Arrousi, He, Li, & Tong [8], Theorem 1.4). Let 0 < q < p <∞, µ a finite positive
Borel measure on C

n, φ ∈ C2(Cn) is an admissible weight, and α as in (2.3.13). Then the following
statements are equivalent.

1. Tµ : Fpφ→ F
q
φ is bounded,

2. Tµ : Fpφ→ F
q
φ is compact,

3. µ̃t ∈ Lpq/(p−q) for some (or any) t > 0,

4. µ̂δ ∈ Lpq/(p−q) for some (or any) 0 < δ ≤ α,

5. The sequence {µ̂r(ak)ρ(ak)2n(p−q)/pq}k≥1 ∈ lpq/(p−q) for some (or any) r-lattice {ak}k≥1 with 0 <
r ≤ α.

Known results about Schatten class membership of Toeplitz operators on
Fock-type spaces

In the following, we state some results regarding the Schatten class membership of the Toeplitz
operator Tµ acting on standard Fock spaces, doubling Fock spaces, and scalar weighted Fock
spaces.

Theorem 3.2.15 (Isralowitz & Zhu [53], Theorem 4.4 & Theorem 5.4). Let µ ≥ 0, 0 < p < ∞,
r > 0, and {an}n≥1 be the lattice in C generated by r and ri. Then the following are equivalent.

1. Tµ is in the Schatten class Sp(F2
α),

2. µ̃ ∈ Lp,

3. µ(B(·, r)) ∈ LP ,

4. The sequence {µ(B(an, r))}n≥1 ∈ lP .

Theorem 3.2.16 (Oliver & Pascuas [68], Theorem 6.1). Let µ be a locally finite positive Borel
measure on C, 0 < p <∞, and φ a doubling weight. Then the following are equivalent.

1. Tµ is in the Schatten class Sp(F2
φ),

2. There is r0 > 0 such that any r-lattice {zj}j≥1 with 0 < r < r0 satisfies {µ̂r(zj )}j≥1 ∈ lp,
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3. There an r-lattice {zj}j≥1 such that {µ̂r(zj )}j≥1 ∈ lp,

4. There is r > 0 such that µ̂r ∈ Lp(C,dA/ρ2),

5. µ̃2 ∈ Lp(C,dA/ρ2).

Theorem 3.2.17 (Arrousi, He, Li, & Tong [8], Theorem 1.9). Let µ be a locally finite positive Borel
measure on C

n, φ ∈ C2(Cn) is an admissible weight, and 0 < p <∞. Then Tµ ∈ Sp(F2
φ) if and only if

µ̃2 ∈ Lp(Cn,dA/ρ2n).

Boundedness, compactness, and Schatten class membership of vectorial Toeplitz
operators on Large vector-valued Fock spaces

For the rest of this section, we give a summary of our main results [6] (equivalently, Appendix
B) regarding the boundedness, compactness and Schatten class memberships of the vectorial
Toeplitz operator TG. Recalling Definition 2.4.10 and Definition 2.3.1, for G ∈ Tφ(L(H)), one
can define the vectorial Toeplitz operator TG : F2

φ(Cn,H)→ F2
φ(Cn,H) as

TGf (z) =
∫
C
n
G(w)f (w)K(z,w)e−2φ(w)dA(w),

where K(z,w) is the reproducing kernel of F2
φ(Cn). To characterize the boundedness and com-

pactness of TG, we define the Berezin transform G̃ by

G̃(z) =
∫
C
n
|kz(w)|2e−2φ(w)∥G(w)∥L(H)dA(w), z ∈ Cn,

where for each z ∈Cn, kz = Kz/∥Kz∥F2
φ(Cn) is the normalized Bergman kernel of F2

φ(Cn). For r > 0,

the corresponding averaging function Ĝr is defined by

Ĝr(z) =

∫
Dr (z) ∥G(w)∥L(H)dA(w)

|Dr(z)|
≃

∫
Dr (z) ∥G(w)∥L(H)dA(w)

ρ(z)2n .

Definition 3.2.18. We say that G satisfies the Carleson condition if the inclusion map IG :
F2
φ(Cn,H)→ L2

φ(Cn,H,∥G∥L(H)dA) is bounded, that is, there is a constant C such that(∫
C
n
∥f (z)∥2He

−2φ(z)∥G(z)∥L(H)dA(z)
)1/2

≤ C∥f ∥2,φ, for f ∈ F2
φ(Cn,H). (3.2.8)

We say that G satisfies the vanishing Carleson condition if the embedding operator IG :
F2
φ(Cn,H) → L2

φ(Cn,H,∥G∥L(H)dA) is compact, that is, for any bounded sequence {fj}∞j=1 in

F2
φ(Cn,H) that converges to zero uniformly on any compact subset of Cn as j→∞,

lim
j→∞

∫
C
n
∥fj(z)∥2He

−2φ(z)∥G(z)∥L(H)dA(z) = 0. (3.2.9)

Remark 3.2.19. For an r-lattice {zk}k≥1 and a real number m ≥ 1, there exists some integer N ,
only depending onm and r, such that each z ∈Cn can be in at mostN balls of the form Dmr(zk).
That is,

∞∑
k=1

χDmr (zk)
(z) ≤N, for z ∈Cn, (3.2.10)

where χE is a characteristic function of a subset E of Cn.
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Lemma 3.2.20 (Lemma B.2.6, [6], Lemma 2.6). Let φ be an admissible weight, e ∈ H be a unit
element, and kz the normalized reproducing kernel of F2

φ(Cn). The set {kz(·)e : z ∈ Cn} is bounded in

F2
φ(Cn,H) and kz(·)e→ 0 uniformly on any compact subsets of Cn as |z| →∞.

Theorem 3.2.21 (Theorem B.1.2, [6], Theorem 1.2). Let G ∈ Tφ(L(H)) and α be as in (2.3.13).
Then the following conditions are equivalent:

1. TG : F2
φ(Cn,H)→ F2

φ(Cn,H) is bounded;

2. G̃ ∈ L∞(Cn,dA);

3. Ĝδ ∈ L∞(Cn,dA) for some (or any) 0 < δ ≤ α;

4. {Ĝδ(zk)}k is a bounded sequence for some (or any) δ-lattice {zk}k with 0 < δ ≤ α;

5. G satisfies a Carleson condition.

Moreover,
∥TG∥ ≃ ∥G̃∥L∞(Cn,dA) ≃ ∥Ĝδ∥L∞(Cn,dA) ≃ ∥{Ĝδ(zk)}k∥l∞ . (3.2.11)

Sketch of proof. Using (2.3.15), (3.2.10), and Lemma 2.3.6, one can show that (2), (3), and (4)
are equivalent. To show that (1) implies (2), use (2.3.14), positivity of G(w) for every w ∈ Cn,
Lemma 3.2.20, and Lemma 2.4.3, to see

G̃(z) ≃ ρ(z)ne−φ(z)
∫
C
n

sup
∥e∥=1
⟨G(w)kz(w)e,e⟩HK(z,w)e−2φ(w)dA(w)

≃ ρ(z)ne−φ(z) sup
∥e∥=1
⟨TGkz(z)e,e⟩H

≲ ∥TGkz(·)e∥2,ϕ ≲ ∥TG∥.

(3.2.12)

To show that (3) implies (1), we first prove that there is a constant C > 0 such that

∥TGf ∥22,φ ≤ C
∫
C
n
∥f (w)∥2He

−2φ(w)Ĝδ(w)2dA(w), ∀f ∈ F2
φ(Cn,H),∀δ > 0. (3.2.13)

Then Lemma 2.4.3 implies that ∥TGf ∥22,φ ≲ ∥Ĝδ∥
2
L∞(Cn,dA)∥f ∥

2
2,φ, and thus TG is bounded. To

show that (4) implies (5), note that using Lemma 2.4.3, (2.3.10), (2.3.12), and (3.2.10), there is
m > 1 such that∫

C
n
∥f (z)∥2He

−2φ(z)∥G(z)∥L(H)dA(z)

≲
∞∑
k=1

1
ρ(zk)2n

∫
Dδ(zk)

(∫
Dmδ(zk)

∥f (w)∥2He
−2φ(w)dA(w)

)
∥G(z)∥L(H)dA(z)

≲ ∥{Ĝδ(zk)}k∥l∞∥f ∥22,φ.

(3.2.14)

Finally, taking f = kze in (3.2.8), G̃(z) ≲ ∥kz∥2F2
φ(Cn)

= 1, and therefore (5) implies (2).

Theorem 3.2.22 (Theorem B.1.3, [6], Theorem 1.3). Let G ∈ Tφ(L(H)) and α be as in (2.3.13).
Then the following conditions are equivalent:

1. TG : F2
φ(Cn,H)→ F2

φ(Cn,H) is compact;
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2. G̃(z)→ 0 as |z| →∞;

3. Ĝδ(z)→ 0 as |z| →∞ for some (or any) 0 < δ ≤ α;

4. Ĝδ(zk)→ 0 as k→∞ for some (or any) δ-lattice {zk}k with 0 < δ ≤ α;

5. G satisfies a vanishing Carleson condition.

Sketch of proof. It is easy to show that (2) implies (3) and (3) implies (4). Let us show that (4)
implies (2). Assuming (4), for every ϵ > 0, there is K ∈N such that whenever k > K , Ĝδ(zk) < ϵ.
Take m as in (2.3.12). Then

G̃(z) ≲
∫
∪Kk=1D

mδ(zk)
|kz(w)|2e−2φ(w)∥G(w)∥L(H)dA(w)

+
∞∑

k=K+1

ρ(zk)
2nĜδ(zk)

 sup
w∈Dδ(zk)

|kz(w)|2e−2φ(w)

.
Using Lemma 2.3.6 and (3.2.10) we obtain

∞∑
k=K+1

ρ(zk)
2nĜδ(zk)

 sup
w∈Dδ(zk)

|kz(w)|2e−2φ(w)


≲ sup
k≥K+1

Ĝδ(zk)

 ∞∑
k=K+1

∫
Dmδ(zk)

|kz(w)|2e−2φ(w)dA(w)


≲ ϵN∥kz∥2F2

φ(Cn)
≲ ϵ.

(3.2.15)

Moreover, part (e) of Lemma 2.3.5 implies that as |z| →∞,∫
∪Kk=1D

mδ(zk)
|kz(w)|2e−2φ(w)∥G(w)∥L(H)dA(w) < ϵ,

which together with (3.2.15) implies (2). To show that (1) implies (2), use Lemma 3.2.20, com-
pactness of TG, and (3.2.12), to conclude that as |z| → ∞, G̃(z) ≲ ∥TGkze∥2,φ → 0. To show that
(3) implies (1), let ϵ > 0 be arbitrary and {fj}∞j=1 be a sequence in F2

φ(Cn,H) that converges to
zero uniformly on any compact subset of C

n. By assumption, there is some R > 0 such that
Ĝδ(z) <

√
ϵ, whenever |z| > R. This together with (3.2.13), for big enough j we have

∥TGfj∥22,φ ≲
∫
|z|≤R

Ĝδ(w)2∥fj(w)∥2He
−2φ(w)dA(w)

+
∫
|z|>R

Ĝδ(w)2∥fj(w)∥2He
−2φ(w)dA(w)

≲ ϵ+ ϵ∥fj∥22,φ ≲ ϵ,

(3.2.16)

and thus (1) holds. To show that (4) implies (5), let {fk}k be a bounded sequence in F2
φ(Cn,H)

that converges to zero uniformly on compact subsets of Cn. By our assumption, letting ϵ > 0,
there exists r0 > 0 such that sup|zk |>ro Ĝδ(zk) < ϵ. Observe that there is r0 ≤ r1 such that if a point
zk of the sequence {zk}k belongs to {|z| ≤ r0}, then Dδ(zk) ⊂ {|z| ≤ r1}. So take k big enough such
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that sup{|z|≤r1} ∥fk(z)∥H < ϵ. This together with (3.2.10), we obtain∫
C
n
∥fk(z)∥2He

−2φ(z)∥G(z)∥L(H)dA(z)

≲

∫
{|ζ|≤r1}

∥fk(z)∥2He
−2φ(z)∥G(z)∥L(H)dA(z)

+ sup
|zk |>ro

Ĝδ(zk)
∑
|zk |>r0

∫
Dmδ(zk)

∥fk(w)∥2He
−2φ(w)dA(w)

≲ ϵ+ ϵ∥fk∥22,φ ≲ ϵ.

This implies (5). Finally, assuming (5), IG : F2
φ(Cn,H)→ L2

φ(Cn,H,∥G∥L(H)dA) is compact. Using
(3.2.9) and Lemma 3.2.20, we have∫

C
n
|kz(w)|2e−2φ(w)∥G(w)∥L(H)dA(w)→ 0, as |z| →∞,

and therefore (2) holds. This proves the desired result and completes the proof.

To characterize the Schatten class membership of the vectorial Toeplitz operator TG, we
define the operator-valued Berezin transform of G by

G̃op(z) =
∫
C
n
|kz(w)|2e−2φ(w)G(w)dA(w), z ∈ Cn,

and the corresponding averaging operator by

Ĝ
op
r (z) =

∫
Dr (z) G(w)dA(w)

|Dr(z)|
≃

∫
Dr (z)G(w)dA(w)

ρ(z)2n , z ∈ Cn.

Theorem 3.2.23 (Theorem B.1.4, [6], Theorem 1.4). Let 1 ≤ p <∞, and 0 < δ < α, where α is as
in (2.3.13). Then for any orthonormal basis {em}m≥1 of H, the following statements are equivalent:

1. The operator TG belongs to Sp(F2
φ(Cn,H));

2. ∫
C
n

∞∑
m=1

(
⟨G̃op(z)em, em⟩H

)p dA(z)
ρ(z)2n <∞;

3. ∫
C
n

∞∑
m=1

(
⟨Ĝopδ (z)em, em⟩H

)p dA(z)
ρ(z)2n <∞;

4. Let {zj}j≥1 be a δ-lattice. Then

∞∑
j,m=1

(
⟨Ĝopδ (zj )em, em⟩H

)p
<∞.

The characterization of Schatten class membership of Toeplitz operators TG, for 0 < p < 1,
is more complicated. As one can see in Theorem 3.2.26, to get a full charaterization, we need
to add an extra condition about the symbol G(z), that is, G(z) is a compact operator on H, for
every z ∈ C

n. However, sufficient conditions for TG ∈ Sp(F2
φ(Cn,H)) is exactly as those when

1 ≤ p <∞, as explained in Proposition 3.2.25 below.
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Proposition 3.2.24 (Proposition B.1.5, [6], Proposition 1.5). Let 0 < p < 1, and 0 < δ < α, where
α is as in (2.3.13). Then for any orthonormal basis {em}m≥1 of H, the following statements are
equivalent:

1. ∫
C
n

∞∑
m=1

(
⟨G̃op(z)em, em⟩H

)p dA(z)
ρ(z)2n <∞;

2. ∫
C
n

∞∑
m=1

(
⟨Ĝopδ (z)em, em⟩H

)p dA(z)
ρ(z)2n <∞;

3. Let {zj}j≥1 be a δ-lattice. Then

∞∑
j,m=1

(
⟨Ĝopδ (zj )em, em⟩H

)p
<∞.

Proposition 3.2.25 (Proposition B.1.6, [6], Proposition 1.6). Let 0 < p < 1, and 0 < δ < α, where
α is as in (2.3.13). If there is an orthonormal basis {em}m≥1 of H, such that∫

C
n

∞∑
m=1

(
⟨G̃op(z)em, em⟩H

)p dA(z)
ρ(z)2n <∞,

then the operator TG belongs to Sp(F2
φ(Cn,H)).

The following theorem gives the necessary condition for the Schatten class membership of
TG by assuming that G(z) is a compact operator on H.

Theorem 3.2.26 (Theorem B.1.7, [6], Theorem 1.7). Let 0 < p < 1, δ < min(1/2,α), where α
is as in (2.3.13), and {zj}j≥1 be a δ-lattice. Assume that G(z) is compact for every z ∈ C

n, and

TG ∈ Sp(F2
φ(Cn,H)). Then there is a family of orthonormal bases {ejm}m≥1 of H, possibly depending

on zj ∈Cn, such that
∞∑

j,m=1

(
⟨Ĝopδ (zj )e

j
m, e

j
m⟩H

)p
<∞,

where {ejm}m≥1 is the basis of H, obtained by eigenvectors of Ĝopδ (zj ), for each j ≥ 1.

Here we will not give proofs of Theorem 3.2.23, and Proposition 3.2.24. We encourage the
interested readers to check [6] (equivalently, Appendix B). The proof of Theorem 3.2.26 is more
complicated, and hence it is nice to see a sketch of the proof. To do this, we give the following
lemmas. The idea of the proof originally comes from the work of Luecking [61] in studying the
Schatten class Toeplitz operators on Hardy and Bergman spaces. Later, an analogous idea was
applied to studying the Schatten class Toeplitz operators with measure symbols on doubling
Fock spaces in [68]. This approach has also been used to study the Schatten class Hankel
operators acting on generalized Fock spaces in [10, 51].

Lemma 3.2.27 (Lemma B.2.16, [6], Lemma 2.15). Assume that the vectorial Toeplitz operator
TG : F2

φ(Cn,H) → F2
φ(Cn,H) is compact. Moreover, take G(w) : H → H to be compact for every

w ∈Cn and let δ > 0. Then for every fixed z ∈Cn, the average operator

Ĝ
op
δ (z) ≃

∫
Dδ(z)

G(w)
dA(w)
ρ(w)2n :H→H
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is compact.

Lemma 3.2.28 (Lemma B.4.1, [6], Lemma 4.1). For R > 0 and any finite sequence {zj}mj=1 of differ-
ent points in C

n, let

MR({zj}mj=1) := max
1≤j≤m

#{k ∈ {1, · · · ,m} : |zj − zk | < Rmin(ρ(zj ),ρ(zk))}.

Then {zj}mj=1 can be partitioned into at most MR({zj}mj=1) subsequences such that any two different
points zj and zk in the same subsequence satisfy either zj <DR(zk), or zk <DR(zj ). That is, |zj − zk | ≥
Rmin(ρ(zj ),ρ(zk)).

Lemma 3.2.29 (Lemma B.4.2, [6], Lemma 4.2). Let δ > 0, R > 1, and {zj}j≥1 be a δ-lattice.
Then MR({zj}mj=1) ≤ 62nR4nδ−2nNδ, for every finite sublattice {zj}mj=1, where as in (3.2.10), Nδ =
supz∈Cn

∑∞
j=1χDδ(zj )

(z).

Sketch of proof of Theorem 3.2.26. Assume that 0 < δ < 1/2, R > 1, and fix M ∈N. Let {zj}Mj=1 be
the finite sublattice obtained by considering the first M elements of the δ-lattice {zj}j≥1. Then
Lemma 3.2.28 implies that {zj}Mj=1 can be partitioned into MR({zj}Mj=1) subsequences such that
any two different points aj and ak in the same subsequence satisfy |aj −ak | ≥ Rmin(ρ(aj ),ρ(ak)).
Let {aj}sj=1 be one such subsequence. Let {Bk,m(z) = fk(z)em}k,m≥1 be an orthonormal basis

of F2
φ(Cn,H) with {fk}k≥1 being an orthonormal basis of F2

φ(Cn), and {em}m≥1 any orthonor-

mal basis of H. We can construct a bounded linear operator A on F2
φ(Cn,H) by Af (z) =∑s

k,m=1⟨f ,Bk,m⟩kak (z)em. Let U (z) = (
∑s
j=1χDδ(aj )

(z))G(z). Then U ≤ NG, where N is as in

(3.2.10). That is, NG(z) − U (z) is a positive operator on H for every z ∈ C
n. Since TG ∈ Sp,

we can conclude that TU ∈ Sp, and ∥TU ∥Sp ≤ N∥TG∥Sp . Set T = A∗TUA such that ∥T ∥Sp ≲ ∥TU ∥Sp .
It is easy to see that when k,m > s, ⟨T Bk,m,Bk,m⟩ = ⟨TUABk,m,ABk,m⟩ = 0. We can split T as
T =Ds +Ms, where Ds is the diagonal operator defined by

Dsf =
s∑

k,m=1

⟨T Bk,m,Bk,m⟩⟨f ,Bk,m⟩Bk,m, where f ∈ F2
φ(Cn,H), (3.2.17)

and Ms is the off-diagonal operator defined by

Msf =
s∑

k,m=1

s∑
r,n=1
r,k,m,n

⟨T Bk,m,Br,n⟩⟨f ,Bk,m⟩Br,n +
s∑

k,m=1

s∑
r=1
r,k,

⟨T Bk,m,Br,m⟩⟨f ,Bk,m⟩Br,m

+
s∑

k,m=1

s∑
n=1
m,n,

⟨T Bk,m,Bk,n⟩⟨f ,Bk,m⟩Bk,n, where f ∈ F2
φ(Cn,H).

(3.2.18)

Recall that U (z) = 0 if z < ∪sj=1D
δ(aj ). Then using (2.3.15), and positivity of G(z) and Ĝ

op
δ (z),

there is a constant C1 > 0, only depending on δ such that

∥Ds∥
p
Sp
≥ C1

s∑
m=1

s∑
k=1

(
⟨Ĝopδ (ak)em, em⟩H

)p
. (3.2.19)
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On the other hand, by Proposition 1.29 in [80], the fact that (x+y)p ≤ xp+yp for p ≤ 1, definition
of U (z), and positivity of G(z), we obtain

∥Ms∥
p
Sp
≤N p

s∑
r,k=1
r,k

s∑
m,n=1
m,n

∣∣∣∣∣∣∣∣
s∑
j=1

∫
Dδ(aj )

⟨G(z)em, en⟩H|kak (z)||kar (z)|e
−2φ(z)dA(z)

∣∣∣∣∣∣∣∣
p

+Np
s∑

k,r=1
r,k

s∑
m=1

 s∑
j=1

∫
Dδ(aj )

⟨G(z)em, em⟩H|kak (z)||kar (z)|e
−2φ(z)dA(z)


p

+Np
s∑
k=1

s∑
n=1
m,n

∣∣∣∣∣∣∣∣
s∑
j=1

∫
Dδ(aj )

⟨G(z)em, en⟩H|kak (z)|
2e−2φ(z)dA(z)

∣∣∣∣∣∣∣∣
p

.

(3.2.20)

Define

Jm,nk,r (G,s) =
s∑
j=1

∫
Dδ(aj )

⟨G(z)em, en⟩H|kak (z)||kar (z)|e
−2φ(z)dA(z).

Since k , r, then |ak − ar | ≥ Rmin(ρ(ak),ρ(ar )). Thus for z ∈Dδ(aj ) it is easy to see that either

|z − ak | ≥ R̃min(ρ(z),ρ(ak)), (3.2.21)

or
|z − ar | ≥ R̃min(ρ(z),ρ(ar )), (3.2.22)

where R̃ = R−1
3 . Using (2.3.6) and (2.3.14), we can write

|kak (z)||kar (z)|e
−2φ(z) ≲

e
−ϵ
2 [dφ(z,ak)+dφ(z,ar )]

ρ(z)n
|kak (z)|

1/2|kar (z)|
1/2e−φ(z).

Furthermore, since z ∈ Dδ(aj ), and r , k, we can assume that j , k, and by the above argu-
ment we have dφ(z,ak) + dφ(z,ar ) ≥ dφ(ar , ak) ≥ R̃. Hence, for z ∈ Dδ(aj ), we can conclude that

e
−ϵ
2 [dφ(z,ak)+dφ(z,ar )] ≤ e

−ϵ
2 R̃. Hence, using ρ(z) ≃ ρ(aj ), we obtain

Jm,nk,r (G,s) ≲ e
−ϵ
2 R̃

s∑
j=1

1
ρ(aj )n

∫
Dδ(aj )

⟨G(z)em, en⟩H|kak (z)|
1/2|kar (z)|

1/2e−φ(z)dA(z).

By Lemma 2.3.6 we have

|kak (z)|
1/2e−φ(z)/2 ≲

(
1

ρ(z)2n

∫
Dδ(z)
|kak (ξ)|p/2e−

p
2φ(ξ)dA(ξ)

)1/p

.

Since z ∈Dδ(aj ), there exists some m1 > 1 such that Dδ(z) ⊂Dm1δ(aj ). Therefore,

|kak (z)|
1/2e−φ(z)/2 ≲

1
ρ(z)2n/p

∫
Dm1δ(aj )

|kak (ξ)|p/2e−
p
2φ(ξ)dA(ξ)

1/p

=
1

ρ(z)2n/p
Sk(aj )

1/p,

where
Sk(z) =

∫
Dm1δ(z)

|kak (ξ)|p/2e−
p
2φ(ξ)dA(ξ).

Similarly,

|kar (z)|
1/2e−φ(z)/2 ≲

1
ρ(z)2n/p

Sr(aj )
1/p.
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Therefore,

Jm,nk,r (G,s) ≲ e
−ϵ
2 R̃

s∑
j=1

1
ρ(aj )n

∫
Dδ(aj )

⟨G(z)em, en⟩H
1

ρ(z)4n/p
Sk(aj )

1/pSr(aj )
1/pdA(z).

Since 0 < p < 1, 4/p − 1 > 1, and

Jm,nk,r (G,s) ≲ e
−ϵ
2 R̃

s∑
j=1

ρ(aj )
n(1− 4

p )Sk(aj )
1/pSr(aj )

1/p⟨Ĝopδ (aj )em, en⟩H.

Then since 0 < p < 1,

∣∣∣Jm,nk,r (G,s)
∣∣∣p ≲ e −pϵ2 R̃

s∑
j=1

|⟨Ĝopδ (aj )em, en⟩H|pρ(aj )
n(p−4)Sk(aj )Sr(aj ). (3.2.23)

Using (3.2.10), (2.3.14), (2.3.16), and Lemma 2.3.6, we can show that

s∑
k=1

Sk(aj ) ≲N
∫
Dm1δ(aj )

ρ(ξ)
−np

2 dA(ξ) ≃ ρ(aj )
2n− np2 ,

where the constant only depends on δ. This together with (3.2.23) implies that

s∑
k,r=1
r,k

∣∣∣Jm,nk,r (G,s)
∣∣∣p ≲ e −pϵ2 R̃

s∑
j=1

|⟨Ĝopδ (aj )em, en⟩H|p, (3.2.24)

where the constant only depends on 0 < δ < 1/2.
Since TG ∈ Sp(F2

φ(Cn,H)), it is in particular compact. Lemma 3.2.27 along with compactness

of G(w) for every w ∈Cn then implies that Ĝopδ (aj ) is a compact operator onH for every aj ∈Cn.
Since Ĝopδ (aj ) is positive, it is, in particular, self-adjoint. Then the spectral Theorem for self-
adjoint and compact operators implies that for each j ≥ 1, there exists an orthonormal basis
{ejm}m≥1 of H consisting of eigenvectors of Ĝopδ (aj ). That is,

H = span{ejm}, where m ≥ 1.

Hence, ⟨Ĝopδ (aj )e
j
m, e

j
n⟩H = 0, for m , n. Comparing (3.2.20) with (3.2.23), and by the positivity

of Ĝopδ (aj ), we can see that

∥Ms∥
p
Sp
≲

s∑
k,m=1

s∑
r,n=1
r,k,m,n

∣∣∣Jm,nk,r (G,s)
∣∣∣p +

s∑
k,m=1

s∑
r=1
r,k

(
Jm,mk,r (G,s)

)p
+

s∑
k,m=1

s∑
n=1
m,n

∣∣∣Jm,nk,k (G,s)
∣∣∣p

≲ e
−pϵ

2 R̃
s∑
j=1

s∑
m,n=1
m,n

|⟨Ĝopδ (aj )e
j
m, e

j
n⟩H|p + e

−pϵ
2 R̃

s∑
m=1

s∑
j=1

|⟨Ĝopδ (aj )e
j
m, e

j
m⟩H|p

+ e
−pϵ

2 R̃
s∑
j=1

s∑
m,n=1
m,n

|⟨Ĝopδ (aj )e
j
m, e

j
n⟩H|p

= e
−pϵ

2 R̃
s∑

j,m=1

(
⟨Ĝopδ (aj )e

j
m, e

j
n⟩H

)p
,

(3.2.25)
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where the first and the third terms vanish because of the compactness argument above. Note
that inequality (3.2.24) was established for an arbitrary orthonormal basis {em}m≥1 ofH, and the
constant involved does not depend on the chosen basis. Hence, for each fixed index j, we may
apply (3.2.24) with a possibly different orthonormal basis {ejm}m≥1, for instance, the eigenbasis
of Ĝopδ (aj ). Doing so yields a valid inequality for each j, and summing these inequalities over
j gives (3.2.25). In other words, the passage from (3.2.24) to (3.2.25) does not require a single
global orthonormal basis.

Therefore, by (3.2.19) and (3.2.25), we can conclude that

∥TG∥
p
Sp
≳ ∥T ∥pSp ≥ ∥Ds∥

p
Sp
− ∥Ms∥

p
Sp

≥ (C1 −Q(N )e
−pϵ

2 R̃)
s∑

m,j=1

(
⟨Ĝopδ (zj )e

j
m, e

j
m⟩H

)p
,

(3.2.26)

whereQ(N ) is some power of N , not depending on s. Since e
−pϵ

2 R̃→ 0 as R→∞, there is always
a constant R = R(p,δ,N ) such that C(p,δ,N ) = C1 −Q(N )e

−pϵ
2 R̃ > 0.

Fix M to be a positive integer. Then Lemma 3.2.29 implies that {zj}Mj=1 can be partitioned
into at most 62nR4nδ−2nNδ subsequences such that any different points zj and zk in the same
subsequence satisfy |zj − zk | ≥ Rmin(ρ(zj ),ρ(zk)). Then by (3.2.26), we obtain

M∑
m,j=1

(
⟨Ĝopδ (zj )e

j
m, e

j
m⟩H

)p
≤ C(p,δ,Nδ)−162nR4nδ−2nNδ∥TG∥

p
Sp
<∞.

Since the RHS does not depend on M, we are done with the proof of Theorem 3.2.23.

3.3 The Berezin transform on Fock-type spaces and fixed point
theorems

We begin this section by defining the Berezin transform for standard Fock spaces. Investigating
the relationship between the Berezin transform and the heat equation shows that the bounded
fixed points of the Berezin transform for standard Fock spaces are harmonic. We then study
the Berezin transform on the Fock-type space F2

m, m > 01, and give a detailed summary of our
paper [9] (equivalently, Appendix C) on fixed points of the Berezin transform on Fock-type
spaces. The main result is that when m = 2, i.e., the classical Fock space, every polynomial
fixed point is harmonic.

For general m > 0, the situation is more complicated. While in the classical case m = 2 all
polynomial fixed points are harmonic, for general m non-harmonic polynomial fixed points
may occur. However, these exceptional cases are highly constrained, and in a precise sense
(made explicit later) harmonicity remains the generic behavior.

1In this section, we use a different normalization of the weight and consider the space of functions in
L2(C, e−|z|

m
dA). This corresponds to the doubling Fock space F2

φ̃
with φ̃(z) = 1

2 |z|
m, and hence differs from the

canonical doubling Fock space F2
m defined in Chapter 2, which is based on the doubling weight φ(z) = |z|m. This

distinction only affects normalization constants and does not change the qualitative behavior of the Berezin trans-
form.
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Berezin transform on standard Fock spaces and famous fixed point results

Recall the standard Fock space F2
α and let kz = Kz/∥Kz∥2,α be the normalized reproducing ker-

nel. Given a Lebesgue measurable function f with f |kz|2 ∈ L1(C,dλα), we define the Berezin
transform f̃ on C as

Bαf (z) = f̃ (z) = ⟨f kz, kz⟩ =
∫
C

|kz(w)|2f (w)dλα

=
∫
C

∣∣∣∣eαz̄w− α2 |z|2 ∣∣∣∣2f (w)dλα(w)

=
α
π

∫
C

f (w)e−α|z−w|
2
dA(w)

=
∫
C

f (z ±w)dλα(w).

(3.3.1)

Therefore, the Berezin transform for standard Fock spaces is a convolution with a Gaussian
function.

Now, we explain the relationship between the Berezin transform over standard Fock spaces
and the heat equation, and use it to show that the bounded fixed points of the Berezin trans-
form must be harmonic.

Theorem 3.3.1 ([79], Theorem 3.13). Let Ht = B1/t for any positive parameter t. Then we have the
following semigroup property.

HsHt =Hs+t , ∀s, t > 0.

Theorem 3.3.2 ([79], Theorem 3.14). Let f be a measurable function on C such that∫
C

|f (w)|e−α|z−w|
2
dA(w) <∞

for every α > 0 and every z ∈C. For t > 0, define

u(z, t) :=Htf (z) =
1
πt

∫
C

f (w)e−|z−w|
2/t dA(w).

Then u is defined on C× (0,∞). The function u, written in real variables as u(x,y, t) with z = x+ iy,
is in C2(R2 × (0,∞)) and satisfies the heat equation

∂2u

∂x2 +
∂2u

∂y2 = 4
∂u
∂t
, (3.3.2)

for all (x,y, t) ∈R2 × (0,∞). Moreover, if f is bounded and continuous on C, then u also satisfies the
initial condition

lim
t→0+

Htf (z) = f (z), ∀z ∈C.

The above assumption on f defines a large class of functions. For example, it is satisfied
by every function in Lp(C), 1 ≤ p ≤∞, and in particular by compactly supported functions and
Schwartz functions. More generally, it is satisfied by locally integrable functions whose growth
at infinity is slower than every Gaussian.

Note that in the heat equation (3.3.2), the value u(x,y, t) represents the temperature at the
point (x,y) ∈C at time t. Thus, the function f (z) represents the initial temperature distribution
in the complex plane at time t = 0. With this interpretation, the assumption that f be bounded
and continuous is reasonable.
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Corollary 3.3.3. For any positive α and β,

BαBβ = B αβ
α+β

= BβBα .

In particular, B2
α = Bα/2. If f is bounded and continuous, then

lim
α→∞

Bαf (z) = f (z), ∀z ∈C.

Proof. It is a direct consequence of Theorem 3.3.1 and Theorem 3.3.2.

Theorem 3.3.4 ([79], Theorem 3.25). Let f ∈ L∞(C), and n is a positive integer. Then

|Bnαf (z)−Bnαf (w)| ≤
C∥f ∥∞√

n
|z −w|,

for all z and w in C, where C =
√
α/π. In particular, the Berezin transform Bαf is Lipschitz contin-

uous as a function of z, i.e., there exists C̃ > 0 such that

|Bαf (z)−Bαf (w)| ≤ C̃|z −w|, z,w ∈C.

Theorem 3.3.5 ([79], Proposition 3.27). If f ∈ L∞(C), then the following conditions are equivalent.

1. f̃ = f ,

2. f is harmonic,

3. f is constant.

Proof. First, we show that (2) is equivalent to (3). Trivially, every constant function is harmonic.
To see that (2) implies (3), write f (z) = u(x,y) + iv(x,y). Since f is bounded, both u and v are
bounded, as real-valued functions over C. Moreover, since f is harmonic, ∆f = ∆u + i∆v = 0,
implying that both u and v are harmonic. Let ṽ be the harmonic conjugate of u. That is,
g(z) = u(z) + iṽ(z) is an entire function. Let h(z) = eg(z). Then h is entire, and its modulus
|h(z)| = eRealg(z) = eu(z) is bounded. Liouville’s theorem states that any bounded entire function
is constant. Thus, h is constant, implying that u is constant. Similarly, one can show that v
is constant, and therefore f is constant. To show that (3) implies (1), let f be constant. Then
f̃ = ⟨f kz, kz⟩ = f ∥kz∥22,α = f . Finally, to see that (1) implies (3), let f̃ = f . Then (f̃ )n = f for all
positive integers n. By Theorem 3.3.4, there is a positive constant C such that

|(f̃ )n(z)− (f̃ )n(w)| = |f (z)− f (w)| ≤
C∥f ∥∞√

n
|z −w|,

for all z,w ∈ C with z , w. Letting n→∞, we see that f must be a constant.

Remark 3.3.6. Engliš [38, 36] (see also [79, section 3.3]) showed that on the classical Fock space
F2, there are non harmonic fixed points of the corresponding Berezin transform. For example
f (x+iy) = eax+by is fixed in F2 for any a,b ∈C such that a2+b2 = 8πi, however f is not harmonic.
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Berezin transform on F2
m, m > 0: Fock-type space

Letm be a positive real number. Consider the space L2
m = L2(C, e−|z|

m
dA), where dA = rdrdθ/2π

is the Lebesgue measure on C. L2
m is a Hilbert space with respect to the inner product

⟨f ,g⟩ =
∫
C

f (z)g(z)e−|z|
m
dA(z), f ,g ∈ L2

m.

Then the Fock-type space F2
m, is defined as the subspace of holomorphic functions in L2(C, e−|z|

m
dA).

We emphasize that this normalization differs from Definition 2.2.7, where the canonical
doubling Fock space F2

m is defined using the weight e−2|z|m . The present space corresponds
instead to the doubling Fock space associated with the weight φ̃(z) = 1

2 |z|
m.

An important observation is that the Bergman kernel of F2
m has an explicit form. Given a

function f ∈ F2
m, its Taylor series f (z) =

∑∞
j=0 fjz

j converges uniformly on compact subsets of C.
Furthermore,

∥f ∥2 =
∫
C

|f (z)|2e−|z|
m
dA(z)

=
∫
C

∞∑
j,k=0

fjz
jf k z̄

ke−|z|
m
dA(z)

=
∫ 2π

0

∫ ∞
0

∞∑
j,k=0

fjf kr
j+keiθ(j−k)e−r

m rdrdθ
2π

=
∞∑
j=0

|fj |2
∫ ∞

0
r2j+1e−r

m
dr

=
∞∑
j=0

|fj |2
1
m
Γ

(2j + 2
m

)
.

We note that the scalar product for f ,g ∈ F2
m is defined by

⟨f ,g⟩ =
∫
C

f (z)g(z)e−|z|
m
dA(z)

=
∫
C

∞∑
j,k=0

fjz
jgk z̄

ke−|z|
m
dA(z)

=
∫ 2π

0

∫ ∞
0

∞∑
j,k=0

fjgkr
j+k+1eiθ(j−k)e−r

m drdθ
2π

=
∞∑
j=0

fjgj
1
m
Γ

(2j + 2
m

)
.

Hence, the monomials zn, with n = 0,1,2, · · · form an orthogonal basis for F2
m. In particular,{√

mdjz
j ; j = 0,1,2, · · ·

}
is an orthonormal basis for F2

m where

dj =
1

Γ
(2j+2
m

) . (3.3.3)
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To find the Bergman kernel, we proceed as follows. Let f ∈ F2
m and z ∈C. Then

|f (z)| = |
∞∑
j=0

fjz
j | ≤

∞∑
j=0

|fj ||z|j =
∞∑
j=0

|fj |√
mdj

√
mdj |z|j

≤

 ∞∑
j=0

|fj |2

mdj


1/2 ∞∑

j=0

mdj |z|2j


1/2

.

The first sum on the right hand side equals ∥f ∥ and the ratio test shows that the second
sum above converge uniformly on compact subsets. Thus, the evaluation map f 7→ f (z) is a
bounded linear functional on C and uniformly bounded for z. Furthermore, F2

m is closed in-
side L2(C, e−|z|

m
dA), and hence a Hilbert space. Thus, there exists Km,z ∈ F2

m such that for any
f ∈ F2

m, f (z) = ⟨f ,Km,z⟩. Indeed,

f (z) =
∞∑
j=0

fjz
j =

∞∑
j=0

fjmdjz
j 1
mdj

= ⟨f ,Km,z⟩,

where, Km,z(w) =m
∑∞
j=0djw

j z̄j , for any z,w ∈ C. From now on, we will write

Km(w,z) = Km,z(w) =m
∞∑
j=0

djw
j z̄j =m

∞∑
j=0

wj z̄j

Γ (2j+2
m )

.

Definition 3.3.7 (Berezin transform on F2
m). Let km,z = Km,z

∥Km,z∥
be the normalized Bergman kernel

of F2
m. One can define the Berezin transform of a function f as

Bmf (z) = ⟨f km,z, km,z⟩ =
∫
C

f (w)|km,z(w)|2e−|w|
m
dA(w),

whenever the above integral exists.

Proposition 3.3.8. Let m > 0. The Berezin transform Bm is defined on any polynomial in z and z̄.

Proof. Let f = f (z, z̄) be a polynomial of degree n. That is, f can be written as

f (z, z̄) =
∑
i,j≥0
i+j≤n

aijz
i z̄j

for constants aij . Then

Bmf (z) =
∫
C

f (w,w̄)|km,z(w)|2e−|w|
m
dA(w)

=
1

Km(z,z)

∫
C

(
∑
i,j≥0
i+j≤n

aijw
iw̄j )|Km(z,w)|2e−|w|

m
dA(w)

=
m2

Km(z,z)

∑
i,j≥0
i+j≤n

aij

∞∑
k,l=0

dkdlz
k z̄l

∫
C

wiw̄jw̄kwle−|w|
m
dA(w).

(3.3.4)

Let
A =

∫
C

wi+lw̄j+ke−|w|
m
dA(w).
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Then

A =
∫ ∞

0

∫ 2π

0
r i+l+j+k+1eiθ(i+l−j−k)e−r

m
drdθ/2π.

When i ≥ j, the above integral is nonzero only for k = i + l − j, and when j > i, A is nonzero only
for l = j + k − i. First, take i ≥ j. Then

A =
∫ ∞

0
r2(i+l)+1e−r

m
dr =

1
m
Γ (

2(i + l) + 2
m

) =
1
m

1
di+l

.

Therefore,

Bmf (z) =
m

Km(z,z)

∑
i,j≥0
i+j≤n

aij

∞∑
l=0

di+l−jdl
di+l

zi+l−j z̄l

≤ d−1
0

∑
i,j≥0
i+j≤n

aij

∞∑
l=0

di+l−jdl
di+l

zi+l−j z̄l .

We are left to show that the above sum converges for every z ∈C. Let

S(z, z̄) =
∞∑
l=0

alz
i+l−j z̄l , where al =

di+l−jdl
di+l

.

Using the Stirling formula for gamma functions, we will show that al → 0 as l →∞ exponen-
tially fast. Indeed, let α = 2/m, and recall the Stirling formula Γ (x) ∼

√
2πxx−1/2e−x as x→∞.

Then

al =
Γ (α(i + l + 1))

Γ (α(i + l − j + 1))Γ (α(l + 1))
=

Γ (αl +C1)
Γ (αl +C2)Γ (αl +C3)

,

Where C1 = α(i + 1), C2 = α(i − j + 1), and C3 = α. Applying Stirling’s formula to αl→∞,

al ∼
(αl +C1)(αl+C1−1/2)e−(αl+C1)

√
2π(αl +C2)(αl+C2−1/2)e−(αl+C2)(αl +C3)(αl+C3−1/2)e−(αl+C3)

→ ceαl

(αl)αl
, as l→∞,

for some constant c. We want to show that S(z, z̄) =
∑∞
l=0 alz

i−j |z|2l converges absolutely for
every z ∈C. Using the root test for convergence, take bl = |al ||z|2l . Then

l
√
|bl | = |al |1/l |z|2→ c1/leα(αl)−α |z|2→ 0, as l→∞.

Thus, S(z, z̄) is absolutely convergent for any z ∈ C. The case of i < j can be done similarly, and
we can conclude that for any polynomial f , and any z ∈C, Bmf (z) is finite.

Polynomial fixed points of the Berezin transform on Fock-Type spaces

In the following, we give a summary of our paper [9] (equivalently, Appendix C) about the
polynomial fixed points of the Berezin transform on F2

m, where m > 0. We will see that most of
the polynomials which are fixed under the Berezin transform are harmonic.

Proposition 3.3.9 (Lemma C.3.1, [9], Lemma 2). Let m > 0 and Bm be the Berezin transform on
F2
m. Then harmonic polynomials in z and z̄ are fixed points of the Berezin transform.
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Proof. Assume that f is a holomorphic polynomial. Since {zn : n = 0,1, · · · } is an orthogonal
basis for F2

m, one can see that f ∈ F2
m. Moreover, Lemma 5.2 in [20] states that when f is a

polynomial, f Km,z ∈ L2
m for every z ∈C. Hence, the reproducing kernel property implies that

Bm(f )(z) =
∫
C

f (w)|km,z(w)|2e−|w|
m
dA(w) =

1
Km(z,z)

∫
C

f (w)Km,z(w)Km,z(w)e−|w|
m
dA(w)

=
1

∥Km,z∥2

∫
C

Km(z,w)[Km,z(w)f (w)]e−|w|
m
dA(w) =

Km,z(z)f (z)
∥Km,z∥2

= f (z).

The same holds with f replaced by f̄ , and thus f + ḡ is fixed under the Berezin transformation
whenever f and g are both holomorphic polynomials. Since harmonic functions can be written
as a sum of holomorphic and conjugate holomorphic functions, any harmonic polynomial is a
fixed point of the Berezin transformation.

Now that we know that harmonic polynomials are fixed points of the Berezin transform Bm
for every positive m, our focus now is to investigate whether every polynomial f which is fixed
under Bm, i.e., Bmf = f , is harmonic and how the value of m affects the picture.

Lemma 3.3.10 (Lemma C.2.1, [9], Lemma 1). Let β(·, ·) be the beta function, and k a positive
integer. The function x→ β(x,k − x) is convex on (0, k) and attains its minimum at x = k/2.

Let us define

Hn,τ =


n∑
j=0

ajz
j+τ z̄j : aj ∈C


for n,τ ∈N0, and

Hn,τ =


n∑
j=0

ajz
j z̄j−τ : aj ∈C


for τ ∈Z \N0 and n ∈N0, where N0 is the set of non-negative integers.

Lemma 3.3.11 (Lemma C.3.3, [9], Lemma 4). Let f be a polynomial (of z and z̄) of degree n such
that Bmf = f . Then

f =
n∑

τ=−n
fτ ,

where fτ ∈Hn,τ and Bmfτ = fτ for τ = −n, . . . ,n.

Theorem 3.3.12 (Theorem C.1.1, [9], Theorem 1). Assume that Bmf = f for a polynomial f of z
and z̄ with nonnegative coefficients and for some m > 0. Then f is harmonic.

Sketch of proof. Using Lemma 3.3.11 and by contradiction, it is enough to show that the non-
harmonic polynomial f (z) =

∑n
j=1 ajz

j+τ z̄j , with n ∈ N0, 0 ≤ τ ≤ n, aj ≥ 0, and an > 0 is not a
fixed point. Similarly to (3.3.4), one can see that

Km(z,z)Bmf (z) =m
∞∑
l=0

n∑
j=1

aj
dl+τdl
dj+l+τ

zl+τ z̄l ,

and

Km(z,z)f (z) =m
∞∑
l=0

n∑
j=1

ajdlz
j+τ+l z̄j+l =m

∞∑
l=j

n∑
j=1

ajdl−jz
l+τ z̄l .
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Assuming Bmf = f ,

0 = Km(z,z)Bmf (z)−Km(z,z)f (z) =m
j−1∑
l=0

n∑
j=1

aj
dl+τdl
dj+τ+l

zl+τ z̄l

+m
∞∑
l=j

n∑
j=1

aj

(
dl+τdl
dj+τ+l

− dl−j
)
zl+τ z̄l ,

(3.3.5)

for all z. Using Lemma 3.3.10, one can see that dl+τdl
dj+τ+l

− dl−j > 0. Hence, an > 0 implies
Km(z,z)Bmf (z)−Km(z,z)f (z) . 0, which contradicts (3.3.5). Thus, f is not a fixed point.

When m = 2, one can write the Berezin transform as

B2f (z) = 2
∫
C

f (z+ ξ)e−|ξ |
2
dA(ξ),

where dA = rdrdθ/2π. Notice that since we normalize dA by 2π, the above formula has a
multiple of 2 instead of 1/π as in (3.3.1). Computing B2f for f = zj+τ z̄j , where j ∈ N and
τ ∈N0, obtaining the matrix representation of B2 over a suitable basis, and applying the rank-
nullity theorem, one can conclude the following theorem.

Theorem 3.3.13 (Theorem C.1.2, [9], Theorem 2). Let f be a polynomial of z and z̄ such that
B2f = f . Then f is harmonic.

Notice that the above theorem is different from Theorem 3.3.5, as polynomials are not
bounded.

Remark 3.3.14. The conclusion of Theorem 3.3.13 can be viewed as a Liouville-type result for
fixed points of the Berezin transform. It is worth noting that every polynomial in z and z̄ on
C
n defines a tempered distribution, i.e., C[z, z̄] ⊂ S ′(Cn). In this broader setting, a stronger

statement is available: if u ∈ S ′(Cn) satisfies B[u] = u in the classical Fock space, then u is a
harmonic polynomial; see Lemma 2.8 in [15]. This can be interpreted as a Liouville theorem
for tempered distributions and thus constitutes a generalization of Theorem 3.3.13.

However, the proof of Theorem 3.3.13 given in Appendix C (See the proof of Theo-
rem C.1.2) is of a different nature. The argument in which Lemma 2.8 in [15] is based on,
relies on the identification of the Berezin transform with a Gaussian convolution (equivalently,
the heat semigroup) and uses Fourier-analytic methods in S ′(Cn). In contrast, our proof does
not pass through the Laplacian or distributional techniques. Instead, it is based on the alge-
braic structure of the Berezin transform acting on polynomials and the decomposition results
developed in Appendix C, in particular Lemmas C.3.3 and C.5.1, together with the argument
in the proof of Theorem C.1.2. This approach works directly within the function-theoretic
framework of Fock-type spaces and does not rely on the heat semigroup structure, which in
general is not available beyond the classical case.

For m , 2, the situation is more difficult, since the Bergman kernels do not have a closed
form and the computations involve many gamma functions. Our main result shows that Bmf =
f for a polynomial f implies that f is harmonic for all m, except possibly countably many m.

Theorem 3.3.15 (Theorem C.1.3, [9], Theorem 3). For n ∈ N0, there exists a discrete (possibly
empty) set Zn ⊂ (0,∞) with no cluster points in (0,∞) such that if m ∈ (0,∞) \Zn and Bmf = f for a
polynomial f of degree at most n, then f is harmonic.
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Sketch of proof. By Lemma 3.3.11, it is enough to prove the theorem for functions f ∈ Hn,τ ,
where 0 ≤ τ ≤ n. For any z ∈C and f ∈Hn,τ , define

Tm,nf (z) = Km(z,z)Bmf (z)−Km(z,z)f (z).

Then ker(Bm − I) = ker(Tm,n) ⊇ span{zτ } = ker(T2,n), and rank(Bm − I) = rank(Tm,n) ≤ n =
rank(T2,n). For any m > 0, the rank-nullity theorem implies that rank(Tm,n) + dim(ker(Tm,n)) =
dim(Hn,τ ) = n+ 1. Then, similarly to (3.3.5),

Tm,n(zj+τ z̄j ) =m
j−1∑
l=0

dl+τdl
dj+τ+l

zl+τ z̄l +m
∞∑
l=j

(
dl+τdl
dj+τ+l

− dl−j
)
zl+τ z̄l

=
∞∑
k=0

aj,k(m)zk+τ z̄k ,

where each aj,k is holomorphic on U = {z ∈C : Re(z) > 0}, by properties of the gamma function.
Note that the matrix [aj,k(m)] is of size∞× (n+ 1). Let A = [aj,k(2)]∞×(n+1). By Theorem 3.3.13,
rank(T2,n) = n, implying that rank(A) = n. Recall from linear algebra that the rank of a matrix
equals the size, i.e., the number of rows or columns, of the largest square submatrix that has a
non-zero determinant. Thus, there exists an n×n submatrix Sn(2) of A such that det(Sn(2)) , 0.
Choosing the same fixed row/column indices that give the nonzero minor at m = 2, produces
a finite matrix Sn(m) whose entries are holomorphic functions on U . This is because each aj,k
is holomorphic on U . Therefore, S(m) := detSn(m) is holomorphic on U . Since S(2) , 0, S is
a holomorphic function which is not identically zero. So its zeros are isolated. Let Zn,τ be the
zero set of S. Zn,τ is a discrete set with no accumulation point in U . Since det(Sn(m)) , 0 for
z ∈ U \Zn,τ , rank(Tm,n) ≥ n for z ∈ U \Zn,τ . However, we showed earlier that for all 0 < m <∞,
rank(Tm,n) ≤ n as dim(ker(Tm,n)) ≥ 1. Hence, rank(Tm,n) = n and dim(ker(Tm,n)) = 1 for m ∈
(0,∞) \Zn,τ . Namely, span{zτ } = ker(Tm,n) for m ∈ (0,∞) \Zn,τ .

Let Z1
n = ∪nτ=0Zn,τ . Hence Z1

n is a discrete set with no cluster in (0,∞). Furthermore, we
showed that only the holomorphic polynomials are fixed whenever 0 ≤ τ ≤ n andm ∈ (0,∞)\Z1

n .
Similarly, we can show that there is a discrete set Z2

n , such that when −n ≤ τ < 0 and m ∈
(0,∞)\Z2

n , only the conjugate holomorphic polynomials are fixed. Let Zn = Z1
n ∪Z2

n . Therefore,
if m ∈ (0,∞) \Zn and Bmf = f for a polynomial f of degree at most n, then f is harmonic.

Remark 3.3.16. Recall that any finite union of discrete sets without accumulation points is
discrete with no accumulation points. For example, let Z1,Z2 ∈ (0,∞) be discrete and without
cluster points in (0,∞). Suppose for contradiction that Z = Z1 ∪Z2 has an accumulation point
x ∈ (0,∞). Then there exists a sequence xn ⊂ Z, all distinct, with xn → x. Because each xn lies
in either Z1 or Z2, by the pigenhole principle, infinitely many xn lies in one of the two sets, say
Z1. But then x would be an accumulation point of Z1, contradicting the hypothesis. Therefore,
no such x exists, so Z has no accumulation points in (0,∞). Equivalently, every point of Z is
isolated, so Z is discrete.

Corollary 3.3.17 (Corollary C.1.4, [9], Corollary 1). Let f be a polynomial of z and z̄ of degree at
most n. Then the following are equivalent.

1. Bmf = f for some m ∈ (0,∞) \Zn,

2. Bmf = f for all m ∈ (0,∞) \Zn.
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Proof. (1) ⇒ (2). Assume f is a polynomial in z, z̄ with degf ≤ n and there exists some m0 ∈
(0,∞) \Zn with Bm0

f = f . By Theorem 3.3.15, this forces f to be harmonic. But by Proposition
3.3.9, every harmonic polynomial is a fixed point of the Berezin transform for all parameters
m. Hence for every m ∈ (0,∞) (and in particular for every m ∈ (0,∞) \ Zn) we have Bmf = f .
Thus (2) holds.

(2)⇒ (1). This is immediate: if Bmf = f for allm ∈ (0,∞)\Zn, then in particular there exists
some m ∈ (0,∞) \Zn with Bmf = f .

Therefore, (1) and (2) are equivalent.

Since the countable union of countable sets is countable, we have the following corollary.

Corollary 3.3.18 (Corollary C.1.5, [9], Corollary 2). There exists a countable, possibly empty, set
Z ⊂ (0,∞) such that if Bmf = f for a polynomial f of z and z̄ and m ∈ (0,∞)\Z, then f is harmonic.

Using a more computational approach, we also show that if Bmf = f for a binomial function
f , then f is harmonic.

Theorem 3.3.19 (Theorem C.1.6, [9], Theorem 4). Let m > 0 and f (z) = c1z
az̄b + c2z

cz̄d , where a,
b, c, and d are positive integers. Then f is a fixed point of the Berezin transformation Bm if and only
if c1 = c2 = 0.

Proof for monomials. Let m > 0 and f (z) = zpz̄q with p,q > 0, be a fixed point of the Berezin
transform. By Proposition 3.3.9, when either p or q are zero, f is harmonic and is fixed under
Bm. So, assume that p,q ≥ 1 and Bmf = f . Then

Km(z,z)zpz̄q = Km(z,z)Bmf (z) =
∫
C

wpw̄q|Km(w,z)|2e−|w|
m
dA(w).

Hence,

m
∞∑
k=0

dkz
pz̄qzk z̄k =m2

∞∑
k,l=0

dkdl

∫
C

wpw̄qzkw̄k z̄lwle−|w|
m
dA(w)

=m2
∞∑

k,l=0

dkdlz
k z̄l

∫
C

wp+lw̄q+ke−|w|
m
dA(w).

First, assume that p ≥ q. The above integral is nonzero only if k = p+ l − q. Therefore,

m
∞∑
k=0

dkz
p+k z̄q+k =m2

∞∑
l=0

dp+l−qdlz
p+l−qz̄l

∫ ∞
0
r2(p+l)+1e−r

m
dr

=m2
∞∑
l=0

dp+l−qdlz
p+l−qz̄l

1
m
Γ

(
2(p+ l) + 2

m

)

=m
∞∑
l=0

dp+l−qdlz
p+l−qz̄l

1
dp+l

.

(3.3.6)

For the above equation to hold, every corresponding l-term on each side must agree. Note that
the zeroth term on the right hand side is holomorphic, while there is no holomorphic term on
the left hand side. Hence, they can not be equal.
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When p < q, similarly we obtain

m
∞∑
k=0

dkz
p+k z̄q+k =m

∞∑
k=0

dkdq−p+kz
k z̄q−p+k 1

dq+k
.

The zeroth term on the right-hand side is conjugate holomorphic, while there is no conjugate
holomorphic term on the left-hand side. Hence, they are not equal.

Therefore, we can conclude that any monomial which is a fixed point of the Berezin trans-
formation should be either of the form zp or z̄q.

Remark 3.3.20. The idea behind the proof of Theorem 3.3.19 for binomial fixed points of the
Berezin transform is similar to the monomial case explained above. However, the computations
are much more complicated and involve properties of Beta and Gamma functions. Interested
readers are encouraged to check out the paper [9], where a copy is provided in Appendix C.

It would be interesting to know if the set Z in Corollary 3.3.18 can be non-empty. So, we
finish this section with the following conjecture.

Conjecture 3.3.21. Let f be a polynomial in z and z̄. If for any m > 0 we have Bmf = f , then f
is harmonic.

3.4 Open problems

In what follows, we give a few open problems, proposing future possible directions related to
papers [10, 6, 9], i.e., Appendices A-C.

Regarding [10] (equivalently, Appendix A), one can study the following.

1. Exploring the Berger-Coburn phenomenon for Schatten class Hankel operators with p , 2
on doubling Fock spaces, and other function spaces.

2. Exploring the Berger-Coburn phenomenon for compact Hankel operators on doubling
Fock spaces, and other function spaces.

3. Exploring the Berger-Coburn conjecture for bounded, compact, and Schatten class
Toeplitz operators on classical, doubling, and other Fock-type spaces.

Regarding [6] (equivalently, Appendix B), one can study the following.

1. Can we prove the result of Theorem 3.2.26 without assuming that the symbol G(z) is a
compact operator on H, for every z ∈Cn?

2. Studying the Fredholm property of Toeplitz operators Tf acting on scalar weighted Fock
spaces Fpφ(Cn).

3. Study of boundedness and compactness of the vectorial Toeplitz operator TG acting on
large vector-valued Fock spaces Fpφ(H), with p , 2.

4. Studying the Fredholm property of vectorial Toeplitz operators TG acting on large vector-
valued Fock spaces Fpφ(H).

Regarding [9] (equivalently, Appendix C), one can study the following.
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1. Exploring Conjecture 3.3.21 for m , 2.

2. Studying the fixed points of the Berezin transform Bm for non-polynomial functions and
more general doubling Fock spaces.

3. Exploring the possible relationship between the Berezin transform Bm and the Laplace-
Beltrami operator, as well as the corresponding heat equation. Doing that may not only
result in a more general fixed-point theorem, but also may help us to quantize the com-
plex plane equipped with a more general metric.
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Appendix A

Schatten class Hankel operators on
doubling Fock spaces and the
Berger-Coburn phenomenon1

Abstract

Using the notion of integral distance to analytic function, we give a characterization
of Schatten class Hankel operators acting on doubling Fock spaces on the complex plane
and use it to show that for f ∈ L∞, if Hf is Hilbert-Schmidt, then so is Hf̄ . This property
is known as the Berger-Coburn phenomenon. When 0 < p ≤ 1, we show that the Berger-
Coburn phenomenon fails for a large class of doubling Fock spaces. Along the way, we
illustrate our results for the canonical weights |z|m when m > 0.

A.1 Introduction and main results

Let dA = 1
2idz ∧ dz̄ be the Lebesgue measure on C, and φ be a subharmonic function. For

0 < p <∞, Lpφ = Lp(C, e−pφdA) is the space of all measurable functions on C such that

∥f ∥pp,φ =
∫
C

|f (z)|pe−pφ(z)dA(z) <∞, (A.1.1)

and L∞φ is the space of measurable functions f such that

∥f ∥∞,φ = esssup
z∈C
|f (z)|e−φ(z) <∞. (A.1.2)

Moreover, we write Lp(Ω) for the space Lp(Ω,dA) where Ω ⊂C, and we abbreviate Lp(C,dA) as
Lp. A positive Borel measure µ on C is called doubling if there exists some constant C > 1 such
that

µ(D(z,2r)) ≤ Cµ(D(z, r)) (A.1.3)

for all z ∈ C and r > 0, where D(z, r) is the open disk in C with center z and radius r. The
smallest C > 1 is called the doubling constant for µ. Hence, for each z ∈ C, limr→∞µ(D(z, r)) =

1This appendix reproduces the paper “Schatten class Hankel operators on doubling Fock spaces and the Berger–
Coburn phenomenon” by G. Asghari, Z. J. Hu, and J. A. Virtanen, Journal of Mathematical Analysis and Applications
540 (2024), no. 2, Paper No. 128596.

Apart from formatting adjustments, this appendix coincides with the published version.
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∞. It is well known that µ has no point mass, i.e.,

µ(∂D(z, r)) = µ({z}) = 0 for every z ∈C and r > 0, (A.1.4)

and is nonzero and locally finite. That is,

0 < µ(D(z, r)) <∞ for every z ∈C and r > 0. (A.1.5)

Note that since for each z ∈ C, limr→∞µ(D(z, r)) =∞, the function r 7→ µ(D(z, r)) is an increas-
ing homeomorphism from (0,∞) to itself. Therefore, for every z ∈ C, there is a unique positive
radius ρ(z) such that µ(z,ρ(z)) = 1. For more information on doubling measures see [75]. De-
note by H(C) the space of holomorphic functions on C. Then the doubling Fock space Fpφ is
defined by

F
p
φ = Lpφ ∩H(C) (A.1.6)

where φ is a subharmonic function, not identically zero on C, and dµ = △φdA is a doubling
measure. As shown in [64], ρ−2 is a regularization of ∆φ. Indeed, Theorem 14 in [64] states that
when φ is subharmonic and ∆φdA is a doubling measure, there exists a subharmonic function
ψ ∈ C∞(C) and C > 0 such that |ψ −φ| ≤ C, ∆ψdA a doubling measure, and ∆ψ ≃ ρ−2

ψ ≃ ρ
−2
φ .

The comparability relation ≃ is explained at the beginning of Section 2. Since the spaces of
functions and sequences that we consider do not change if φ is replaced by ψ, we will assume
that φ ∈ C∞(C) and ∆φdA ≃ dA/ρ2 is a doubling measure. Hence, up to normalization by
a constant, we can consider ρ−2(z)dz ⊗ dz̄ to be the metric tensor describing the underlying
geometry of our space.

It is well known that (Fpφ,∥ · ∥p,φ) is a Banach space for 1 ≤ p ≤∞ and a quasi-Banach space

for 0 < p < 1. Let Kz = K(·, z) be the reproducing kernel of F2
φ. Then the orthogonal projection

P : L2
φ→ F2

φ is given by

P f (z) =
∫
C

f (w)Kz(w)e−2φ(w)dA(w). (A.1.7)

Then, as shown in [68], for any 1 ≤ p ≤ ∞, P is a bounded linear operator from L
p
φ to Fpφ, and

for any f ∈ Fpφ, f = P f . Let Γ = span{Kz : z ∈ C}, and consider the class of symbols

S = {f measurable : f g ∈ L2
φ for g ∈ Γ }.

Note that L∞ ⊂ S . Given f ∈ S , define the Toeplitz operator Tf and the Hankel operator Hf on
F
p
φ by

Tf g = P (f g), Hf g = (I − P )(f g) = f g − P (f g). (A.1.8)

The doubling Fock spaces as well as some pointwise estimates of the Bergman kernel have
been studied in seminal papers of Christ [24], and Marco, Massaneda and Ortega-Ceda [64,
65]. Oliver and Pascuas [68] studied the characterization of boundedness, compactness and
the Schatten class membership of Toeplitz operators on doubling Fock spaces. In [49], Hu and
Virtanen introduced a new space IDA of locally integrable functions whose integral distance
to holomorphic functions is finite and used it to characterize boundedness and compactness of
Hankel operators on weighted Fock spaces. Using the same notion, in [51] they characterized
Schatten class Hankel operators acting on weighted Fock spaces F2

Φ
, where m ≤ △Φ ≤ M for

some m,M > 0. Recently, their characterizations of bounded and compact Hankel operators
was extended to the setting of doubling Fock spaces in [63].
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In the present work, we use a generalized version of IDA to study the Schatten class mem-
bership of Hankel operators on doubling Fock spaces. Of particular interest is the result of
Berger and Coburn [17] which says that, for f ∈ L∞, if Hf is a compact operator acting on the
classical Fock space F2, then so is Hf̄ . We refer to this property as the Berger-Coburn phe-
nomenon and note that an analogous statement fails both in the Hardy and Bergman spaces
(see, e.g., [41]). More recently, Berger and Coburn’s result has been extended to Fock spaces
with standard weights by Hagger and Virtanen [41] (using limit operator techniques as op-
posed to C∗-algebra techniques and Hilbert space methods) and to generalized Fock spaces Fp

Φ

by Hu and Virtanen [49]. Our approach is similar to that of [49] except that we need to deal
with more complicated geometry induced by the function ρ arising in the study of doubling
Fock spaces.

It is natural to ask whether the Berger-Coburn phenomenon also holds for Schatten class
Hankel operators. Indeed, Bauer [14] was the first to show that this property holds for Hilbert-
Schmidt Hankel operators on F2. Recently, Hu and Virtanen in [51] proved that when 1 < p <
∞, Hf acting on F2

Φ
is in the Schatten class Sp if and only if Hf̄ is in Sp. This was followed

by the work of Xia [76], in which he showed also that if f (z) = 1/z for |z| > 1 and f = 0 else-
where, then Hf acting on the classical Fock space F2 is in the trace class while Hf̄ is not. In
his work, Xia employed a rather long and involved calculations using the standard basis vec-
tors ek(z) = zk/

√
k! and the reproducing kernel K(z,w) = ezw̄. Observe that for non-standard

weighted Fock spaces, there are no explicit formulas for the basis vectors or the reproducing
kernel. To overcome this, Hu and Virtanen [50] used their characterizations of Schatten class
Hankel operators to verify that Xia’s example shows that the Berger-Coburn phenomenon fails
for Sp(F2

ϕ ,L
2
ϕ) when 0 < m < ∆ϕ < M and 0 < p ≤ 1. Here, we use an analogous approach on

doubling Fock spaces to prove the existence of the Berger-Coburn phenomenon for Hilbert-
Schmidt Hankel operators. When 0 < p ≤ 1, we show that the Berger-Coburn phenomenon
fails for some doubling Fock spaces—the larger the value of p, the fewer Fock spaces we can
cover.

To state our main results, following [49, 60] with a modification according to the doubling
property of the measure under consideration, we define

Gq,r(f )(z) = inf
{( 1
|Dr(z)|

∫
Dr (z)
|f − h|qdA

)1/q
: h ∈H(Dr(z))

}
, (A.1.9)

for f ∈ Lqloc, q ≥ 1 and r > 0. Here |Dr(z)| is the Lebesgue measure of Dr(z) := D(z, rρ(z)). Now,
for 0 < p ≤ ∞, 1 ≤ q ≤ ∞, and α ∈ R, the space IDAp,q,α

r consists of all f ∈ Lqloc such that
∥f ∥IDAp,q,α

r
= ∥ραGq,r(f )∥Lp <∞. Besides, for f ∈ L1

loc, define f̂r(z) := |Dr(z)|−1
∫
Dr (z) f dA.

Theorem A.1.1 (IDA decomposition). Let φ ∈ C∞(C) be subharmonic such that dµ = ∆φdA is a
doubling measure. Suppose that 1 ≤ q ≤ ∞, 0 < p <∞, α ∈ R, and f ∈ Lqloc. Then for f ∈ IDAp,q,α

r ,
f = f1 + f2 where f1 ∈ C2(C) and

ρ1+α |∂̄f1|+ ρ1+α(̂|∂̄f1|qr )
1/q + ρα(|̂f2|qr )

1/q ∈ Lp, (A.1.10)

for some (equivalent any) r > 0, and

∥f ∥IDAp,q,α
r
≃ inf

{
∥ρ1+α(̂|∂̄f1|qr )

1/q∥Lp + ∥ρα(|̂f2|qr )
1/q∥Lp

}
, (A.1.11)

where the infimum is taken over all possible decompositions f = f1 + f2, with f1 and f2 satisfying the
conditions in (A.3.11).
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Theorem A.1.1 was stated in [63] without proof. We believe that the proof is rather technical
and not trivial at all. It appears that this theorem should be a natural extension of Theorem
3.8 in [49]. However, bounding a solution to the ∂̄-equation in the doubling Fock space is
problematic.

Theorem A.1.2 (Schatten class membership of Hankel operators). Let 0 < p ≤∞, and φ ∈ C∞(C)
be subharmonic such that dµ := ∆φdA is a doubling measure. Then for f ∈ S , the following are
equivalent:

(1) Hf : F2
φ→ L2

φ is in Sp,

(2) f ∈ IDAp,2,−2/p
r , for some (equivalent any) r > 0.

Moreover,
∥Hf ∥Sp ≃ ∥f ∥IDAp,2,−2/p

r
. (A.1.12)

Remark A.1.3. Assuming smoothness of ρ−2, the condition for the Sp membership of the Han-
kel operator on the doubling Fock space is equivalent to the condition that G2,r(f ) belongs to
the space of Lp functions on C with the conformal metric ρ−2dz⊗ dz̄.

To characterize the simultaneous membership of Hf and Hf̄ in Sp, we need to define the
space of integral mean oscillation. First, for f ∈ L2

loc and r > 0, the mean oscillation of f is
defined by

MO2,r(f )(z) =
(

1
|Dr(z)|

∫
Dr (z)
|f − f̂r(z)|2dA

)1/2

. (A.1.13)

Given 0 < p ≤∞ and α ∈R, we define the space IMOp,2,α
r to be the family of those f ∈ L2

loc such
that

∥f ∥IMOp,2,α
r

= ∥ραMO2,r(f )∥Lp <∞. (A.1.14)

Theorem A.1.4. Let 0 < p <∞ and assume that φ ∈ C∞(C) is subharmonic such that dµ = ∆φdA is
a doubling measure. Then the following are equivalent.

(1) Both Hf and Hf̄ ∈ Sp(F2
φ,L

2
φ),

(2) f ∈ IMOp,2,−2/p
r , for some (equivalent any) r > 0. Moreover,

∥Hf ∥Sp + ∥Hf̄ ∥Sp ≃ ∥f ∥IMOp,2,−2/p
r

. (A.1.15)

Using the preceding result, it is easy to show that Hf̄ is not Hilbert-Schmidt on F2
φ when

f is a non-constant entire function (see Theorem A.5.4), which implies an analogous result of
Schneider [72] for the canonical weights φ(z) = |z|m and f (z) = zk when k is a positive integer
and m > 0. However, when we restrict our study to bounded symbols, it turns out that Hf̄ ∈ S2

whenever Hf ∈ S2 as seen in the following theorem.

Theorem A.1.5 (Berger-Coburn phenomenon for Hilbert-Schmidt Hankel operators). Let φ ∈
C∞(C) be subharmonic and suppose that that dµ = ∆φdA is a doubling measure. Then for f ∈ L∞,
Hf ∈ S2(F2

φ,L
2
φ) if and only if Hf̄ ∈ S2(F2

φ,L
2
φ), with

∥Hf̄ ∥S2
≃ ∥Hf ∥S2

. (A.1.16)
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It is worth emphasizing that the preceding theorem for Hilbert-Schmidt Hankel operators
was proved by Bauer [14] in 2004, and it took almost two decades until it was proved for other
Schatten classes by Hu and Virtanen [51]. This leads to the following question.

Open Problem A.1.6. Does the Berger-Coburn phenomenon hold true for other Schatten
classes Sp when 1 < p <∞?

For a discussion on the preceding open problem (involving the Muckenhoupt condition for
the boundedness of the Beurling-Ahlfors operator), see Remark A.6.1 in Section 6.

Before stating our last theorem, we recall the following growth condition for the function
ρ. Given a doubling Fock space F2

φ, there are constants C,η > 0 and 0 ≤ β < 1 such that

C−1|z|−η ≤ ρ(z) ≤ C|z|β (A.1.17)

for |z| > 1 (see Equation (5) of [64]); we denote the smallest β that satisfies (A.1.17) by βφ.
The following result shows the Berger-Coburn phenomenon fails for Sp(F2

φ,L
2
φ) provided

that βφ is sufficiently small in comparison with the value of p.

Theorem A.1.7. Let φ ∈ C∞(C) be subharmonic with dµ = ∆φdA a doubling measure. Then, for
0 < p ≤ 1 with βφ ≤

1−p
1−p/2 , the Berger-Coburn phenomenon for Schatten class Hankel operators fails;

that is, there is an f ∈ L∞(C) such that Hf ∈ Sp(F2
φ,L

2
φ) but Hf̄ < Sp(F2

φ,L
2
φ).

In particular, when ρ is bounded, the Berger-Coburn phenomenon fails for all 0 < p ≤ 1.

A simple consequence of the preceding theorem is that if F2
φ is a doubling Fock space, then

the Berger-Coburn phenomenon fails for Sp(F2
φ,L

2
φ) provided that p is sufficiently small.

Another consequence is the following corollary, in which we consider again the canonical
doubling weights φ(z) = |z|m and determine when the Berger-Coburn phenomenon fails for
these weights.

Corollary A.1.8. Let m > 0 and 0 < p ≤ 1. Then the Berger-Coburn phenomenon fails for
Sp(F2

|z|m ,L
2
|z|m) if

m ≥
p

1− p2
.

In particular, if m ≥ 2, then the phenomenon fails for all Schatten classes Sp with 0 < p ≤ 1.

Theorem A.1.7 and its corollary lead to the following question.

Open Problem A.1.9. Determine whether the Berger-Coburn phenomenon fails for Sp(F2
φ,L

2
φ)

when 0 < p ≤ 1 and ∆φdA is doubling.

The paper is organized as follows. In the next section, we provide preliminaries on the
reproducing kernel, including global and local estimates, and elaborate more on the radius
function ρ and the induced metric on the complex plane. In Section 3, we provide useful lem-
mas and use them to prove Theorem A.1.1 (IDA decomposition). In Section 4, we use Toeplitz
operators with locally finite positive Borel measures to prove Theorem A.1.2, which charac-
terizes the Schatten class membership of Hankel operators. Section 5 is devoted to the study
of the function space IMO of integral mean oscillation, which we use to prove Theorem A.1.4.
Finally, in Section 6, we prove the Berger-Coburn phenomenon for Hilbert-Schmidt Hankel op-
erators on general doubling Fock spaces as stated in Theorem A.1.5. We finish the last section
with the proofs of Theorem A.1.7 and Corollary A.1.8.
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A.2 Preliminaries

In this section we recall and prove some key lemmas on the function ρ, the reproducing kernel
of F2

φ, the space IDAp,q,α
r , and their related integral and norm estimates.

Notation. We use C to denote positive constants whose value may change from line to line
but does not depend on the functions being considered. We say that A ≃ B if there exists a
constant C > 0 such that C−1A ≤ B ≤ CA. Moreover, A ≲ B if A ≤ CB for some positive constant
C.

Let φ be a subharmonic function on C such that dµ = ∆φdA is a doubling measure. Recall
that there is a function ρ such that µ(D(z,ρ(z))) = 1, for every point z ∈ C. In other words, the
radius of a disk with unit measure depends on the center of the disk. As shown in the Fig 1,
D(z,ρ(z)) ⊂D(w, |w−z|+ρ(z)). Hence, 1 ≤ µ(D(w, |w−z|+ρ(z))), and thus ρ(w) ≤ ρ(z)+ |w−z|. By
symmetry,

|ρ(w)− ρ(z)| ≤ |w − z|, for every z,w ∈ C. (A.2.1)

wz
ρ(z)

ρ(z) + |w − z|

Figure A.1: Relation between ρ(z) and ρ(w)

Lemma A.2.1 (See [68], Lemma 2.2). For every r > 0 there is a constant cr ≥ 1, depending only on
r and the doubling constant for µ, such that

c−1
r ρ(z) ≤ ρ(w) ≤ crρ(z), for every z ∈ C and w ∈Dr(z). (A.2.2)

Namely, cr = (1− r)−1, for every 0 < r < 1. In other words, ρ(w) and ρ(z) are equivalent on a disk.

Consider the distance dφ induced by the metric ρ−2dz⊗ dz̄. Indeed, for any z,w ∈ C,

dφ(z,w) = inf
γ

∫ 1

0

|γ ′(t)|
ρ(γ(t))

dt, (A.2.3)

where the infimum is taken over all piecewise C1 curves γ : [0,1]→C with γ(0) = z and γ(1) =
w.

Lemma A.2.2 (See [64], Lemma 4). There exists δ > 0 such that for every r > 0 there exists Cr > 0
such that

C−1
r
|z −w|
ρ(z)

≤ dφ(z,w) ≤ Cr
|z −w|
ρ(z)

, for w ∈Dr(z), (A.2.4)

and
C−1
r

( |z −w|
ρ(z)

)δ
≤ dφ(z,w) ≤ Cr

( |z −w|
ρ(z)

)2−δ
, for w ∈ C \Dr(z), (A.2.5)
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Now we can state the following pointwise estimate for the Bergman kernel.

Lemma A.2.3. (1) There exist C,ϵ > 0 such that

|K(w,z)| ≤ C e
φ(w)+φ(z)

ρ(w)ρ(z)
e
−
(
|z−w|
ρ(z)

)ϵ
, w,z ∈ C, (A.2.6)

(2) There exists some r0 > 0 such that for z ∈ C and w ∈Dr0(z), we have

|K(w,z)| ≃ e
φ(w)+φ(z)

ρ(z)2 . (A.2.7)

(3) kp,z → 0 uniformly on compact subsets of C as z→∞, where kp,z := Kz
∥Kz∥p,φ

is the normalized

Bergman kernel of Fpφ.

(4) For any 1 ≤ p ≤∞, we have that

∥Kz∥p,φ ≃ eφ(z)ρ(z)2/p−2. (A.2.8)

Proof. See Theorem 1.1 and Proposition 2.11 of [65] respectively for parts (1) and (2), Lemma
2.3 of [43] for part (3), and Proposition 2.9 of [68] for part (4).

Given a sequence {aj}∞j=1 ⊂ C, and r > 0, we call {aj}∞j=1 an r-lattice if {Dr(aj )}∞j=1 covers C

and the disks of {Dr/5(aj )}∞j=1 are pairwise disjoint. Moreover, for an r-lattice {aj}∞j=1, and a real
number m > 1, there exists an integer N such that

1 ≤
∞∑
j=1

χDmr (aj )(z)
≤N (A.2.9)

where χE is the characteristic function of a subset E of C. For f , e ∈ L2
φ, the tensor product f ⊗e

as a rank one operator on L2
φ is defined by

f ⊗ e(g) = ⟨g,e⟩f , g ∈ L2
φ. (A.2.10)

Lemma A.2.4. Given r > 0, there is some constant C > 0 such that if Γ is an r-lattice in C, and if
{ea : a ∈ Γ } is an orthonormal set in L2

φ, then∥∥∥∥∥∥∥∑a∈Γ k2,a ⊗ ea

∥∥∥∥∥∥∥
L2
φ→L

2
φ

≤ C, (A.2.11)

where k2,a := Ka
∥Ka∥2,φ

is the normalized Bergman kernel.

Proof. Note that {λa = ⟨g,ea⟩2,φ}a∈Γ ∈ l2. Then similar to the proof of Lemma 2.4 in [45],∥∥∥∥∥∥∥∑a∈Γ λak2,a

∥∥∥∥∥∥∥
2,φ

≤ C∥{λa}a∈Γ ∥l2 , (A.2.12)

where the constant C only depends on r. Then similar to the proof of Lemma 2.4 in [51], we
have ∥∥∥∥∥∥∥

∑
a∈Γ

k2,a ⊗ ea

(g)

∥∥∥∥∥∥∥
2

2,φ

=

∥∥∥∥∥∥∥∑a∈Γ ⟨g,ea⟩k2,a

∥∥∥∥∥∥∥
2

2,φ

≤ C
∑
a∈Γ
|⟨g,ea⟩|2 ≤ C∥g∥22,φ. (A.2.13)
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We finish this section with a description of ρ for the canonical weights |z|m with m > 0.

Lemma A.2.5. Let φ(z) = |z|m withm > 0. Then dµ = ∆φdA is a doubling measure. Moreover, there
is an R > 0 such that

ρ(z) ≃ |z|1−m/2

for |z| > R. In particular, when m ≥ 2, ρ is bounded.

Proof. Note that ∆φ(z) = m2|z|m−2. To show that dµ is a doubling weight, it is enough to prove
that for any x ≥ 0 and r > 0,∫

D(x,2r)
|z|m−2dA(z) ≤ C

∫
D(x,r)

|z|m−2dA(z), (A.2.14)

where the constant C is independent of x and r.
We consider r > x

100 ≥ 0 first. Then D(x,2r) ⊂D(0,x+ 2r), so that∫
D(x,2r)

dµ(ξ) ≤
∫
|ξ |≤x+2r

|ξ |m−2dA(ξ) ≤
∫
|ξ |≤102r

|ξ |m−2dA(ξ) ≤ C1r
m. (A.2.15)

On the other hand, if m ≥ 2,∫
D(x,r)

dµ(ξ) ≥
∫
D(x,r)∩{Reξ≥x}

dµ(ξ) ≥
∫
D(0,r)∩{Reξ≥0}

dµ(ξ) ≥ C2r
m. (A.2.16)

From (A.2.15) and (A.2.16) we obtain (A.2.14) for m ≥ 2 and r > x
100 .

Now we suppose 0 < r < x
100 . Then

D(x,2r) ⊂ {teiθ : x − 2r < t < x+ 2r, |θ| < arcsin
2r
x
},

D(x,r) ⊃ {teiθ : x − c1r < t < x+ c2r, |θ| < arcsin
r

2x
},

where c1 and c2 are positive constants independent of x are r. Hence,∫
D(x,2r)

dµ ≤
∫ x+2r

x−2r
rm−1dr

∫ arcsin 2r
x

−arcsin 2r
x

dθ ≃ r
x

[(x+ 2r)m − (x − 2r)m] (A.2.17)

≃ r
x
rxm−1 = r2xm−2,

where the constant in the inequalities ≃ are all independent of x and r. Similarly,∫
D(x,r)

dµ ≥
∫ x+c2r

x−c1r
rm−1dr

∫ arcsin r
2x

−arcsin r
2x

dθ (A.2.18)

≃ r
x

[(x+ c2r)
m − (x − c1r)

m] ≃ r2xm−2.

Using (A.2.17) and (A.2.18), we obtain (A.2.14).
For 0 < m < 2, and r > x

100 ,∫
D(x,r)

|ξ |m−2dA(ξ) =
∫
D(0,r)

|ξ + x|m−2dA(ξ) ≥
∫
D(0,r)

|ξ |m−2dA(ξ) ≥ C3r
m. (A.2.19)

From (A.2.15) and (A.2.19) we obtain (A.2.14) for 0 < m < 2 and r > x
100 .
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Now notice that using (A.2.17) and (A.2.18) and when x is large enough,∫
(x,x−

m−2
2 )
|ξ |m−2dA(ξ) ≃ 1. (A.2.20)

This, together with the doubling property implies that there exists R > 0 large enough, such
that for the Fock space F2

|z|m ,

ρ(z) ≃ |z|−
m−2

2 = |z|1−
m
2 (A.2.21)

for |z| ≥ R.

A.3 The space IDA

The goal of this section is to prove the IDA decomposition Theorem A.1.1. Before proving the
theorem, we need to see some definitions and lemmas.

Lemma A.3.1. Suppose 1 ≤ q <∞. Then for f ∈ Lqloc, z ∈ C, and r > 0, there is h ∈ H(Dr(z)) such
that (

̂|f − h|qr(z)
)1/q

= Gq,r(f )(z), (A.3.1)

and for s < r,

sup
w∈Ds(z)

|h(w)| ≤ C∥f ∥Lq(Dr (z),dA), (A.3.2)

where the constant C is independent of f and r.

Proof. This proof is similar to the proof of Lemma 3.3 in [49]. Taking h = 0,

Gq,r(f )(z) ≤
(
|̂f |qr(z)

)1/q
<∞. (A.3.3)

Then for j = 1,2, · · ·, pick hj ∈H(Dr(z)) such that(
̂|f − hj |qr(z)

)1/q
→ Gq,r(f )(z) as j→∞. (A.3.4)

Hence for sufficiently large j,(
|̂hj |qr(z)

)1/q
≤ C{

(
̂|f − hj |qr(z)

)1/q
+
(
|̂f |qr(z)

)1/q
} ≤ C

(
|̂f |qr(z)

)1/q
. (A.3.5)

Thus, we can find a subsequence {hjk }
∞
k=1 and a function h ∈H(Dr(z)) such that limk→∞hjk (w) =

h(w) for w ∈Dr(z). By (A.3.4),

Gq,r(f )(z) ≤
(
̂|f − h|qr(z)

)1/q
≤ liminf

k→∞

(
̂|f − hjk |qr(z)

)1/q
= Gq,r(f )(z) (A.3.6)

where in the RHS inequality we have used Fatou’s Lemma. This gives us (A.3.1).
Now for w ∈Ds(z), by the mean value Theorem,

|h(w)| ≤
(
|̂h|qs(z)

)1/q
≤ C

(
|̂h|qr(z)

)1/q
≤

(
|̂f |qr(z)

)1/q
= C∥f ∥Lq(Dr (z),dA). (A.3.7)
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Now we are ready to define f1 and f2 in Theorem A.1.1. Using (A.2.2) and the triangle
inequality, there exists m ∈ (0,1) such that Dmr(w) ⊂ Dr(z), whenever w ∈ Dmr(z). For r > 0, let
{aj}∞j=1 be a mr-lattice, and let Jz := {j : z ∈ Dr(aj )}, so that |Jz| =

∑∞
j=1χDr (aj )

(z) ≤ N , for some
integer N . Let η : C→ [0,1] be the following smooth function with bounded derivatives.

η(z) =

1 if |z| ≤ 1/2,
0 if |z| ≥ 1.

(A.3.8)

For each j ≥ 1 we define ηj(z) = η(
z−aj

mrρ(aj )
). We can normalize ηj such that

∫
C
ηjdA = 1, for each

j ≥ 1. Define ψj(z) =
ηj (z)∑∞
k=1 ηk(z)

. Then one can see that {ψj}∞j=1 is a partition of unity subordinate
to {Dmr(aj )}j≥1, satisfying the following properties:

Suppψj ⊂Dmr(aj ), ψj(z) ≥ 0,
∞∑
j=1

ψj(z) = 1,

|ρ(aj )∂̄ψj | ≤ C,
∞∑
j=1

∂̄ψj(z) = 0, (A.3.9)

where the constant C may depend on r.
By Lemma A.3.1, for j = 1,2, · · ·, we can pick hj ∈H(Dr(aj )) such that

̂|f − hj |qr(aj ) =
1

|Dr(aj )|

∫
Dr (aj )

|f − hj |qdA = Gq,r(f )(aj )
q. (A.3.10)

For 1 ≤ q <∞ and f ∈ Lqloc, decompose f = f1 + f2 as

f1(z) :=
∞∑
j=1

hj(z)ψj(z), f2(z) := f (z)− f1(z). (A.3.11)

Lemma A.3.2. Let 1 ≤ q <∞, f ∈ Lqloc, and r > 0. Decomposing f = f1 + f2 as in (A.3.11), we have
f1 ∈ C2(C) and

ρ(z)|∂̄f1(z)|+ ρ(z)(̂|∂̄f1|qmr )
1/q + (|̂f2|qmr )

1/q ≤ CGq,R(f )(z), (A.3.12)

for some R > r and m ∈ (0,1).

Proof. Using the properties of hj and ψj we can easily see that f1 ∈ C2(C). Let z ∈C, and Jz = {j :
z ∈ Dr(aj )}. We know that if z ∈ Dr(aj ), then ρ(z) ≤ Cρ(aj ). Therefore, knowing

∑∞
j=1 ∂̄ψj = 0,

using (A.3.9), the triangle inequality, and since |hj − h1|q is plurisubharmonic on Dr(aj ),

ρ(z)|∂̄f1(z)| = ρ(z)

∣∣∣∣∣∣∣∣∂̄(
∞∑
j=1

hj(z)ψj(z))

∣∣∣∣∣∣∣∣ ≤ ρ(z)
∞∑
j=1

|hj(z)− h1(z)||∂̄ψj(z)|

≤ C
∑
j∈Jz

 1
|Dr(aj )|

∫
Dr (aj )

|hj − h1|qdA
1/q

ρ(aj )|∂̄ψj(z)|

≤ C
∑
j∈Jz

 1
|Dr(aj )|

∫
Dr (aj )

{|f − hj |q + |f − h1|q}dA
1/q

≤ C
∑
j∈Jz

(
̂|f − hj |qr(aj )

)1/q
+
(

̂|f − h1|qr(aj )
)1/q

≤ C
∑
j∈Jz

Gq,r(aj ) ≤ CGq,s(f )(z), (A.3.13)
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for some s > r, where the last inequality can be shown similarly to Corollary 3.4 in [49], and
using the fact that |Jz| is finite.

Moreover, note that

ρ(z)
(
̂|∂̄f1|qmr(z)

)1/q
= ρ(z)

[
1

|Dmr(z)|

∫
Dmr (z)

|∂̄f1(w)|qdA(w)
]1/q

≤ C
[

1
|Dmr(z)|

∫
Dmr (z)

ρ(w)q|∂̄f1(w)|qdA(w)
]1/q

≤ C
[

1
|Dmr(z)|

∫
Dmr (z)

Gq,s(f )(w)qdA(w)
]1/q

≤ C sup
w∈Dmr (z)

Gq,s(f )(w) ≤ CGq,R(f )(z), (A.3.14)

for some R > s, where again for the last inequality we use Corollary 3.4 in [49]. Similarly, since∑∞
j=1ψj = 1,

|f2(w)|q = |f (w)−
∞∑
j=1

hj(w)ψj(w)|q ≤
∞∑
j=1

|f (w)− hj(w)|q|ψj(w)|q. (A.3.15)

Hence, using |ψj | ≤ 1,

(
|̂f2|qmr(z)

)1/q
≤
∞∑
j=1

[
1

|Dmr(z)|

∫
Dmr (z)

|f − hj |q|ψj |qdA
]1/q

≤ C
∑
j∈Jz

Gq,r(f )(aj ) ≤ CGq,R(f )(z), (A.3.16)

similar to the previous part for ρ|∂̄f1|. Putting everything together, we can find a big enough
R > r such that (A.3.12) holds.

Proof of Theorem A.1.1. First, we show that if (A.1.10) holds for some r, then it holds for any
r. Let R > 0. For 0 < r < R take t = r

2C2R
and take z1, · · ·, zN in the unit disk D(0,1) so that

D(0,1) ⊂ ∪Nj=1D(zj , t). Set aj(z) = z+Rρ(z)zj . Then

DR(z) ⊂ ∪Nj=1D(z+Rρ(z)zj , tRρ(z)) ⊂ ∪Nj=1D(aj(z),
r
2
ρ(aj(z)))

= ∪Nj=1D
r/2(aj(z)). (A.3.17)

Therefore,∫
C

(
|̂g |qR(z)

)s
dA(z) ≤ C

∫
C

N∑
j=1

(
|̂g |qr/2(aj(z))

)s
dA(z)

≤ C
∫
C

dA(z)
N∑
j=1

1
|Dcr(aj(z))|

∫
Dcr (aj (z))

(
|̂g |qr(u)

)s
dA(u)

= C
∫
C

(
|̂g |qr(u)

)s
dA(u)

N∑
j=1

∫
C

χDcr (aj (z))
(u)

1
|Dcr(aj(z))|

dA(z)

≤ C
∫
C

(
|̂g |qr(u)

)s
dA(u), (A.3.18)
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where for the second inequality take c > 0 such that Dcr(aj(z)) ⊂ ∩u∈Dcr (aj (z))D
r(u). Taking

s = p/q implies that (A.1.10) holds for some r > 0, if and only if it holds for any r.
Now assume that f ∈ IDAp,q,α

r . That is, f ∈ Lqloc with ∥ραGq,r(f )∥Lp < ∞. Decompose f =
f1 + f2 as in Lemma A.3.2. Then f1 ∈ C2(C), and (A.3.12) holds. Multiplying both sides with ρα

and taking the Lp-norm, we obtain (A.1.10).

A.4 Schatten class Hankel operators on doubling Fock spaces

Recall that for a bounded linear operator T :H1→H2 between two Hilbert spaces, the singular
values λn are defined by

λn = λn(T ) = inf{∥T −K∥ : K :H1→H2,rankK ≤ n}. (A.4.1)

The operator T is compact if and only if λn → 0. Given 0 < p < ∞, we say that T is in the
Schatten class Sp and write T ∈ Sp(H1,H2), if its singular value sequence {λn} belongs to lp.
Then ∥T ∥pSp =

∑∞
n=0 |λn|p defines a norm when 1 ≤ p < ∞ and a quasinorm when 0 < p < 1.

Moreover, for the quasi-Banach case, we have the triangle inequality.

∥T + S∥pSp ≤ ∥T ∥
p
Sp

+ ∥S∥pSp , when T ,S ∈ Sp, 0 < p < 1, (A.4.2)

which is called the Rotfel’d inequality. For a positive compact operators T on H and p > 0,
T ∈ Sp if and only if T p ∈ S1. Moreover, ∥T ∥pSp = ∥T p∥S1

. See [80] for further details on the
properties of Schatten class operators, as well as the proof of the next two theorems.

Theorem A.4.1 (See [80], Theorem 1.26). If T is a compact operator on H and p > 0, then T ∈ Sp
if and only if |T |p = (T ∗T )p/2 ∈ S1, if and only if T ∗T ∈ Sp/2. Moreover,

∥T ∥pSp = ∥|T |∥pSp = ∥|T |p∥S1
= ∥T ∗T ∥p/2Sp/2

. (A.4.3)

Consequently, T ∈ Sp if and only if |T | ∈ Sp.

Theorem A.4.2 (See [80], Theorem 1.28). Suppose T is a compact operator on H and p ≥ 1. Then
T is in Sp if and only if ∑

|⟨T en,σn⟩|p <∞, (A.4.4)

for all orthonormal sets {en} and {σn}. If T is positive, we also have

∥T ∥Sp = sup
{[∑

|⟨T en,σn⟩|p
]1/p

: {en} and {σn} are orthonormal
}
. (A.4.5)

Given a locally finite positive Borel measure µ on C, we define the Toeplitz operator Tµ with
symbol µ as

Tµf (z) =
∫
C

f (w)Kz(w)e−2φ(w)dµ(w). (A.4.6)

Moreover, for every r > 0, the r-averaging transform of µ is defined by

µ̂r(z) :=
µ(Dr(z))
|Dr(z)|

≃
µ(Dr(z))
ρ(z)2 . (A.4.7)

Theorem A.4.3 (See [68], Theorem 4.1). Let µ be a locally finite positive Borel measure on C, and
let 0 < p <∞. Then the following are equivalent.
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(1) Tµ ∈ Sp(F2
φ),

(2) There is r0 > 0 such that any r-lattice {zj}j≥1 with r ∈ (0, r0) satisfies {µ̂r(zj )}j≥1 ∈ lp,

(3) There is an r-lattice {zj}j≥1 such that {µ̂r(zj )}j≥1 ∈ lp,

(4) There is r > 0 such that µ̂r ∈ Lp(C,dσ ),

Moreover, ∥Tµ∥
p
Sp
≃ ∥µ̂r∥Lp(C,dσ ), where dσ = dA/ρ2.

The rest of this section is devoted to the proof of the Schatten class membership of the
Hankel operators Theorem A.1.2. For this purpose, let a ∈ C and r > 0. Let A2(Dr(a), e−2φdA)
be the weighted Bergman space containing the holomorphic functions in L2(Dr(a), e−2φdA).
Let Pa,r : L2(Dr(a), e−2φdA) → A2(Dr(a), e−2φdA) be the orthogonal projection, and for f ∈
L2(Dr(a), e−2φdA), extend Pa,r(f ) to C by setting

Pa,r(f )|C\Dr (a) = 0. (A.4.8)

One can check that for f ,g ∈ L2
φ,

P 2
a,r(f ) = Pa,r(f ), and ⟨f ,Pa,r(g)⟩ = ⟨Pa,r(f ), g⟩. (A.4.9)

Moreover, for h ∈ F2
φ,

Pa,r(h) = χDr (a)h, and ⟨h,χDr (a)f − Pa,r(f )⟩ = 0. (A.4.10)

Proof of Theorem A.1.2. Here we borrow an idea from the proof of Proposition 6.8 in [39] and
the proof of Theorem 1.1 in [51]. First we show that (2) =⇒ (1). Let f ∈ IDAp,2,−2/p

r . Then by
Theorem A.1.1, f = f1 + f2 with

ρ1−2/p|∂̄f1|+ ρ1−2/p( ̂|∂̄f1|2r )
1/2 + ρ−2/p(|̂f2|2r )

1/2 ∈ Lp (A.4.11)

Applying the definition,

ρ1−2/p(z)( ̂|∂̄f1|2r(z))
1/2 = ρ1−2/p(z)

{ 1
|Dr(z)|

∫
Dr (z)
|∂̄f1|2dA

}1/2
, (A.4.12)

and
ρ−2/p(z)(|̂f2|2r(z))

1/2 = ρ−2/p(z)
{ 1
|Dr(z)|

∫
Dr (z)
|f2|2dA

}1/2
, (A.4.13)

Set Φ := ρ|∂̄f1| or Φ = |f2|, and µ := |Φ |2. First, if Φ = ρ|∂̄f1|,

µ̂r(z) :=
µ(Dr(z))
|Dr(z)|

=
1

|Dr(z)|

∫
Dr (z)
|Φ |2dA =

1
|Dr(z)|

∫
Dr (z)

ρ2|∂̄f1|2dA. (A.4.14)

We claim that for f ∈ IDAp,2,−2/p
r , µ̂r ∈ Lp/2(C,dσ ). Note that

∥µ̂r∥
p/2
Lp/2(C,dσ ) =

∫
C

|µ̂r |p/2dA/ρ2

=
∫
C

1
|Dr(z)|p/2

[∫
Dr (z)

ρ2(w)|∂̄f1(w)|2dA(w)
]p/2dA(z)

ρ(z)2 . (A.4.15)
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Since f ∈ IDAp,2,−2/p
r , we have ρ1−2/p( ̂|∂̄f1|2r )1/2 ∈ Lp and thus∫

C

ρp−2
{ 1
|Dr(z)|

∫
Dr (z)
|∂̄f1|2dA

}p/2
dA(z) <∞. (A.4.16)

Recall that in (A.4.15), w ∈ Dr(z), and therefore there is a constant C such that ρ(w) ≤ Cρ(z).
Hence,

∥µ̂r∥
p/2
Lp/2(C,dσ ) ≤

∫
C

Cρ(z)p−2

|Dr(z)|p/2
{∫

Dr (z)
|∂̄f1|2dA

}p/2
dA(z) ≍ LHS of (A.4.16) <∞. (A.4.17)

Thus, we can conclude that µ̂r ∈ Lp/2(C,dσ ), for µ = ρ2|∂̄f1|2. Now, using Theorem A.4.3, Tµ ∈
Sp/2(F2

φ).

Consider the multiplication MΦ : F2
φ→ L2

φ defined by MΦf := Φf . Then MΦ is bounded for

Φ = ρ|∂̄f1| or Φ = |f2|. For h,g ∈ F2
φ,

⟨M∗ΦMΦg,h⟩2,φ = ⟨MΦg,MΦh⟩2,φ =
∫
C

(Φg)Φhe−2φdA = ⟨T|Φ |2g,h⟩2,φ. (A.4.18)

so, M∗
Φ
MΦ = T|Φ |2 ∈ Sp/2, and thus MΦ ∈ Sp. Moreover,

∥MΦ∥Sp ≃ ∥M
∗
ΦMΦ∥Sp/2 ≃ ∥Tµ∥Sp/2 ≃ ∥µ̂r∥Lp/2(C,dσ ). (A.4.19)

By equations (3.13) and (3.17) in [63], and using Fock-Carleson measures for F2
φ, we can see

that
∥Hf1g∥2,φ ≤ ∥ρg∂̄f1∥2,φ, and ∥Hf2g∥2,φ ≤ ∥gf2∥2,φ. (A.4.20)

Therefore,

∥Hf1∥Sp ≲ ∥MΦ∥Sp ≃ ∥µ̂r∥Lp/2(C,dσ ) ≲ ∥ρ1−2/p( ̂|∂̄f1|2r )
1/2∥Lp ≍ ∥f ∥IDAp,2,−2/p

r
. (A.4.21)

To complete the proof, it remains to note that when µ = |f2|2, we have

∥µ̂r∥
p/2
Lp/2(C,dσ ) =

∫
C

1
|Dr(z)|p/2

[∫
Dr (z)
|f2|2dA

]p/2dA(z)
ρ(z)2

=
∫
C

[ ρ(z)−2/p

|Dr(z)|1/2
{
∫
Dr (z)
|f2|2dA}1/2

]p
dA(z)

= ∥ρ−2/p(|̂f2|2r )
1/2∥Lp , (A.4.22)

so that
∥Hf2∥Sp ≲ ∥f ∥IDAp,2,−2/p

r
.

Consequently, ∥Hf ∥Sp ≲ ∥Hf1∥Sp + ∥Hf2∥Sp ≲ ∥f ∥IDAp,2,−2/p
r

, and so Hf ∈ Sp(F2
φ,L

2
φ).

To show (1) =⇒ (2) for p ≥ 1, we proceed as follows. Recall that {aj}∞j=1 is an r-lattice if

{Dr(aj )}∞j=1 covers C and Dr/5(aj )∩Dr/5(ak) = ∅ for j , k. Let Γ be an r-lattice, and let {ea : a ∈ Γ }
be an orthonormal basis of L2

φ. Define linear operators T and B by

T =
∑
a∈Γ

k2,a ⊗ ea, and B =
∑
a∈Γ

ga ⊗ ea, (A.4.23)

where

ga =


χDr (a)Hf (k2,a)

∥χDr (a)Hf (k2,a)∥
if ∥χDr (a)Hf (k2,a)∥ , 0,

0 if ∥χDr (a)Hf (k2,a)∥ = 0.
(A.4.24)
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Since ∥ga∥ ≤ 1 and ⟨ga, gb⟩ = 0 when a , b, ∥B∥L2
φ→L

2
φ
≲ 1, where the bounding constant depends

on (A.2.9). Moreover, by Lemma A.2.4, we can see that ∥T ∥ ≤ C for some constant C. Let
Hf ∈ Sp. So in particular, Hf is compact. We know from Lemma 2.3 that kp,z→ 0 uniformly on
compact subsets of C as z→∞, where kp,z = Kz/∥Kz∥p,φ is the normalized Bergman kernel for
F
p
φ. By compactness of Hf we obtain that

lim
z→∞
∥χDr (z)Hf (k2,z)∥L2

φ
= 0. (A.4.25)

Note that

⟨B∗MχDr (a)
Hf T ea, ea⟩ = ⟨χDr (a)Hf

∑
b∈Γ

k2,b ⊗ eb(ea),
∑
d∈Γ

gd ⊗ ed(ea)⟩

= ⟨χDr (a)Hf (k2,a), ga⟩ = ∥χDr (z)Hf (k2,z)∥L2
φ
, (A.4.26)

and
⟨B∗MχDr (a)

Hf T ea, eb⟩ = 0, a , b. (A.4.27)

Thus, B∗MχDr (a)
Hf T is a compact positive operator on L2

φ. By Theorem A.4.2, and since we are
dealing with the case of p ≥ 1,∑

a∈Γ
|⟨B∗MχDr (a)

Hf T ea, ea⟩| ≤ ∥B∗MχDr (a)
Hf T ∥

p
Sp
≤ C∥Hf ∥

p
Sp
, (A.4.28)

as ∥B∥ ≤ 1, ∥MχDr (a)
∥ ≤ 1, and ∥T ∥ ≤ C. Recall that

G2,r(f )(a) = inf


(

1
|Dr(a)|

∫
Dr (a)
|f − h|2dA

)1/2

: h ∈H(Dr(a))

, (A.4.29)

and for 1 ≤ p <∞, ∥Kz∥p,φ ≍ eφ(z)ρ(z)2/p−2. Moreover, recalling Lemma A.2.3 there exists r0 > 0
such that for w ∈Dr0(z),

|K(w,z)| ≍ e
φ(w)+φ(z)

ρ(z)2 . (A.4.30)

Thus, for w ∈Dr0(z),

|kp,z(w)|e−φ(w) =
|K(w,z)|
∥Kz∥p,φ

e−φ(w) ≍ e
φ(w)+φ(z)e−φ(w)

ρ(z)2eφ(z)
ρ(z)−2/p+2 = ρ(z)−2/p > 0, (A.4.31)

and we can conclude that P (f k2,z)
k2,z

∈H(Dr(z)). Hence,

G2,r(f )(a) ≤
[

1
|Dr(a)|

∫
Dr (a)
|f −

P (f k2,a)
k2,a

|2dA
]1/2

. (A.4.32)

Moreover,

∥χDr (a)Hf (k2,a)∥L2
φ

=
[∫

Dr (a)
|f k2,a − P (f k2,a)|2e−2φdA

]1/2

=
[∫

Dr (a)
|f −

P (f k2,a)
k2,a

|2|k2,a|2e−2φdA

]1/2

(A.4.31)
≍

[∫
Dr (a)
|f −

P (f k2,a)
k2,a

|2ρ(a)−2dA

]1/2

≍
[

1
|Dr(a)|

∫
Dr (a)
|f −

P (f k2,a)
k2,a

|2dA
]1/2

, (A.4.33)
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where in the last line we have used the equivalence |Dr(z)| ≍ ρ(z)2. Hence,

G2,r(f )(a) ≲ ∥χDr (a)Hf (k2,a)∥L2
φ
, (A.4.34)

and therefore, ∑
a∈Γ

G2,r(f )(a)p ≲
∑
a∈Γ
∥χDr (a)Hf (k2,a)∥

p

L2
φ

=
∑
a∈Γ
|⟨B∗MχDr (a)

Hf T ea, ea⟩|p ≤ C∥Hf ∥
p
Sp
. (A.4.35)

Now note that

∥f ∥p
IDAp,2,−2/p

r
=

∫
C

ρ−2G2,r(f )pdA

≤
∑
a∈Γ

∫
Dr (a)

ρ(z)−2G2,r(f )(z)pdA(z)

≤
∑
a∈Γ

sup
z∈Dr (a)

ρ(z)−2G2,r(f )(z)p|Dr(a)|

= C
∑
a∈Γ

ρ(a)−2G2,r(f )(a)pρ(a)2

= C
∑
a∈Γ

G2,r(f )(a)p

≤ C∥Hf ∥
p
Sp
. (A.4.36)

Now since if Theorem A.1.1 holds for some r > 0, it holds for any r, we are done with the proof
for p ≥ 1.

Now we finish the proof of Theorem A.1.2 by showing that (1) =⇒ (2) for 0 < p < 1. Since
Hf ∈ Sp(F2

φ,L
2
φ), it is in particular bounded. For a ∈ Γ set

ga =


χDr (a)f k2,a−Pa,r (f k2,a)

∥χDr (a)f k2,a−Pa,r (f k2,a)∥
if ∥χDr (a)f k2,a − Pa,r(f k2,a)∥ , 0,

0 if ∥χDr (a)f k2,a − Pa,r(f k2,a)∥ = 0.
(A.4.37)

Then similar as before, ∥ga∥ ≤ 1, and ⟨ga, gb⟩ = 0 for a , b. Let J be any finite subcollection of Γ ,
and {ea}a∈J be an orthonormal set of L2

φ. Define

A =
∑
a∈J

ea ⊗ ga : L2
φ→ L2

φ. (A.4.38)

Then A is of finite rank and ∥A∥ ≤ 1. Similarly define

T =
∑
a∈J

k2,a ⊗ ea : L2
φ→ F2

φ. (A.4.39)

Then as before, since Γ is an r-lattice and thus separated, there is a constant C such that ∥T ∥ ≤
C. Then,

AHf T =
∑
a,τ∈J
⟨Hf k2,τ , ga⟩ea ⊗ eτ = Y +Z, (A.4.40)

where
Y =

∑
a∈J
⟨Hf k2,a, ga⟩ea ⊗ ea, , Z =

∑
a,τ∈J,a,τ

⟨Hf k2,τ , ga⟩ea ⊗ eτ . (A.4.41)
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Note that

⟨Hf k2,a, ga⟩2,φ = ⟨f k2,a − P (f k2,a), ga⟩2,φ = ⟨χDr (a)f k2,a − Pa,r(f k2,a), ga⟩2,φ
= ∥χDr (a)f k2,a − Pa,r(f k2,a)∥2,φ

=
[∫

C

|χDr (a)f k2,a − Pa,r(f k2,a)|2e−2φdA

]1/2

=
[∫

Dr (a)
|f k2,a − Pa,r(f k2,a)|2e−2φdA

]1/2

=
[∫

Dr (a)
|f −

Pa,r(f k2,a)
k2,a

|2|k2,a|2e−2φdA

]1/2

≍
[

1
|Dr(a)|

∫
Dr (a)
|f −

Pa,r(f k2,a)
k2,a

|2dA
]1/2

≥ G2,r(f )(a). (A.4.42)

where in the line before the last line we have used (A.4.31) and |Dr(a)| ≍ ρ(a)2. Thus,

⟨Hf k2,a, ga⟩2,φ ≥ CG2,r(f )(a). (A.4.43)

Therefore, there exists some N , independent of f and J such that

∥Y ∥pSp =
∑
a∈J
⟨Hf k2,a, ga⟩

p
2,φ ≥N

∑
a∈J

G2,r(f )(a)p. (A.4.44)

On the other hand for 0 < p < 1,

∥Z∥pSp ≤
∑

a,τ∈J,a,τ
⟨Hf k2,τ , ga⟩

p
2,φ. (A.4.45)

Let Qa,r : L2(Dr(a),dA)→ A2(Dr(a),dA) be the Bergman projection. Then f k2,τ − Pa,r(f k2,τ ) and
Pa,r(f k2,τ )− k2,τQa,rf are orthogonal, and by Parseval’s identity,

∥f k2,τ − Pa,r(f k2,τ )∥L2(Dr (a),e−2φdA) ≤ ∥f k2,τ − k2,τQa,r(f )∥L2(Dr (a),e−2φdA). (A.4.46)

Note that by Lemma 2.3, there exist C,ϵ > 0 such that

|K(w,z)| ≤ C e
φ(w)+φ(z)

ρ(w)ρ(z)
e
−
(
|z−w|
ρ(z)

)ϵ
. (A.4.47)

Besides, by Lemma 6.8 in [68], we can see that given R > 0 and any finite sequence {aj}nj=1 of
different points in C, it can be partitioned into subsequences such that any different points aj
and ak in the same subsequence satisfy

|aj − ak | ≥ Rmin(ρ(aj ),ρ(ak)). (A.4.48)

So taking J to be a finite collection of Γ , we can choose an appropriately large R > 0 such that

|a− b| ≥ Rmin(ρ(a),ρ(b)), when a,b ∈ J,a , b. (A.4.49)
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Putting everything together,

|⟨Hf k2,τ , ga⟩| = |⟨f k2,τ − P (f k2,τ ), ga⟩|

= |⟨f k2,τ − P (f k2,τ ),
χDr (a)f k2,a − Pa,r(f k2,a)

∥χDr (a)f k2,a − Pa,r(f k2,a)∥
⟩|

=
|⟨χDr (a)f k2,τ − Pa,r(f k2,τ ),χDr (a)f k2,a − Pa,r(f k2,a)⟩|

∥χDr (a)f k2,a − Pa,r(f k2,a)∥

≤ ∥f k2,τ − Pa,r(f k2,τ )∥L2(Dr (a),e−2φdA)

(A.4.46)
≤ ∥f k2,τ − k2,τQa,r(f )∥L2(Dr (a),e−2φdA)

≤ sup
ξ∈Dr (a)

|k2,τ (ξ)e−φ|∥f −Qa,r(f )∥L2(Dr (a),dA)

(A.4.47)
≤ sup

ξ∈Dr (a)

C
ρ(ξ)

e
−
(
|τ−ξ |
ρ(τ)

)ϵ
∥f −Qa,r(f )∥L2(Dr (a),dA)

≃ C
ρ(a)

e
−
(
|τ−a|
ρ(τ)

)ϵ
∥f −Qa,r(f )∥L2(Dr (a),dA)

≃ C

|Dr(a)|1/2

[∫
Dr (a)
|f −Qa,r(f )|2dA

]1/2

e
−
(
|τ−a|
ρ(τ)

)ϵ
= CG2,r(f )(a)e

−
(
|τ−a|
ρ(τ)

)ϵ
, (A.4.50)

where in the last line we used that Qa,r(f ) is the orthogonal projection of f onto H(Dr(a)) in
L2(Dr(a),dA). Hence, by the Hilbert projection theorem,

∥f −Qa,r(f )∥L2(Dr (a)) = inf
h∈H(Dr (a))

∥f − h∥L2(Dr (a)),

which gives the definition of G2,r(f )(a). Therefore,

∥Z∥pSp
(A.4.45)
≤

∑
a,τ∈J,a,τ

G2,r(f )(a)pe
−
(
|τ−a|
ρ(τ)

)pϵ
(A.4.48)
≤

∑
a∈J

G2,r(f )(a)p
∑
τ∈J
τ,a

e
−
(
Rmin(ρ(a),ρ(τ))

ρ(τ)

)pϵ
≃

∑
a∈J

G2,r(f )(a)pe−R
pϵ
. (A.4.51)

Now we can pick some R large enough such that

∥Z∥pSp ≤
N
4

∑
a∈J

G2,r(f )(a)p. (A.4.52)

Using

∥Y ∥pSp ≤ 2∥AHf T ∥
p
Sp

+ 2∥Z∥pSp , (A.4.53)

we have

N
∑
a∈J

G2,r(f )(a)p ≤ 2∥AHf T ∥
p
Sp

+
N
2

∑
a∈J

G2,r(f )(a)p, (A.4.54)
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and since J is finite,

N
∑
a∈J

G2,r(f )(a)p ≤ 4∥AHf T ∥
p
Sp

≤ 4∥A∥p
L2
φ→L

2
φ
∥Hf ∥

p
Sp
∥T ∥p

L2
φ→L

2
φ

≤ C∥Hf ∥
p
Sp
. (A.4.55)

Since C is independent of f and J ,∑
a∈Γ

G2,r(f )(a)p ≤ C∥Hf ∥
p
Sp
. (A.4.56)

The remaining of the proof is similar to (A.4.36) and we can conclude that for 0 < p < 1,

∥f ∥IDAp,2,−2/p
r

≤ C∥Hf ∥
p
Sp
. (A.4.57)

A.5 Simultaneous membership of Hf and Hf̄ in Sp

In this section, we first define the space of functions of integral mean oscillation IMO and
prove some of its basic properties. In particular, we prove that Hf and Hf̄ are simultaneously
in Sp(F2

φ,L
2
φ) with 0 < p <∞ if and only if the symbol f satisfies a suitable IMO condition (see

Theorem A.1.4).

Lemma A.5.1. Let 0 < p <∞ and r > 0. Then for f ∈ L2
loc, f ∈ IMOp,2,α

r if and only if there exists a
continuous function c(z) on C such that

ρα
(

1
|Dr(z)|

∫
Dr (z)
|f (w)− c(z)|2dA(w)

)1/2

∈ Lp (A.5.1)

Proof. This proof is similar to the proof of Proposition 2.4 in [52]. We can similarly extend the
proposition to the case 0 < p < 1, and the doubling weights by introducing ρ as the following.
First note that if f ∈ IMOp,2,α

r , then (A.5.1) holds with c(z) = f̂r(z) which is continuous for z ∈C.
Conversely, assume that (A.5.1) holds. By Minkowski inequality,

ρα(z)MO2,r(f )(z) ≤ ρα
( 1
|Dr(z)|

∫
Dr (z)
|f − c(z)|2dA

)1/2
+ ρα |f̂r(z)− c(z)|. (A.5.2)

By Hölder’s inequality,

ρα |f̂r(z)− c(z)| ≤ ρα
( 1
|Dr(z)|

∫
Dr (z)
|f − c(z)|2dA

)1/2
∈ Lp by (A.5.1). (A.5.3)

Hence, using (A.5.2) and (A.5.3) we can see that f ∈ IMOp,2,α
r .

Proposition A.5.2. Let 0 < p ≤∞, r > 0, and f ∈ L2
loc. If for each z ∈C, there exist h1,h2 ∈H(Dr(z))

such that

ρα(z)
( 1
|Dr(z)|

∫
Dr (z)
|f − h1|2dA

)1/2
∈ Lp,

and

ρα(z)
( 1
|Dr(z)|

∫
Dr (z)
|f̄ − h2|2dA

)1/2
∈ Lp, (A.5.4)

then f ∈ IMOp,2,α
r .
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Proof. The proof is a more detailed version of the proof of Proposition 2.5 in [52], extended to
the case of doubling Fock spaces. For f ∈ L2

loc, recall that

(
|̂f |2r(z)

)1/2
=

( 1
|Dr(z)|

∫
Dr (z)
|f |2dA

)1/2
. (A.5.5)

By the triangle inequality and using (A.5.4),

ρα
(
| f +f̄

2 −
h1+h2

2 |2
∧

r(z)
)1/2
≤ ρα

(
| f −h1

2 |
2

∧

r(z)
)1/2

+ ρα
(
| f̄ −h2

2 |
2

∧

r(z)
)1/2
∈ Lp. (A.5.6)

Since f + f̄ and ρα are real-valued, we can conclude that

ρα
(
| Im h1+h2

2 |2
∧

r(z)
)1/2
∈ Lp. (A.5.7)

As in the proof of the Proposition 2.5 in [52], we know that if v : Dr(z)→ R is harmonic, there
exists a harmonic function u such that u + iv ∈H(Dr(z)) and

∥u −u(z)∥Lq(Dr (z),dA) ≤ C∥v∥Lq(Dr (z),dA), (A.5.8)

for all 0 < q <∞.
Taking q = 2 in (A.5.8), and since h1 + h2 ∈H(Dr(z)),(

|Re h1+h2
2 −Re h1+h2

2 (z)|2
∧

r(z)
)1/2
≤ C

(
| Im h1+h2

2 |2
∧

r(z)
)1/2

. (A.5.9)

Thus,

ρα
(
| f +f̄

2 −Re h1+h2
2 (z)|2

∧

r(z)
)1/2
≤ ρα

(
| f +f̄

2 −Re h1+h2
2 |2

∧

r(z)
)1/2

+ ρα
(
|Re h1+h2

2 −Re h1+h2
2 (z)|2

∧

r(z)
)1/2

≤ ρα
(
| f +f̄

2 −
h1+h2

2 |2
∧

r(z)
)1/2

+Cρα
(
| Im h1+h2

2 |2
∧

r(z)
)1/2
∈ Lp, (A.5.10)

where the first term in the last line is in Lp by (A.5.6), and the second term is in Lp by (A.5.7).
Hence,

ρα
(
| f +f̄

2 −Re h1+h2
2 (z)|2

∧

r(z)
)1/2
∈ Lp. (A.5.11)

Similar to (A.5.6), (A.5.7), and (A.5.8), and applying (A.5.4), we have

ρα
(
| f −f̄2 −

h1−h2
2 |

2

∧

r(z)
)1/2
≤ ρα

(
| f −h1

2 |
2

∧

r(z)
)1/2

+ ρα
(
| f̄ −h2

2 |
2

∧

r(z)
)1/2
∈ Lp (A.5.12)

Since f −f̄
2 is completely imaginary, we can conclude that

ρα
(
|Re h1−h2

2 |
2

∧

r(z)
)1/2
∈ Lp. (A.5.13)

We can exchange u and v in (A.5.8), and therefore,(
| Im h1−h2

2 − Im h1−h2
2 (z)|2

∧

r(z)
)1/2
≤ C

(
|Re h1−h2

2 |
2

∧

r(z)
)1/2

. (A.5.14)
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Thus by (A.5.12) and (A.5.13),

ρα
(
| f −f̄2 − Im h1−h2

2 (z)|2
∧

r(z)
)1/2
≤ ρα

(
| f −f̄2 − Im h1−h2

2 |
2

∧

r(z)
)1/2

+ ρα
(
| Im h1−h2

2 − Im h1−h2
2 (z)|2

∧

r(z)
)1/2

≤ ρα
(
| f −f̄2 −

h1−h2
2 |

2

∧

r(z)
)1/2

+Cρα
(
|Re h1−h2

2 |
2

∧

r(z)
)1/2
∈ Lp. (A.5.15)

Hence, analogous to (A.5.11),

ρα
(
| f −f̄2 − Im h1−h2

2 (z)|2
∧

r(z)
)1/2
∈ Lp. (A.5.16)

Choose c(z) = Re h1+h2
2 (z) + i Im h1−h2

2 (z). Then by (A.5.11) and (A.5.16),

ρα
(
|f − c(z)|2
∧

r(z)
)1/2
∈ Lp, (A.5.17)

which is equivalent to

ρα
( 1
|Dr(z)|

∫
Dr (z)
|f − c(z)|2dA

)1/2
∈ Lp. (A.5.18)

Thus by Lemma A.5.1 we can conclude that f ∈ IMOp,2,α
r .

Lemma A.5.3. Let 0 < p ≤ ∞. Then for f ∈ L2
loc, f ∈ IDAp,2,α

r and f̄ ∈ IDAp,2,α
r if and only if

f ∈ IMOp,2,α
r .

Proof. First assume that f ∈ IDAp,2,α
r and f̄ ∈ IDAp,2,α

r . By the definition of IDAp,2,α
r , this means

that ραG2,r(f ) ∈ Lp and ραG2,r(f̄ ) ∈ Lp. Moreover, by Lemma A.3.1, for each z ∈ C, there exist
functions h1,h2 ∈H(Dr(z)) such that

G2,r(f )(z) =
(

1
|Dr(z)|

∫
Dr (z)
|f − h1|2dA

)1/2

and

G2,r(f̄ )(z) =
(

1
|Dr(z)|

∫
Dr (z)
|f̄ − h2|2dA

)1/2

.

Hence the hypotheses of Proposition A.5.2 are satisfied. Therefore f ∈ IMOp,2,α
r .

Conversely, assume that f ∈ IMOp,2,α
r . Since ̂̄f r(z) = f̂r(z), we haveMO2,r(f̄ )(z) =MO2,r(f )(z).

Thus f̄ ∈ IMOp,2,α
r . Now, for each z ∈ C, the function w 7→ f̂r(z) is constant on Dr(z), and hence

is holomorphic. Therefore, by the definition of G2,r ,

G2,r(f )(z) ≤
(

1
|Dr(z)|

∫
Dr (z)
|f − f̂r(z)|2dA

)1/2

=MO2,r(f )(z).

Multiplying by ρα and taking the Lp-norm gives ∥f ∥IDAp,2,α
r
≤ ∥f ∥IMOp,2,α

r
. The same argument

applied to f̄ gives ∥f̄ ∥IDAp,2,α
r
≤ ∥f̄ ∥IMOp,2,α

r
= ∥f ∥IMOp,2,α

r
. Hence

f , f̄ ∈ IDAp,2,α
r .

This proves the equivalence.
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We can now give the proof of Theorem A.1.4, which shows that both Hf and Hf̄ are in Sp if

and only if f ∈ IMOp,2,−2/p
r , where 1 < p <∞.

Proof of Theorem A.1.4. By Theorem A.1.2, Hf ∈ Sp if and only if f ∈ IDAp,2,−2/p
r for some

(equivalent any) r > 0. Similarly, Hf̄ ∈ Sp if and only if f̄ ∈ IDAp,2,−2/p
r . An application of

Lemma A.5.3 shows that this is equivalent to f ∈ IMOp,2,−2/p
r , for some (equivalent any) r > 0.

Further, the norm estimates in (A.1.15) follow from (A.1.12) and (??).

As mentioned in the introduction, we obtain the following result as a consequence of The-
orem A.1.4.

Theorem A.5.4. Let f be a non-constant entire function and F2
φ be a doubling Fock space. Then Hf̄

is not in S2(F2
φ,L

2
φ).

Proof. Since f is holomorphic,Hf = 0, and thus belongs to the Hilbert-Schmidt class. Applying
Theorem A.1.4, it is enough to show that f < IMO2,2,−1

1 . First note that f̄ is harmonic on D1(z)
and by the mean-value property of harmonic functions,

f̂1(z) =
1

|D1(z)|

∫
D1(z)

f dA = f (z).

By the Cauchy estimate,

MO2,1(f )(z) =
(

1
|D1(z)|

∫
D1(z)
|f (w)− f (z)|2dA(w)

)1/2

≥ C|∂f (z)|ρ(z).

Hence,

∥f ∥IMO2,2,−1
1

=
∫
C

ρ(z)−2MO2,1(f )(z)2dA(z)

≥ C
∫
C

ρ(z)−2|∂f (z)|2ρ(z)2dA(z).

So, since f is entire and non-constant, it follows that f < IMO2,2,−1
1 , and thus Hf̄ is not Hilbert-

Schmidt.

A.6 Berger-Coburn phenomenon for doubling Fock spaces

This section contains the proofs of Theorems A.1.5 and A.1.7. We start with the proof of the
Berger-Coburn phenomenon for Hilbert-Schmidt Hankel operators, that is, we show that for
f ∈ L∞, Hf is Hilbert-Schmidt if and only if Hf̄ is Hilbert-Schmidt.

Proof of Theorem A.1.5. Let Hf ∈ S2. By the assumption, f ∈ L∞, and in particular f ∈ L2
loc.

Then by Theorem A.1.2, f ∈ IDA2,2,−1
r for some (equivalent any) r > 0, and

∥f ∥IDA2,2,−1
r
≃ ∥Hf ∥S2

<∞. (A.6.1)
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Decompose f = f1 + f2 as in (A.1.10). Thus f1 ∈ C2(C) and

|∂̄f1|+ ( ̂|∂̄f1|2r )
1/2 + ρ−1(|̂f2|2r )

1/2 ∈ L2. (A.6.2)

Then the definition

ρ−1(z)(|̂f2|2r(z))
1/2 = ρ−1(z)

( 1
|Dr(z)|

∫
Dr (z)
|f2|2dA

)1/2
(A.6.3)

implies that
ρ−1(|̂f2|2r )

1/2 = ρ−1(|̂f̄2|2r )
1/2 ∈ L2. (A.6.4)

By (A.1.11) and (A.1.12), Hf̄2 ∈ S2. Indeed,

∥Hf̄2∥S2

(A.1.12)
= ∥f̄2∥IDA2,2,−1

r

(A.1.11)
≲ ∥ρ−1(|̂f̄2|2r )

1/2∥L2

(A.6.4)
= ∥ρ−1(|̂f2|2r )

1/2∥L2

(A.1.11)
≲ ∥f ∥IDA2,2,−1

r
. (A.6.5)

To show that ∥Hf̄1∥S2
≲ ∥f ∥IDA2,2,−1

r
, we need to follow a more complicated argument, inspired

by the proof of Theorem 1.2 in [47]. Let {aj}∞j=1 be a fixed m1r-lattice for some m1 ∈ (0,1) and
r > 0. Choose a partition of unity {ψj}∞j=1 subordinate to {Dm1r(aj )} as in (A.3.9). By Lemma
A.3.1 there exists hj ∈H(Dr(aj )) such that(

|f − hj |2
∧

r
(aj )

)1/2
= G2,r(f )(aj ), and sup

z∈Dm1r (aj )
|hj(z)| ≲ ∥f ∥L∞ . (A.6.6)

Now we get back to the decomposition f = f1 + f2 as in (A.1.10) with f1 =
∑∞
j=1hjψj . Without

loss of generality we can assume ψj = ψ̄j for all j ≥ 1. Since we assumed that f is bounded,
f1 ∈ L∞ and moreover

∂̄f̄1 =
∞∑
j=1

h̄j ∂̄ψj +
∞∑
j=1

ψj ∂̄h̄j = F +H, (A.6.7)

for F =
∑∞
j=1 h̄j ∂̄ψj and H =

∑∞
j=1ψj ∂̄h̄j . Similar to (A.3.13) one has

|F(z)| = ρ−1(z)ρ(z)|
∞∑
j=1

h̄j ∂̄ψj | = ρ−1(z)ρ(z)|
∞∑
j=1

h̄j ∂̄ψj −
∞∑
j=1

h̄1∂̄ψj |

≤ ρ−1(z)ρ(z)
∞∑
j=1

|h̄j(z)− h̄1(z)||∂̄ψj(z)| ≤ Cρ−1(z)G2,r(f )(z). (A.6.8)

Besides,
∥H∥L2 ≤ ∥∂̄f̄1∥L2 + ∥F∥L2 . (A.6.9)

By (A.6.8),
∥F∥L2 ≤ ∥f ∥IDA2,2,−1

r
. (A.6.10)

Lemma 7.1 in [51] implies that

∥∂̄f̄1∥L2 = ∥∂f1∥L2 ≤ C∥∂̄f1∥L2 ≤ C∥f ∥IDA2,2,−1
r

, (A.6.11)

where the last inequality is obtained by multiplying both sides of (A.3.12) with ρ−1. Hence, we
can conclude that

∥H∥L2 ≲ ∥f ∥IDA2,2,−1
r

. (A.6.12)
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Note that for m1,m2 ∈ (0,1),

∥Hf̄1∥
2
S2
≃ ∥f̄1∥2IDA2,2,−1

r

(A.1.10)
≤ C

∫
C

[
(|∂̄f̄1|2
∧

mm2r
)1/2

]2
dA

≲

∫
C

[
(|F|2
∧

m1m2r )
1/2

]2
dA+

∫
C

[
(|H |2
∧

m1m2r )
1/2

]2
dA, (A.6.13)

where for the last inequality we used the equivalence ρ(w) ≃ ρ(z) for w ∈Dm1m2r(z) and (A.6.7).
Note that using (A.6.8) one has∫

C

[
(|F|2
∧

m1m2r )
1/2

]2
dA ≲ ∥f ∥2

IDA2,2,−1
r

, (A.6.14)

and thus we are left to compute
∫
C

[
(|H |2
∧

m1m2r )
1/2

]2
dA. Let z ∈Dr(aj )∩Dr(ak). Since |∂̄(h̄k−h̄j )| =

|∂(hk − hj )|, applying the Cauchy estimate for the boundary of the disk Dm1m2r(z) of radius
m1m2rρ(z) and Hölder’s inequality, we obtain the following.

|∂̄(h̄k(z)− h̄j(z))| ≤
C
ρ(z)

{∫
Dm1m2r (z)

|h̄k(w)− h̄j(w)|2dA
}1/2

. (A.6.15)

Using |h̄k − h̄j |2 = |(f − h̄k) − (f − h̄j )|2 ≤ |f − h̄k |2 + |f − h̄j |2, and the fact that hk and hj are
holomorphic, we get

|∂̄(h̄k(z)− h̄j(z))| ≤
C
ρ(z)

(
G2,m1m2r(f )(ak) +G2,m1m2r(f )(aj )

)
≤ C
ρ(z)

G2,R(f )(z), (A.6.16)

for some R > m1m2r. Recalling H as in (A.6.7),

H +
∞∑
j=1

ψj ∂̄(h̄k − h̄j ) =H +
∞∑
j=1

ψj ∂̄h̄k −H. (A.6.17)

since {ψj}∞j=1 is a partition of unity and therefore
∑∞
j=1ψj = 1,

∂̄h̄k =
∞∑
j=1

ψj ∂̄(h̄k − h̄j ) +H. (A.6.18)

Hence,

|∂̄h̄k(z)|2 ≲
∣∣∣ ∞∑
j=1

ψj(z)∂̄(h̄k(z)− h̄j(z))
∣∣∣2 +

∣∣∣H(z)
∣∣∣2

≲
∑

j∈Dm1r (aj )

ψj(z)|∂̄(h̄k(z)− h̄j(z))|2 + |H(z)|2

≲
(
ρ−1(z)G2,R(f )(z)

)2
+ |H(z)|2, (A.6.19)

where the last inequality follows from (A.6.16). For z ∈ Dm1r(ak), notice that Dm1m2r(z) ⊂
Dm1r(ak) for some m2 ∈ (0,1). Then by subharmonicity,

|∂̄h̄k(z)|2 ≤
1

|Dm1m2r(z)|

∫
Dm1m2r (z)

|∂̄h̄k(w)|2dA(w)

(A.6.19)
≲

1
|Dm1m2r(z)|

∫
Dm1m2r (z)

[∣∣∣ρ−1(w)G2,R(f )(w)
∣∣∣2 +

∣∣∣H(w)
∣∣∣2]dA(w)

≲ (ρ−1(z))2G2,R̃(f )(z)2 + |H |2
∧

m1m2r(z), (A.6.20)
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for some R̃ > R.
Now for z ∈C, there exists w′ ∈Dm1m2r(z) such that[

(|H |2
∧

m1m2r(z))
1/2

]2
≤max{|H(w)|2 : w ∈Dm1m2r(z)}

=
∣∣∣ ∞∑
k=1

ψk(w
′)∂̄h̄k(w

′)
∣∣∣2, (A.6.21)

where the first inequality comes from integration on a bounded domain. Note thatG2,R̃(f )(w′)2 ≲

G2,s(f )(z)2 for some s > R̃, and[
(|H |2
∧

m1m2r(w
′))1/2

]2
≤

[
(|H |2
∧

m1r(z))
1/2

]2
, (A.6.22)

and we can conclude that

[
(|H |2
∧

m1m2r(z))
1/2

]2 (A.6.21)
≤

∣∣∣ ∞∑
k=1

ψk(w
′)∂̄h̄k(w

′)
∣∣∣2

(A.6.20)
≲

∑
k,ψk(w′),0

ψk(w
′)
{

(ρ−1(w′))2G2,R̃(f )(w′)2

+ |H |2
∧

m1m2r(w
′)
}

(A.6.22)
≲

(
ρ−1(z))G2,s(f )(z)

)2
+ |H |2
∧

m1r(z). (A.6.23)

Hence as mentioned in (A.6.13), and applying Theorem A.1.1,

∥Hf̄1∥
2
S2
≲ ∥f ∥2

IDA2,2,−1
s

+
∫
C

[
(|H |2
∧

m1m2r(z))
1/2

]2
dA(z)

≲ ∥f ∥2
IDA2,2,−1

s
+
∫
C

(
ρ−1(z))G2,s(f )(z)

)2
dA(z) +

∫
C

|H |2
∧

m1r(z)dA(z)

≲ ∥f ∥2
IDA2,2,−1

s
+
∫
C

|H |2dA

≲ ∥f ∥2
IDA2,2,−1

s
, (A.6.24)

where in the last line we have used (A.6.12).
This together with (A.6.5) implies that

∥Hf̄ ∥S2
≲ ∥Hf ∥S2

. (A.6.25)

We are done since the proof is symmetric for f and f̄ .

We make the following remark related to the Berger-Coburn phenomenon for other values
of p.

Remark A.6.1. For 1 < p <∞ we say that ω is a Muckenhoupt weight and write ω ∈ Ap if there
is a constant C > 0 such that for any disk B ⊂C, we have(

1
|B|

∫
B
ωdA

)(
1
|B|

∫
B
ω−q/pdA

)p/q
≤ C <∞, (A.6.26)
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where q is the Hölder conjugate of p and |B| is the Lebesgue measure of B. As shown in [34], if
ω ∈ Ap and 1 < p <∞, then the Ahlfors-Beurling operator

I (f )(z) = p.v.− 1
π

∫
C

f (ξ)
(ξ − z)2dA(z) (A.6.27)

is bounded on Lp(ω). Hence, similarly to the proof of Lemma 7.1 in [51], we can show that
when f is bounded,

∥∂f ∥Lp(ω) ≤ C∥∂̄f ∥Lp(ω), (A.6.28)

where C is a constant depending only on p.
To generalize Theorem A.1.5 to the other values of 1 < p <∞, our approach would require

only one additional ingredient that ω = ρp−2 is a Muckenhoupt weight (see (A.6.11)). However,
we have not been able to prove this condition and also note that Lemma A.2.1 does not seem
to help because the constants cr in (A.2.2) are not bounded in general.

Next, we consider the case 0 < p ≤ 1. Recently Xia [76] defined the following simple func-
tion

f (z) :=

1
z if |z| ≥ 1,

0 if |z| < 1.
(A.6.29)

and used it to show that the Berger-Coburn phenomenon does not hold for trace class Hankel
operators on the classical Fock space. Hu and Virtanen [50] noticed that when 0 < p ≤ 1 the
same example shows that there is no Berger-Coburn for Schatten class Hankel operators on
generalized Fock spaces. Here we use Xia’s example again to show that the Berger-Coburn
phenomenon fails for certain Schatten classes Sp(F2

φ,L
2
φ) on doubling Fock spaces. As will be

shown below, this failure holds for a large class of doubling weights, including the canonical
weights φ(z) = |z|m with m ≥ 2. For general doubling weights not covered by our results, it
remains open whether the Berger-Coburn phenomenon fails in the range 0 < p ≤ 1.

Proof of Theorem A.1.7. To prove the theorem, we use Theorems A.1.2 and A.1.4. The idea is to
find a bounded function f with f ∈ IDAp,2,−2/p

r such that f < IMOp,2,−2/p
r for some (equivalent

any) r > 0. Note that by remark 1 in [64], there are constants C,η > 0, and 0 ≤ β < 1 such that
for |z| > 1,

C−1|z|−η ≤ ρ(z) ≤ C|z|β . (A.6.30)

Let f be as in (A.6.29). By Theorem A.1.1, the definition of IDAp,2,−2/p
r is independent of r.

So for simplicity, we set r = 1. It is easy to see that for a large enough R > 0, and |z| ≥ R, f is
holomorphic in D1(z) = D(z,ρ(z)), and hence trivially G2,1(fβ)(z) = 0. Indeed, one can see that
for |z| ≥ R, D1(z)∩D(0,1) = ∅. Moreover, for all |z| < R, there is a constant C such that

G2,1(f )(z) < C, (A.6.31)

as f is bounded in the bounded domain D1(z). Thus,

∥f ∥p
IDAp,2,−2/p

1

= ∥ρ−2/pG2,1(f )∥pLp =
∫
C

ρ−2G2,1(f )pdA

≤ C
∫
|z|<R

ρ−2dA <∞. (A.6.32)
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Indeed, by Theorem 14 in [64], there is a smooth function ψ, where ∆ψdA is doubling and
∆ψ ≃ ρ−2

ψ ≃ ρ
−2. Hence, ∫

|z|<R
ρ−2dA ≃

∫
|z|<R

∆ψdA <∞, (A.6.33)

as the doubling measures are locally finite. So by (A.6.32), f ∈ IDAp,2,−2/p
1 , and Theorem A.1.2

implies that Hf ∈ Sp.
To show that Hf̄ < Sp, note that if |z| ≥ R, f̄ is harmonic on D1(z) and by the mean-value

property of harmonic functions,

̂̄f1(z) =
1

|D1(z)|

∫
D1(z)

f̄ dA = f̄ (z). (A.6.34)

Moreover, by definition, MO2,r(f )(z) =MO2,r(f̄ )(z), and thus for |z| ≥ R,

MO2,1(f )(z) =
(

1
|D1(z)|

∫
D1(z)
|f̄ (w)− f̄ (z)|2dA(w)

)1/2

=
(

1
|D1(z)|

∫
D1(z)
| 1
w̄
− 1
z̄
|2dA(w)

)1/2

=
(

1
|D1(z)|

∫
D1(z)

|w − z|2

|zw|2
dA(w)

)1/2

. (A.6.35)

For w ∈D1(z), we can write w = z+ reiθ where 0 ≤ r < ρ(z) and 0 ≤ θ < 2π. Therefore,∫
D1(z)

|w − z|2

|zw|2
dA(w) =

1
|z|2

∫ ρ(z)

0
r3

∫ 2π

0

dθdr

|z+ reiθ |2
(A.6.36)

Let z = |z|eiψ. Then∫ 2π

0

dθ

|z+ reiθ |2
=

∫ 2π

0

dθ∣∣∣|z|+ reiθ∣∣∣2 =
∫ 2π

0

dθ

|z|2 + r2 + 2|z|r cosθ
. (A.6.37)

Defining y = r
|z| ,

1
|z|2

∫ ρ(z)

0

∫ 2π

0

r3dθdr

|z|2 + r2 + 2|z|r cosθ
=

1
|z|2

∫ ρ(z)
|z|

0

∫ 2π

0

y3|z|4dθdy
|z|2 + y2|z|2 + 2|z|2y cosθ

=
∫ ρ(z)

|z|

0

y3

2y

∫ 2π

0

dθdy
1+y2

2y + cosθ
.

Let x = 1+y2

2y . Then ∫ 2π

0

dθ
1+y2

2y + cosθ
=

∫ 2π

0

dθ
x+ cosθ

. (A.6.38)

Taking t = tan θ
2 , we have θ = 2tan−1(t), dθ = 2dt

1+t2 , and cosθ = 1−t2
1+t2 . Since the cosine function

is even, one has∫ 2π

0

dθ
x+ cosθ

= 2
∫ π

0

dθ
x+ cosθ

= 2
∫ ∞

0

2dt
x(1 + t2) + 1− t2

= 2
∫ ∞

0

2dt
t2(x − 1) + (x+ 1)

=
4

x+ 1

∫ ∞
0

dt

1 + (x−1
x+1 )t2

. (A.6.39)
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Taking u =
√
x−1
x+1 t, we obtain

4
x+ 1

∫ ∞
0

dt

1 + (x−1
x+1 )t2

=
2

x+ 1

∫ ∞
0

2
√
x+1
x−1du

u2 + 1
=

2
x+ 1

√
x+ 1
x − 1

∫ ∞
0

2du
u2 + 1

=
2

x+ 1

√
x+ 1
x − 1

∫ π

0
dθ =

2π√
(x − 1)(x+ 1)

=
2π√

(1+y2

2y − 1)(1+y2

2y + 1)
=

4πy
(1− y)(1 + y)

. (A.6.40)

Thus, ∫ ρ(z)/ |z|

0

y3

2y

∫ 2π

0

dθdy
1+y2

2y + cosθ
=

∫ ρ(z)/ |z|

0

y2

2
4πydy
(1− y2)

. (A.6.41)

Let v = y2, then∫ ρ(z)/ |z|

0

y2

2
4πydy
(1− y2)

=
∫ (ρ(z)/ |z|)2

0

v
2

4π
√
vdv

(1− v)
dv

2
√
v

= π
∫ (ρ(z)/ |z|)2

0

v − 1 + 1
1− v

dv = π
∫ (ρ(z)/ |z|)2

0

(
−1 +

1
1− v

)
dv

= π
[
−(
ρ(z)
|z|

)2 − ln(1− (
ρ(z)
|z|

)2)
]
. (A.6.42)

Hence,

MO2,1(f )(z) =
π
ρ(z)

[
−(
ρ(z)
|z|

)2 − ln(1− (
ρ(z)
|z|

)2)
]1/2

. (A.6.43)

Therefore,

∥f ∥p
IMOp,2,−2/p

1

=
∫
C

ρ(z)−2 MO2,1(f )(z)pdA(z)

≃
∫
C

1
ρ(z)2

1
ρ(z)p

[
−(
ρ(z)
|z|

)2 − ln(1− (
ρ(z)
|z|

)2)
]p/2

dA(z). (A.6.44)

Note that taking x = −(ρ(z)/ |z|)2, the term in the bracket is x− ln(1 + x) = x−x+x2/2−x3/3 + · · ·,
and hence the most contribution comes from the term x2/2. Thus,

∥f ∥p
IMOp,2,−2/p

1

≃
∫
C

1
ρ(z)p+2

ρ(z)2p

|z|2p
dA(z) =

∫
C

1
ρ(z)2−p

1
|z|2p

dA(z)

≥
∫
|z|≥R

1

|z|β(2−p)

1
|z|2p

dA(z) ≃
∫ ∞
R

rdr

r2p+β(2−p)

=
∫ ∞
R
r1−2p−β(2−p)dr ≃ r2−2p−β(2−p)

∣∣∣∞
r=R

. (A.6.45)

Note that 2 − 2p − β(2 − p) = (2 − p)
(2(1−p)

2−p − β
)
, and since 0 < p ≤ 1, the integral diverges when

β ≤ 2(1−p)
2−p . So, when p = 1, β must be zero. When p is very close to zero, β can get very close to

1, implying that Xia’s example is a counterexample for any doubling measure.
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Remark A.6.2. One could also hope to modify (A.6.29) so that it takes into account the growth
condition of ρ; see (A.1.17). However, there are no holomorphic functions that behave like |z|c

at infinity unless c is an integer. Indeed, suppose that f is holomorphic in the complement of
a disk centered at the origin, and assume that supθ |f (reiθ)| ≃ rc as r →∞. Then c ∈ Z. To see
this, for such a function f , set g(z) = zkf (1/z), where k ≥ c is an integer. Then g has a removable
singularity at the origin since |g(reiθ)| = O(rk−c) as r → 0. So g is bounded at zero, and hence g
has a power series

∑
akz

k near the origin, which implies that c ∈Z.
Finally, notice that substituting (A.6.29) in the proof of Theorem A.1.7 by the functions

f (z) = 1/zn for |z| > 1 and f (z) = 0 elsewhere actually works worse when the integer n is larger
than 1.

Proof of Corollary A.1.8. We apply Theorem A.1.7 to the canonical doubling weights φ(z) = |z|m

with m > 0. Recall that by Lemma A.2.5, there is some R > 0 such that ρ(z) ≤ |z|1−m/2 for
|z| ≥ R. Therefore, βφ = 1−m/2. We can conclude that the Berger-Coburn phenomenon fails for

Sp(F2
|z|m ,F

2
|z|m) if 1 −m/2 ≤ 1−p

1−p/2 , which is equivalent to m ≥ p
1−p/2 . In particular, if m ≥ 2, then

the phenomenon fails for all Schatten classes Sp with 0 < p ≤ 1.
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Appendix B

Toeplitz operators on large
vector-valued Fock spaces1

Abstract

We characterize boundedness and compactness of Toeplitz operators on large vector-
valued Fock spaces with weights introduced by Dall’Ara’s [Adv. Math., 285 (2015) 1706–
1740] in terms of generalized Berezin transforms, averaging functions, and Carleson mea-
sures. We also introduce the operator-valued Berezin transform and averaging functions to
describe the Schatten class properties of Toeplitz operators. This class of weights extends
doubling weights on the complex plane to the setting of Cn.

B.1 Introduction and main results

The classical Fock space of square-integrable entire functions with respect to a Gaussian mea-
sure, originally introduced in quantum mechanics, has long served as an important object of
study in functional analysis, complex analysis, and mathematical physics. From the complex
analysis point of view, it provides a canonical example of a reproducing kernel Hilbert space,
which is a central setting to the study of Toeplitz and Hankel operators. From a geometric per-
spective, the Fock space can be interpreted as the space of holomorphic sections of a Hermitian
line bundle over Cn, where the Gaussian weight naturally induces a Kähler metric. This inter-
pretation establishes deep connections with complex differential geometry and the framework
of geometric quantization.

Motivated by these and other applications (such as sampling and interpolation), consid-
erable effort has been devoted to extending classical Fock spaces to those defined via more
general scalar weights, which typically satisfy certain growth or curvature conditions, allow-
ing for a broader and more nuanced geometric and analytic framework (see, e.g., [7, 46, 48,
81]). In his seminal work, Christ [24] studied doubling Fock spaces over the complex plane C,
associated with suitable subharmonic weight functions. His analysis established a profound
link between the study of Bergman kernels and partial differential equations through geomet-
ric and analytic techniques. This framework was subsequently extended by Dall’Ara [30] to

1This appendix reproduces the paper “Toeplitz operators on large vector-valued Fock spaces” by H. Arroussi, G.
Asghari, and J. A. Virtanen, available as an arXiv preprint (arXiv:2504.15239, 2025).

Apart from formatting adjustments, this appendix coincides with the current version of the arXiv preprint.
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higher-dimensional complex spaces C
n, which is the underlying space for the operators that

we consider in our work.
Compared to the long-term interest in the scalar-valued Fock spaces, less attention has been

paid to the vector-valued case, where functions take values in finite- or infinite-dimensional
Hilbert spaces, where additional difficulties are caused by the complexity of kernel functions
taking values in operator algebras and the interplay between geometry and operator theory in
infinite dimensions.

Let H be a separable Hilbert space. We denote by L2
φ(Cn,H) the space of all measurable

H-valued functions on C
n for which

∥f ∥22,φ =
∫
C
n
∥f (z)∥2H e

−2φ(z)dA(z) <∞, (B.1.1)

where dA is the Lebesgue measure on C
n and φ is an admissible weight introduced by

Dall’Ara [30] (see §B.2 below). When equipped with the inner product

⟨f ,g⟩ =
∫
C
n
⟨f (z), g(z)⟩He−2φ(z)dA(z),

L2
φ(Cn,H) becomes a Hilbert space. We say that f : Cn→H is holomorphic if for every contin-

uous linear functional φ ∈ H∗, the scalar-valued function φ ◦ f : Cn→ C is holomorphic in the
usual sense (see, e.g., §3.10 in [42]). The large vector-valued Fock space F2

φ(H) is defined by

F2
φ(Cn,H) = L2

φ(Cn,H)∩H(Cn,H),

where H(Cn,H) stands for the space of all H-valued holomorphic functions on C
n.

Our large Fock spaces F2
φ(H) generalize the concept of doubling Fock spaces on C to higher

dimensions and allow for vector-valued functions. Note that the class of admissible weights
contains all weights φ for which there are constants 0 < m <M such that

mωo ≤ ddcφ ≤Mωo, (B.1.2)

where ωo = 1
2dd

c|z|2 is the Euclidean Kähler form in C
n, d = ∂+ ∂̄ is the exterior derivative, and

dc = i
2 (∂̄−∂); see, e.g., [73] for further details of the weights satisfying (B.1.2). When n = 1, the

condition in (B.1.2) is equivalent to m ≤ ∆φ ≤M, where ∆ is the Laplacian.
It is easy to see that F2

φ(Cn,H) is a closed subspace of L2
φ(Cn,H) and hence a Hilbert space.

Indeed, given z ∈Cn, by Lemma B.2.8, there is a constant C(z) such that

∥f (z)∥H ≤ C(z)∥f ∥2,φ, for f ∈ F2
φ(Cn,H)

(see Remark B.2.9), which implies that the point evaluation map f 7→ f (z) is a bounded linear
homomorphism from F2

φ(Cn,H) toH and uniformly bounded in bounded domains of Cn. Since

locally uniform limits of holomorphic functions are holomorphic, we conclude that F2
φ(Cn,H)

is a closed subspace of L2
φ(Cn,H).

Reproducing kernel Hilbert spaces, such as the classical Fock space of square-integrable
complex-valued holomorphic functions, have been an exciting area of research in analysis and
operator theory. One of the basic properties of the reproducing kernel in the scalar setting,
i.e, spaces of complex-valued functions, is that the reproducing kernel itself is holomorphic
and belongs to the space. In the previous work on vector-valued Fock spaces, such as [19],
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reproducing kernels were not always explicitly defined and we introduce them here for the first
time in Definition B.1.1. However, a notion of operator-valued positive definite kernel, introduced
by Aronszajn in 1950 [5], has been used in the finite-dimensional Euclidean setting in machine
learning [66, 67]. Our definition agrees with this and also with the definition of matrix-valued
reproducing kernel Hilbert spaces; see e.g., [35]. What will be different, though, from the scalar
case is that, although the reproducing kernel reproduces the elements of the Hilbert space in
the sense of the integral equation (B.1.3), it is not an element of the space itself.

Definition B.1.1. Let H be a separable Hilbert space, H∗ be its dual, and let F be a Hilbert
space of functions f : Cn→H. We say that F is a vector-valued reproducing kernel Hilbert space
if there is a map KH : Cn ×Cn→H⊗H∗ with KH(z,w)∗ � KH(w,z), and

f (z) =
∫
C
n
KH(z,w)f (w)dV (w) for f ∈ F , (B.1.3)

where dV is a measure on C
n.

Note that here � stands for the natural isomorphism H⊗H∗ �H∗ ⊗H. Let L(H) be the set
of bounded linear operators onH. Then there is a natural isomorphism L(H) �H∗⊗H. In fact,
using the map B :H∗ ×H→ L(H) defined by B(λ,w)(v) = λ(v)w, and the universal property of
the tensor products, we obtain a linear map TB :H∗ ⊗H→ L(H). This map is an isomorphism
with inverse S(L) =

∑∞
i=1 e

i ⊗ Lei , where {ei}∞i=1 is an orthonormal basis of H and {ei}∞i=1 is the
dual basis of H∗. Therefore, the vector-valued reproducing kernel KH can be viewed as a map
KH : Cn ×Cn→L(H).

Write KHz (·) = KH(·, z). In Definition B.1.1, consider KH : Cn ×Cn → L(H) and KH(z,w)∗ =
KH(w,z). Let us consider the inner product of F as

⟨f ,g⟩F =
∫
C
n
⟨f (z), g(z)⟩HdV (z).

It follows that ⟨f (z),h⟩H = ⟨f ,KHz h⟩F for every h ∈ H and z ∈ Cn. This can be seen as an analog
to f (z) = ⟨f ,Kz⟩ in the scalar setting.

For the rest of the paper, we assume that dV = e−2φdA, which implies that F2
φ(Cn,H) is a

vector-valued reproducing kernel Hilbert space and its reproducing kernel KHz is a map from
C
n to H⊗H∗. The reproducing kernel property takes the form

f (z) =
∫
C
n
KH(z,w)f (w)e−2φ(w)dA(w).

When H = C, we denote the scalar-valued weighted Fock space on C
n by F2

φ(Cn), which con-
sists of all complex-valued holomorphic functions on C

n such that the norm defined in (B.1.1)
is finite. Notice that the above integral is equivalent to the scalar reproducing kernel prop-
erty, where the action of the reproducing kernel in the scalar case F2

φ(Cn) is given by the

usual multiplication. Being an element of H⊗H∗, the most general KH(z,w) is of the form∑∞
m,n=1Kmn(z,w)em ⊗ en, where Kmn(z,w) are some complex scalars. In fact, we will see in §B.2

that the reproducing kernel for F2
φ(Cn,H) is obtained by taking Kmn(z,w) = δmnK(z,w), where

K(z,w) is the reproducing kernel of F2
φ(Cn); that is,

KHw (z) = KH(z,w) =
∞∑
n=1

K(z,w)en ⊗ en.
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Define an integral operator P : L2
φ(Cn,H)→ F2

φ(Cn,H) by

P (f )(z) =
∫
C
n
KH(z,w)f (w)e−2φ(w)dA(w) =

∫
C
n
f (w)K(z,w)e−2φ(w)dA(w), (B.1.4)

which is shown to be the orthogonal projection of L2
φ(Cn,H) onto F2

φ(Cn,H) in Lemma B.2.12.
To define vectorial Toeplitz operators, we denote by Tφ(L(H)) the space of holomorphic
operator-valued functions G : Cn→L(H) such that each G(z) is positive and satisfies

Kz(·)∥G(·)∥L(H) ∈ L2
φ(Cn), z ∈ Cn. (B.1.5)

For G ∈ Tφ(L(H)), the vectorial Toeplitz operator TG is densely defined by

TGf (z) = P (Gf )(z) =
∫
C
n
G(w)f (w)K(z,w)e−2φ(w)dA(w),

for f ∈ F2
φ(Cn,H). For more details see Section B.2.

To characterize the boundedness and compactness of TG, we define the Berezin transform
G̃ by

G̃(z) =
∫
C
n
|kz(w)|2e−2φ(w)∥G(w)∥L(H)dA(w), z ∈ Cn,

where
kz =

Kz
∥Kz∥F2

φ(Cn)
, z ∈ Cn,

is the normalized Bergman kernel of F2
φ(Cn). For r > 0, the corresponding averaging function

Ĝr is defined by

Ĝr(z) =

∫
Dr (z) ∥G(w)∥L(H)dA(w)

|Dr(z)|
≃

∫
Dr (z) ∥G(w)∥L(H)dA(w)

ρ(z)2n ,

where |Dr(z)| is the Lebesgue measure of the disk Dr(z) = D(z, rρ(z)) and ≃ is defined below in
§B.1.

We say that G satisfies the Carleson condition if the inclusion map IG : F2
φ(Cn,H) →

L2
φ(Cn,H,∥G∥L(H)dA) is bounded, that is, there is a constant C such that(∫

C
n
∥f (z)∥2He

−2φ(z)∥G(z)∥L(H)dA(z)
)1/2

≤ C∥f ∥2,φ, for f ∈ F2
φ(Cn,H). (B.1.6)

We say that G satisfies the vanishing Carleson condition if the embedding operator IG :
F2
φ(Cn,H) → L2

φ(Cn,H,∥G∥L(H)dA) is compact, that is, for any bounded sequence {fj}∞j=1 in

F2
φ(Cn,H) that converges to zero uniformly on any compact subset of Cn as j→∞,

lim
j→∞

∫
C
n
∥fj(z)∥2He

−2φ(z)∥G(z)∥L(H)dA(z) = 0. (B.1.7)

In the scalar setting, the basic properties of Toeplitz operators are relatively well under-
stood. Indeed, in the scalar case, boundedness, compactness, and Schatten class properties for
Dall’Ara weights were described in [8], while their Fredholm properties are understood up to
doubling weights (see [48]). In the vectorial case, see [33] for boundedness and compactness
when the weights satisfy (B.1.2) and see [78] for logarithmic growth weights introduced by
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Seip and Youssfi [74]. Regarding Schatten class properties, there are no characterizations for
vectorial Toeplitz operators but there is a characterization for vectorial Hankel operators on
Fock spaces with logarithmic growth weights (see [19]). The present work provides the first
Schatten class characterization for vectorial Toeplitz operators on weighted Fock spaces and
also provides descriptions of their boundedness and compactness.

Main results

The following three results describe boundedness, compactness, and Schatten class properties
of Toeplitz operators acting on large vector-valued Fock spaces.

Theorem B.1.2. Let G ∈ Tφ(L(H)) and α be as in (B.2.11). Then the following conditions are
equivalent:

1. TG : F2
φ(H)→ F2

φ(H) is bounded;

2. G̃ ∈ L∞(Cn,dA);

3. Ĝδ ∈ L∞(Cn,dA) for some (or any) 0 < δ ≤ α;

4. {Ĝδ(zk)}k is a bounded sequence for some (or any) δ-lattice {zk}k with 0 < δ ≤ α;

5. G satisfies a Carleson condition.

Moreover,
∥TG∥ ≃ ∥G̃∥L∞(Cn,dA) ≃ ∥Ĝδ∥L∞(Cn,dA) ≃ ∥{Ĝδ(zk)}k∥l∞ . (B.1.8)

Theorem B.1.3. Let G ∈ Tφ(L(H)) and α be as in (B.2.11). Then the following conditions are
equivalent:

1. TG : F2
φ(H)→ F2

φ(H) is compact;

2. G̃(z)→ 0 as |z| →∞;

3. Ĝδ(z)→ 0 as |z| →∞ for some (or any) 0 < δ ≤ α;

4. Ĝδ(zk)→ 0 as k→∞ for some (or any) δ-lattice {zk}k with 0 < δ ≤ α;

5. G satisfies a vanishing Carleson condition.

To characterize the Schatten class membership of the vectorial Toeplitz operator TG, we
define the operator-valued Berezin transform of G by

G̃op(z) =
∫
C
n
|kz(w)|2e−2φ(w)G(w)dA(w), z ∈ Cn,

and the corresponding averaging operator by

Ĝ
op
r (z) =

∫
Dr (z) G(w)dA(w)

|Dr(z)|
≃

∫
Dr (z)G(w)dA(w)

ρ(z)2n , z ∈ Cn.

These operator-valued versions of the Berezin transform and the averaging operator will likely
be useful for the study of various classes of concrete operators. In our present work we use
them to characterize the Schatten class membership of the vectorial Toeplitz operators.
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Theorem B.1.4. Let 1 ≤ p <∞, and 0 < δ < α, where α is as in (B.2.11). Then for any orthonormal
basis {em}m≥1 of H, the following statements are equivalent:

1. The operator TG belongs to Sp(F2
φ(Cn,H));

2. ∫
C
n

∞∑
m=1

(
⟨G̃op(z)em, em⟩H

)p dA(z)
ρ(z)2n <∞;

3. ∫
C
n

∞∑
m=1

(
⟨Ĝopδ (z)em, em⟩H

)p dA(z)
ρ(z)2n <∞;

4. Let {zj}j≥1 be a δ-lattice. Then

∞∑
j,m=1

(
⟨Ĝopδ (zj )em, em⟩H

)p
<∞.

The characterization of Schatten class membership of Toeplitz operators TG, for 0 < p < 1,
is more complicated. As one can see in Theorem B.1.7, to get a full characterization, we need
to add an extra condition about the symbol G(z), that is, G(z) is a compact operator on H, for
every z ∈ C

n. However, sufficient conditions for TG ∈ Sp(F2
φ(Cn,H)) is exactly as those when

1 ≤ p <∞, as explained in Proposition B.1.6 below.

Proposition B.1.5. Let 0 < p < 1, and 0 < δ < α, where α is as in (B.2.11). Then for any orthonormal
basis {em}m≥1 of H, the following statements are equivalent:

1. ∫
C
n

∞∑
m=1

(
⟨G̃op(z)em, em⟩H

)p dA(z)
ρ(z)2n <∞;

2. ∫
C
n

∞∑
m=1

(
⟨Ĝopδ (z)em, em⟩H

)p dA(z)
ρ(z)2n <∞;

3. Let {zj}j≥1 be a δ-lattice. Then

∞∑
j,m=1

(
⟨Ĝopδ (zj )em, em⟩H

)p
<∞.

Proposition B.1.6. Let 0 < p < 1, and 0 < δ < α, where α is as in (B.2.11). If there is an orthonormal
basis {em}m≥1 of H, such that ∫

C
n

∞∑
m=1

(
⟨G̃op(z)em, em⟩H

)p dA(z)
ρ(z)2n <∞,

then the operator TG belongs to Sp(F2
φ(Cn,H)).

The following theorem gives the necessary condition for the Schatten class membership of
TG by assuming that G(z) is a compact operator on H.
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Theorem B.1.7. Let 0 < p < 1, δ <min(1/2,α), where α is as in (B.2.11), and {zj}j≥1 be a δ-lattice.
Assume that G(z) is compact for every z ∈ Cn, and TG ∈ Sp(F2

φ(Cn,H)). Then there is a family of

orthonormal bases {ejm}m≥1 of H, possibly depending on zj ∈Cn, such that

∞∑
j,m=1

(
⟨Ĝopδ (zj )e

j
m, e

j
m⟩H

)p
<∞,

where {ejm}m≥1 is the basis of H, obtained by eigenvectors of Ĝopδ (zj ), for each j ≥ 1.

Note that the integrals in the preceding theorems and propositions are taken with respect
to the volume form associated with the Riemannian metric tensor g =

∑n
j=1ρ(z)−2dzj ⊗dz̄j over

C
n, taking into account the underlying geometry of the space. One can see that the associated

Riemannian metric is conformal, with the conformal factor ρ(z)−1. For more details on function
ρ see §B.2. In the case of the classical Fock space, ρ = 1, and hence the study of Schatten class
membership of the vectorial Toeplitz operator is much easier, as one is dealing with the usual
Riemannian metric.

In general, when dealing with Toeplitz operators on Fock spaces with doubling or Dall’Ara
weights, the difficulty is caused by the geometry induced by the weight φ, that effects both the
kernel estimates and the Riemannian metric over Cn. Accordingly, the proofs typically require
new techniques adapted to such weights, such as generalized criteria of Carleson measures
and decompositions of the complex plane by r-lattices, which differ from the conventional
decompositions into subsets with essentially constant radius. Moreover, because of the lack of
an explicit expression for the reproducing kernel, which makes our goal more difficult, we use
some of its pointwise and norm estimates.

More precisely, Theorems B.1.2 and B.1.3 extend classical results for scalar symbols, the
main difference from the scalar case in our approach is that we introduce a Carleson condition
for the vector-valued case, while for our Schatten class result in Theorem B.1.4, we have to
introduce operator-valued versions of the Berezin transform and the averaging function. This
is in contrast, for example, to the case in which the symbol of the Toeplitz operator is a positive
measure. Another useful observation for our approach is that the compactness of the vectorial
Toeplitz operator implies the compactness of the operator-valued averaging function, as shown
in Lemma B.2.16. This enables us to apply the spectral theorem introducing bases ejm in the
proof of Theorem B.1.4.

The paper is organized as follows. In Section B.2, we give some background on the radius
function ρ and some useful estimates of the reproducing kernel. Further, we elaborate more on
the relationship between the reproducing kernel KH(z,w) of F2

φ(Cn,H) and that of F2
φ(Cn), and

discuss the properties of the orthogonal projection. Furthermore, we provide some lemmas on
the Schatten class properties of Toeplitz operators that turn out to be very useful in the proof
of Theorem B.1.4. Section B.3 is mostly devoted to the proof of Theorem B.1.2 and Theorem
B.1.3. Finally, the proof of Theorem B.1.4 is given in Section B.4.

Notation

We use C to denote positive constants whose value may change from line to line but does not
depend on the functions being considered. We say that A ≃ B if there exists a constant C > 0
such that C−1A ≤ B ≤ CA. Moreover, A ≲ B if A ≤ CB for some positive constant C.
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B.2 Preliminaries

In this section, we state the definition of Dall’Ara’s weights, prove some key lemmas on the
radius function ρ, and deal with the reproducing kernels of F2

φ(Cn) and F2
φ(Cn,H). We finish

this section by providing some auxiliary results on the Schatten class membership of vectorial
Toeplitz operators.

Dall’Ara’s weights and the corresponding weighted Fock spaces

Let H be a separable Hilbert space with norm ∥ · ∥H and φ : Cn→ R be a C2 plurisubharmonic
function.

Definition B.2.1. We say that φ belongs to the weight class W if φ satisfies the following
statements:

(I) There exists c > 0 such that
inf
z∈Cn

sup
ξ∈D(z,c)

∆φ(ξ) > 0, (B.2.1)

where D(z,c) is the Euclidean disk centered at z with radius c,

(II) ∆φ satisfies the reverse-Hölder inequality. That is, there exists a positive real number C
such that

∥∆φ∥L∞(D(z,r)) ≤ Cr−2n
∫
D(z,r)

∆φ(ξ)dA(ξ), for any z ∈Cn and r > 0,

(III) the eigenvalues of Hφ are comparable, i.e., there exists a δ0 > 0 such that

⟨Hφ(z)u,u⟩ ≥ δ0∆φ(z)|u|2, for any u,z ∈ Cn,

where The Hessian matrix of φ is given by

Hφ =
(
∂2φ

∂zj∂zk

)
j,k≥1

.

Suppose 0 < p <∞ and φ ∈ W . The space Lpφ(Cn) is the space of all measurable functions f
on C

n for which

∥f ∥Lpφ(Cn) =
(∫

C
n
|f (z)|pe−pφ(z)dA(z)

)1/p

<∞,

and the space L∞φ (Cn) consists of measurable functions endowed with the norm

∥f ∥L∞φ (Cn) = sup
z∈Cn
|f (z)|e−φ(z) <∞.

Denote by H(Cn) the space of all holomorphic functions on C
n. Then the scalar weighted Fock

space is defined as
F
p
φ(Cn) = Lpφ(Cn)∩H(Cn).

with the same norm which was defined above. It is easy to check that Fpφ(Cn) is a Banach space
under the above norm for 1 ≤ p <∞, and a complete metrizable topological vector space with
the metric

ϱ(f ,g) = ∥f − g∥Fpφ(Cn), for 0 < p < 1.
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For z ∈Cn, we define the associated function ρ to φ as

ρ(z) = sup{r > 0 : sup
w∈D(z,r)

∆φ(w) ≤ r−2}. (B.2.2)

This function satisfies many different properties, as presented in Lemma B.2.2. Let µ be a
positive Borel measure defined by

µ(D(z, r)) = r2∥∆φ∥L∞(D(z,r)).

One can see that µ is doubling, and µ(D(z,ρ(z))) = 1 using the reverse Hölder inequality, as was
shown in [62].

The orthogonal projection of L2
φ(Cn) onto F2

Φ
(Cn) is denoted by P

C
and the reproducing

kernel of F2
φ(Cn) by Kw(z) = K(z,w). It is well known that P

C
can be represented as an integral

operator

P
C

(f )(z) =
∫
C
n
f (w)K(z,w)e−2φ(w)dA(w), z ∈ Cn,

which extends to a bounded projection from L
p
ϕ(Cn) to Fpφ(Cn) if 1 < p < ∞. In particular,

Theorem 20 of [30] proves that there are constants C,ε > 0 such that

|K(z,w)| ≤ C e
φ(z)

ρ(z)n
eφ(w)

ρ(w)n
e−εdρ(z,w), z,w ∈ Cn, (B.2.3)

where if γ : [0,1]→C
n is a piecewise C1 curve, we define

Lρ(γ) =
∫ 1

0

|γ ′(t)|
ρ(γ(t))

dt,

and
dρ(z,w) = inf

γ
Lρ(γ),

where the infimum is taken over all piecewise C1 curves γ : I →C
n with γ(0) = z and γ(1) = w.

Moreover, dρ(z,w) ≃ |z−w|ρ(z) , for z,w ∈ Cn. For more details, please see proposition 5 in [30].

Some useful estimates

The first lemma shows some properties of the associated function ρ and construction of the
r-lattice as defined below.

Lemma B.2.2 (See [7], Lemma A). Let φ be defined as in Definition B.2.1. Then the radius function
ρ satisfies the following properties.

(1) There exists M > 0 such that
sup
z∈Cn

ρ(z) ≤M, (B.2.4)

(2) The function ρ is Lipschitz. That is, for every z,w ∈ Cn,

|ρ(z)− ρ(w)| ≤ |z −w|, (B.2.5)

(3) For r ∈ (0,1) and w ∈Dr(z),

(1− r)ρ(z) ≤ ρ(w) ≤ (1 + r)ρ(z), (B.2.6)

117



(4) There exist A,B > 0 such that

|z|−A ≲ ρ(z) ≲ |z|B, for |z| > 1. (B.2.7)

By (B.2.6) and the triangle inequality, for any r ∈ (0,1), there are m1 = m1(r) > 1 and m2 =
m2(r) > 1 such that

Dr(z) ⊂Dm1r(w), and Dr(w) ⊂Dm2r(z), for every w ∈Dr(z). (B.2.8)

It is easy to see that

β = sup
0<r<1

[m1(r) +m2(r)] <∞. (B.2.9)

Given a sequence {zk}k≥1 ⊂C
n and r > 0, we call {zk}k≥1 an r-lattice if {Dr(zk)}∞k=1 covers Cn,

and the balls of the form {Dr/5(zk)}∞k=1 are pairwise disjoint. Moreover, for an r-lattice {zk}k≥1

and a real number m ≥ 1, there exists some integer N , only depending on m and r, such that
each z ∈Cn can be in at most N balls of the form Dmr(zk). That is,

∞∑
k=1

χDmr (zk)
(z) ≤N, for z ∈Cn, (B.2.10)

where χE is a characteristic function of a subset E of Cn.
The second lemma presents some estimates of the reproducing kernels and their norms.

Lemma B.2.3 (See [8], Lemma 2.3). Let Kz = K(·, z) be the reproducing kernel of F2
φ(Cn). The

following assertions are true.

(a) There exists α ∈ (0,1] such that

|Kz(w)| ≃ ∥Kz∥F2
φ(Cn)∥Kw∥F2

φ(Cn), w ∈Dα(z), (B.2.11)

(b) For 0 < p ≤∞,
∥Kz∥Fpφ(Cn) ≃ e

φ(z)ρ(z)2n(1−p)/p, z ∈ Cn, (B.2.12)

(c) Let α be as defined in (B.2.11). Then

|kz(w)|2e−2φ(w) ≃ ρ(z)−2n, w ∈Dα(z), (B.2.13)

(d) For each z ∈Cn, 0 < p ≤∞ and β ∈R,∫
C
n
|Kz(w)|pe−pφ(w)ρ(w)βdA(w) ≃ epφ(z)ρ(z)2n(1−p)+β , (B.2.14)

(e) The set {kz : z ∈ Cn} is bounded in F2
φ(Cn) and kz→ 0 uniformly on any compact subsets of Cn

as |z| →∞.

The third lemma shows how we transform any function f in F2
φ(Cn,H) into another one in

F2
φ(Cn).

Lemma B.2.4. If f ∈ F2
φ(Cn,H), then z 7→ ⟨f (z), e⟩H ∈ F2

φ(Cn), for any unit element e ∈ H.
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Proof. By Cauchy-Schwarz inequality,∫
C
n
|⟨f (z), e⟩H|2e−2φ(z)dA(z) ≤

∫
C
n
∥f (z)∥2H ∥e∥

2
H e
−2φ(z)dA(z) <∞,

which finishes the proof.

Remark B.2.5. Lemma B.2.4 can be generalized for any h ∈ H . Indeed, similarly, one can
observe that z 7→ ⟨f (z),h⟩H ∈ F2

φ(Cn), for any element h ∈ H.

Lemma B.2.6. Let e ∈ H be a unit element. The set {kz(·)e : z ∈ Cn} is bounded in F2
φ(Cn,H) and

kz(·)e→ 0 uniformly on any compact subsets of Cn as |z| →∞.

Proof. It is similar to the proof of the statement (e) of Lemma B.2.3.

Lemma B.2.7 (See [7], Lemma B). Let 0 < p < ∞ and define φ as in (B.2.1). For any δ ∈ (0,1],
there exists C > 0 such that for any f ∈H(Cn) and z ∈Cn,

|f (z)|pe−pφ(z) ≤ C

δ2nρ(z)2n

∫
Dδ(z)
|f (w)|pe−pφ(w)dA(w). (B.2.15)

Lemma B.2.8. For any δ ∈ (0,1], there exists C > 0 such that for any f ∈ F2
φ(Cn,H) and z ∈ Cn,

∥f (z)∥2He
−2φ(z) ≤ C

δ2nρ(z)2n

∫
Dδ(z)
∥f (w)∥2He

−2φ(w)dA(w). (B.2.16)

Proof. Let f ∈ F2
φ(Cn,H). By Lemma B.2.4, ⟨f (z), e⟩H belongs to F2

φ(Cn) and hence holomorphic,
for any unit vector e ∈ H. Hence by Lemma B.2.7, and applying the Cauchy-Schwarz inequality

|⟨f (z), e⟩H|2e−2φ(z) ≤ C

δ2nρ(z)2n

∫
Dδ(z)
|⟨f (w), e⟩H|2e−2φ(w)dA(w)

≤ C

δ2nρ(z)2n

∫
Dδ(z)
∥f (w)∥2H∥e∥

2
He
−2φ(w)dA(w).

Since ∥e∥H = 1, we obtain (B.2.16) and the proof is complete.

Remark B.2.9. Let z ∈ Cn. Then by Lemma B.2.8, ∥f (z)∥H ≤ C eφ(z)

ρ(z)n ∥f ∥2,φ, and hence the point

evaluation map f 7→ f (z) is a bounded linear homomorphism from F2
φ(Cn,H) to H. Let C(z)

be the bounding constant, depending only on z, φ, and n. One can see that for any compact
subset K ⊂ C

n, and any z ∈ K , C(z) is bounded. To see this, first take K not overlapping the
unit disk centered at the origin. Then (B.2.7) implies that C(z) ≃ eφ(z)|z|nA for some A > 0, and
thus bounded. Now, assume that K overlaps the unit disk D(0,1). By (B.2.5), ρ is continuous,
and since φ is C2, it is enough to show that ρ never vanishes on the unit disk, to conclude
that C(z) is continuous and thus bounded on K . Let z ∈ D(0,1). By continuity of ∆φ, and
since φ is plurisubharmonic, there is some constant M > 0 such that supw∈D(0,2)∆φ(w) = M.
Let N = max{M,1}. Then 1

N ≤ 1, and thus D(z, 1
N ) ⊂ D(0,2), for every z ∈ D(0,1). Hence,

supw∈D(z, 1
N )∆φ(w) ≤N ≤N2. Using (B.2.2), we can conclude that ρ(z) ≥ 1

N for every z ∈D(0,1),
and in particular ρ(z) , 0.
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Reproducing kernel of F2
φ(Cn,H) and the orthogonal projection

Lemma B.2.10. Let φ be as in Definition B.2.1, andH be a separable Hilbert space. The reproducing
kernel of F2

φ(Cn,H) is of the form

KHw (z) = KH(z,w) =
∞∑
n=1

K(z,w)en ⊗ en,

where K(z,w) is the reproducing kernel of F2
φ(Cn).

Proof. Applying Lemma B.2.4, we can write∫
C
n
KH(z,w)f (w)e−2φ(w)dA(w) =∫

C
n

∞∑
n=1

⟨f (w), en⟩HenK(z,w)e−2φ(w)dA(w)

=
∞∑
n=1

⟨f (z), en⟩Hen

= f (z),

showing that the choice we made for the reproducing kernel does make sense. Moreover, since
K(z,w) is conjugate symmetric, and by the natural isomorphism H⊗H∗ �H∗ ⊗H,

KH(z,w)∗ =
∞∑
n=1

K(z,w)en ⊗ en �
∞∑
n=1

K(w,z)en ⊗ en = KH(w,z).

Remark B.2.11. The reproducing kernel in Lemma B.2.10 is unique when viewed as an L(H)-
valued kernel. More precisely, if KH1 , K

H
2 : Cn ×Cn→L(H) both satisfy the reproducing kernel

property
⟨f (z),h⟩H = ⟨f ,KHj,zh⟩F2

φ(Cn,H), f ∈ F2
φ(Cn,H), h ∈ H, z ∈Cn,

for j = 1,2, then KH1 = KH2 . Indeed, for fixed z ∈ C
n and h ∈ H, the point evaluation map

evz : F2
φ(Cn,H)→H, with f 7→ f (z), is bounded (see the discussion preceding Definition B.1.1).

Hence, the scalar-valued map

Lz,h : F2
φ(Cn,H)→ C, Lz,h(f ) = ⟨f (z),h⟩H,

is a bounded linear functional. Since F2
φ(Cn,H) is a Hilbert space, the Riesz representation

theorem yields a unique vector gz,h ∈ F2
φ(Cn,H) such that

⟨f (z),h⟩H = ⟨f ,gz,h⟩F2
φ(Cn,H) for all f ∈ F2

φ(Cn,H).

Thus, for each reproducing kernel KHj , the vector KHj,zh is precisely this unique Riesz represen-
ter, and in particular

KHj,zh ∈ F
2
φ(Cn,H).

Therefore,
⟨f , (KH1,z −K

H
2,z)h⟩F2

φ(Cn,H) = 0 for all f ∈ F2
φ(Cn,H).
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Choosing
f = (KH1,z −K

H
2,z)h ∈ F

2
φ(Cn,H),

we obtain
∥(KH1,z −K

H
2,z)h∥

2
F2
φ(Cn,H)

= 0.

Hence
(KH1,z −K

H
2,z)h = 0 for every h ∈ H,

which implies
KH1,z = KH2,z.

Since z was arbitrary, it follows that
KH1 = KH2 .

Consequently, the reproducing kernel is genuinely unique as an L(H)-valued kernel. The
formula in Lemma 2.4.6,

KH(z,w) =
∞∑
n=1

K(z,w)en ⊗ en,

depends on the chosen orthonormal basis {en}n≥1 only at the level of coordinates. Under the
natural identification H⊗H∗ � L(H), one has

∞∑
n=1

en ⊗ en = IH,

where IH is the identity operator on H. So the above expression is simply

KH(z,w) = K(z,w)IH.

Thus the kernel is not merely unique up to isomorphism of H⊗H∗, but it is uniquely deter-
mined as the operator-valued kernel K(z,w)IH. Different orthonormal bases only give different
tensor-coordinate expressions for the same operator.

We now show that the integral operator defined in (B.1.4) is the orthogonal projection onto
F2
φ(H).

Lemma B.2.12. Let φ be as in Definition B.2.1, and H be a separable Hilbert space. The integral
operator

P (f )(z) =
∫
C
n
KH(z,w)f (w)e−2φ(w)dA(w) =

∫
C
n
f (w)K(z,w)e−2φ(w)dA(w), z ∈ Cn,

is the orthogonal projection of L2
φ(Cn,H) onto F2

φ(Cn,H).

Proof. Let {em}∞m=1 be an orthonormal basis of H. For f ∈ L2
φ(Cn,H), define the scalar-valued

functions f ∗m(z) := ⟨f (z), em⟩H, for z ∈Cn. Then

f (z) =
∞∑
m=1

f ∗m(z)em

in H for a.e. z, and

∥f ∥2
L2
φ(Cn,H)

=
∞∑
m=1

∥f ∗m∥2L2
φ(Cn)

.
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By Lemma 2.4.6, for each z ∈Cn,

P (f )(z) =
∞∑
m=1

em PC(f ∗m)(z),

where P
C

: L2
φ(Cn)→ F2

φ(Cn) is the scalar Bergman projection. Since P
C

(f ∗m) ∈ F2
φ(Cn) for every

m, it follows that P (f ) is H-valued holomorphic. Moreover,

∥P (f )∥2
L2
φ(Cn,H)

=
∞∑
m=1

∥P
C

(f ∗m)∥2
L2
φ(Cn)

≤
∞∑
m=1

∥f ∗m∥2L2
φ(Cn)

= ∥f ∥2
L2
φ(Cn,H)

,

so P (f ) ∈ F2
φ(H). Next, for f ∈ L2

φ(Cn,H),

P (P f )(z) =
∞∑
m=1

em PC
(
(P f )∗m

)
(z).

But
(P f )∗m(z) = ⟨P f (z), em⟩H = P

C
(f ∗m)(z),

hence, since P
C

is a projection,

P (P f )(z) =
∞∑
m=1

em PC(P
C

(f ∗m))(z) =
∞∑
m=1

em PC(f ∗m)(z) = P f (z).

Therefore P 2 = P , so P is a projection onto F2
φ(H). It remains to show that P is orthogonal. Let

f ∈ L2
φ(Cn,H). Then f = (f − P f ) + P f . We claim that ⟨f − P f ,P f ⟩L2

φ(Cn,H) = 0. Indeed, using the
orthonormal basis expansion,

⟨f ,P f ⟩L2
φ(Cn,H) =

∫
C
n
⟨f (z), P f (z)⟩He−2φ(z)dA(z)

=
∫
C
n

〈 ∞∑
m=1

f ∗m(z)em,
∞∑
k=1

P
C

(f ∗k )(z)ek

〉
H

e−2φ(z)dA(z)

=
∫
C
n

∞∑
m=1

f ∗m(z)P
C

(f ∗m)(z)e−2φ(z)dA(z)

=
∞∑
m=1

⟨f ∗m, PC(f ∗m)⟩L2
φ(Cn).

Similarly,

⟨P f ,P f ⟩L2
φ(Cn,H) =

∫
C
n

∞∑
m=1

P
C

(f ∗m)(z)P
C

(f ∗m)(z)e−2φ(z)dA(z)

=
∞∑
m=1

⟨P
C

(f ∗m), P
C

(f ∗m)⟩L2
φ(Cn).

Therefore,

⟨f − P f ,P f ⟩L2
φ(Cn,H) = ⟨f ,P f ⟩L2

φ(Cn,H) − ⟨P f ,P f ⟩L2
φ(Cn,H)

=
∞∑
m=1

(
⟨f ∗m, PC(f ∗m)⟩L2

φ(Cn) − ⟨PC(f ∗m), P
C

(f ∗m)⟩L2
φ(Cn)

)
= 0,

because P
C

is the orthogonal projection of L2
φ(Cn) onto F2

φ(Cn). Thus we can conclude that P is

the orthogonal projection of L2
φ(Cn,H) onto F2

φ(Cn,H).
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Vectorial Toeplitz operator

Lemma B.2.13. Let {ei}∞i=1 be an orthonormal basis ofH, andKHz =
∑∞
j=1Kzej⊗ej be the reproducing

kernel of F2
φ(Cn,H), with Kz the reproducing kernel of F2

φ(Cn). Then the linear span of {KHz ei : z ∈
C
n, i ≥ 1} is dense in F2

φ(Cn,H).

Proof. First, notice that for any z,w ∈ C
n and i ≥ 1, KHz (w)ei = Kz(w)ei ∈ H. Moreover, it is

easy to see that for any z ∈ Cn and i ≥ 1, Kzei ∈ F2
φ(Cn,H). Let Γ = span{KHz ei : z ∈ Cn, i ≥ 1}.

Since F2
φ(Cn,H) is a Hilbert space, the density of Γ is equivalent to Γ⊥ = {0}, where ⊥ represents

the orthogonal complement. So, let f ∈ Γ ⊥. Then by definition, for any z ∈ Cn and any i ≥ 1,
⟨f ,KHz ei⟩F2

φ(Cn,H) = 0. Consider the natural isomorphism H⊗H∗ � L(H). By the reproducing
kernel property,

0 = ⟨f ,KHz ei⟩F2
φ(Cn,H) = ⟨f (z), ei⟩H.

Hence, ⟨f (z),h⟩H = 0 for every h is the linear span of {ei}i≥1. Because this span is dense in H,
we get ⟨f (z),h⟩H = 0, for every h ∈ H. Thus, f (z) = 0 for all z ∈ Cn. Hence, f is identically zero,
and we can conclude that Γ⊥ = {0}. Therefore, Γ is a dense subset of F2

φ(Cn,H).

Let Γ = span{Kzei : z ∈ Cn, i ≥ 1}. By Lemma B.2.13, Γ is a dense subset of F2
φ(Cn,H). Let f ∈

Γ . Using ∥G(w)f (w)∥2H ≤ ∥G(w)∥2L(H)∥f (w)∥2H and (B.1.5), one can conclude that Gf ∈ L2
φ(Cn,H).

Therefore P (Gf ) is well-defined for f ∈ Γ . Hence, for G ∈ Tφ(L(H)), the vectorial Toeplitz opera-
tor TG is densely defined by

TGf (z) = P (Gf )(z) =
∫
C
n
G(w)f (w)K(z,w)e−2φ(w)dA(w),

for f ∈ F2
φ(Cn,H).

Remark B.2.14. Let G be a map from C
n to the Banach space of bounded linear operators on

H. Definition 3.10.1 in [42] states that G is a holomorphic operator-valued function if for every
u,v ∈ H, z 7→ ⟨G(z)u,v⟩H is holomorphic.

Schatten classes

In this subsection, we prove some lemmas that will be useful in the proof of Theorem B.1.4.

Lemma B.2.15. Let {ezk}k≥1 be an orthonormal basis ofH, possibly depending on z ∈ Cn, and assume
that 1 ≤ p ≤∞. Then, TG ∈ Sp(F2

φ(Cn,H)) if∫
C
n

∞∑
m=1

(⟨G(z)ezm, e
z
m⟩)

p dA(z)
ρ(z)2n <∞.

Proof. Let {fk}k≥1 be an orthonormal basis of F2
φ(Cn). Consider {Bk,m(z) = fk(z)ezm}m,k≥1, which

is an orthonormal basis of F2
φ(Cn,H). First, by the reproducing kernel property, it is easy to see

that for any f ,g ∈ F2
φ(Cn,H),

⟨TGf ,g⟩ =
∫
C
n
⟨TGf (z), g(z)⟩He−2φ(z)dA(z)

=
∫
C
n

∫
C
n
⟨G(w)f (w), g(z)⟩HK(z,w)e−2φ(w)e−2φ(z)dA(w)dA(z)

=
∫
C
n
⟨G(w)f (w), g(w)⟩He−2φ(w)dA(w).
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Hence,

⟨TGBk,m,Bk,m⟩ =
∫
C
n
⟨TGfk(z)ezm, fk(z)ezm⟩H e−2φ(z)dA(z)

=
∫
C
n
⟨G(z)ezm, e

z
m⟩H|fk(z)|2 e−2φ(z)dA(z).

Hence, for p =∞,

∥TG∥S∞(F2
φ(Cn,H)) ≲ sup

z∈Cn

∞∑
m=1

⟨G(z)ezm, e
z
m⟩H.

On the other hand, for p = 1, applying (B.2.12), and Kz(z) =
∑∞
k=1 |fk(z)|2, we have

∞∑
m=1

∞∑
k=1

⟨TGBk,m,Bk,m⟩ =
∫
C
n

∞∑
m=1

⟨G(z)ezm, e
z
m⟩H

 ∞∑
k=1

|fk(z)|2
e−2φ(z)dA(z)

=
∫
C
n

∞∑
m=1

⟨G(z)ezm, e
z
m⟩HKz(z)e−2φ(z)dA(z)

≃
∫
C
n

∞∑
m=1

⟨G(z)ezm, e
z
m⟩H

dA(z)
ρ(z)2n .

Then by Proposition 1.29 in [80],

∥TG∥S1(F2
φ(Cn,H)) ≲

∫
C
n

∞∑
m=1

⟨G(z)em, em⟩H
dA(z)
ρ(z)2n .

By the interpolation, we can obtain the desired result, which completes the proof.

Lemma B.2.16. Assume that the vectorial Toeplitz operator TG : F2
φ(Cn,H)→ F2

φ(Cn,H) is compact.
Moreover, take G(w) : H → H to be compact for every w ∈ Cn and let δ > 0. Then for every fixed
z ∈Cn, the average operator

Ĝ
op
δ (z) ≃

∫
Dδ(z)

G(w)
dA(w)
ρ(w)2n :H→H

is compact.

Proof. Fix z ∈Cn. Using (B.2.6), (B.2.12), and (B.2.13) we can write

Ĝ
op
δ (z) = C(z)

∫
Dδ(z)

G(w)K(z,w)K(w,z)e−2φ(w)dA(w),

where C(z) = ρ(z)2n

e2φ(z) . Let h ∈ H be arbitrary and f = Kz(·)h be an element of F2
φ(Cn,H). Then

C(z)TG(Kz(·)h)(z) = C(z)
∫
C
n
G(w)[hK(w,z)]K(z,w)e−2φ(w)dA(w)

= Ĝopδ (z)h+C(z)
∫
C
n\Dδ(z)

G(w)[hK(z,w)]K(w,z)e−2φ(w)dA(w).

Denote the “tail” term by

B(h) := C(z)
∫
C
n\Dδ(z)

G(w)
[
hK(z,w)

]
K(w,z)e−2φ(w)dA(w).
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Hence

Ĝ
op
δ (z)h = C(z)TG(Kz(·)h)(z)−B(h).

Let {xm}m≥1 be a sequence in H, converging weakly to zero. Then {Kz(·)xm}m≥1 is a sequence in
F2
φ(Cn,H), that converges weakly to zero. Since TG is compact, we have

∥TG(Kz(·)xm)∥2,φ→ 0.

By Lemma B.2.8, it follows that ∥TG(Kz(·)xn)(z)∥H → 0. To prove compactness of Ĝopδ (z), it
suffices to show that ∥Ĝopδ (z)xm∥H → 0. From the above identity this follows if we prove that
∥B(xm)∥H→ 0.

For each fixed w ∈Cn, the operator G(w) is compact. Hence, since xm⇀ 0, we have

∥G(w)xm∥H→ 0 for each fixed w.

Computing the norm of the tail, we obtain

∥B(xm)∥H ≤ C(z)
∫
C
n\Dδ(z)

∥G(w)xm∥H|K(z,w)K(w,z)|e−2φ(w)dA(w).

Let M := supm ∥xm∥H <∞. Then ∥G(w)xm∥H ≤M∥G(w)∥L(H), so the integrand is dominated by

Φ(w) :=M ∥G(w)∥L(H) |K(z,w)K(w,z)|e−2φ(w).

To see that Φ ∈ L1(Cn), use Cauchy–Schwarz together with assumption (B.1.5) and the kernel
estimates (B.2.12), ∫

C
n\Dδ(z)

∥G(w)∥L(H)|K(z,w)K(w,z)|e−2φ(w)dA(w)

≤
(∫

C
n
∥G(w)∥2L(H)|K(z,w)|2e−2φ(w)dA(w)

)1/2
∥Kz∥2,φ <∞.

Thus, Φ is integrable and independent of m. Since ∥G(w)xm∥H→ 0 for each w, the dominated
convergence theorem yields ∥B(xm)∥H→ 0. Consequently,

∥Ĝopδ (z)xm∥H ≤ ∥C(z)TG(Kz(·)xm)(z)∥H + ∥B(xm)∥H −−−−−→m→∞
0.

Therefore Ĝopδ (z) sends weakly null sequences to norm-null sequences, and hence it is compact.

Remark B.2.17. The corollary after Theorem 3.18 in [70] states that if X is a normed space,
E ⊂ X, and if supx∈E |Λx| <∞ for all Λ ∈ X∗, then there is a constant γ <∞ such that ∥x∥ < γ for
all x ∈ E. Applying this to the Hilbert spaceH, we can see that any weakly convergent sequence
is bounded, and therefore, M := supm ∥xm∥ <∞.

B.3 Boundedness and compactness of vectorial Toeplitz operators

In this section, we prove Theorem B.1.2 and Theorem B.1.3, to characterize boundedness and
compactness of the vectorial Toeplitz operator TG : F2

φ(Cn,H)→ F2
φ(Cn,H).
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Proof of Theorem B.1.2. First, we prove that (2) implies (3). By using (B.2.13), we obtain

Ĝδ(z) ≃ ρ(z)−2n
∫
Dδ(z)
∥G(w)∥L(H)dA(w)

≃
∫
Dδ(z)
|kz(w)|2e−2φ(w)∥G(w)∥L(H)dA(w)

≤ G̃(z),

which gives (3). Moreover,

∥Ĝδ∥L∞(Cn,dA) ≲ ∥G̃∥L∞(Cn,dA) (B.3.1)

It is obvious that (3) implies (4) and

∥{Ĝδ(zk)}k∥ℓ∞ ≲ ∥Ĝδ∥L∞(Cn,dA). (B.3.2)

Now, let us show that (4) implies (2). Note that

G̃(z) =
∫
C
n
|kz(w)|2e−2φ(w)∥G(w)∥L(H)dA(w)

≤
∞∑
k=1

∫
Dδ(zk)

|kz(w)|2e−2φ(w)∥G(w)∥L(H)dA(w)

≲
∞∑
k=1

Ĝδ(zk)ρ(zk)
2n sup
w∈Dδ(zk)

|kz(w)|2e−2φ(w). (B.3.3)

By Lemma B.2.7 and taking a real number m > 1, as well as (B.2.10), we obtain

G̃(z) ≲
∞∑
k=1

Ĝδ(zk)
∫
Dmδ(zk)

|kz(w)|2e−2φ(w)dA(w)

≤ sup
k
Ĝδ(zk)

∞∑
k=1

∫
Dmδ(zk)

|kz(w)|2e−2φ(w)dA(w)

≤N sup
k
Ĝδ(zk)∥kz∥2F2

φ(Cn)

≲ sup
k
Ĝδ(zk).

Therefore,

∥G̃∥L∞(Cn,dA) ≲ ∥{Ĝδ(zk)}k∥l∞ . (B.3.4)

Thus, (2), (3) and (4) are all equivalent.

Next we show that (1) implies (2). Let TG : F2
φ(Cn,H)→ F2

φ(Cn,H) be bounded. Since G(w)
is positive for every w ∈ Cn, ∥G(w)∥L(H) = sup∥e∥=1⟨G(w)e,e⟩H. Applying (B.2.12), Lemma B.2.6,
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and Lemma B.2.8, we obtain

G̃(z) =
∫
C
n
|kz(w)|2e−2φ(w)∥G(w)∥L(H)dA(w)

≃ ρ(z)ne−φ(z)
∫
C
n
kz(w)K(z,w)e−2φ(w)∥G(w)∥L(H)dA(w)

≃ ρ(z)ne−φ(z)
∫
C
n

sup
∥e∥=1
⟨G(w)kz(w)e,e⟩HK(z,w)e−2φ(w)dA(w)

≃ ρ(z)ne−φ(z) sup
∥e∥=1
⟨TGkz(z)e,e⟩H

≤ ρ(z)ne−φ(z)∥TG(kz(z)e)∥H

≲ ρ(z)n
(

1
ρ(z)2n

∫
C
n
∥TGkz(ζ)e∥2He

−2φ(ζ)dA(ζ)
)1/2

≲ ∥TGkz(·)e∥2,ϕ ≲ ∥TG∥.

(B.3.5)

To show that (3) implies (1), we claim that there is a constant C > 0 such that

∥TGf ∥22,φ ≤ C
∫
C
n
∥f (w)∥2He

−2φ(w)Ĝδ(w)2dA(w), (B.3.6)

for any f ∈ F2
φ(Cn,H) and any δ > 0. Then (B.3.6) and (B.2.16) imply that

∥TGf ∥22,φ ≲
∫
C
n
Ĝδ(w)2∥f (w)∥2He

−2φ(w)dA(w)

≤ ∥Ĝδ∥2L∞(Cn,dA)∥f ∥
2
2,φ.

Hence, TG : F2
φ(Cn,H)→ F2

φ(Cn,H) is bounded and

∥TG∥ ≲ ∥Ĝδ∥L∞(Cn,dA). (B.3.7)

To finish the proof, we should justify the inequality (B.3.6). Let f ∈ F2
φ(Cn,H) and z ∈ Cn. Take

r > 0 such that β2r ≤ δ, where β is as in (B.2.9), and let {zk}k be an r-lattice. Then

∥TG(f )(z)∥H =
∥∥∥∥∥∫

C
n
G(w)f (w)K(z,w)e−2φ(w)dA(w)

∥∥∥∥∥
H

≤
∫
C
n
∥G(w)∥L(H)∥f (w)∥H|K(z,w)|e−2φ(w)dA(w)

≤
∞∑
k=1

∫
Dr (zk)

∥G(w)∥L(H)∥f (w)∥H|K(z,w)|e−2φ(w)dA(w)

≲
∞∑
k=1

Ĝr(zk)ρ(zk)
2n

 sup
w∈Dr (zk)

∥f (w)∥H|K(z,w)|e−2φ(w)

.
Applying (B.2.16), since the function f Kz ∈ H(Cn,H), using Ĝr(zk) ≲ Ĝβ2r(w), for any w ∈
Dβr(zk), and (B.2.6), we obtain

∥TG(f )(z)∥H ≲
∞∑
k=1

Ĝr(zk)
∫
Dβr (zk)

∥f (w)∥H|K(z,w)|e−2φ(w)dA(w)

≲N

∫
C
n
Ĝβ2r(w)∥f (w)∥H|K(z,w)|e−2φ(w)dA(w)

≲

∫
C
n
Ĝδ(w)∥f (w)∥H|K(z,w)|e−2φ(w)dA(w). (B.3.8)
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Now, applying Hölder’s inequality and (B.2.12), we get

∥TGf (z)∥2He
−2φ(z) ≲

(∫
C
n
Ĝδ(w)∥f (w)∥H|K(z,w)|e−2φ(w)e−φ(z)dA(w)

)2

≲

(∫
C
n
Ĝδ(w)∥f (w)∥H|K(z,w)|1/2e−φ(w)e−φ(w)/2e−φ(z)/2

)
(
|K(z,w)|1/2e−φ(w)/2e−φ(z)/2

)
dA(w)

2

≤
(∫

C
n
Ĝ2
δ(w)∥f (w)∥2H|K(z,w)|e−2φ(w)e−φ(w)e−φ(z)dA(w)

)
(∫

C
n
|K(z,w)|e−φ(w)e−φ(z)dA(w)

)
≲

∫
C
n
Ĝ2
δ(w)∥f (w)∥2H|K(z,w)|e−2φ(w)e−φ(w)e−φ(z)dA(w).

Then, by Fubini’s theorem and using again (B.2.12), we have

∥TGf ∥22,φ =
∫
C
n
∥TGf (z)∥2He

−2φ(z)dA(z)

≲

∫
C
n

∫
C
n
Ĝ2
δ(w)∥f (w)∥2H|K(z,w)|e−2φ(w)e−φ(w)e−φ(z)dA(w)dA(z)

=
∫
C
n
Ĝ2
δ(w)∥f (w)∥2He

−2φ(w)e−φ(w)
∫
C
n
|K(z,w)|e−φ(z)dA(z)dA(w)

≃
∫
C
n
Ĝ2
δ(w)∥f (w)∥2He

−2φ(w)dA(w),

and we are done. Furthermore, by (B.3.1), (B.3.2), (B.3.4), and (B.3.7), one has (B.1.8).
To show that (4) implies (5), note that using Lemma B.2.8, (B.2.6), (B.2.8), and (B.2.10),

there is m > 1 such that∫
C
n
∥f (z)∥2He

−2φ(z)∥G(z)∥L(H)dA(z)

≲

∫
C
n

(
1

ρ(z)2n

∫
D

δ
1+δ (z)

∥f (w)∥2He
−2φ(w)dA(w)

)
∥G(z)∥L(H)dA(z)

≤
∞∑
k=1

∫
Dδ(zk)

1
ρ(z)2n

(∫
D

δ
1+δ (z)

∥f (w)∥2He
−2φ(w)dA(w)

)
∥G(z)∥L(H)dA(z)

≲
∞∑
k=1

1
ρ(zk)2n

∫
Dδ(zk)

(∫
Dmδ(zk)

∥f (w)∥2He
−2φ(w)dA(w)

)
∥G(z)∥L(H)dA(z)

≃
∞∑
k=1

(∫
Dmδ(zk)

∥f (w)∥2He
−2φ(w)dA(w)

)
Ĝδ(zk)

≲ ∥{Ĝδ(zk)}k∥l∞∥f ∥22,φ.

(B.3.9)

We finish the proof by showing that (5) implies (2). Take f = kze in (B.1.6). Then G̃(z) ≲
∥kz∥2F2

φ(Cn)
= 1, implying that G̃(z) ∈ L∞(Cn,dA), and we are done with the proof.

Proof of Theorem B.1.3. One can show that (2) implies (3), and (3) implies (4) similarly as in the
proof of Theorem B.1.2.
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Now, let us show that (4) implies (2). Let {zk}k be a δ-lattice. Assuming (4) holds, for every
ϵ > 0, there is K ∈N such that whenever k > K ,

Ĝδ(zk) < ϵ. (B.3.10)

Let m be defined as in (B.2.8). Then

G̃(z) =
∫
C
n
|kz(w)|2e−2φ(w)∥G(w)∥L(H)dA(w)

≲

∫
∪Kk=1D

mδ(zk)
|kz(w)|2e−2φ(w)∥G(w)∥L(H)dA(w)

+
∞∑

k=K+1

ρ(zk)
2nĜδ(zk)

 sup
w∈Dδ(zk)

|kz(w)|2e−2φ(w)

.
On one hand, by Lemma B.2.7, (B.3.10) and (B.2.10), we obtain

∞∑
k=K+1

ρ(zk)
2nĜδ(zk)

 sup
w∈Dδ(zk)

|kz(w)|2e−2φ(w)


≲

∞∑
k=K+1

Ĝδ(zk)
(∫

Dmδ(zk)
|kz(w)|2e−2φ(w)dA(w)

)

≤ sup
k≥K+1

Ĝδ(zk)

 ∞∑
k=K+1

∫
Dmδ(zk)

|kz(w)|2e−2φ(w)dA(w)


≲ ϵN∥kz∥2F2

φ(Cn)
≲ ϵ.

(B.3.11)

On the other hand, Lemma B.2.3 implies that kz → 0 uniformly on ∪Kk=1D
mδ(zk) as |z| → ∞.

Therefore, as |z| →∞, ∫
∪Kk=1D

mδ(zk)
|kz(w)|2e−2φ(w)∥G(w)∥L(H)dA(w) < ϵ. (B.3.12)

This, together with (B.3.11), proves (2).
Next, we show that (1) implies (2). Since TG is compact, Lemma B.2.6 implies that

∥TGkze∥2,φ converges to zero as |z| →∞. By (B.3.5), we have

G̃(z) ≲ ∥TGkze∥2,φ→ 0,

as |z| →∞.
To show that (3) implies (1), let ϵ > 0 be arbitrary and {fj}∞j=1 be a sequence in F2

φ(Cn,H)
that converges to zero uniformly on any compact subset of Cn. We want to show that for big
enough j ∈N,

∥TGfj∥2,φ ≲ ϵ. (B.3.13)

By our assumption, there is some R > 0 such that

Ĝδ(z) <
√
ϵ, (B.3.14)

whenever |z| > R. This together with (B.3.6), for big enough j we have

∥TGfj∥22,φ ≲
∫
|z|≤R

Ĝδ(w)2∥fj(w)∥2He
−2φ(w)dA(w)

+
∫
|z|>R

Ĝδ(w)2∥fj(w)∥2He
−2φ(w)dA(w)

≲ ϵ+ ϵ∥fj∥22,φ ≲ ϵ,

(B.3.15)
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where to bound the first integral we used the continuity of Ĝδ(w) and the fact that {fj}∞j=1
converges to zero uniformly on any compact {|z| ≤ R}.

To show that (4) implies (5), let {fk}k be a bounded sequence in F2
φ(Cn,H) that converges to

zero uniformly on compact subsets of Cn. By our assumption, letting ε > 0, there exists r0 > 0
such that

sup
|zk |>ro

Ĝδ(zk) < ε. (B.3.16)

Observe that there is r0 ≤ r1 such that if a point zk of the sequence {zk}k belongs to {|z| ≤ r0},
then Dδ(zk) ⊂ {|z| ≤ r1}. So take k big enough such that

sup
{|z|≤r1}

∥fk(z)∥H < ε.

This together with (B.2.10), and similarly to (B.3.9), we obtain∫
C
n
∥fk(z)∥2He

−2φ(z)∥G(z)∥L(H)dA(z)

≲

∫
{|ζ|≤r1}

∥fk(z)∥2He
−2φ(z)∥G(z)∥L(H)dA(z)

+ sup
|zk |>ro

Ĝδ(zk)
∑
|zk |>r0

∫
Dmδ(zk)

∥fk(w)∥2He
−2φ(w)dA(w)

≲ ε+ ε∥fk∥22,φ ≲ ε,

because {fk}k belongs to F2
φ(Cn,H) and is bounded. This implies that G satisfies a vanishing

Carleson condition.
To finish the proof, we show that (5) implies (2). Assuming (v), IG : F2

φ(Cn,H)→ L2
φ(Cn,H,∥G∥L(H)dA)

is compact. Since {kze : z ∈ C
n} is bounded in F2

φ(Cn,H) and kze → 0 uniformly on compact
subsets of Cn, using (B.1.7), we have∫

C
n
|kz(w)|2e−2φ(w)∥G(w)∥L(H)dA(w)→ 0, as |z| →∞,

and therefore (2) holds. This proves the desired result and completes the proof.

B.4 Schatten class membership of vectorial Toeplitz operators

Here we give proofs of Theorem B.1.4, Proposition B.1.5, Proposition B.1.6, and Theorem B.1.7,
characterizing the p-Schatten class membership of the vectorial Toeplitz operator TG acting on
the Hilbert space F2

φ(Cn,H). Before going through the proof, notice the following lemmas
regarding an arbitrary δ-lattice that are going to be useful in the proof of Theorem B.1.7.

Lemma B.4.1. For R > 0 and any finite sequence {zj}mj=1 of different points in C
n, let

MR({zj}mj=1) := max
1≤j≤m

#{k ∈ {1, · · · ,m} : |zj − zk | < Rmin(ρ(zj ),ρ(zk))}.

Then {zj}mj=1 can be partitioned into at most MR({zj}mj=1) subsequences such that any two different
points zj and zk in the same subsequence satisfy either zj <DR(zk), or zk <DR(zj ). That is, |zj − zk | ≥
Rmin(ρ(zj ),ρ(zk)).
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Proof. The proof is identical to the doubling Fock spaces of the complex plane, as done in
Lemma 6.8 in [68].

Lemma B.4.2. Let δ > 0, R > 1, and {zj}j≥1 be a δ-lattice. Then MR({zj}mj=1) ≤ 62nR4nδ−2nNδ, for
every finite sublattice {zj}mj=1, where Nδ = supz∈Cn

∑∞
j=1χDδ(zj )

(z), as in (B.2.10).

Proof. The proof can be done similarly as in Lemma 6.9 in [68].

Proof of Theorem B.1.4. Let {em}m≥1 be any orthonormal basis of H. Notice that since G(z) is a
positive operator onH, so are Ĝopδ (z) and G̃op(z). Moreover, TG is also a positive operator acting
on F2

φ(Cn,H). First, we show that (1) implies (2). By the definition of the operator-valued
Berezin transform, applying Proposition 1.31 in [80], Lemma B.2.3, and Lemma 5.1 in [19], we
obtain ∫

C
n

∞∑
m=1

(
⟨G̃op(z)em, em⟩H

)p dA(z)
ρ(z)2n

=
∫
C
n

∞∑
m=1

(∫
C
n
⟨G(ζ)em, em⟩H|kz(ζ)|2 e−2φ(ζ)dA(ζ)

)p dA(z)
ρ(z)2n

=
∫
C
n

∞∑
m=1

(∫
C
n
⟨G(ζ)kz(ζ)em, kz(ζ)em⟩H e−2φ(ζ)dA(ζ)

)p dA(z)
ρ(z)2n

=
∫
C
n

∞∑
m=1

(∫
C
n
⟨TGkz(ζ)em, kz(ζ)em⟩H e−2φ(ζ)dA(ζ)

)p dA(z)
ρ(z)2n

=
∫
C
n

∞∑
m=1

(
⟨TGkzem, kzem⟩

)p dA(z)
ρ(z)2n

≤
∫
C
n

∞∑
m=1

⟨T pGkzem, kzem⟩
dA(z)
ρ(z)2n

≃
∫
C
n

∞∑
m=1

⟨T pGKzem,Kzem⟩e
−2φ(z)dA(z)

= Tr(T pG) <∞.

(B.4.1)

Now we show that (2) implies (3). Indeed, using (B.2.13) and (B.2.6),∫
C
n

∞∑
m=1

(〈
Ĝ
op
δ (z)em, em

〉
H

)p dA(z)
ρ(z)2n

≃
∫
C
n

∞∑
m=1

(〈∫
Dδ(z)

G(ζ)em
dA(ζ)
ρ(ζ)2n , em

〉
H

)p dA(z)
ρ(z)2n

≃
∫
C
n

∞∑
m=1

(〈∫
C
n
G(ζ)em|kz(ζ)|2 e−2φ(ζ)dA(ζ), em

〉
H

)p dA(z)
ρ(z)2n

=
∫
C
n

∞∑
m=1

(〈
G̃op(ζ)em, em

〉
H

)p dA(z)
ρ(z)2n ,

and we can see that (2) and (3) are equivalent. Moreover, the statement (3) implies (1). In-
deed, let {fk}k≥1 be an orthonomal basis of F2

φ(Cn). Then {fkem}k,m≥1 is an orthonomal basis of

F2
φ(Cn,H). By Lemma B.2.15 we see that TĜopδ ∈ Sp(F2

φ(Cn,H)). Recall that for any ζ ∈ Dδ(z),
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there exists some small enough r > 0 such that Dr(ζ) ⊂ Dδ(z), coming from the Hausdorff
property of Cn. Moreover, for any m,k ≥ 1, applying Fubini’s Theorem and Lemma B.2.7, we
get

⟨TĜopδ fkem, fkem⟩ =
∫
C
n
⟨TĜopδ fk(z)em, fk(z)em⟩He

−2φ(z)dA(z)

=
∫
C
n
⟨Ĝopδ (z)fk(z)em, fk(z)em⟩He−2φ(z)dA(z)

≃
∫
C
n

1
ρ(z)2n

∫
Dδ(z)
⟨G(ζ)em, em⟩H|fk(z)|2e−2φ(z)dA(ζ)dA(z)

≳

∫
C
n

1
ρ(ζ)2n

∫
Dr (ζ)
⟨G(ζ)em, em⟩H|fk(z)|2e−2φ(z)dA(z)dA(ζ)

≳

∫
C
n
⟨G(ζ)em, em⟩H|fk(ζ)|2e−2φ(ζ)dA(ζ)

=
∫
C
n
⟨G(ζ)fk(ζ)em, fk(ζ)em⟩He−2φ(ζ)dA(ζ)

= ⟨TGfkem, fkem⟩.

Since TĜopδ ∈ Sp(F2
φ(Cn,H)), by definition

∑∞
k,m=1(⟨TĜopδ fkem, fkem⟩)

p <∞, implying that

∞∑
k,m=1

(⟨TGfkem, fkem⟩)p <∞.

Thus TG ∈ Sp(F2
φ(Cn,H)).

To finish the proof, it remains to show that the statements (3) and (4) are equivalent. Sup-
pose that (3) holds and let {zj}j≥1 be a δ-lattice. Let z ∈ Dδ(zj ). Then by (B.2.8), there is some
c > 1 such that Dδ(zj ) ⊂ Dcδ(z). Then by definition it is easy to see that Ĝopδ (zj ) ≲ Ĝ

op
cδ (z). That

is, for any h ∈ H, ⟨Ĝopδ (zj )h,h⟩H ≲ ⟨Ĝ
op
cδ (z)h,h⟩H. Hence, using (B.2.6) and (B.2.10),

∞∑
j,m=1

(
⟨Ĝopδ (zj )em, em⟩H

)p
=

∞∑
j,m=1

ρ(zj )2n

ρ(zj )2n

(
⟨Ĝopδ (zj )em, em⟩H

)p
≃

∞∑
j,m=1

∫
Dδ(zj )

(
⟨Ĝopδ (zj )em, em⟩H

)p dA(z)
ρ(zj )2n

≲
∞∑

j,m=1

∫
Dδ(zj )

(
⟨Ĝopcδ (z)em, em⟩H

)p dA(z)
ρ(z)2n

=
∞∑
m=1

∫
C
n

∞∑
j=1

χDδ(zj )
(z)

(
⟨Ĝopcδ (z)em, em⟩H

)p dA(z)
ρ(z)2n

≲
∞∑
m=1

∫
C
n

(
⟨Ĝopcδ (z)em, em⟩H

)p dA(z)
ρ(z)2n .
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Conversely, since ρ(zj ) ≃ ρ(z) for any z ∈Dδ(zj ), and Dδ(z) ⊂Dcδ(zj ) for some c > 1, we have

∫
C
n

∞∑
m=1

(
⟨Ĝopδ (z)em, em⟩H

)p dA(z)
ρ(z)2n

≃
∫
C
n

∞∑
m=1

(
1

ρ(z)2n

∫
Dδ(z)
⟨G(ζ)em, em⟩HdA(ζ)

)p
dA(z)
ρ(z)2n

≲
∞∑
j=1

∫
Dδ(zj )

∞∑
m=1

(
1

ρ(zj )2n

∫
Dδ(z)
⟨G(ζ)em, em⟩HdA(ζ)

)p
dA(z)
ρ(zj )2n

≤
∞∑

j,m=1

∫
Dδ(zj )

 1
ρ(zj )2n

∫
Dcδ(zj )

⟨G(ζ)em, em⟩HdA(ζ)

p dA(z)
ρ(zj )2n

≃
∞∑

j,m=1

(
⟨Ĝopcδ (zj )em, em⟩H

)p
.

This completes the proof for any choice of orthonormal basis {em}m≥1.

Proof of Proposition B.1.5. Let 0 < p ≤ 1. Similar to the previous case, we can see that (1) implies
(2) and (2) implies (3). Now, we prove that (3) implies (1). First note that by Lemma B.2.7,
(B.2.8), and Fubini’s Theorem, there is some c > 1 such that

⟨G̃op(z)em, em⟩H =
∫
C
n
⟨G(ζ)em, em⟩H|kz(ζ)|2e−2φ(ζ)dA(ζ)

≲

∫
C
n
⟨G(ζ)em, em⟩H

(∫
Dδ(ζ)

|kz(ξ)|2e−2φ(ξ) dA(ξ)
ρ(ζ)2n

)
dA(ζ)

≲

∫
C
n

(
⟨
∫
Dcδ(ξ)

G(ζ)em
dA(ζ)
ρ(ζ)2n , em⟩H

)
|kz(ξ)|2e−2φ(ξ)dA(ξ)

≃
∫
C
n
⟨Ĝopcδ (ξ)em, em⟩H|kz(ξ)|2e−2φ(ξ)dA(ξ).

Since p ≤ 1, (x + y)p ≤ xp + yp. Moreover, whenever ξ ∈ Dδ(zj ), Dcδ(ξ) ⊂ Dr(zj ) for some large
enough r > 0 and ρ(ξ) ≃ ρ(zj ). Hence, it is easy to see that Ĝopcδ (ξ) ≲ Ĝopr (zj ). Thus, we obtain the
following.

∫
C
n

∞∑
m=1

(
⟨G̃op(z)em, em⟩H

)p
dA(z)

≲

∫
C
n

∞∑
m=1

(∫
C
n
⟨Ĝopcδ (ξ)em, em⟩H|kz(ξ)|2e−2φ(ξ)dA(ξ)

)p
dA(z)
ρ(z)2n

≤
∞∑

j,m=1

∫
C
n

∫
Dδ(zj )

⟨Ĝopcδ (ξ)em, em⟩H|kz(ξ)|2e−2φ(ξ)dA(ξ)

p dA(z)
ρ(z)2n

≤
∞∑

j,m=1

(
⟨Ĝopr (zj )em, em⟩H

)p∫
C
n

 sup
ξ∈Dδ(zj )

|kz(ξ)|2e−2φ(ξ)ρ(zj )
2n

p dA(z)
ρ(z)2n .

Using the fact that |kz(ξ)|2 e−2φ(ξ)ρ(ξ)2n ≲ exp
(
−εdρ(z,ξ)

)
, for any ε > 0, and Lemma 2 in [62],
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we get ∫
C
n

∞∑
m=1

(
⟨G̃op(z)em, em⟩H

)p
dA(z) ≲

∞∑
j,m=1

(
⟨Ĝopr (zj )em, em⟩H

)p∫
C
n
e−pϵdρ(z,zj ) dA(z)

ρ(z)2n

≲
∞∑

j,m=1

(
⟨Ĝopr (zj )em, em⟩H

)p
ρ(zj )

2n−2n

=
∞∑

j,m=1

(
⟨Ĝopr (zj )em, em⟩H

)p
.

We have just proved that (1), (2), and (3) are equivalent.

Proof of Proposition B.1.6. We know that TG ∈ Sp if and only if T pG ∈ S1. By Lemma 5.1 in [19]
and (B.4.1), TG ∈ Sp is equivalent to

Tr(T pG) ≃
∫
C
n

∞∑
m=1

⟨T pGkzem, kzem⟩
dA(z)
ρ(z)2n < +∞.

By Proposition 1.31 in [80] for when p ≤ 1, and since positivity of G(z) implies positivity of TG,
we get

⟨T pGkzem, kzem⟩ ≲ ⟨TGkzem, kzem⟩
p.

This together with (B.4.1) implies that

Tr(T pG) ≲
∫
C
n

∞∑
m=1

(⟨TGkzem, kzem⟩)p
dA(z)
ρ(z)2n =

∫
C
n

∞∑
m=1

(
⟨G̃op(z)em, em⟩H

)p dA(z)
ρ(z)2n <∞,

and we are done.

We finish this section by giving a proof of Theorem B.1.7. First, notice that in Theorem
B.1.4, Proposition B.1.5, and Proposition B.1.6, we have not made any specific assumptions on
the basis {em}m≥1 of H, as each of the proofs allows for any generic basis of H. But now we
will see how we are forced to restrict ourselves to specific bases of H. Note that the idea of the
proof originally comes from the work of Luecking [61] in studying the Schatten class Toeplitz
operators on Hardy and Bergman spaces. Later, an analogous idea was applied to studying the
Schatten class Toeplitz operators with measure symbols on doubling Fock spaces in [68]. This
approach has also been used to study the Schatten class Hankel operators acting on generalized
Fock spaces in [10, 51].

Proof of Theorem B.1.7. Assume that 0 < δ < 1/2, R > 1, and fix M ∈ N. Let {zj}Mj=1 be the
finite sublattice obtained by considering the first M elements of the δ-lattice {zj}j≥1. Then
Lemma B.4.1 implies that {zj}Mj=1 can be partitioned into MR({zj}Mj=1) subsequences such that
any two different points aj and ak in the same subsequence satisfy |aj −ak | ≥ Rmin(ρ(aj ),ρ(ak)).
Let {aj}sj=1 be one such subsequence. Let {Bk,m(z) = fk(z)em}k,m≥1 be an orthonormal basis of

F2
φ(Cn,H) with {fk}k≥1 being an orthonormal basis of F2

φ(Cn), and {em}m≥1 any orthonormal basis

ofH. We consider a bounded linear operatorA on F2
φ(Cn,H) byAf (z) =

∑s
k,m=1⟨f ,Bk,m⟩kak (z)em.

Indeed, let f ,g ∈ F2
φ(Cn,H). Then by the Cauchy-Schwarz inequality, (B.2.12), Lemma B.2.4,

134



Lemma B.2.7, and (B.2.10), we obtain

|⟨Af ,g⟩| ≤ ∥f ∥2,φ

 s∑
k,m=1

|⟨kakem, g⟩|
2


1/2

≃ ∥f ∥2,φ

 s∑
k,m=1

∣∣∣∣∣∫
C
n
ρ(ak)

ne−φ(ak)⟨em, g(z)⟩HK(z,ak)e
−2φ(z)dA(z)

∣∣∣∣∣2


1/2

= ∥f ∥2,φ

 s∑
k,m=1

ρ(ak)
2ne−2φ(ak)|⟨em, g(ak)⟩H|2


1/2

≲ ∥f ∥2,φ

 s∑
k,m=1

∫
Dδ(ak)

|⟨em, g(w)⟩H|2e−2φ(w)dA(w)


1/2

≤ ∥f ∥2,φ

 s∑
k=1

∫
Dδ(ak)

∥g(w)∥2He
−2φ(w)dA(w)

1/2

≤N1/2∥f ∥2,φ∥g∥2,φ,

where the constants do not depend on s. Hence, A is bounded. Moreover, let U (z) =
(
∑s
j=1χDδ(aj )

(z))G(z). Then U ≤ NG, where N is as in (B.2.10). That is, NG(z) − U (z) is a
positive operator on H for every z ∈ C

n. Since TG ∈ Sp, we can conclude that TU ∈ Sp, and
∥TU ∥Sp ≤ N∥TG∥Sp . Set T = A∗TUA such that ∥T ∥Sp ≲ ∥TU ∥Sp . It is easy to see that when k,m > s,
⟨T Bk,m,Bk,m⟩ = ⟨TUABk,m,ABk,m⟩ = 0. We can split T as T = Ds +Ms, where Ds is the diagonal
operator defined by

Dsf =
s∑

k,m=1

⟨T Bk,m,Bk,m⟩⟨f ,Bk,m⟩Bk,m, where f ∈ F2
φ(Cn,H), (B.4.2)

and Ms is the off-diagonal operator defined by

Msf =
s∑

k,m=1

s∑
r,n=1
r,k,m,n

⟨T Bk,m,Br,n⟩⟨f ,Bk,m⟩Br,n +
s∑

k,m=1

s∑
r=1
r,k,

⟨T Bk,m,Br,m⟩⟨f ,Bk,m⟩Br,m

+
s∑

k,m=1

s∑
n=1
m,n,

⟨T Bk,m,Bk,n⟩⟨f ,Bk,m⟩Bk,n, where f ∈ F2
φ(Cn,H).

(B.4.3)

Recall that U (z) = 0 if z < ∪sj=1D
δ(aj ). Then using (B.2.13), and positivity of G(z) and Ĝopδ (z),
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there is a constant C1 > 0, only depending on δ such that

∥Ds∥
p
Sp

=
s∑

i,j=1

∣∣∣⟨DsBi,j ,Bi,j⟩∣∣∣p =
s∑

m=1

s∑
k=1

∣∣∣⟨T Bk,m,Bk,m⟩∣∣∣p
=

s∑
m=1

s∑
k=1

∣∣∣∣∣∫
C
n
⟨T Bk,m(z),Bk,m(z)⟩He−2φ(z)dA(z)

∣∣∣∣∣p
=

s∑
m=1

s∑
k=1

∣∣∣∣∣∫
C
n
⟨TUkak (z)em, kak (z)em⟩He

−2φ(z)dA(z)
∣∣∣∣∣p

=
s∑

m=1

s∑
k=1

∣∣∣∣∣∫
C
n
⟨U (z)kak (z)em, kak (z)em⟩He

−2φ(z)dA(z)
∣∣∣∣∣p

≥
s∑

m=1

s∑
k=1

∣∣∣∣∣∣
∫
Dδ(ak)

⟨G(z)em, em⟩H|kak (z)|
2e−2φ(z)dA(z)

∣∣∣∣∣∣p
≥ C1

s∑
m=1

s∑
k=1

∣∣∣∣∣∣
∫
Dδ(ak)

⟨G(z)em, em⟩H
dA(z)
ρ(z)2n

∣∣∣∣∣∣p = C1

s∑
m=1

s∑
k=1

(
⟨Ĝopδ (ak)em, em⟩H

)p
.

(B.4.4)

On the other hand, by Proposition 1.29 in [80], and using the fact that (x + y)p ≤ xp + yp for
p ≤ 1, we obtain

∥Ms∥
p
Sp
≤

s∑
s,q=1

s∑
i,j=1

∣∣∣⟨MsBs,q,Bi,j⟩
∣∣∣p

=
s∑

r,k=1
r,k

s∑
m,n=1
m,n

∣∣∣⟨T Bk,m,Br,n⟩∣∣∣p +
s∑

k,r=1
r,k

s∑
m=1

∣∣∣⟨T Bk,m,Br,m⟩∣∣∣p +
s∑
k=1

s∑
n=1
m,n

∣∣∣⟨T Bk,m,Bk,n⟩∣∣∣p
=

s∑
r,k=1
r,k

s∑
m,n=1
m,n

∣∣∣∣∣∫
C
n
⟨U (z)kak (z)em, kar (z)en⟩He

−2φ(z)dA(z)
∣∣∣∣∣p

+
s∑

k,r=1
r,k

s∑
m=1

∣∣∣∣∣∫
C
n
⟨U (z)kak (z)em, kar (z)em⟩He

−2φ(z)dA(z)
∣∣∣∣∣p

+
s∑
k=1

s∑
n=1
m,n

∣∣∣∣∣∫
C
n
⟨U (z)kak (z)em, kak (z)en⟩He

−2φ(z)dA(z)
∣∣∣∣∣p.

(B.4.5)

Then by the definition of U (z), and since G(z) is a positive operator, we can write (B.4.5) as fol-
lows. Note that positivity of G(z) implies that ⟨G(z)em, em⟩H ≥ 0, but ⟨G(z)em, en⟩H is a complex
number.

∥Ms∥
p
Sp
≤N p

s∑
r,k=1
r,k

s∑
m,n=1
m,n

∣∣∣∣∣∣∣∣
s∑
j=1

∫
Dδ(aj )

⟨G(z)em, en⟩H|kak (z)||kar (z)|e
−2φ(z)dA(z)

∣∣∣∣∣∣∣∣
p

+Np
s∑

k,r=1
r,k

s∑
m=1

 s∑
j=1

∫
Dδ(aj )

⟨G(z)em, em⟩H|kak (z)||kar (z)|e
−2φ(z)dA(z)


p

+Np
s∑
k=1

s∑
n=1
m,n

∣∣∣∣∣∣∣∣
s∑
j=1

∫
Dδ(aj )

⟨G(z)em, en⟩H|kak (z)|
2e−2φ(z)dA(z)

∣∣∣∣∣∣∣∣
p

.

(B.4.6)
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Define

Jm,nk,r (G,s) =
s∑
j=1

∫
Dδ(aj )

⟨G(z)em, en⟩H|kak (z)||kar (z)|e
−2φ(z)dA(z).

Since k , r, then |ak − ar | ≥ Rmin(ρ(ak),ρ(ar )). Thus for z ∈Dδ(aj ) it is easy to see that either

|z − ak | ≥ R̃min(ρ(z),ρ(ak)), (B.4.7)

or
|z − ar | ≥ R̃min(ρ(z),ρ(ar )), (B.4.8)

where R̃ = R−1
3 . Indeed, since k , r, then either j , k or j , r. Without loss of generality

assume that j , k, and therefore |aj − ak | ≥ Rmin(ρ(aj ),ρ(ak)). By contradiction, assume that
|z − ak | < R̃min(ρ(z),ρ(ak)). Then by (B.2.6),

|aj − ak | ≤ |aj − z|+ |z − ak | < δρ(aj ) + R̃min(ρ(z),ρ(ak))

≤ δρ(aj ) + R̃min((1 + δ)ρ(aj ),ρ(ak))

≤ δρ(aj ) + (1 + δ)R̃min(ρ(aj ),ρ(ak)).

If ρ(aj ) ≤ ρ(ak), then |aj − ak | < (δ + (1 + δ)R̃)ρ(aj ) <
1+3R̃

2 ρ(aj ) = R
2ρ(aj ), which is a contradiction.

Similarly, if ρ(ak) ≤ ρ(aj ), (B.2.5) implies that

|aj − ak | < δρ(aj ) + (1 + δ)R̃min(ρ(aj ),ρ(ak))

≤ δρ(ak) + δ|aj − ak |+ (1 + δ)R̃ρ(ak).

Hence, |aj − ak | <
δ+(1+δ)R̃

1−δ ρ(ak) < (1 + 3R̃)ρ(ak) = Rρ(ak), resulting in a contradiction. Therefore
we can conclude that either (B.4.7) or (B.4.8) holds.

Using (B.2.3) and (B.2.12), we can write

|kak (z)||kar (z)|e
−2φ(z) ≲

e
−ϵ
2 [dρ(z,ak)+dρ(z,ar )]

ρ(z)n
|kak (z)|

1/2|kar (z)|
1/2e−φ(z).

Furthermore, since z ∈ Dδ(aj ), and r , k, we can assume that j , k, and by the above argu-
ment we have dρ(z,ak) + dρ(z,ar ) ≥ dρ(ar , ak) ≥ R̃. Hence, for z ∈ Dδ(aj ), we can conclude that

e
−ϵ
2 [dρ(z,ak)+dρ(z,ar )] ≤ e

−ϵ
2 R̃. Hence, using ρ(z) ≃ ρ(aj ), we obtain

Jm,nk,r (G,s) ≲ e
−ϵ
2 R̃

s∑
j=1

1
ρ(aj )n

∫
Dδ(aj )

⟨G(z)em, en⟩H|kak (z)|
1/2|kar (z)|

1/2e−φ(z)dA(z).

By Lemma B.2.7 we have

|kak (z)|
1/2e−φ(z)/2 ≲

(
1

ρ(z)2n

∫
Dδ(z)
|kak (ξ)|p/2e−

p
2φ(ξ)dA(ξ)

)1/p

.

Since z ∈Dδ(aj ), there exists some m1 > 1 such that Dδ(z) ⊂Dm1δ(aj ). Therefore,

|kak (z)|
1/2e−φ(z)/2 ≲

1
ρ(z)2n/p

∫
Dm1δ(aj )

|kak (ξ)|p/2e−
p
2φ(ξ)dA(ξ)

1/p

=
1

ρ(z)2n/p
Sk(aj )

1/p,

where
Sk(z) =

∫
Dm1δ(z)

|kak (ξ)|p/2e−
p
2φ(ξ)dA(ξ).
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Similarly,

|kar (z)|
1/2e−φ(z)/2 ≲

1
ρ(z)2n/p

Sr(aj )
1/p.

Therefore,

Jm,nk,r (G,s) ≲ e
−ϵ
2 R̃

s∑
j=1

1
ρ(aj )n

∫
Dδ(aj )

⟨G(z)em, en⟩H
1

ρ(z)4n/p
Sk(aj )

1/pSr(aj )
1/pdA(z).

Since 0 < p < 1, 4/p − 1 > 1, and

Jm,nk,r (G,s) ≲ e
−ϵ
2 R̃

s∑
j=1

1
ρ(aj )n

∫
Dδ(aj )

⟨G(z)em, en⟩H
1

ρ(aj )4n/p
Sk(aj )

1/pSr(aj )
1/pdA(z)

≃ e
−ϵ
2 R̃

s∑
j=1

1

ρ(aj )
n( 4

p−1)
Sk(aj )

1/pSr(aj )
1/p

∫
Dδ(aj )

⟨G(z)em, en⟩H
dA(z)
ρ(z)2n

≃ e
−ϵ
2 R̃

s∑
j=1

ρ(aj )
n(1− 4

p )Sk(aj )
1/pSr(aj )

1/p⟨Ĝopδ (aj )em, en⟩H.

Then since 0 < p < 1,

∣∣∣Jm,nk,r (G,s)
∣∣∣p ≲ e −pϵ2 R̃

s∑
j=1

|⟨Ĝopδ (aj )em, en⟩H|pρ(aj )
n(p−4)Sk(aj )Sr(aj ). (B.4.9)

Recall that

s∑
k=1

Sk(aj ) =
s∑
k=1

∫
Dm1δ(aj )

|kak (ξ)|p/2e−
p
2φ(ξ)dA(ξ)

=
∫
Dm1δ(aj )

 s∑
k=1

|kak (ξ)|p/2
e− p2φ(ξ)dA(ξ).

Moreover, using (B.2.10), (B.2.12), (B.2.14), and Lemma B.2.7, we can write

s∑
k=1

|kak (ξ)|p/2 =
s∑
k=1

ρ(ak)|Kξ(ak)|p/2e
−p
2 φ(ak)

≲
s∑
k=1

∫
Dδ(ak)

|Kξ(z)|p/2e
−p
2 φ(z)ρ(z)n( p2−2)dA(z)

≤N
∫
C
n
|Kξ(z)|p/2e

−p
2 φ(z)ρ(z)n( p2−2)dA(z) ≃Ne

p
2φ(ξ)ρ(ξ)

−np
2 .

Hence,

s∑
k=1

Sk(aj ) ≲N
∫
Dm1δ(aj )

ρ(ξ)
−np

2 dA(ξ) ≃ ρ(aj )
2n− np2 ,

where the constant only depends on δ. Similarly,

s∑
r=1

Sr(aj ) ≲ ρ(aj )
2n− np2 ,
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and this together with (B.4.9) implies that

s∑
k,r=1
r,k

∣∣∣Jm,nk,r (G,s)
∣∣∣p ≲ e −pϵ2 R̃

s∑
j=1

|⟨Ĝopδ (aj )em, en⟩H|p, (B.4.10)

where the constant only depends on 0 < δ < 1/2.
Since TG ∈ Sp(F2

φ(Cn,H)), it is in particular compact. Lemma B.2.16 along with compactness

ofG(w) for every w ∈Cn, then implies that Ĝopδ (aj ) is a compact operator onH for every aj ∈Cn.
Since Ĝopδ (aj ) is positive, it is, in particular, self-adjoint. Then the spectral Theorem for self-
adjoint and compact operators implies that for each j ≥ 1 there exists an orthonormal basis
{ejm}m≥1 of H consisting of eigenvectors of Ĝopδ (aj ). That is,

H = span{ejm}, where m ≥ 1.

Hence, ⟨Ĝopδ (aj )e
j
m, e

j
n⟩H = 0, for m , n. Comparing (B.4.6) with (B.4.9), and by the positivity of

Ĝ
op
δ (aj ), we can see that

∥Ms∥
p
Sp
≲

s∑
k,m=1

s∑
r,n=1
r,k,m,n

∣∣∣Jm,nk,r (G,s)
∣∣∣p +

s∑
k,m=1

s∑
r=1
r,k

(
Jm,mk,r (G,s)

)p
+

s∑
k,m=1

s∑
n=1
m,n

∣∣∣Jm,nk,k (G,s)
∣∣∣p

≲ e
−pϵ

2 R̃
s∑

m,n=1
m,n

s∑
j=1

|⟨Ĝopδ (aj )em, en⟩H|p + e
−pϵ

2 R̃
s∑

m=1

s∑
j=1

|⟨Ĝopδ (aj )em, em⟩H|p

+ e
−pϵ

2 R̃
s∑

m,n=1
m,n

s∑
j=1

|⟨Ĝopδ (aj )em, en⟩H|p

= e
−pϵ

2 R̃
s∑
j=1

s∑
m,n=1
m,n

|⟨Ĝopδ (aj )e
j
m, e

j
n⟩H|p + e

−pϵ
2 R̃

s∑
m=1

s∑
j=1

|⟨Ĝopδ (aj )e
j
m, e

j
m⟩H|p

+ e
−pϵ

2 R̃
s∑
j=1

s∑
m,n=1
m,n

|⟨Ĝopδ (aj )e
j
m, e

j
n⟩H|p

= e
−pϵ

2 R̃
s∑

j,m=1

(
⟨Ĝopδ (aj )e

j
m, e

j
n⟩H

)p
,

(B.4.11)

where the first and the third terms vanish because of the compactness argument above. Note
that inequality (B.4.10) was established for an arbitrary orthonormal basis {em}m≥1 ofH, and the
constant involved does not depend on the chosen basis. Hence, for each fixed index j, we may
apply (B.4.10) with a possibly different orthonormal basis {ejm}m≥1, for instance, the eigenbasis
of Ĝopδ (aj ). Doing so yields a valid inequality for each j, and summing these inequalities over
j gives (B.4.11). In other words, the passage from (B.4.10) to (B.4.11) does not require a single
global orthonormal basis.

Therefore, by (B.4.4) and (B.4.11), we can conclude that

∥TG∥
p
Sp
≳ ∥T ∥pSp ≥ ∥Ds∥

p
Sp
− ∥Ms∥

p
Sp

≥ (C1 −Q(N )e
−pϵ

2 R̃)
s∑

m,j=1

(
⟨Ĝopδ (zj )e

j
m, e

j
m⟩H

)p
,

(B.4.12)
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whereQ(N ) is some power of N , not depending on s. Since e
−pϵ

2 R̃→ 0 as R→∞, there is always
a constant R = R(p,δ,N ) such that C(p,δ,N ) = C1 −Q(N )e

−pϵ
2 R̃ > 0.

Fix M to be a positive integer. Then Lemma B.4.2 implies that {zj}Mj=1 can be partitioned
into at most 62nR4nδ−2nNδ subsequences such that any different points zj and zk in the same
subsequence satisfy |zj − zk | ≥ Rmin(ρ(zj ),ρ(zk)). Then by (B.4.12), we obtain

M∑
m,j=1

(
⟨Ĝopδ (zj )e

j
m, e

j
m⟩H

)p
≤ C(p,δ,Nδ)−162nR4nδ−2nNδ∥TG∥

p
Sp
<∞.

Since the RHS does not depend on M, we are done with the proof of Theorem B.1.7.

Open Problem: Can we prove the result of Theorem B.1.7 without assuming that the sym-
bol G(z) is a compact operator on H, for any z ∈Cn?
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Appendix C

Fixed points of the Berezin transform
on Fock-type spaces1

Abstract

We study the fixed points of the Berezin transform on the Fock-type spaces F2
m with the

weight e−|z|
m
,m > 0. It is known that the Berezin transform is well-defined on the polyno-

mials in z and z. In this paper we focus on the polynomial fixed points and we show that
these polynomials must be harmonic, except possibly for countably many m ∈ (0,∞). We
also show that, in some particular cases, the fixed point polynomials are harmonic for all
m.

C.1 Introduction and main results

The study of operators on the Bergman spaces is closely related to the properties of the Berezin
transform B. This connection comes in a natural way through the use of the Bergman kernel,
which is an essential object in the study of Bergman spaces on different domains. The Berezin
transform is also an interesting object in its own right. A lot of work has been done in studying
the regularity properties of the Berezin transform (see [4, 25, 37, 29]), as well as studying its
range (see [1, 28, 69, 27]).

In this paper, we are interested in finding the fixed points of the Berezin transform. Char-
acterizing functions that satisfy the equality Bf = f is an interesting and deep problem. The
known results show the connection of these functions and different notions of harmonicity.
One of the first work in this direction was the paper by Axler and Čučković [13] who studied
this problem in connection with the problem of commuting Toeplitz operators on the Bergman
space on the unit disk. Engliš [36] showed that on the unit disk, bounded fixed points are
precisely harmonic functions. Several authors have continued this line of investigation, we
mention [2], Lee [58, 57], Arazy and Engliš [4], Jevtić [54], and Casseli [22], among others.

On the Fock space F2
2 , the situation is different. Engliš [38, 36] (see also [79, section 3.3])

showed that there are non harmonic fixed points of the corresponding Berezin transform. For
example f (x + iy) = eax+by is fixed in F2

2 for any a,b ∈ C such that a2 + b2 = 8πi, however f is

1This appendix reproduces the paper “Fixed points of the Berezin transform on Fock-type spaces” by G. Asghari, Ž.
Čučković, and S. Şahutoğlu, available as an arXiv preprint (arXiv:2508.13115, 2025), and accepted for publication
in Proceedings of the American Mathematical Society.

Apart from formatting adjustments, this appendix coincides with the accepted version of the paper.
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not harmonic. On the other hand, if f is a bounded fixed point of the Berezin transform on F2
2 ,

then it has to be a constant. In this paper we are interested in studying the fixed point problem
on the family of Fock-type spaces F2

m.
Let m be a positive real number. Consider the space L2

m = L2(C, e−|z|
m
dA), where dA =

rdrdθ/2π is the Lebesgue measure on C. L2
m is a Hilbert space with the inner product

⟨f ,g⟩ =
∫
C

f (z)g(z)e−|z|
m
dA(z).

The Fock-type space F2
m is the closed subspace of entire functions inside L2

m. It is a reproducing
kernel Hilbert space with kernel, called the Bergman kernel, given by

Km(w,z) =m
∞∑
k=0

wk z̄k

Γ (2k+2
m )

.

Let km,z = Km,z
∥Km,z∥

be the normalized Bergman kernel, where Km,z(w) = Km(w,z). One can define
the Berezin transform of a function f as

Bmf (z) = ⟨f km,z, km,z⟩ =
∫
C

f (w)|km,z(w)|2e−|w|
m
dA(w),

whenever the above integral exists. We note that the estimate in the proof of [20, Lemma
5.2] implies that the Berezin transform is defined for any polynomial in z and z̄. For more
information about Fock-type spaces, we refer the reader to [18, 21].

In view of the counterexample above, we will study the polynomials in z and z̄ that are
fixed points of the Berezin transform on Fock-type spaces. First, we show that if a polynomial
with non-negative coefficients is fixed, then it has to be harmonic.

Theorem C.1.1. Assume that Bmf = f for a polynomial f of z and z̄ with nonnegative coefficients
and for some m > 0. Then f is harmonic.

Next, we show that on F2
2 , if B2f = f and f is a polynomial, then f must be harmonic.

Theorem C.1.2. Let f be a polynomial of z and z̄ such that B2f = f . Then f is harmonic.

For m , 2, the situation is more difficult, since the Bergman kernels do not have a closed
form, and the computations involve many gamma functions. Our main result shows that Bmf =
f for a polynomial f implies that f is harmonic for all m, except possibly a countably many m.
We denote the non-negative integers as N0.

Theorem C.1.3. For n ∈N0, there exists a discrete (possibly empty) set Zn ⊂ (0,∞) with no cluster
points in (0,∞) such that if m ∈ (0,∞)\Zn and Bmf = f for a polynomial f of degree at most n, then
f is harmonic.

Since harmonic polynomials are fixed points of Berezin transform (see Lemma C.3.1) we
have the following corollary.

Corollary C.1.4. Let f be a polynomial of z and z̄ of degree at most n. Then the following are
equivalent.

i.) Bmf = f for some m ∈ (0,∞) \Zn,
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ii.) Bmf = f for all m ∈ (0,∞) \Zn.

Since countable union of countable sets is countable, we have the following corollary.

Corollary C.1.5. There exists a countable (possibly empty) set Z ⊂ (0,∞) such that if Bmf = f for a
polynomial f of z and z̄ and m ∈ (0,∞) \Z, then f is harmonic.

By using a more computational approach, we also show that if Bmf = f for a binomial
function f , then f is harmonic.

Theorem C.1.6. Let m > 0 and f (z) = c1z
az̄b + c2z

cz̄d , where a, b, c, and d are positive integers.
Then f is a fixed point of the Berezin transformation Bm if and only if c1 = c2 = 0.

It would be interesting to know if the set Z in Corollary C.1.5 can be non-empty.

Conjecture C.1.7. Let f be a polynomial of z and z̄. If for any m > 0 we have Bmf = f , then f
is harmonic.

C.2 Preliminaries

For m a positive real number, the space F2
m is defined as a subspace of holomorphic functions

in L2(C, e−|z|
m
dA). We note that, throughout the paper, we will use

dA(z) =
rdrdθ

2π
.

Given a function f ∈ F2
m, its Taylor series f (z) =

∑∞
j=0 fjz

j converges uniformly on compact
subsets of C. Furthermore,

∥f ∥2 =
∫
C

|f (z)|2e−|z|
m
dA(z)

=
∫
C

∞∑
j,k=0

fjz
jf k z̄

ke−|z|
m
dA(z)

=
∫ 2π

0

∫ ∞
0

∞∑
j,k=0

fjf kr
j+keiθ(j−k)e−r

m rdrdθ
2π

=
∞∑
j=0

|fj |2
∫ ∞

0
r2j+1e−r

m
dr

=
∞∑
j=0

|fj |2
1
m
Γ

(2j + 2
m

)
.
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We note that the scalar product for f ,g ∈ F2
m is defined by

⟨f ,g⟩ =
∫
C

f (z)g(z)e−|z|
m
dA(z)

=
∫
C

∞∑
j,k=0

fjz
jgk z̄

ke−|z|
m
dA(z)

=
∫ 2π

0

∫ ∞
0

∞∑
j,k=0

fjgkr
j+k+1eiθ(j−k)e−r

m drdθ
2π

=
∞∑
j=0

fjgj
1
m
Γ

(2j + 2
m

)
.

Hence, the monomials zn, with n = 0,1,2, · · · form an orthogonal basis for F2
m. In particular,{√

mdjz
j ; j = 0,1,2, · · ·

}
is an orthonormal basis for F2

m where

dj =
1

Γ
(2j+2
m

) . (C.2.1)

To find the Bergman kernel, we proceed as follows. Let f ∈ F2
m and z ∈C. Then

|f (z)| = |
∞∑
j=0

fjz
j | ≤

∞∑
j=0

|fj ||z|j

=
∞∑
j=0

|fj |√
mdj

√
mdj |z|j

≤

 ∞∑
j=0

|fj |2

mdj


1/2 ∞∑

j=0

mdj |z|2j


1/2

.

The first sum on the right hand side equals ∥f ∥ and the ratio test shows that the second
sum above converge uniformly on compact subsets. Thus, the evaluation map f 7→ f (z) is a
bounded linear functional on C and uniformly bounded for z. Furthermore, F2

m is closed in-
side L2(C, e−|z|

m
dA), and hence a Hilbert space. Thus, there exists Km,z ∈ F2

m such that for any
f ∈ F2

m, f (z) = ⟨f ,Km,z⟩. Indeed,

f (z) =
∞∑
j=0

fjz
j =

∞∑
j=0

fjmdjz
j 1
mdj

= ⟨f ,Km,z⟩,

where, Km,z(w) =m
∑∞
j=0djw

j z̄j , for any z,w ∈ C. From now on, we will write

Km(w,z) = Km,z(w) =m
∞∑
j=0

djw
j z̄j .

We finish this section with the following property about the beta function

β(x,y) =
∫ 1

0
tx−1(1− t)y−1dt

for x,y > 0.
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Lemma C.2.1. The function x→ β(x,k − x) is convex on (0, k) and attains its minimum at x = k/2.

Proof. By definition,

β(x,k − x) =
∫ 1

0
tx−1(1− t)k−x−1dt =

∫ 1

0

( t
1− t

)x−1
(1− t)k−2dt.

Writing ( t
1−t )

x−1 = e(x−1)log( t
1−t ), we can compute the partial derivative as

∂
∂x
β(x,k − x) =

∫ 1

0
log

( t
1− t

)( t
1− t

)x−1
(1− t)k−2dt.

It is easy to see that x = k
2 is a critical point. Indeed, taking u = 1− t for when 1/2 < t < 1,

∂
∂x
β

(
k
2
,
k
2

)
=
∫ 1/2

0
log

( t
1− t

)
tk/2−1(1− t)k/2−1dt

+
∫ 1

1/2
log

( t
1− t

)
tk/2−1(1− t)k/2−1dt

=
∫ 1/2

0
log

( t
1− t

)
tk/2−1(1− t)k/2−1dt

−
∫ 0

1/2
log

(1−u
u

)
(1−u)k/2−1uk/2−1du

=
∫ 1/2

0
log

( t
1− t

)
tk/2−1(1− t)k/2−1dt

−
∫ 1/2

0
log

( u
1−u

)
(1−u)k/2−1uk/2−1du = 0.

Computing
∂2

∂x2β(x,k − x) =
∫ 1

0

(
log

( t
1− t

))2( t
1− t

)x−1
(1− t)k−2dt > 0,

implies that the beta function is convex on the line x + y = k. Hence, we can conclude that
x = y = k/2 is the minimum of the beta function on the line x+ y = k.

C.3 Preparatory results

Let f be a polynomial in z and z̄ (or a function so that the following integrals make sense).
Then

Bmf (z) =
∫
C

f (w)|km,z(w)|2e−|w|
m
dA(w)

=
1

Km(z,z)

∫
C

f (w)|Km(w,z)|2e−|w|
m
dA(w)

=
m2

Km(z,z)

∞∑
k,l=0

dkdlz
k z̄l

∫
C

f (w)w̄kwle−|w|
m
dA(w)

=
m2

Km(z,z)

∞∑
k,l=0

dkdlz
k z̄lλ

f
k,l ,

(C.3.1)

where dj is defined is (C.2.1) and

λ
f
k,l =

∫
C

f (w)w̄kwle−|w|
m
dA(w).

The following lemma is very easy to show so we will skip the proof.
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Lemma C.3.1. Harmonic polynomials are fixed points of the Berezin transform.

Let us define

Hn,τ =


n∑
j=0

ajz
j+τ z̄j : aj ∈C


for n,τ ∈N0, and

Hn,τ =


n∑
j=0

ajz
j z̄j−τ : aj ∈C


for τ ∈Z\N0 and n ∈N0. LetCω(C, e−|z|

m
dA) denote the real analytic functions in L2(C, e−|z|

m
dA)

and Aτ ⊂ Cω(C, e−|z|
m
dA) denote the set of real analytic functions whose nth Taylor polynomial

belong to Hn,τ for all n. We note that Aτ ∩As = {0} for s , τ .

Lemma C.3.2. Let n ∈N0, τ ∈Z, and m > 0. Then Bmf ∈ Aτ and Km(·, ·)Bmf ∈ Aτ for all f ∈Hn,τ .

Proof. SinceKm(z,z) =m
∑∞
k=0dk |z|2k ∈ A0, it is enough to show thatKm(·, ·)Bm maps a monomial

in Hn,τ into Aτ . Since Hn,τ is composed of polynomials, it is enough to prove the lemma for
monomials. So, without loss of generality, let τ ≥ 0 and f (z) = zα+τ z̄α for some α ∈N0. Then
by (C.3.1) we have

Km(z,z)Bmf (z) =m2
∞∑

k,l=0

dkdlz
k z̄lλ

f
k,l ,

where
λ
f
k,l =

∫
C

wα+τw̄αw̄kwle−|w|
m
dA(w) =

∫
C

wα+τ+lw̄α+ke−|w|
m
dA(w).

Taking w = reiθ and the normalized measure dA(w) = 1
2π rdrdθ, it is easy to see that the above

integral is nonzero only if k = l + τ . Then

Km(z,z)Bmf (z) =m2
∞∑
l=0

dl+τdlz
l+τ z̄l

∫ ∞
0
r2(α+τ+l)+1e−r

m
dr

=m
∞∑
l=0

dl+τdlz
l+τ z̄lΓ

(
2(α + τ + l) + 2

m

)

=m
∞∑
l=0

dl+τdl
dα+τ+l

zl+τ z̄l ∈ Aτ .

(C.3.2)

Therefore, one can use long division to show that Bmf ∈ Aτ as Km ∈ A0.

Lemma C.3.3. Let f be a polynomial (of z and z̄) of degree n such that Bmf = f . Then Bmfτ = fτ
for −n ≤ τ ≤ n where f =

∑n
τ=−n fτ and fτ ∈Hn,τ .

Proof. Since f is a polynomial (of z and z̄) of degree n, we have a unique decomposition

f =
n∑

τ=−n
fτ ,

where fτ ∈ Hn,τ . We assume that Bmf = f . Then, by Lemma C.3.2, we have Bmfτ ∈ Aτ for
−n ≤ τ ≤ n. Hence,

n∑
τ=−n

fτ = f = Bmf =
n∑

τ=−n
Bmfτ ,

implying that Bmfτ = fτ .
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C.4 Proof of Theorem C.1.1: polynomials with non-negative
coefficients

Proof of Theorem C.1.1. By Lemma C.3.3, it is enough to prove the theorem for f ∈Hn,τ , where
−n ≤ τ ≤ n. Since, by Lemma C.3.1 harmonic polynomials are fixed, without loss of generality,
we assume that Bmf = f where f (z) =

∑n
j=1 ajz

j+τ z̄j ∈ Hn,τ is a polynomial with aj ≥ 0 for all
j ≥ 1, an > 0, and τ ≥ 0. Hence, f is not harmonic. Similar to (C.3.2), one obtains that

Km(z,z)Bmf (z) =m
∞∑
l=0

n∑
j=1

aj
dl+τdl
dj+l+τ

zl+τ z̄l ,

and

Km(z,z)f (z) =m
∞∑
l=0

n∑
j=1

ajdlz
j+τ+l z̄j+l =m

∞∑
l=j

n∑
j=1

ajdl−jz
l+τ z̄l .

Note that by definition and Lemma C.3.2, Km(·, ·)f andKm(·, ·)Bmf both belong toAτ , and hence
their difference as well.

0 = Km(z,z)Bmf (z)−Km(z,z)f (z) =m
j−1∑
l=0

n∑
j=1

aj
dl+τdl
dj+τ+l

zl+τ z̄l

+m
∞∑
l=j

n∑
j=1

aj

(
dl+τdl
dj+τ+l

− dl−j
)
zl+τ z̄l (C.4.1)

for all z. We note that dj+τ+l is nonzero for any j ≥ 1 because the gamma function has poles
only on negative integers. We will use the following well known formula

β(a,b) =
Γ (a)Γ (b)
Γ (a+ b)

.

Taking x = 2
m , and

dl =
1

Γ
(2(l+1)

m

) =
1

Γ ((l + 1)x)
,

for every nonnegative j we obtain

dl+τdl
dj+τ+l

− dl−j =
dl+τdl − dl−jdj+τ+l

dj+τ+l
= Γ ((j + τ + l + 1)x)Γ ((2l + τ + 2)x)

Bl,j,τ
Al,j,τ

where

Al,j,τ =Γ ((l + τ + 1)x)Γ ((l + 1)x)Γ ((l − j + 1)x)Γ ((j + τ + l + 1)x),

Bl,j,τ =β((j + l + τ + 1)x, (l − j + 1)x)− β((l + τ + 1)x, (l + 1)x).

In this case

k = (j + l + τ + 1)x+ (l − j + 1)x = (l + τ + 1)x+ (l + 1)x = (2l + τ + 2)x.

Recall that β(y,k − y) is a convex function of y and takes its minimum at y = k/2. Hence
β(α1, k −α1) > β(α2, k −α2) if α1 > α2 ≥ k/2. We choose α1 = (j + l + τ + 1)x and α2 = (l + τ + 1)x.
Then

(j + l + τ + 1)x > (l + τ + 1)x > (l +
τ
2

+ 1)x =
k
2
.
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Moreover, k −α1 = (l − j + 1)x and k −α2 = (l + 1)x. Then for any j ≥ 1, we have

β((j + τ + l + 1)x, (l − j + 1)x)− β((l + τ + 1)x, (l + 1)x) > 0.

Hence, an > 0 implies that
Km(z,z)Bmf (z)−Km(z,z)f (z) . 0

which contradicts (C.4.1). Therefore, f is not a fixed point of the Berezin transform.

C.5 Proof of Theorem C.1.2: the case m = 2

When m = 2, one can write the Berezin transform as

B2f (z) = 2
∫
C

f (z+ ξ)e−|ξ |
2
dA(ξ)

where dA = rdrdθ/2π. We note that the since we normalize dA by 2π, our formula above has a
multiple 2 instead of 1/π as in [79, section 3.2].

Lemma C.5.1. Let f (z) = zj+τ z̄j for j ∈N and τ ∈N0.

B2f (z) = zj+τ z̄j +
(j + τ)j
d1

zj−1+τ z̄j−1 + lower order terms.

Furthermore, B2 :Hn,τ →Hn,τ is a bijection.

Proof. By the binomial expansion formula, we compute the Berezin transform for f (z) = zj+τ z̄j

as follows.

B2f (z) =2
∫
C

f (z+ ξ)e−|ξ |
2
dA(ξ)

=2
j∑
s=0

j+τ∑
t=0

(
j + τ
t

)(
j
s

)
zt z̄s

∫
C

ξj+τ−tξ
j−s
e−|ξ |

2
dA(ξ)

(t = s+ τ) =
1
π

j∑
s=0

(
j + τ
s+ τ

)(
j
s

)
zs+τ z̄s

∫ 2π

0

∫ ∞
0
r2(j−s)+1e−r

2
drdθ

=
j∑
s=0

(
j + τ
s+ τ

)(
j
s

)
Γ (j − s+ 1)zs+τ z̄s

=zj+τ z̄j +
(j + τ)j
d1

zj−1+τ z̄j−1 + lower order terms,

where d−1
1 = Γ (2), as defined before. Furthermore, the formula above shows that B2f ∈ Hn,τ

whenever f ∈Hn,τ .
Let us choose B = {zτ , z1+τ z̄, . . . , zn+τ z̄n} as a basis for Hn,τ . Then the matrix representation

[B2] for B2 with respect to basis B can be computed as follows.

[B2] =



1 (1 + τ)/d1 · · · · · · · · ·
0 1 (2 + τ)2/d1 · · · · · ·
0 0 1 (3 + τ)3/d1 · · ·
...

...
...

...

0 · · · · · · 0 1


(n+1)×(n+1)

. (C.5.1)

Therefore, B2 is a bijection on Hn,τ because the matrix [B2] is nonsingular.
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Proof of Theorem C.1.2. Let f be a polynomial of z and z̄ of order n. Then, by Lemma C.3.3, it
is enough to prove the theorem for f ∈ Hn,τ , where −n ≤ τ ≤ n. Without loss of generality, we
fix τ ≥ 0.

Using the notation in the proof of Lemma C.5.1, we observe that the matrix [B2] in (C.5.1)
is an upper triangular matrix with 1 on the diagonal and (j + τ)j/d1 on the entries above the
diagonal. Hence, [B2]−I is an upper triangular matrix with 0 on the diagonal and (j+τ)j/d1 on
the entries above the diagonal. Then the first column and the last row of [B2]− I are composed
of zero entries. That is

[B2]− I =


0
... M

0
0 0 · · · 0

,
where

M =



(1 + τ)/d1 · · · · · · · · ·
0 (2 + τ)2/d1 · · · · · ·
0 0 (3 + τ)3/d1 · · ·
...

...
...

...

0 0 0 (n+ τ)n/d1


n×n

is the n × n submatrix of [B2] − I . We note that M is upper triangular with positive entries on
the diagonal. Hence M is of rank n as det(M) > 0. That is, rank([B2]− I) ≥ n. We also know that
zτ is in the kernel of [B2]− I . The rank-nullity theorem implies that

rank([B2]− I) + dim(ker([B2]− I)) = n+ 1.

Then, rank([B2]−I) = n and dim(ker([B2]−I)) = 1. Therefore, if f ∈Hn,τ such that B2f = f , then
f ∈ ker([B2]− I). Namely, f is holomorphic.

C.6 Proof of Theorem C.1.3: the case m > 0

Proof of Theorem C.1.3. By Lemma C.3.3, it is enough to prove the theorem for functions in
Hn,τ , where 0 ≤ τ ≤ n. Let us define

Bm,n :Hn,τ → Cω(C, e−|z|
m
dA)

to be the Berezin transform of F2
m restricted to Hn,τ and Tm,n :Hn,τ → Cω(C, e−|z|

m
dA) as

Tm,nf (z) = Km(z,z)Bm,nf (z)−Km(z,z)f (z)

for f ∈Hn,τ and z ∈C. Then

ker(Bm,n − I) = ker(Tm,n) ⊇ span{zτ } = ker(T2,n),

and
rank(Bm,n − I) = rank(Tm,n) ≤ n = rank(T2,n).

Then rank-nullity theorem implies that

rank(Tm,n) + dim(ker(Tm,n)) = dim(Hn,τ ) = n+ 1
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for all m > 0.
Let f (z) = zj+τ z̄j ∈Hn,τ . Then by (C.3.2) we have

Km(z,z)Bmf (z) =m
∞∑
l=0

dl+τdl
dj+τ+l

zl+τ z̄l .

Moreover, Km(z,z)f (z) =m
∑∞
l=0dlz

l z̄lzj+τ z̄j , and hence

Tm,n(zj+τ z̄j ) =m
∞∑
l=0

dl+τdl
dj+τ+l

zl+τ z̄l −m
∞∑
l=0

dlz
j+τ+l z̄j+l

=m
∞∑
l=0

dl+τdl
dj+τ+l

zl+τ z̄l −m
∞∑
l=j

dl−jz
l+τ z̄l

=m
j−1∑
l=0

dl+τdl
dj+τ+l

zl+τ z̄l +m
∞∑
l=j

(
dl+τdl
dj+τ+l

− dl−j
)
zl+τ z̄l .

Hence,

Tm,n(zj+τ z̄j ) =
∞∑
k=0

aj,k(m)zk+τ z̄k ,

where each aj,k is holomorphic on U = {z ∈C : Re(z) > 0}, by properties of the gamma function.
Then we will study the rank and nullity of the matrix [aj,k(m)] as a function of the complexified
variable m. We note that the matrix [aj,k(m)] is of size∞× (n+ 1).

Since, by Theorem C.1.2, rank(T2,n) = n, there exists a submatrix Sn of [aj,k] of size n × n
with entries holomorphic on U such that det(Sn(2)) , 0. Let S(m) = det(Sn(m)) and Zn,τ denote
the zero set of S. Then S is holomorphic on U and Zn,τ is a discrete set with no accumu-
lation point in U . Hence rank(Tm,n) ≥ n for z ∈ U \ Zn,τ as det(Sn(m)) , 0 for z ∈ U \ Zn,τ .
However, rank(Tm,n) ≤ n as dim(ker(Tm,n)) ≥ 1 for all 0 < m < ∞. Then, rank(Tm,n) = n and
dim(ker(Tm,n)) = 1 for m ∈ (0,∞) \Zn,τ . Namely, span{zτ } = ker(Tm,n) for m ∈ (0,∞) \Zn,τ .

Let Zhn = ∪nτ=0Zn,τ . Hence Zhn is a discrete set with no cluster in (0,∞). Furthermore, we
showed that only the holomorphic polynomial is fixed whenever 0 ≤ τ ≤ n and m ∈ (0,∞) \Zhn .
Similarly, we can show that there exists a discrete set Zcn such that when −n ≤ τ < 0 and m ∈
(0,∞) \Zcn only the conjugate holomorphic polynomial is fixed. Let Zn = Zhn ∪Zcn. Therefore, if
m ∈ (0,∞) \Zn and Bmf = f for a polynomial f of degree at most n, then f is harmonic.

C.7 Proof of Theorem C.1.6: binomial fixed points

First, we focus on a single monomial.

Proposition C.7.1. Let m > 0 and f (z) = zpz̄q be a fixed point for the Berezin transform Bm. Then
either p or q must be zero. That is, f is either a holomorphic or a conjugate holomorphic monomial.

Proof. By Lemma C.3.1, zp and z̄q are fixed under Bm. We assume that Bmf = f and p,q ≥ 1.
Then (C.3.1) implies that

Km(z,z)zpz̄q = Km(z,z)Bmf (z) =
∫
C

wpw̄q|Km(w,z)|2e−|w|
m
dA(w).
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Hence,

m
∞∑
k=0

dkz
pz̄qzk z̄k =m2

∞∑
k,l=0

dkdl

∫
C

wpw̄qzkw̄k z̄lwle−|w|
m
dA(w)

=m2
∞∑

k,l=0

dkdlz
k z̄l

∫
C

wp+lw̄q+ke−|w|
m
dA(w).

First, assume that p ≥ q. The above integral is nonzero only if k = p+ l − q. Therefore,

m
∞∑
k=0

dkz
p+k z̄q+k =m2

∞∑
l=0

dp+l−qdlz
p+l−qz̄l

∫ ∞
0
r2(p+l)+1e−r

m
dr

=m2
∞∑
l=0

dp+l−qdlz
p+l−qz̄l

1
m
Γ

(
2(p+ l) + 2

m

)

=m
∞∑
l=0

dp+l−qdlz
p+l−qz̄l

1
dp+l

.

(C.7.1)

For the above equation to hold, every corresponding l-term on each side must agree. Note that
the zeroth term on the right hand side is holomorphic, while there is no holomorphic term on
the left hand side. Hence, they can not be equal.

When p < q, similarly we obtain

m
∞∑
k=0

dkz
p+k z̄q+k =m

∞∑
k=0

dkdq−p+kz
k z̄q−p+k 1

dq+k
.

The zeroth term on the right hand side is conjugate holomorphic, while there is no conjugate
holomorphic term on the left hand side. Hence, they are not equal.

Therefore, we can conclude that any monomial which is a fixed point of the Berezin trans-
formation should be either of the form zp or z̄q.

Proof of Theorem C.1.6. Since the case of monomials was considered in Proposition C.7.1, we
can assume that Bmf = f and a,b,c,d are positive integers such that a , c or b , d. Then by
(C.3.1) we get

Km(z,z)(c1z
az̄b + c2z

cz̄d) =Km(z,z)Bmf (z)

=
∫
C

(c1w
aw̄b + c2w

cw̄d)|Km(w,z)|2e−|w|
m
dA(w).

Therefore,

m
∞∑
k=0

dkz
k z̄k(c1z

az̄b + c2z
cz̄d) =m2

∞∑
k,l=0

dkdl

∫
C

(c1w
aw̄b + c2w

cw̄d)zkw̄k z̄lwle−|w|
m
dA(w)

=c1m
2
∞∑

k,l=0

dkdlz
k z̄l

∫
C

wa+lw̄b+ke−|w|
m
dA(w)

+ c2m
2
∞∑

k,l=0

dkdlz
k z̄l

∫
C

wc+lw̄d+ke−|w|
m
dA(w).

(C.7.2)

We consider two different cases a ≥ b ≥ 1, c ≥ d ≥ 1 and a ≥ b ≥ 1,1 ≤ c < d. The other cases
turn into one of these simply by conjugation.
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First let us consider the case a ≥ b ≥ 1 and c ≥ d ≥ 1. Note that the first integral on the right
hand side of (C.7.2) is nonzero only if k = a + l − b, and the second integral in nonzero only if
k = c+ l −d. Then similarly to the monomial case as (C.7.1), we can write the right hand side of
(C.7.2) as

c1m
∞∑
l=0

da−b+ldlz
a−b+l z̄l

1
da+l

+ c2m
∞∑
l=0

dc−d+ldlz
c−d+l z̄l

1
dc+l

.

Hence if f is a fixed point, then

c1

∞∑
l=0

dlz
a+l z̄b+l + c2

∞∑
l=0

dlz
c+l z̄d+l = c1

∞∑
l=0

da−b+ldl
da+l

za−b+l z̄l + c2

∞∑
l=0

dc−d+ldl
dc+l

zc−d+l z̄l . (C.7.3)

Let a− b = j and c − d = k. We can write (C.7.3) as

c1

∞∑
l=0

dlz
a+l z̄b+l + c2

∞∑
l=0

dlz
c+l z̄d+l = c1

∞∑
l=0

dj+ldl
da+l

zj+l z̄l + c2

∞∑
l=0

dk+ldl
dc+l

zk+l z̄l .

Note that the zeroth terms in the sums on the right hand side above are holomorphic, while
there is no holomorphic term on the left hand side. Hence if j , k and f is a fixed point, the
zeroth terms on the right hand side must be zero, implying that

c1
djd0

da
= 0 and c2

dkd0

dc
= 0.

Since di , 0 for any i ≥ 0, we can conclude that c1 = c2 = 0.

From now on we assume that j = k. Then, we take Bmf = f with a− b = c − d = j ≥ 0. Hence
(C.7.3) can be written as

c1

∞∑
l=0

dlz
a+l z̄b+l + c2

∞∑
l=0

dlz
c+l z̄d+l =

∞∑
l=0

dj+ldl

(
c1

da+l
+
c2

dc+l

)
zj+l z̄l . (C.7.4)

Again the zeroth term on the right hand side above is holomorphic, while there is no holomor-
phic term on the left hand side. So for Bmf = f to hold, we must assume that the holomorphic
term on the right hand side is zero. This is equivalent to

c1

da
+
c2

dc
= 0. (C.7.5)

Writing a = j + b and c = j + d, we can write (C.7.4) as

c1

∞∑
l=0

dlz
j+b+l z̄b+l + c2

∞∑
l=0

dlz
j+d+l z̄d+l =

∞∑
l=0

dj+ldl

(
c1

da+l
+
c2

dc+l

)
zj+l z̄l . (C.7.6)

Without loss of generality, we assume that d > b and we define r = d − b ≥ 1. Recall that when
r = 0, f is a monomial as a − b = c − d and that was considered in Proposition C.7.1. Hence
(C.7.6) can be written as the following.

c1

∞∑
l=0

dlz
j+b+l z̄b+l + c2

∞∑
l=0

dlz
j+b+r+l z̄b+r+l =

∞∑
l=0

dj+ldl

(
c1

da+l
+
c2

dc+l

)
zj+l z̄l . (C.7.7)
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To get a better idea about the series above, we can write (C.7.7) as

c1d0z
j+bz̄b + c1d1z

j+b+1z̄b+1 + · · ·+ c1dr−1z
j+b+r−1z̄b+r−1

+ c1

∞∑
l=r

dlz
j+b+l z̄b+l + c2

∞∑
l=0

dlz
j+b+r+l z̄b+r+l

= djd0

(
c1

da
+
c2

dc

)
zj + dj+1d1

(
c1

da+1
+

c2

dc+1

)
zj+1z̄+ · · ·

+ dj+b+r−1db+r−1

(
c1

da+b+r−1
+

c2

dc+b+r−1

)
zj+b+r−1z̄b+r−1

+
∞∑

l=b+r

dj+ldl

(
c1

da+l
+
c2

dc+l

)
zj+l z̄l .

Then we can rewrite it as

c1d0z
j+bz̄b + c1d1z

j+b+1z̄b+1 + · · ·+ c1dr−1z
j+b+r−1z̄b+r−1

+ c1

∞∑
l=0

dr+lz
j+b+r+l z̄b+r+l + c2

∞∑
l=0

dlz
j+b+r+l z̄b+r+l

= djd0

(
c1

da
+
c2

dc

)
zj + dj+1d1

(
c1

da+1
+

c2

dc+1

)
zj+1z̄+ · · ·

+ dj+b+r−1db+r−1

(
c1

da+b+r−1
+

c2

dc+b+r−1

)
zj+b+r−1z̄b+r−1

+
∞∑
l=0

dj+b+r+ldb+r+l

(
c1

da+b+r+l
+

c2

dc+b+r+l

)
zj+b+r+l z̄b+r+l ,

where the sums on both the left and right hand sides are in terms of zj+b+r+l z̄b+r+l . Comparing
the coefficients of zj+b+r−1z̄b+r−1 on both sides, we obtain

c1dr−1 = dj+b+r−1db+r−1

(
c1

da+b+r−1
+

c2

dc+b+r−1

)
(C.7.8)

Comparing later terms, we must have

c1dr+l + c2dl = dj+b+r+ldb+r+l

(
c1

da+b+r+l
+

c2

dc+b+r+l

)
for all l ∈N0.

Considering (C.7.5) and (C.7.8), we will show that c1 = c2 = 0. Equivalently, we would like
to show that the following determinant

Am = det

 1
da

1
dc

dj+b+r−1db+r−1

da+b+r−1
− dr−1

dj+b+r−1db+r−1

dc+b+r−1


is non-zero. Using dl = 1

Γ ( 2l+2
m ) , we can write the determinant above as

Am =
dj+b+r−1db+r−1

dadc+b+r−1
−
dj+b+r−1db+r−1

dcda+b+r−1
+
dr−1

dc

=
Γ
(

2a+2
m

)
Γ
(2(c+b+r−1)+2

m

)
Γ
(2(j+b+r−1)+2

m

)
Γ
(2(b+r−1)+2

m

) − Γ
(

2c+2
m

)
Γ
(2(a+b+r−1)+2

m

)
Γ
(2(j+b+r−1)+2

m

)
Γ
(2(b+r−1)+2

m

) +
Γ
(

2c+2
m

)
Γ
(2(r−1)+2

m

) .
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Letting x = 2
m , we get

Am =
Γ ((a+ 1)x)Γ ((c+ b+ r)x)
Γ ((j + b+ r)x)Γ ((b+ r)x)

− Γ ((c+ 1)x)Γ ((a+ b+ r)x)
Γ ((j + b+ r)x)Γ ((b+ r)x)

+
Γ ((c+ 1)x)

Γ (rx)
.

One can show that the contribution of the first two terms is already positive. Indeed,

Γ ((a+ 1)x)Γ ((c+ b+ r)x)
Γ ((j + b+ r)x)Γ ((b+ r)x)

− Γ ((c+ 1)x)Γ ((a+ b+ r)x)
Γ ((j + b+ r)x)Γ ((b+ r)x)

> 0

if and only if
Γ ((a+ 1)x)Γ ((c+ b+ r)x)− Γ ((c+ 1)x)Γ ((a+ b+ r)x) > 0

which is equivalent to

Γ ((a+ 1)x)Γ ((c+ b+ r)x)
Γ ((a+ b+ c+ r + 1)x)

>
Γ ((c+ 1)x)Γ ((a+ b+ r)x)
Γ ((a+ b+ c+ r + 1)x)

.

However, using (a+ 1)x+ (c+ b+ r)x = (c+ 1)x+ (a+ b+ r)x = k we have

β((a+ 1)x,k − (a+ 1)x) =
Γ ((a+ 1)x)Γ ((c+ b+ r)x)
Γ ((a+ b+ c+ r + 1)x)

β((c+ 1)x,k − (c+ 1)x) =
Γ ((c+ 1)x)Γ ((a+ b+ r)x)
Γ ((a+ b+ c+ r + 1)x)

.

We recall that a < c. So we would like to show that

β((a+ 1)x,k − (a+ 1)x) > β((c+ 1)x,k − (c+ 1)x). (C.7.9)

Since β(y,k − y) is convex with minimum at k/2 = (a+ b+ c+ r + 1)x/2, it is enough to show that

(a+ 1)x < (c+ 1)x ≤ k
2
.

The first inequality above is clear as a < c. The second inequality is equivalent to

c+ 1 ≤ a+ b+ r = a+ d

as r = d − b. However, a− b = c − d. Then the inequality above is equivalent to

a− b+ 1 ≤ a

which correct as b ≥ 1. Hence, the inequality (C.7.9) is satisfied and Am is non-singular for all
m > 0. Therefore, c1 = c2 = 0.

We finish the proof by considering the second case a ≥ b ≥ 1 and 1 ≤ c < d. The first integral
on the right hand side of (C.7.2) is nonzero when k = a−b+ l and the second integral is nonzero
when l = d − c+ k. Therefore, (C.7.2) can be written as

c1

∞∑
k=0

dkz
a+k z̄b+k + c2

∞∑
k=0

dkz
c+k z̄d+k

= c1

∞∑
l=0

da−b+ldl
da+l

za−b+l z̄l + c2

∞∑
k=0

dkdd−c+k
dd+k

zk z̄d−c+k .

(C.7.10)

The zeroth terms in the sums on the right hand side are harmonic, while there is no harmonic
term on the left hand side. Hence (C.7.10) cannot hold unless c1 = c2 = 0.
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