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Abstract

This thesis is a collection of published and submitted papers. It investigates Toeplitz and Han-
kel operators, as well as Berezin transforms on scalar weighted and vector-valued Fock spaces,
focusing on how analytic and geometric properties of the underlying weights influence the
boundedness, compactness, Schatten class membership, and spectral behavior of these oper-
ators. The results unify and extend several known facts of operator theory on reproducing
kernel Hilbert spaces, particularly in the non-Gaussian and vector-valued settings.

In Chapter 2, we introduce weighted Fock spaces, including standard, doubling, scalar
weighted, and large vector-valued Fock spaces. Chapter 3 is devoted to a detailed summary of
our findings, motivation behind our work, and known results related to our study. More detail
is as follows.

In the first part, we study Hankel operators on doubling Fock spaces and establish Schatten-
class characterizations in terms of integral distance to analytic functions and mean oscillations.
By developing a detailed analysis of the geometry associated with the doubling measure and
the corresponding radius function, we extend the Berger—Coburn phenomenon, i.e., the symme-
try between compactness of Hy and Hy when f is a bounded function on the complex plane,
beyond the classical Fock space. These results provide new insight into the structure of Hankel
operators on more general weighted Fock spaces.

The second part concerns Toeplitz operators on large vector-valued Fock spaces, where func-
tions take values in a separable Hilbert space. For operator-valued symbols G, we derive
necessary and sufficient conditions for boundedness, compactness, and Schatten-class mem-
bership of the corresponding Toeplitz operators T in terms of scalar and operator-valued
Berezin transforms, averaging functions, and Carleson conditions. This framework extends
known scalar results to infinite-dimensional vector-valued settings and reveals how the fibre-
wise Hilbert-space structure affects operator-theoretic behavior.

In the final part, we examine polynomial fixed points of the Berezin transform on Fock-type
spaces associated with weights of the form e ", m > 0. We show that every harmonic polyno-
mial is a fixed point, and depending on the exact form of the weight, most polynomials fixed
by the Berezin transform are harmonic.

Collectively, the results contribute to a unified understanding of Toeplitz and Hankel op-
erators and Berezin transforms on generalized Fock spaces, demonstrating the deep interplay
between geometric analysis, function theory, and operator theory in both scalar and vector-
valued contexts. Full versions of the papers are provided in Appendix A, Appendix B, and
Appendix C.
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Chapter 1

Introduction

Operator theory on spaces of holomorphic functions is a central branch of modern functional
analysis, linking techniques from complex analysis, harmonic analysis, and geometry. Among
the most extensively studied operators in this setting are the Toeplitz and Hankel operators,
which serve as natural models for non-commutative function algebras and Berezin-Toeplitz
quantization. Their behavior encodes deep analytic and geometric information about the un-
derlying spaces, and their study continues to be an ongoing source of questions linking opera-
tor theory to mathematical physics and the theory of several complex variables.

A particularly rich environment for such investigations is provided by Fock-type spaces. The
classical Fock space F? consists of all entire functions on the complex plane C that are square-
integrable with respect to the Gaussian measure

dA(z) = %e—W dA(z),

where dA denotes the Lebesgue area measure. The space F2, which was originally introduced
in quantum mechanics, has long served as an important object of study in functional analysis,
complex analysis, and mathematical physics. From the complex analysis point of view, it pro-
vides a canonical example of a reproducing kernel Hilbert space, which is a central setting to
the study of Toeplitz and Hankel operators. From a geometric perspective, the Fock space can
be interpreted as the space of holomorphic sections of a Hermitian line bundle over C, where
the Gaussian weight naturally induces a Kahler metric. This interpretation establishes deep
connections with complex differential geometry and the framework of geometric quantization.

The Toeplitz operator with symbol f is defined as T¢(-) = P(f-), where P denotes the or-
thogonal projection from L?(C,d 1) onto F2. The Hankel operator is H¢(-) = (I - P)(f-). These
operators link pointwise multiplication by f to analytic projection. The study of boundedness,
compactness, and Schatten class membership of Tf and H f has been an important subject of
study in operator theory.

In their seminal work, Berger and CoBURrN [17] observed a notable duality between certain
Hankel operators on the classical Fock space: for a bounded function f on C, the Hankel
operator Hy is compact if and only if Hy is compact, where f is the complex conjugate of
f. This phenomenon, now known as the Berger-Coburn phenomenon, has since motivated a
substantial body of work examining its validity in more general analytic settings. The first
part of the present thesis, based on [10], in collaboration with Hu and Virtanen, extends this
analysis to doubling Fock spaces, a class of weighted Fock spaces that generalize the Gaussian
weight, while keeping much of its analytic structure.
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Let ¢ : C — R be a subharmonic weight such that the measure dy = A¢ dA is doubling.
That is, there exists C > 1 such that

0< u(D(z,2r)) < Cu(D(z,1)) < oo, zeC, r>0.

Taking H(C) as the set of entire functions on C, the corresponding doubling Fock space is

B =1f €HIC): IfIBy = [ IF@PeM9aA() <o)

Such spaces, developed in the works of Christ [24], Marco-Massaneda-Ortega Cerda [64], and
Marzo-Ortega Cerda [65], provide a geometric generalization of the Gaussian framework. The
Laplacian of the weight defines a radius function p(z) via u(D(z,p(z))) = 1, encoding the con-
formality of the Riemannian metric in the space. Using a notion called integral distance to an-
alytic functions, we obtain characterizations of Schatten class Hankel operators Hy and estab-
lish criteria for simultaneous membership of Hankel operators Hy and Hy in Schatten classes
Sp, p > 0. In particular, we showed that the Berger-Coburn phenomenon holds for Hilbert-
Schmidt Hankel operators on the doubling Fock space F2, and we discuss the validity of the
Berger-Coburn phenomenon for Schatten S, classes, for which 0 <p < 1. Moreover, we discuss
why our approach cannot be used to study the validity of the Berger-Coburn phenomenon for
Schatten classes S, with 1 < p < oo and p = 2. This is since pP~2 is not necessarily a Muck-
enhoupt weight. These results extend the scope of known Schatten-class criteria for Hankel
operators on less complicated Fock-type spaces.

The second main theme of the thesis concerns Toeplitz operators on large vector-valued Fock
spaces, based on the joint work with Arroussi and Virtanen [6]. Compared to the long-term
interest in the scalar-valued Fock spaces, less attention has been paid to the vector-valued case,
where functions take values in finite- or infinite-dimensional Hilbert spaces. Motivated by
this, we consider Fock-type spaces of the form Pé(C”,H), consisting of holomorphic functions
f : C" - 'H, where H is a separable Hilbert space, with norm

I£113 4 = c If (2)lIFe>¢® dA(z),

and where ¢ belongs to the class of admissible weights W introduced by Dall’Ara [30]. Such
spaces generalize scalar weighted Fock spaces F;(C”) and provide the natural setting for the
vector-valued reproducing kernel Hilbert space. That is, a reproducing kernel Hilbert space for
which the reproducing kernel is not an element of the function space, contrary to the scalar
Fock spaces.

For an operator-valued symbol G : C" — L(H), the Toeplitz operator T; acts by Tgf =
P(Gf), where P is the orthogonal projection from Lé(C”, H) onto Fi((E”,H). We obtain bound-
edness, compactness, and Schatten-class characterizations for T in terms of Berezin transforms,
averaging functions, and Carleson conditions adapted to the vector-valued setting. The proofs are
based on the geometry induced by the radius function p and covering C" by suitable lattices as-
sociated with admissible weights. These results extend earlier scalar characterizations such as
those by Isralowitz-Zhu [53] and Arroussi-He-Li-Tong [8], to the infinite-dimensional vector-
valued context and reveal how the fiberwise Hilbert space structure governs the behavior of
Toeplitz operators. See [6] for further details. Notice that when H = C™, each operator G(z)
can be represented by an m x m matrix, so G becomes a matrix-valued function, which corre-
sponds to the study of block Toeplitz operators. Thus, the matrix-valued symbol corresponds

to the finite-dimensional special case of the general operator-valued symbol theory.
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The third part of the thesis addresses the Berezin transform on Fock-type spaces F2,, m > 0,
based on joint work with Cu¢kovi¢ and Sahutoglu [9]. Note that F2 is a doubling Fock space
with ¢(z) = [z|""/2. For a symbol f, the Berezin transform of f is

Bouf (2) =l kms) = Lf(w) oo (w)Pe " dA(w),

where k,, , denotes the normalized reproducing kernel of F2. When m = 2, the Berezin trans-
form for the classical Fock space is a convolution with a Gaussian function. Note that convolv-
ing an image with a Gaussian function is called a Gaussian blur. Mathematically speaking, an
image is a bounded function from some coordinate system to the intensity values of pixels.
Therefore, one can consider the Berezin transform as a natural smoothing/blurring operator.
A classical question, originating in the Gaussian case, is to describe all functions satisfying the
fixed-point equation B,,f = f. It is known that in the standard Fock space, i.e., when m = 2,
bounded fixed points are harmonic and thus constant. Intuitively, this is because the only pic-
tures that remain unchanged by blurring, are those with completely uniform colors. This is a
famous result by Englis [38], which strongly depends on the relationship between the Berezin
transform for the standard Fock space and the heat equation. We are not aware of such a re-
lationship in more general Fock-Type spaces. In [9], we study the polynomial fixed points of
the Berezin transform on F2,, with m > 0. Our results show that when m = 2, every polynomial
in z and Z that is fixed by the Berezin transform is harmonic. Notice that this is different from
the aforementioned result by Englis, as polynomials are not bounded. Moreover, we showed
that when m is different from two, most polynomial fixed points are harmonic, and exceptional
behavior is rare.

Taken together, the three components of this thesis contribute to a unified understanding
of Toeplitz and Hankel operators, as well as Berezin transforms, on weighted and vector-valued
Fock spaces. They illustrate how the geometry induced by the weight function, captured
through the doubling property, the admissibility class JV, and the associated metric structure,
governs the operator-theoretic constructions on these spaces.

The thesis is organized as follows. Chapter 2 provides background material and introduces
the main examples of Fock-type spaces: the classical, doubling, scalar weighted, and large
vector-valued Fock spaces. We will study the radius function, Bergman kernel estimates, and
projection formulas, essential for later work. Moreover, we also define the Toeplitz and Han-
kel operators for each space. Chapter 3 presents summaries of the main results, as well as
related earlier works: Section 3.1 investigates Schatten-class Hankel operators on doubling
Fock spaces and extends the Berger—Coburn phenomenon. Section 3.2 develops the theory of
Toeplitz operators on large vector-valued Fock spaces, and Section 3.3 studies fixed points of
the Berezin transform on Fock-type spaces. The final section discusses open problems and pos-
sible directions for future research. The rest of the thesis contains full versions of each paper
[10, 6, 9], given in Appendix A, Appendix B, and Appendix C.

The results presented here demonstrate how analytic, geometric, and operator-theoretic
methods interact in the study of holomorphic function spaces and open new avenues for ex-
ploration in the theory of Toeplitz and Hankel operators, as well as Berezin transforms, on
scalar weighted and vector-valued reproducing-kernel Hilbert spaces.



1.1 List of publications
This thesis is based on the following publications, reproduced in Appendices A-C.

Paper1 [10] G. Asghari, Z. J. Hu and ]. A. Virtanen, Schatten class Hankel operators on dou-
bling Fock spaces and the Berger-Coburn phenomenon, J. Math. Anal. Appl. 540 (2024),
no. 2, Paper No. 128596, 32 pp.; MR4764447

Paper II [6] H. Arroussi, G. Asghari, and J. A. Virtanen, Toeplitz operators on large vector-
valued Fock spaces. arXiv preprint arXiv:2504.15239.

Paper III [9] G. Asghari, Z. Cuckovic, and S. Sahutoglu, Fixed points of the Berezin transform
on Fock-type spaces. arXiv preprint arXiv:2508.13115, to appear in Proceedings of the

American Mathematical Society.

The author of this thesis has made a significant contribution to all of the contained publi-

cations.



Chapter 2

Definitions and basic results

In this chapter, we introduce Fock-type spaces. This includes standard Fock spaces, doubling
Fock spaces, scalar weighted Fock spaces, and large vector-valued Fock spaces. In more de-
tail, we study radius functions, the Bergman kernel and its pointwise estimate, the Bergman
projection, and Toeplitz and Hankel operators on each space.

2.1 Standard Fock spaces

Let C be the complex plane, dA be the Euclidean area measure, and @ > 0. Consider the

Gaussian measure
AN, (z) = %e-‘*'Z'z dA(z), zeC.

The standard Fock space F2 is the set of all entire functions in L?(C,d\,). Indeed, taking H(C)
as the set of entire functions over C, one can consider the standard Fock space as

72 = € HE): Il = [ 1f@P () < o). .1)
C
F2 is a Hilbert space with the inner product

(f.g) = Lf<z>@cua<z>,

inherited from L2(C,dA,). Moreover, the set of monomials {e,(z) = Va"z"/Vn!: n=0,1,2,---}
is an orthonormal basis for F2. Furthermore, F2 is a reproducing kernel Hilbert space. That is,
for each z € C, there is a K, € F2 such that

fz)=(f,K), VfeF;.

The reproducing kernel is given by K,(w) = K(w,z) = e*¥?, for all w,z € C. The reproducing

kernel is conjugate symmetric, i.e., K(w,z) = K(z,w) for all z,w € C. Since F2 c L*(C,d],) is
closed, there is an orthogonal projection P : L?(C,d\,) — F2 given by

P(f)(z) = (f.K,) = Lf(w)K(z,w)dAa(w), VfelLXC,dA,)VzeC. (2.1.2)

F? = F2, i.e., F2 with a = 1, is known as the classical Fock space. A comprehensive reference
on classical Fock spaces is [79].

The above establishes the classical framework that we will generalize in the following sec-
tions: first to doubling and then to admissible (Dall’Ara—type) weights, and finally to vector-
valued models relevant for Toeplitz/Hankel theory on scalar and vector-valued Fock spaces.
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2.2 Doubling Fock spaces

In an attempt to generalize classical Fock spaces, one may consider weighted L? spaces. Sup-
pose ¢ : C — Ris subharmonic. For 0 < p < oo, LZ = LP(C,e P?dA) is the space of all measurable
functions on C such that

11 = [ @Pe At <o

(o)

where dA denotes the Lebesgue measure. Ly is the space of all measurable functions f such
that

||f||ooq5 =esssup |f(z)|e—¢(2) < oo,
zeC

A particularly fruitful setting arises when the Laplacian

p=Ap

defines a doubling measure. A positive Borel measure y on C is called doubling if there exists a
constant C > 1 such that

0<u(D(z,2r)) < Cu(D(z,1)) <0, zeC,r>0, (2.2.1)

where D(z,r) is the open disk in C with center z. The smallest constant C > 1 satisfying (2.2.1)
is called the doubling constant for y and is denoted by C,,. This property gives rise to what are
known as doubling Fock spaces. That is, the doubling Fock space Fg is defined by

1ﬁ:LgmHmm

whenever ¢ is a subharmonic function, such that dy = A¢dA is a doubling measure. Canonical
examples of such weights are ¢(z) = |z|™, with m > 0. See Lemma 2.2.6 for more details.

Doubling measures in more detail

Example 2.2.1. 1. Take R" with the Euclidean metric d(x,y) = |x — y| and let p be the
Lebesgue measure. Recall that the Lebesgue measure is translation invariant and the
measure of the disk D(x,r) is n%r”/l"(g +1), and hence independent of x. It is easy to see
that p is doubling and C,, = 2".

2. Let X = (M, g) be a complete Riemannian manifold of dimension 7, and let y be the Rie-
mannian volume measure. Assume that the Ricci curvature is non-negative, i.e. Ricy; > 0.
In the notation of [23], Proposition 4.1, this corresponds to taking H = 0, where H € R is
the constant in the curvature lower bound

Ricy; > (n—1)H.

For such an H, the quantity V' denotes the volume of a ball of radius r in the simply
connected n-dimensional space form of constant sectional curvature H. In particular,
when H =0, V0 is the volume of a ball of radius r in R".

Applying part (iii) of Proposition 4.1 in [23] with x = p, r; = r, and r, = 2r, we obtain

p(B(p,2r) _ Vy

WBpr) SV
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which shows that y is a doubling measure with doubling constant C, = 2". Note that
B(p,r) ={x € M : dg(p,x) < r}, where d, is the Riemannian distance induced by the metric

g.

3. As shown in [3], example 2.2, any Cantor-type set has a structure of a doubling metric
measure space. Fix a finite set F of at least two elements, i.e., |F| = k > 2, and consider the
set of sequences of elements of F

F® ={x=(x;)ien : x; € F}.
Fix a € (0,1), and let us define the distance

0 ifx=y,
do(x,y) = { :

al if x; =y; fori<jandx; =y;.

One can see that the diameter of F® is equal to a. That is, diam(F®) = sup{d,(x,v) :
x,v € F*} = a. The measure is constructed as follows. Take the uniformly distributed
probability measure v of F. Thatis, v({f}) = 1/k for all f € F. Define the measure y on F*®
as the product measure of v infinitely many times. Hence, y is a probability measure over
the totally disconnected set F*. Notice that for every x = (x1,x;,x3,---) € F®, u({x}) = 0.
To see this, consider the n-neighborhood of x by fixing the first #n coordinates.

Chx)={veF®: yi=x5;i=1,---,n}

These are nested. That is, C;(x) D Cy(x) D ---, and {x} = N7”, C,(x). Since y is the product
measure of v on each coordinate,

WG =] Tt = ("

Therefore, .
p({x}) = p(N5Z; Cp(x)) = lim p(Cy(x)) = lim ()" = 0.

n—00 n—00

Notice that u({x}) is nonzero only if v is concentrated on a single point. This is why it is
important to take |F| > 2. It turns out that

u(D(x,a/)) = p(Cj(x)) = —,

meaning that the chance of the first j coordinates equal a given length-j word is k™/.
Hence, (F*,d,, p) is a doubling metric measure space. To see this, notice that for each
0 < r < a, there exists some integer j with a/ < r < a/~!. One can see that when a = 1,
y is not doubling. This is because when a = 1, every two distinct points have the same
distance 1. Balls of radius less than 1 are singletons, and balls of radius greater or equal
to 1 are the whole space.

Remark 2.2.2. Let y be a doubling measure on C. It is well known that y has no point masses,
in particular, for any ze€ C and r > 0, u(dD(z,1)) = p({z}) = 0, see [75], p. 40.

Moreover, every bounded subset of C has finite y-measure. Indeed, if X C C is bounded,
then X C D(z,r) for some z € C and r > 0, and hence u(X) < u(D(z,7)) < oco.

7



On the other hand, probability measures with strictly positive densities on C are not dou-
bling in this sense. Indeed, suppose that y is a probability measure on C with strictly positive
density and assume, for contradiction, that y is doubling with doubling constant C,,. Since the
density is strictly positive, every non-empty disk has positive y-measure. Also, since u(C) =1,
we have

u(D(0,R)) — 1 as R — co.

We first note that if two disks D(a, R) and D(b, R) of the same radius intersect, then
#(D(a,R)) < u(D(b,4R)) < Ciu(D(b, R)).

Hence such disks have comparable measure, with constants depending only on C,. Now take
Ry = 3 and consider the disks
D(3Rk, Rk), k eN.

These disks are pairwise disjoint. Moreover, by applying the preceding comparability along
the chain of overlapping disks

D(0,Rk), D(Rg,Rk), D(2Rg,Rg), D(3R, Ry),

we obtain
#(D(3Ri, Ry)) = C°w(D(0, Ry)).

Since u(D(0,Rg)) — 1, there exists ky such that

#(D(3R, Ry)) =

for all k > k. Therefore,

which is a contradiction. Thus probability measures with strictly positive densities on C cannot
be doubling. See [3], Remark 2.3.

Let u be a doubling measure over C. Remark ?? implies that y(C) = co. Fix z € C. Since
{D(z,1)},>0 is an increasing exhaustion of C, y(C) = lim,_,, p#(D(z,7)) = co. The function r
u(D(z,r)) is an increasing homeomorphism from (0, o) to itself. Therefore, for every z € C,
there is a unique positive radius p(z) such that u(D(z,p(z))) = 1. We call p the radius function
associated with y. From now on, we denote D(z,7p(z)), r > 0, by D"(z).

Notation. We use C to denote positive constants whose value may change from line to line
but does not depend on the functions being considered. We say that A ~ B if there exists a
constant C > 0 such that C"'A < B < CA. Moreover, A < Bif A < CB for some positive constant
C.

Radius function for y = A¢ and the corresponding geometric features

Assume that ¢ is a subharmonic function, not identically zero on C, and du = A¢ dA is a dou-
bling measure. As shown in [64], p~2 is a regularization of A¢. Indeed, Theorem 14 in [64]
states that when ¢ is subharmonic and A¢ dA is a doubling measure, there exists a subhar-
monic function 1 € C*(C) and C > 0 such that |[¢p — ¢| < C, ApdA a doubling measure, and
A ~ pf ~ p%z. Since the spaces of functions and sequences that we consider do not change if

8



¢ is replaced by 1, we will assume that ¢ € C*(C) and ApdA ~ dA/p? is a doubling measure.
Hence, up to normalization by a constant, we can consider p~2(z)dz®dZ to be the metric tensor
describing the underlying geometry of our space. Note that the associated Riemannian metric
is conformal, with the conformal factor p(z)‘l. Moreover, the corresponding measure associ-
ated with the Riemannian metric is dA/p?, which is a doubling measure as already mentioned.
To study the function p, we first state an important result due to Christ.

Theorem 2.2.3 ([24], Lemma 2.1 & [68], Lemma 2.1). Let y be a doubling measure on C. Then
there are constants C > 1 and 0 <6 <1, only depending on C,, such that if D and D’ are open disks
of radii r and 1’ respectively, such that DND’" =0 and 1’ <r, then

C_l(f’,/r)l/él/l(D) < ]/l(D,) < C(r’/r)éy(D).

Lemma 2.2.4. Let ¢ € C*(C) and du = APpdA be a doubling measure. Then the radius function p
satisfies the following properties:

1. The function p is Lipschitz, and in particular continuous. Indeed, for every z,w € C, |p(z) —
p(w)l < |Z - w|l

2. For every r > 0, there is a constant c, > 1 depending only on r and the doubling constant for y
such that
¢ lp(z) <p(w) < c,p(z), VzeCandweD'(z), (2.2.2)

where ¢, = (1 —r)7! for every 0 < r < 1. In other words, p(w) and p(z) are equivalent on a disk,
3. There are constants C,11 > 0 and 0 < f <1 such that

Clz[ < p(2) < Clzlf,  when |z| > 1. (2.2.3)

Proof. 1. Itis easy to see that D(z,p(z)) C D(w,|w —z|+p(z)). Hence 1 < u(D(w,|w —z|+ p(2))),
and thus p(w) < p(z) + |w — z|. By symmetry, |p(z) — p(w)| < |w —z|.

2. Let we D'(z) and z € C. Thus, |[w —z| <rp(z). Then, part 1 implies that

(I-r)p(z) <p(w) < (1+71)p(2)

Hence c, = (1 —r)~! satisfies (2.2.2) for 0 < r < 1. The case r > 1 is more complicated, and
one needs to use Theorem 2.2.3. We refer the interested reader to [68], Lemma 2.2.

3. Equation (2.2.3) and a partial proof were stated before equation (5) in [64]. Here the
full proof is provided for completeness. First, apply Theorem 2.2.3 to D = D(0,R) and
D’ = D(0,1) with R > 1. There are constants C > 1 and 0 < 6 < 1, only depending on C,
such that L L

C™H (%) "*u(D(0,R)) < u(D(0,1)) < C()°MD(O, R)).

Define p; = u(D(0,1)). We obtain
C 'R < u(D(0,R)) < Cpy RY°. (2.2.4)
Now assume that p(z) < |z|. Take D = D(0, |z|) and D’ = D!(z) in Theorem 2.2.3. Then

p(2)\°

0(2) W) 1(D(0, 2]).

1/6
C_l(—) #(D(0,1z])) < p(D'(2)) < C(

2|
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Therefore,

c-1/0 - p(z) - old
u(D(O,12)1° = |zl = u(D(0,]2]))®"
This is equivalent to
p(2) < COu(D(0,12]) Iz, (2.2.5)

and

p(2) > C™VOu(D(0,12)))™""°lzl. (2.2.6)
Using (2.2.4) for R = |z| > 1, we get u(D(0,|2])) > C~! 1|2/, which implies that u(D(0,|z]))° <
(C_lyl)_5|z|_52. Substituting into (2.2.5), p(z) < C‘S(C_lyl)_‘slzll_é2 = C,|z|'™®". Therefore,

p(z) < C,lzIP, for|z|>1 with 0 < =1 -5 <1.

To obtain a lower bound, we use (2.2.4) to get u(D(0,|z|)) < Cpylz['/®, which implies
that pu(D(0,|2|))""% > (C//tl)’l/élzl’l/éz. Substituting into (2.2.6), we obtain that p(z) >
C’l/é(Cyl)’l/élzll’l/éz. Note that 1 —1/6 is negative. So,

p(z) > C_|z[™, for |z] > 1 with 1y = —(1-1/8%) > 0.

Finally, take p(z) > |z|. Then 0 € D!(z), and (2.2.2) implies that p(z) ~ p(0). Thus, |z| < C;
for some constant C;. Therefore, we are done with the proof of (2.2.3).
O

Consider the distance d induced by the metric tensor p~2dz®dz. Indeed, for any z,w € C,

[
dyta=int | Ko

where the infimum is taken over all piecewise C! curves y : [0,1] — C with y(0) =z and y(1) =
w.

Lemma 2.2.5 (See [64], Lemma 4). There exists o > 0 such that for every r > 0 there exists C, > 0
such that

_1lz—wl |z —w| .
" o) <dy(z,w) < C, o) for we D'(z), (2.2.7)
e |z —w[\o |z —w|\2-5
Cr_l( 0(2) ) Sd(P(Z,W)SCr( o) ) , forweC\D'(z). (2.2.8)

Canonical doubling Fock space F2, m > 0

Lemma 2.2.6. Let ¢(z) = |z|" with m > 0. Then dy = ApdA is a doubling measure. Moreover, there

is an R > 0 such that

plz) = |21 ~"2

for |z| > R. In particular, when m > 2, p is bounded.

Proof. Note that A¢(z) = m?|z|"~2. To show that d is a doubling measure, it is enough to prove
that for any x > 0 and r > 0,

J |z|’”_2dA(z)SCJ 2" 2dA(z), (2.2.9)
D(x,2r) D(x,r)
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where the constant C is independent of x and r.
We consider r > 155 > 0 first. Then D(x, 2r) C D(0,x + 27), so that

1
—zf du(e) < f £ 2dA(E) < f E["2dAE) < Cy ™, (2.2.10)
m D(x,2r) |&|<x+2r |&]<102r

where C; only depends on m. On the other hand, if m > 2,

[ awor= | o> [ ap(E) = Cyr", (2.2.11)
D(x,r) D(x,r)N{Re E>x} D(0,r)N{Re £>0}

where C; only depends on m. From (2.2.10) and (2.2.11) we obtain (2.2.9) for m > 2 and r > 15.
Now take 0 < r < ﬁ and m > 0. Let w = te'? € D(x,2r). Then x —2r <t < x+ 2r, and
|Imw| = |tsin O] < 2r, and thus, |sin 0] < 2r/t < 2r/(x — 2r). Since r < x/100, we have

; r
D(x,2r) C {te'? : x—2r <t < x+ 2r,|0| < arcsi .
(x,2r) C {te'” : x—2r X+ 2r,|6)| arcsm0'98x}

For D(x,r), let |t —x| < r/2 and |6| < r/2x. Then, taking w = te'?,

0 i9/2||ei9/2 _e—i9/2|

lw—x| = |te’? — x| = |te’® — xe'? + xe'® — x| < |t — x| + x]e

=|t—x|+2x|sin0/2| < |t — x|+ 2x|0/2| < r/2+1/2 =7.
Therefore,
D(x,r) D {te'® :x—r/2 <t <x+7/2,10| < ZL}
X

Hence, for any m > 0,

1 X+2r arcsin g5g; 1 2y
— d/usj rmldrj dO = —[(x+2r)" — (x—2r)™]2arcsin .
m= JD(x,2r) x=2r —arcsinoéﬁ m 0.98x
It is easy to see that for 0 < u <1, arcsinu < u/V1 —u?. In fact, take ¢(u) = u/V1 — u? —arcsinu.

Then ¢(0) =0, and
2

¢'(w)=1/VN1—u2+——— —1/NT-u2>0.

(1 _ u2)3/2

Thus, ¢ is non-decreasing, and therefore, ¢p(u) > u for all 0 < u < 1. Let u = 2r/0.98x. Then
u/N1-u? <u/a, for @ =1-1/(49%). Hence,

1 J 1 "2 m-2
il dp s —[(x+2r)" = (x = 2r)"]= = r°x™ (2.2.12)
m? D(x,2r) m X
Similarly,
1 x+r/2 P
— dyzf rmldrf de (2.2.13)
M= JD(x,r) x—r/2 -7

—i m_ _ miN 2..m=2
_m[(x+r/2) (x—7/2) ]x_rx .

Note that constants in the inequalities ~ are all independent of x and r. Using (2.2.12) and
(2.2.13), we obtain (2.2.9).
Let 0 <m <2, and r > 155 For £ € D(x,7), || <x+ 7. Since t M2 g decreasing,

f |EI"2dA(E) > j (x+7)"2dAE) = tr¥(x +7)""2 > Cyr™. (2.2.14)
D(x,r) D(x,r)
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From (2.2.10) and (2.2.14) we obtain (2.2.9) for 0 <m <2 and r > 135.
Now notice that using (2.2.12) and (2.2.13) and when x is large enough,

J o |EM?AAE) = 1. (2.2.15)
D(x,x™ 2 )

2

This, together with the doubling property, implies that there exists R > 0 large enough, such
that for the Fock space F2, with ¢(z) = |2|™, m > 0

m=2 |1_%

p(z) =zl 7 =z (2.2.16)

for |z| > R. O

Definition 2.2.7. Let dy = A¢pdA be a doubling measure. We say that ¢ is a doubling weight.
For m > 0, the function ¢(z) = |z|" is called the canonical doubling weight. The corresponding
doubling Fock spaces will be denoted by F2 .

Characterizing doubling Fock spaces F(I;: Hilbert, Banach, and quasi-Banach

spaces

Let 0 < p < o0 and ¢ be a subharmonic function on C, not identically zero, such that dy = ApdA
14

is a doubling measure. Recall that the doubling Fock space Fy is the space of entire functions
inside LZ).

Lemma 2.2.8 ([64], Lemma 18(a) & [68], Lemma 2.4). Let 0 < p < oco. For any r > 0 there exists a
constant C > 0 such that for any f € H(C) and z € C,

|f<Z)IPeP¢(Z)scf F(w)Pepo HAW),

- WP (2.2.17)

Note that by Lemma 2.2.4, p(w) =~ p(z) for w € D"(z). Hence, (2.2.17) can also be written as
the following for another constant C, only depending on r and the doubling constant:

oo C
If (2)|Pe pol2) < i

j f@)Pe PP dAw)
D (z)

Moreover, Lemma 2.2.8 implies that for any 0 < p < co,

e(P(Z)
f@ls —550fllpg, Yz€C f€Fy. (2.2.18)

p(2)*P
Let C(z) = e¢(z)/p(z)2/p. Notice that since du = A¢pdA is doubling, p(z) is never zero. In fact,
recalling that u(D(z,p(z))) = 1 for every z € C, if there exists a point z € C with p(z) = 0, then
u(D(z,p(2))) = p({z}) = 1, which contradicts the fact that doubling measures cannot have a point
mass. One can see that for any compact subset K ¢ C and any z € K, C(z) is continuous and
thus bounded. Therefore, (2.2.18) implies that the point evaluation map f +— f(z) is a bounded
linear functional on Fg), and also uniformly bounded in bounded domains in C. Since locally

IThe notation F2, refers to the canonical doubling Fock space with weight ¢(z) = |z|™, and should not be con-
fused with the standard Fock space F2 defined in Section 2.1. In particular, F2, # F2 with a = m, since the un-

2™ alzl?

derlying weights are e and e~

spaces.

, respectively. This convention is standard in the study of doubling Fock
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uniform limits of holomorphic functions are holomorphic, Fg is a closed subspace of LZ) for
every 0 <p < oo.

Note that Lg) is a Banach space for 1 < p < o, a quasi-Banach space for 0 <p <1, and a
Hilbert space when p = 2, with respect to the following inner product:

(f,8) = ff g(2)e 2P dA(z), fgeLy. (2.2.19)

In fact, it is well-known that when 1 < p < oo, LP(C,dv, || -||,) is a complete metric space with
respect to any positive measure v (See [71], Theorem 3.11). Taking dv = e P?d A we obtain st.
When p = oo, consider the linear map T : Ly — L%, with T(f)(z) = f(z)e”®?). Then ||Tf|l. =
llfllo,p- Since L* is complete and T is an isometry onto its range, the domain L‘;’ is complete
as well and hence a Banach space. When 0 <p <1, |||, fails the triangle inequality and

therefore is not a norm. It is in fact, a quasi-norm and satisfies the following properties:
L. [[fll,p = 0if and only if f = 0 almost everywhere,

2. lafllp,g = lelllfllp,g, for all a € C,

3. It satisfies the p-subadditivity inequality. That is, ||f+g||§ ¢S ||f||§ ¢+||g||§ ¢ In particular,
this implies that [|-[|, ¢ is a quasi-norm, i.e., there exists a constant K > 0 such that

If +&llp.p < K(I1fllp,g +lglp)

Note that the p-subadditivity inequality holds due to the fact that when 0 <p <1 anda,b >0,
(a+b)P <af +bP.

Recall that a closed subspace of a Banach space is itself a Banach space. Similarly, any
closed subspace of a quasi-Banach space is itself a quasi-Banach space. Therefore, (Ff;), - 1lp,p)
is a Banach space for 1 < p < oo and a quasi-Banach space for 0 < p < 1. Take p = 2. Further,
Fé is a Hilbert space over C such that the point evaluation map ev, : Fq% —-C, f f(z)isa
bounded linear functional. Then the Riesz representation theorem implies that there exists a
unique element K, € F é such that

ev,(f) = f(2) = (f,Ky,), erpfb. (2.2.20)

In particular, K, (z) = (K, K,) = K,(w), for every z,w € C. The function K,(-) = K(-,z) is called
the reproducing kernel or Bergman kernel for Pi atzeC.

Bergman kernel and its pointwise estimates

Notice that, unlike the classical Fock space, and since we do not have enough knowledge about
¢, there are no explicit formulas for the basis vectors of F é Similarly, one cannot find a closed
form for the reproducing kernel. Later, we will see that taking ¢(z) = [z|™, m > 0, such formulas
exist. For now, take a generic subharmonic ¢, which is not identically zero, and such that A¢dA
is a doubling measure. Although an explicit form for the kernel cannot be found, valuable
information can still be obtained regarding the behavior of the kernel on and off the diagonal.
This is based on the seminal work of Marzo and Ortega-Cerda in [65]. In the following, we
state their results on the behavior of the kernel K(z,w) when w = z, w is very close to z, and
general z and w.
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Proposition 2.2.9 ([65], Proposition 2.10). There exists C > 0 such that

N e KmsCil vzec (2.2.21)
<K(z,z2) £ C——, ze(C. 2.2.21
p(z)? p(2)?

Recall that K(z,z) = K,(z) = (K., K;) = ||KZ||§¢ Thus, [IK|l2,¢ = e¢(z)/p(z) for all ze C.

C—l

Theorem 2.2.10 ([65], Theorem 1.1, Proposition 2.11 & [68], Theorem 2.6). There exist constants
C > 0and € > 0, depending only on the doubling constant, such that

Kaw)<c b & e (2.2.22)
zZ,w)| < , VzzweC. 2.
p(z)p(w) exp(dy(z,w)€)
Furthermore, there is rq > 0 such that
eP(@)+P(w) .
K (w)] = K12, 1Ky I, = W eC,weD"(z). (2.2.23)
Notice that using Lemma 2.2.5, we can write (2.2.22) as
e¢(z)+¢(w) _(\z—wl)g
K(z,w)| < C————e 'v@’ , VYz,weC. (2.2.24)

p(z)p(w)

However, the above estimate does not recover the symmetry in the variables z and w at first
glance. The following lemma will be used to prove the Lg) norm estimate of the Bergman

kernel.

Lemma 2.2.11 ([68], Lemma 2.7, Lemma 2.8). 1. For every € >0, k >0, and r > 1, there is a
constant Cg y(r) > 0 such that

f lw-zF  dA(w)
C\Dr(z) ©XP(dg(w, 2)¢) p(w)?

< Cex(np(2)f, VzeC

Moreover, C (1) = 0 as r — oo, for any € >0 and k > 0.

2. For every r > 1, there is a constant C(r) > 0 such that
j K, (w)le?™dAw) < C(r)e?®), Vzec,
C\D’(z)

and C(r) —> 0 as r — oo.

3. There exists a constant C > 0 such that
j K (w)le " ?™dAw) < Ce??, VzeC.
C

Proposition 2.2.12 ([68], Proposition 2.9 & [43], Lemma 2.3). For any 1 < p < co, we have

1.
1Kl 5 = e?Pp(z)7 72, VzeC, (2.2.25)

2. Let k., = K;/||IK|lp,¢ be the normalized Bergman kernel ong. The set {k, , : z € C} is bounded

in Fg and k, , — 0 uniformly on compact subsets of C as |z| — oo.
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Proof. 1. This is Proposition 2.9 in [68], but we state the proof due to its importance. The
estimate > follows from (2.2.23), (2.2.2), and the observation that the Lebesgue measure
of the disk D(z), which from now on, we refer to it by |D'0(z)| is comparable to p(z)2. To
prove the other direction, first take p = 1. This is Lemma 2.2.11, part 3. When p = oo,
notice that using Lemma 2.2.8 and part 3 of Lemma 2.2.11, one obtains

W) (2)
p(2)?

Kl ) = eI, (2]} < . Beutere #aaie) <
D'(z

For 1 < p < o0, using the case p = co and Lemma 2.2.11, we have
| Ietwrerane JWK e O )~ e 0 A w)
< QPQJWK wlle M dAw) = P p(2) 2.

2. This is Lemma 2.3 in [43]. By definition, ||k, .|| = 1. Using (2.2.3), write

-n(1-2/p) ifp<2,
C =
p(1-2/p) ifp>2.

By part 1, (2.2.24), and (2.2.3), we have

lz—w]| )e

Jep2(w)| = Ko (w)le™?Pp(2)> 2P < Ce?™p(w) ™ p(z)!>Pel i@

lzl-lwl ye
< Ce?®) () [zfe v

Hence, k,, , — 0 uniformly on any compact subset of C as |z| — co.

Bergman Projection

Recall that Fé is a closed subspace of the Hilbert space Lé. Therefore, there exists a unique

orthogonal projection P : Lé —F 5), that is, a bounded linear operator such that for every f € L2,
PfeFy and f-Pf LFj.

In particular, P satisfies P? = P, P(Lé) ¢, and ||P|| = 1. We call P the Bergman projection. Re-
calling the reproducing kernel property of F2, (2.2.20), one can write the Bergman projection

P: Lé — Pé as an integral operator given by

~ff PWdAw), fel?,zeC. (2.2.26)

Theorem 2.2.13 ([68], Theorem 3.1). P is a bounded linear operator from L?) to Pp forany 1 <
p < oo

Corollary 2.2.14 ([68], Corollary 3.2). If 1 < p < oo, and q is the conjugate exponent of p, then
(Pf,g)=(f,Pg), Vfell,gely
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Theorem 2.2.15 ([68], Theorem 3.3). Let 1 < p < oo. Then f = Pf for every f € Fg.

Observe that Theorem 2.2.13 together with Theorem 2.2.15 implies that P is a bounded

projection of LZ) onto F(’;. That is, P : Lz) - F(’; is a bounded linear operator such that PoP = P

and P(Lz)) = F;, forany 1 <p < co.

Proposition 2.2.16. Let 1 < p < oo and q be its Holder conjugate. Then (L(P)* is isomtrically isomor-

phic to LZ) by the integral pairing -,-) defined by (2.2.19).

Proof. Define the surjective isometric map

U:Li - LP(CdA); [ fe®.

Then for f € L, ||f||L;;) =|U fllze(c,aa)- Let us define f=Uf=fe? and §=Ug=ge ?. Then

f0)= | reertaa= | faia
C C
By the classical duality for the unweighted LP(C,dA), we know that
(LP(C,dA))" = L1(C,dA).
Therefore, translating back by U~! gives

(L

b =L

¢
O
Theorem 2.2.17 ([68], Theorem 3.6). Let 1 < p < oo and q be its Holder conjugate. Then (Fg)* can
be identified with Fg) (with equivalent norms) by means of the integral pairing -,-) given by (2.2.19).
Namely, the mapping
geF{m () e (Fy)
is an antilinear isomorphism.

Theorem 2.2.18. The linear span of all the reproducing kernels K,, z € C, is dense in P;,for every

1<p<co.

Proof. A partial proof was given in [68], Corollary 3.7. Here a full proof is given for complete-
ness. Let 1 < p < oo. Lemma 3.4 in [68] states that for every f € F., there is a sequence {f,},>1
of functions in FZ, N Fé such that lim, . [lf, — fll,,y = 0. By the argument after (2.2.18), the
point evaluation map ev, : F(’; — C, given by ev,(f) = f(z) is a bounded linear functional. Take
fe Fg. We can write
fu(2) = f(2)] = levz(fu = O < llevzllllfu = fllp,g-

Since ||f, — fll,,p — 0 and ev, is bounded, f,,(z) — f(z) as n — co.

Moreover, for each n > 1, since f, € Fé, the reproducing property holds. That is, f,(z) =
{fn K,), for all z € C. Now take g € F!, where g is the Holder conjugate of p. Recalling Theorem
2.2.17, and applying Holder’s inequality, one obtains

Kfog)l = ]Lf(w)e—¢<w>we—¢‘w>dA<w>]

1/ 1/
< (j |f(w)|pep<i>(w)dA(w)) p(f lg(w)|Te" 1™ dA(w) 1 (2.2.27)
= C

= ”f”p,(j)“g”q,(j)
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We will show that (.,-) is continuous in both variables. Recall that in any Banach space, a
functional is continuous if and only if it is bounded. Define Ly : Fg) — C, by L¢(g) = (f,8)
By (2.2.27), [Lf(g)| < Cillgllg,¢, with C; = ||f|l,,4- Hence, Ly is continuous. Similarly, letting
Lg : Fg — C, by Lg(f) =(f,g), we can see that Lg is continuous. Therefore, the pairing (f,g) —
(f,g) is continuous in both f and g.

By proposition 2.2.12, K, € Fg for every z € C. Applying Holder’s inequality once more,

o= Fo K < Nfu= Fllp gllKzlly p — 0, as 1 — oo,

Thus, for any f € F;, the arguments above imply that

f(Z) = ,}Lrgfn(z) = nll_{'lgo(fanz) = <f'Kz>-

One of the consequences of the Hahn-Banach theorem is that if X is a normed vector space
and M is a linear subspace of X that is not necessarily closed, then M is dense in X if and
only if the only bounded linear functional on X that annihilates M is the zero functional. As

a reference, see [26], Corollary 6.14. Furthermore, Theorem 2.2.17 implies that every bounded
p q

linear functional on Fy is of the form f + (f,g) for some g € Fg. Now we are ready to show
that the linear span of {K, : z € C} is dense in Fg. Let g € (P(’;)* = Fg) satisfy (f,g) = 0 for all f
in the linear span of {K, : z € C}. Then in particular, g(z) = (g,K,) = 0 for all z € C, and thus
g = 0 identically. Hence, by the Hahn-Banach theorem, the linear span of {K, : z € C} is dense

in FZ). O

Toeplitz and Hankel operators

Recall the Bergman projection P : Lé — qub given by (2.2.26). Let I = span{K, : z € C}. We have

seen in Theorem 2.2.18 that I' is dense in Fdz). Consider the class of symbols

S ={f measurableon C : fg e Lé for g eT}.

Note that since K, € Fé, L* c S. Given f € S and g €T, we define the Toeplitz operator Ty and

the Hankel operator Hy acting on F é by

Tyg(z) = P(fg)(z) = Lf<w)g(w)Kz<w>e-2ff’<w>dA<w>, zeC, (2.2.28)

and
Heg=(I-P)(fg)=fg-P(fQ). (2.2.29)

SinceI' C F; is dense, both Ty and Hy are densely defined on Fé.

In summary, doubling Fock spaces generalize the classical setting by replacing the strict Gaus-
sian structure with a geometric growth condition on A¢. This condition is flexible enough
to allow weights of very different shapes while still supporting a rich function-theoretic and
operator-theoretic theory, including sharp Bergman kernel estimates and precise mapping
properties of Toeplitz and Hankel operators.
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2.3 Scalar weighted Fock spaces- Dall’Ara’s weights

To generalize the notion of doubling Fock spaces to the higher-dimensional complex plane,
Dall’Ara in [30] introduced the set of admissible weights ¢ as in the definition below. We recall
that for ¢ : C" — R, the real Laplacian is

(2 9% ]
A = —_— —_— , 2.3.1
$(2) ]_:1( asz<z>+ayj2<z> (2.3.1)

where z; = x; +iy;.
Definition 2.3.1. Let ¢ : C" — R be a C? plurisubharmonic function (see, e.g., [55, Chapter 2]).

We say that ¢ belongs to the weight class VW of admissible weights if ¢ satisfies the following
statements:

(I) There exists ¢ > 0 such that

inf sup A¢(&) >0, (2.3.2)
2€C" £eD(z,0c)

where D(z,¢) is the Euclidean disk centered at z with radius c,

(II) A¢ satisfies the strongest form of the reverse-Holder inequality. That is, there exists a
positive real number C such that

1Al LoDz < Cr‘Z”J ( )Aqb(é)dA(E), forany ze C" and r > 0,
D(z,r

(III) the eigenvalues of Hy are comparable (see Part 3 of “Comparing admissible and doubling
weights” below for a detailed discussion), i.e., there exists a 99 > 0 such that

(Hyp(z)u,u) > SoAP(z)|ul?>, for any u,zeC",

where the Hessian matrix of ¢ is given by

Po  \
qu)(Z) = (W(Z))Lk—l. (233)

Comparing admissible and doubling weights

1. The lower non-degeneracy condition (I) prevents A¢ from vanishing identically on large
regions. Recalling Lemma 2.2.6, ¢(z) = |z, m > 0 is a doubling weight on C. We will
see in Remark 2.3.7 that property (I) implies that p is bounded, and that when m =1
the radius function of ¢(z) = |z| is not bounded. Hence, not every doubling measure is
admissible.

2. The reverse-Holder inequality (II) is stronger than doubling. It says that local L* norms
of A¢ are controlled by local averages. This condition implies a doubling property. The
proof is given in Proposition 2.3.2.
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3. To study property (III), recall A¢ given in (2.3.1). To write the Laplacian in the complex
form, consider the derivatives

d 1{d .0 % 1{d .0
8_2]--_ E(_-_l_~)’ and — := E(a—x]'l'la—y]) (234)

Then the complex Hessian is given by (2.3.3). Its trace gives
n
PP 1
TrH, = —A¢P(2).
=) g )= 7A0
Property (III) is specific to higher dimensions n > 1. In dimension one, this property is
automatic, as the Hessian Hy is just A¢/4. Let us study this property in higher dimen-
sions in more detail. So, take n > 1. Note that H¢ is an n x n Hermitian, positive definite
matrix. In fact, since ¢ is real-valued and C?,
9%¢ ¢

z) = (2).

aZjaZk azkafj

Hence, the entries hj = h_kj, and thus Hy(z)" = Hy(z). That is, Hy(z) is Hermitian. To
show that Hy(z) is positive definite, take u = (uy,---,u,) € C". Then
n
92
(gt = ) o P Gt
ik
For z € C", consider the complex line in the direction u. That is, take y(C) = z+ Cu, for
C € C. Define the function {(C) = ¢(z + Cu). Since ¢ is plurisubharmonic, its restriction
to any complex line is subharmonic. In particular, Ay > 0. Notice that by the chain rule,

0 0 0 = 9
a_lé)(c) 2 8¢ (z+Cu)uj, and a—lé_}(C)—Za(i(z+Cu)uk,
and thus ) . ,
aI’D(C)— 'y (z+Cu)u k-

acai _j,kzl azjaik

Hence, A(0) = (Hy(z)u, u) > 0, and therefore Hy(z) is positive definite. Let A1(z),---, A,,(2) >
0 be the eigenvalues of Hy(z). Hence, A¢(z) = 42}1:1 Aj(z). Interpreting property (III) in
terms of eigenvalues,

' Hy(2)u > 489 Tr Hy (2)|ul*.

The smallest eigenvalue of Hy(z) is A;i,(2) = inf}, =y u"Hy(z)u. Hence,

n
Ain > 45 ZA]-(Z)
j=1

Since Apax(2) < TrHy(2z) < Ad(2), this implies that

/\Mux(z) < /\min(z)r

so, all eigenvalues are comparable.
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4. As an example of Property (III), consider ¢(z) = |z|> on C". Then the complex Hessian
satisfies Hy(z) = I;, the n x n identity matrix, so all eigenvalues are equal to 1, and hence

i/\j(z) =1.
=1

Therefore,
n

1 1
Amin(z)=1= j_ZlAJ-(z) = -APla), VzeC!,

and Property (III) holds with 6 = 1/(4n).
A simple example for which Property (III) fails is

4 2 2
P(z1,22) = 21" + 2,5, (z1,27) € C~.

Then ¢ is C? and plurisubharmonic, and

Hy(z) = [4|zl|2 0]

0o 1)

Hence the eigenvalues of Hy(z) are 4)z,|> and 1, so A,in(2z) = min{4|z;|?,1}. Moreover,
A¢d(z) = 4TrHy(z) = 16|z, |?> + 4. In particular, when z; = 0 we have A,(z) = 0 while
A¢(z) =4, so there is no constant 6y > 0 such that

(Hy(2)u,u) > 5oAdp(2)|ul>  forall z,u € C*.
Therefore, Property (III) does not hold for this weight.

5. Here we give a geometric interpretation of property (III) to the interested readers. Let

n 824)

L¢(Z,Ll) = (H¢(z)u,u) = . W
j k=1

(z)u;iy.

Along a unit vector u, Ly(z,u) gives a value between the smallest and the largest eigen-
values of Hy(z). This is because Hy(z) is Hermitian, and, in particular, self-adjoint and
diagonalizable. In fact,

/\min(z) < L¢(Z:u) < /\Max(z)'

So, Ly(z,u) can vary a lot in different directions if the eigenvalues are very unequal. How-
ever, property (III) guarantees that this cannot happen. Indeed, L, is closely related to
the curvature of the spaces, and property (III) states that the "space" bends the same way
in every complex direction, up to a fixed multiplicative constant ¢y. But what is the
"space" we are talking about? Weighted Fock spaces can be seen as holomorphic sections
of a line bundle. Consider the trivial line bundle L = C" x C. Give it a Hermitian metric
h(z) = e 2?3, A holomorphic function f on C" can be seen as a section of this bundle. Its
L?-norm is

IFP = | IF@PHEA)

which is exactly the norm of f in P;. In differential geometry, curvature is given by

the curvature form of a connection on a vector bundle. For a complex manifold M
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and a Hermitian holomorphic line bundle L — M, there exists a unique connection V
on M which is compatible with both the Hermitian and holomorphic structures. This
connection V is called the Chern connection of L — M. Hence, the metric & = ¢ 2% in-
duces a natural Chern connection on the weighted Fock space. Its curvature is precisely
O4(z) = dd(logh) = dI(2¢) = ZZ]k 172, i (z)dzj A dZy. For example, when ¢(z) = |z|2,
Hy(z) =1, 0y = ]-:1 dzj Adzj, and thus the curvature is constant and the same in every
direction. Finally, 0, and L(z, u) are two faces of the same objects. Given u € C", let

a d a d
a:.gluja—zj, anda:kglua—ik.
]: =

Then
On(2)(a, @) = 2Ly (2, u).

For more information on complex line bundles, Chern connection and curvature, see
Chapter 3 of [56].

Proposition 2.3.2. Let ¢ be an admissible weight as in Definition 2.3.1. Then the reverse-Holder
inequality (1I) implies that dy = A¢pdA is a doubling measure.

Proof. To prove this, we use characterizations of A, weights. We denote by A, the Mucken-

U 4

1<p<co

houpt class

where A, denotes the Muckenhoupt weight class introduced in Remark 3.1.23. Theorem 9.3.3
in [40] states that a weight w is in A, if and only if there exist C > 0 and € < oo such that for all
balls B and all measurable subsets E of B,

€
o) e
w(B) |B|
So, let B be any ball and E C B measurable. By the reverse-Holder inequality,

E
E) = [ ApuaAw) < ENAGlLew < CEIL = cuB)T,

HE) _ ~(lEl
u(B) = C( B )

implying that u = A¢ belongs to A,,. Proposition 9.3.2 in [40] states that if w € A, then wdA
is doubling. Hence, we can conclude that dy = A¢dA is a doubling measure. ]

Therefore,

Remark 2.3.3. The standard symplectic form on C" is of the form w( = Z?:l dxj Ady;. Let
d = 9+ d be the exterior derivative, and d¢ = i/2(d — d). The exterior derivative satisfies d? =
Hence, 3°+0d+dd+0d° = 0. Basic differential geometry implies that 92 = 0, dd+dd = 0, and 82
0. Hence, dd° = idd. Let )(z) = |z|* = Z] 12jZ;. Then o = Z] 12jdzj, and P = ijldzj/\dz]-.
Therefore, wg = Z;’:ldx]- Adyj = 1/22]:1 dzj A dz; = 1/20161"'|z|2 Now, let ¢ € C*(C"), with
dd° ¢ =~ wy. It is easy to see that ¢ belongs to the weight class W. To see this, note that there are
constants 0 < A < B < oo such that Awy < dd“¢ < Bwy on C". Equivalently, there are constants
a,b > 0 such that for every z € C", the eigenvalues A,(z),---, A,(z) of Hy(z) satisfy a < 1;(z) <,
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for all 1 < j < n. This is the case since w, corresponds to the identity matrix in the standard
coordinates. Recall that A¢(z) = 42}1:1 Ai(z). Then for every z € C", A¢(z) > 4na > 0, which
implies (I) in definition 2.3.1. To see (II), note that for every ze C" and r > 0,

b b _
1AGll(piay < 41 < 2ana < 2r 2"f AG(E)IAE)
a a D(z,r)

implying that the reverse Holder inequality holds with C = b/a. Finally, one can see that
the eigenvalues are comparable in the sense of (III). In fact, for every u,z € C", (Hy(2z)u, u) >
Apin(2)|u]? and Ag(z) < 4nd . (2) < 4nb. Then

_ /\min(z) a
Auin(2) = FECSAG(E) 2 310 AD(2)

implying (III) with 6y = a/(4nb) > 0.

Scalar weighted Fock spaces, Bergman Kernel, and the orthogonal projection

Suppose that 0 < p < oo and ¢ € W. The space Lz)((l:”) is the space of all measurable functions

f on C" for which
1/p

||f||Lf;,<c»z>=( f@Pe??PdAE)| <o,
C)l

[ee]

and the space L(P (C") consists of measurable functions endowed with the norm
||f||L§;j(cn) = esssup |f(z)|e*<i>(2) < oo,
zeCr

Denote by H(C") the space of all holomorphic functions on C”. Then the scalar weighted Fock
space is defined as

Pg(c") = L{%(«:“) NH(C"), (2.3.5)
with the norm defined above. Similarly to the case of doubling Fock spaces, one can see that

the point evaluation map ev, : F;((E”) — Cis a bounded linear functional. In particular, F;(C”)

is a reproducing kernel Hilbert space, with ev,(f) = f(z) = (f,K,), for all f € F;(C”), where the
inner product is given by

(8= f(2)g(2)e PP A(z),  f,g € F3(C").
Moreover, FZ(C”) is a Banach space when 1 < p < o0, and a quasi-Banach space when 0 <
p < 1. Theorem 20 in [30] states that the reproducing kernel of Fé((E”) satisfies the following

pointwise estimate. That is, there is a constant € > 0 such that
eP(2) pPw)
p(2)" p(w)"

where d,, is the distance associated to ¢ and p : C" — (0, 00) is the associated radius function to
¢ defined by

K(z,w)| < e chZY) e, (2.3.6)

p(z) =sup{r>0: sup A¢p(w)< 2. (2.3.7)

weD(z,r)

Note that for a piecewise C! curve y : I — C", we define

A
L"(y)_Jo p(V(t))dt
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Then dy(z,w) = inf), L,()), where the infimum is taken over all piecewise C! curves y: I — C"
with y(0) = zand y(1) = w. Moreover, similarly to the doubling case, d(z, w) ~ |z—wl|/p(z). For
more details on the radius function p and the distance d, see [30]. Since Pé(C”) is a closed
subspace of the Hilbert space pr(C”), there is an orthogonal projection P : Lé(([:”) — F;(C”)

given by
Pc<f><z>=f F K@ W dAw), zec

which according to [62], Theorem 5, extends to a bounded projection from LZ(C”) to FZ(C”)
if 1 < p < co. In the following, we state some useful lemmas about the behavior of the radius
function and the reproducing kernel. We will not provide the readers with proofs as they can
be done similarly to the doubling case.

Lemma 2.3.4 ([7], Lemma A). Let ¢ be defined as in Definition 2.3.1. Then the radius function p
satisfies the following properties.

(1) There exists M > 0 such that
supp(z) <M, (2.3.8)

zeC"

(2) The function p is Lipschitz. Indeed, for every z,w € C",

lp(z) - p(w)| < |z - w), (2.3.9)
(3) Forre(0,1) and w e D'(z),
(1-1)p(z) <p(w) < (1 +71)p(2), (2.3.10)
(4) There exist A,B > 0 such that
2™ < p(2) <12’ forlzl > 1. (2.3.11)

By (2.3.10) and the triangle inequality, for any r € (0,1), there are m; = m(r) > 1 and
my = my(r) > 1 such that

D'(z)c D™"(w), and D"(w)cC D™'(z), forevery we D'(z). (2.3.12)

Lemma 2.3.5 ([8], Lemma 2.3). Let K, = K(-,z) be the reproducing kernel ofFé((E”). The following
assertions are true.

(a) There exists a € (0,1] such that

(b) For 0 <p < oo,
”KZ”FZ(C") ~ etf’(z)p(z)Zn(l—P)/P’ = Cn’ (2‘3.14)

(c) Let a be as defined in (2.3.13). Then
lky(w)?e 2™ ~ p(2)™2",  w e D%(z), (2.3.15)
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(d) ForeachzeC",0<p<ooandfelR,

K (w)Pe PP p(w)PdA(w) = P2 p(2)2(17P)HF, (2.3.16)
q:n

(e) The set {k,:z € C"}is bounded in Fé(([:”) and k, — 0 uniformly on any compact subsets of C"

as |z| — oo.

Lemma 2.3.6 ([7], Lemma B). Let 0 < p < co and define ¢ as in (2.3.2). For any 6 € (0,1], there
exists C > 0 such that for any f € H(C") and z € C",

C

If (2)|Pe PP < o J;)o(z) |f (w)[Pe PP dA(w). (2.3.17)

Remark 2.3.7. We would like to emphasize that property (I) in Definition 2.3.1 implies that
the radius function p is bounded. In fact, fix z € C", and suppose r > c, where c is the constant
in (I). Then D(z,¢) C D(z,7). S0, SUP,ep(z,c) AP(w) < SUPyep(s) AP(w) < =2, where the second
inequality comes from the definition of p. By (I), there is m > 0 such that sup,.p(, o AP(w) >
m > 0. Hence, m < r~2, and thus r < m™/2, Therefore, p(z) < M := max{c, m~"/?}. Note that
when A¢pdA is doubling, p is defined by integrals/averages of A¢ on balls, and not by the
pointwise supremum of A¢. Hence, a doubling condition does not necessarily give any uniform
pointwise lower or upper bound on the density A¢. Basically, averages can behave nicely,
while pointwise, and therefore supremums, are wild. As an example, one can see that for the
doubling weight ¢(z) = |z|", with m > 0, p(z) = |2|' "2 for |z| large enough. Taking m = 1, p(z)
is not bounded.

Remark 2.3.8 (Comparing radius functions for doubling and admissible weights). Let ¢ : C" —
IR be a plurisubharmonic weight. Following [30], we associate to ¢ the radius function

p(z) = sup{r >0: sup A¢p(w)< rfz}.

weD(z,r)

It is natural to compare this with the radius function p, used in the theory of doubling weights
in one complex dimension, defined by pt(D(z, po(z))) =1, with y = A¢pdA.

* When n =1, the two notions are closely related. Indeed, if 0 < < p(z), then

sup A¢(w) <12

weD(z,r)

Setting s = r/+/7, we obtain
u(D(z,s)) = f Ap(w)dA(w) <|D(z,s)| 2 =ns?r?=1.
D(z,s)

Hence s < py(z), and therefore
p(2) < Vrpo(2).

Thus, in one complex dimension, the L®-type condition defining p implies the L!-
normalization defining py.
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* For n > 2, however, an analogous definition based on
J Ap(w)dA(w) =1
D(z,r)

is no longer the appropriate one. The reason is that A¢(z) = 4 Tr Hy(z), so A¢ only records
the trace of the complex Hessian, whereas the local geometry is governed by the full
Hermitian form Hg(z). If A1(z),---,A,(z) denote the eigenvalues of Hy(z), then A¢(z)
controls only their sum,

A¢(z) = /\1(2) +--t /\n(z)l

and therefore does not distinguish between isotropic and highly anisotropic situations. In
particular, an integral condition involving only A¢ yields merely averaged information
on the curvature.

By contrast, the definition of p gives uniform control of the curvature on Euclidean balls.
Indeed, if r < p(z), then
sup Ap(w) <172,

weD(z,r)

and since Hy(w) is positive semidefinite, each eigenvalue satisfies
/\j(w)sr_z, 1<j<n weD(zr).

Hence
Hy(w) < 2 forallwe D(z,7),

so the curvature is uniformly controlled at scale r. This is precisely the type of local
geometric information needed in the pointwise and localization arguments of [30].

Therefore, while pg is natural in the one-dimensional doubling setting, in several complex
variables one works instead with p, since it captures the correct local scale of the full complex
Hessian rather than only the averaged mass of its trace.

2.4 Large vector-valued Fock spaces

Up to now, we have studied scalar Fock spaces, i.e., spaces of C-valued holomorphic functions
with respect to some weights, including the classical Fock space, doubling Fock spaces, and
scalar weighted Fock spaces. A possible generalization is to study the space of functions taking
values in a finite or infinite-dimensional Hilbert space. So, let H be a complex separable Hilbert

space. We denote by pr(C”, H) the space of all measurable H-valued functions on C" for which

By = [ I @I e 2 dAE) <o (2.4.1)

where dA is the Lebesgue measure on C" and ¢ is an admissible weight as in Definition 2.3.1.
When equipped with the inner product

(F.9)= |_ (762 st
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Lé((E”,H) becomes a Hilbert space. We say that f : C" — H is holomorphic if for every contin-
uous linear functional ¢ € H", the scalar-valued function ¢ o f : C" — C is holomorphic in the
usual sense (see, e.g., §3.10 in [42]). The large vector-valued Fock space F;;(C”, H) is defined by

P2

(P(C”,H) =12

$(C L H)NH(C" ),

where H(C", H) stands for the space of all H-valued holomorphic functions on C". Notice that

when H =C, F%(C”,C) = Fé((l:”) as defined in (2.3.5).
F2(C",'H) is a Hilbert Space

¢
To see that Fé((E”, H) is a Hilbert space, we need the following lemmas.

Lemma 2.4.1. If f € Fi((E”,H), then z+— (f(z),e)y € Pé((E”), for any unit element e € H.

Proof. By Cauchy-Schwarz inequality,

f (f (2), )pl’e 2P d f If (2)115 llellF e 2 d A(z) < oo,
(En

which finishes the proof. O

Remark 2.4.2. Lemma 2.4.1 can be generalized for any h € H. Indeed, similarly, one can ob-
serve that z +— (f(z), h)y € Fé(([:”), for any element h € H.

Lemma 2.4.3. For any 6 € (0,1], there exists C > 0 such that for any f € Fé(([:”, H) and z € C",

C
IF @™ < oo e fD If ()l dAw). (2.4.2)

Proof. Let f € F;(C”, H). By Lemma 2.4.1, (f(z), e)3; belongs to F;(C”) and hence holomorphic,

for any unit vector e € H. Hence by Lemma 2.3.6, and applying the Cauchy-Schwarz inequality

C
(e e < La@ (f (W), edplPe W4 A (w)

_C 2 11,112 p—2¢(w)
< 5o (z)2n La(z) If @) lelly e > dAw).

Since |lelly; = 1, we can use ||f ()|l = supy=; [(f(2), €)| to obtain (2.4.2) and the proof is com-
plete. Indeed, by the Cauchy-Schwarz inequality, for |le|lyy = 1, [{f(z),e)| < |[f(2)lIxllellx =
If (2)ll3- So, supygzy Kf (2),e)l < If (2)lly- Conversely, take e = f(z)/||f(2)ll. When f(z) = 0
llell = 1, and [(f (2), )l = {f (2), f (2)/Ilf (2)lle) = I f (2)ll3¢- Hence, [|f (2)ll3 = supyje=1 Kf (2),€). O

Remark 2.4.4. Let z € C". Then by Lemma 2.4.3, ||f(z)|ly < C e ||f||2 ¢» and hence the point

evaluation map f + f(z) is a bounded linear homomorphism from F;(Cn, H) to H. Let C(z)
be the bounding constant, depending only on z, ¢, and n. One can see that for any compact
subset K C C", and any z € K, C(z) is bounded. To see this, first take K not overlapping the
unit disk centered at the origin. Then (2.3.11) implies that C(z) =~ e??)|z|"4 for some A > 0, and
thus bounded. Now, assume that K overlaps the unit disk D(0,1). By (2.3.9), p is continuous,
and since ¢ is C?, it is enough to show that p never vanishes on the unit disk, to conclude
that C(z) is continuous and thus bounded on K. Let z € D(0,1). By continuity of A¢, and
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since ¢ is plurisubharmonic, there is some constant M > 0 such that sup,cp o) AP(w) = M.
Let N = max{M,1}. Then % < 1, and thus D(z,%) Cc D(0,2), for every z € D(0,1). Hence,
SUPyep(z, 1) A¢(w) < N < N2. Using (2.3.7), we can conclude that p(z) > % for every ze€ D(0,1),
and in particular p(z) = 0.

Hence, given z € C", Lemma 2.4.3 and Remark 2.4.4 imply that there is a constant C(z),
bounded on compact subsets of C" such that

If @l < C@NIfll,g  for f € F3(C", H). (2.4.3)

Therefore, the point evaluation map f — f(z) is a bounded linear homomorphism from
P;(C”, H) to H and uniformly bounded in bounded domains of C". Since locally uniform lim-
its of holomorphic functions are holomorphic, we conclude that F q%((E”, H) is a closed subspace
of Lé(C”,H), and thus a Hilbert space.

qub((E”, H) is a reproducing kernel Hilbert Space

Let us compare the point evaluation maps of Fé and Fé(C”, H). In the former, the point evalu-
ation map ev, : F 5) — C is a bounded linear functional, and for the latter, the point evaluation
map ev, : Pé(Cn,H) — H is a bounded linear homomorphism, and not a functional, since H
is not necessarily the complex plane. This is the reason behind the fact that we cannot apply
the Riesz representation theorem to conclude the existence of the reproducing kernel as an
element of F;(Cn, H). In the following, we generalize the notion of the reproducing kernel to

when the functions take values in a general Hilbert space.

Definition 2.4.5. Let H be a separable Hilbert space, H* be its dual, and let F be a Hilbert
space of functions f : C" — H. We say that F is a vector-valued reproducing kernel Hilbert space
if there is a map K : C" x C" — H® H* with K"(z,w)* = K*(w, z), and

flz)= f K" (z,w)f(w)dV(w) for f € F, (2.4.4)
where dV is a measure on C".

Note that here = stands for the natural isomorphism HQ H* = H*® H. Let L(H) be the set
of bounded linear operators on H. Then there is a natural isomorphism £(H) = H*® H. In fact,
using the map B: H* x H — L(H) defined by B(A, w)(v) = A(v)w, and the universal property of
the tensor products, we obtain a linear map Tp : H*® H — L(H). This map is an isomorphism
with inverse S(L) = } 2, e’ ® Le;, where {e;}2, is an orthonormal basis of H and {ei};.>o
dual basis of H*. Therefore, the vector-valued reproducing kernel K’ can be viewed as a map
K":C"xC" = L(H).

Write K(-) = K*(-,z). As a special case of Definition 2.4.5, consider K : C" x C" — L(H)
and K’(z,w)* = KM(w, z). Let us consider the inner product of F as

| is the

(f9)r = | (ahgmmavia

It follows that (f(z), )y, = (f,K['h) s for every h € H and z € C". This can be seen as an analog
to f(z) = (f,K,) in the scalar setting.
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Taking dV = e 2?dA, F é(C",H) is a vector-valued reproducing kernel Hilbert space, and its
reproducing kernel K}! is a map from C" to H®H*. The reproducing kernel property takes the
form

fl2)= f KMz w)f (w)e "M dAw),  f € Fy(C",H).

When H = C, the above integral is equivalent to the scalar reproducing kernel property of

F%(C”), where the action of the reproducing kernel in the scalar case Fé((E") is given by the

usual multiplication. Being an element of H ® H*, the most general K’!(z,w) is of the form
Y mn=1Kmn(z, we,,®e", where K,,,,(z,w) are some complex scalars. The following lemma shows
that the reproducing kernel of Fé(C”, H) is obtained by taking K,,,(z, w) = 9,,,K(z, w), where
K(z,w) is the reproducing kernel of Pé(@”). That is,

(o)

KM(z) = K (z,w) = ZK(z,w)en Re".

n=1
Lemma 2.4.6. Let ¢ be as in Definition 2.3.1, and let H be a separable Hilbert space. The reproduc-
ing kernel ofFé(C”, H) is of the form

KM(z) = KM (z,w) = ZK(z,w)en ®e",
n=1

where K(z,w) is the reproducing kernel ofPi(C”).

Proof. Applying Lemma 2.4.1, we can write

f KMz, w)f (w)e W dA(w) =
J‘,I Z(f en>7—{en ) 20w dA( )
= Df(z), en)rien

n=1

=f(2)

showing that the choice we made for the reproducing kernel does make sense. Moreover, since
K(z,w) is conjugate symmetric, and by the natural isomorphism H@ H* = H* @ H,

K"(z,w) = ZK(z,w)e” ®e, = Z’K(w,z)e,1 ®e" = K (w,2).

n=1 n=1

O]

Remark 2.4.7. The reproducing kernel in Lemma 2.4.6 is unique when viewed as an £(H)-
valued kernel. More precisely, if KF, K;{ : C" x C" — L(H) both satisfy the reproducing kernel
property

(Fah iy = Kiiponny  fEFG(CH), heH, zeC",

for j = 1,2, then KH KH Indeed, for fixed z € C" and h € H, the point evaluation map
ev,: F;(C”, H) — H, with f +— f(z), is bounded (see the discussion preceding Definition 2.4.5).
Hence, the scalar-valued map

Lz,h : Fé(cn' H) - C, Lz,h(f) = <f(Z), h)H’
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is a bounded linear functional. Since Fi((E",H) is a Hilbert space, the Riesz representation

theorem yields a unique vector g, € Fé(([:”, H) such that

(f@n={f &y  forallfe Fg(C"H).

Thus, for each reproducing kernel K]ﬁ, the vector K].HZh is precisely this unique Riesz represen-
ter, and in particular

H 2 n

K].,Zh € F¢(C , H).

Therefore,
(F (KT, =Kz oy =0 forall f € FG(C", H).

Choosing

H H

f = (Kl,z - K2,z)h € quﬁ((]:nr H):
we obtain
H H 2 _
||(K]’z - szz)h“]:‘é((]:n”}-l) - O

Hence

(Kﬁz - K;fz)h =0 for every he H,
which implies
KT = K3l
Since z was arbitrary, it follows that
K]t =K}t

Consequently, the reproducing kernel is genuinely unique as an £(H)-valued kernel. The
formula in Lemma 2.4.6,

K" (z,w) = ZK(z,w)en ®e",

n=1
depends on the chosen orthonormal basis {e,},>; only at the level of coordinates. Under the
natural identification H® H* = L(H), one has

(o]

Zen ®e" =1y,

n=1

where Iy, is the identity operator on H. So the above expression is simply
K" (z,w) = K(z,w)I}.

Thus the kernel is not merely unique up to isomorphism of H ® H*, but it is uniquely deter-
mined as the operator-valued kernel K(z, w)Iy. Different orthonormal bases only give different
tensor-coordinate expressions for the same operator.

Orthogonal projection and the vectorial Toeplitz operator
Since Fq%(([:”, H) is a closed subset of the Hilbert space L(zi)(([:”, H), there is an orthogonal projec-
tion P : L(ZP(C”,H) — F%(C”,H), given by the following lemma.
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Lemma 2.4.8. Let ¢ be as in Definition 2.3.1, and H be a separable Hilbert space. The integral
operator

P(f)(Z)=JnKH(ZIW)f(”W)e_Z‘P JdA(w) = f )K(z,w)e P WdA(w), zeC,

is the orthogonal projection ofL2 (C",’H) onto F;

Proof. Let {e,,};,_, be an orthonormal basis of H. For f € L
functions f,(z) := (f ,em)n, for z€ C". Then

(C”,H).

(21) (C",'H), define the scalar-valued

in H for a.e. z, and

17122 20 mem

By Lemma 2.4.6, for each z e C",

2)=) enPelf)(2)

m=1

where Pg : Lé(C”) — Fé(C”) is the scalar Bergman projection. Since Pe(f,;,) € Fé(C”) for every

m, it follows that P(f) is H-valued holomorphic. Moreover,

MZ: men@ mewnmmH

(C",’H). Next, for f € Lé(C”, H),

IP(f

soP(f)ng5

But
(Pf)m(2) =(Pf(2), &) = Pc(fin)(2)

hence, since P¢ is a projection,

P(Pf)2)=) enPcPelfi)2)=) enPefy)(z) = Pf(2)

m=1 m=

Therefore P? = P, so P is a projection onto Fé(([:” H). It remains to show that P is orthogonal.

Let f € Lé(C", H). Then f =(f —Pf)+Pf. We claim that (f —Pf, Pf)Lz cr ) = 0. Indeed, using
the orthonormal basis expansion,

(FrPP @ (2), Pf (2)ype > dA(2)

|
N
(N

Jcr

- C”<an:(z)em; ch(fk*)(z)ek> 6—24)(2) dA(Z)
m=1

k=1 H

C

r

- iﬁmwmmﬂwmw
m=1

J (]:n

Z(f;fu Pe(fmiz ey
m=1
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Similarly,
(Pf.Pfr2cnm :f ZPC fid@) Pe(f)(z) e 272 dA(z2)

- Z<Pc<fn:>,Pc<f;>>L;<m-
m=1
Therefore,

(f=PL.Pfzenm = PO~ PfLPremn

(o)

=) (¢ Pl - Pelfi Pel iz en) = 0
m=1
because P is the orthogonal projection of Lé(C”) onto F 5)(([3”). Thus we can conclude that P is

the orthogonal projection of Lé(C”,H) onto Fé((ﬁ”, H). O

Lemma 2.4.9. Let {e;};2, be an orthonormal basis of H, and KJt = Z]f";l K,e; ®el be the reproducing
kernel of Fé((E”,H), with K, the reproducing kernel of Fé(C”). Then the linear span of {K]te; : z €
C",i > 1} is dense in F;(C”,H).

Proof. First, notice that for any z,w € C" and i > 1, K}{(w)e; = K,(w)e; € H. Moreover, it is
easy to see that forany ze C" and i > 1, K,e; € quh(C”, H). Let T = span{Klte; : z € C",i > 1}.
Since F;((E”, H) is a Hilbert space, the density of I is equivalent to I't = {0}, where L represents
the orthogonal complement So, let f € T+, Then by definition, for any z € C" and any i > 1,
(f,KIte; )Fz cr ) = 0. Consider the natural isomorphism H ® H* = L(H). By the reproducing
kernel property,

0= (f:K;{eDF;(q:n,H) =(f(2)ei)n.

Hence, (f(z),h); = 0 for every h is the linear span of {e;};>;. Because this span is dense in H,
we get (f(z),h)y =0, for every h € H. Thus, f(z) = 0 for all ze C". Hence, f is identically zero,
and we can conclude that I'+ = {0}. Therefore, I is a dense subset of F;(C”,H). O

Definition 2.4.10. Denote by T;(L£(H)) the space of holomorphic operator-valued functions
G : C" — L(H) such that each G(z) is positive and satisfies

KNGOl € Lé((]:”), ze C". (2.4.5)

Let I = span{K,e; : z€ C",i > 1}. By Lemma 2.4.9, I is a dense subset of Fé(C”,H). Let f eT.

Using ||G(w) f(w )||H < |IG(w ||£ ||f ”H and (2.4.5), one can conclude that Gf € Lé((E”,H).
For G € Ty(L(H)), the vectorial Toeplltz operator Tg is densely defined by

Tof ()= PG = | Glulf )k (zwle ¥ dAw)

for f € F(?)((E”, H). For each fixed z € C" and f €T, the integral above is understood as a Bochner
integral with values in H.

Remark 2.4.11. Let G be a map from C" to the Banach space of bounded linear operators on
H. Definition 3.10.1 in [42] states that G is a holomorphic operator-valued function if for every
u,v € H, z— (G(z)u,v)y is holomorphic.
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Remark 2.4.12. For the convenience of the reader, we justify that the integral in Defini-
tion 2.4.10 is indeed a Bochner integral. We use the standard definition from Diestel-Uhl [32],
Chapter II: if (X,X, 4) is a measure space and E is a Banach space, then a map F : X — E is
Bochner integrable provided it is strongly measurable and

J IE)llz dp(x) < oo
X

In that case IX Fdyis defined as the limit of integrals of E-valued simple functions converging
to F.

Fix z € C" and let f €. We claim that w — G(w)f (w)K(z,w) is Bochner integrable as an H-
valued function on C" with respect to the measure dpg(w) := e~2¢W) dA(w). To see this, notice
that since f € I' = span{Ke; : C € C", i > 1}, there exist (y,---,C,, € C", i},---,i,, € N, and scalars
€1, ,Cy Such that

Hence

We first check strong measurability. For each fixed j and each v € H, the scalar function
w (G(w)ei]_,v)H

is holomorphic by the definition of holomorphy of the operator-valued map G. In particu-
lar, it is measurable. Thus w — G(w)e;, is weakly measurable. Since H is separable, Pettis’
measurability theorem implies that w > G(w)e;, is strongly measurable. Multiplication by
the scalar measurable function K(w, C;)K(z, w) preserves strong measurability, and finite sums
of strongly measurable functions are strongly measurable. Therefore w — G(w)f(w)K(z, w) is
strongly measurable.

Next, we verify integrability of the norm. Using (|G(w)f(w)lly < IG(w)llzagllf (w)lly, we
obtain

IG(w)f (w)K(z,w)llx < [K(z,w) |Gz If (w)llx-

Hence

NG @K@l e dAw) < | 1K@ wlIG@ler If (@)l e dA@w).

By the Cauchy-Schwarz inequality,

o [KEWIIG@lzgn If (w)le > dAw)

1/2
<( [ K@uPIGwE e ¥ aaw) ([ I daw)
(En

172

The first factor is finite by condition (2.4.5), and the second factor is finite because f € I' C

Fi(C”, H). Therefore

IG(w) f (w)K (z,w)lly e 2™ dA(w) < oo
Cn
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We have shown that w — G(w)f(w)K(z, w) is strongly measurable and integrable in norm
with respect to dp,. Hence, by the definition of the Bochner integral, for every fixed z € C"
and every f €T,

J G(w)f(w)K(z, w)e 2*™ dA(w)

is a well-defined Bochner integral with values in H.
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Chapter 3

Motivation and summary of results

This chapter provides a detailed summary of the articles [10, 6, 9], on which this thesis is
based. Copies of each article are provided in Appendices A-C. Motivation behind our work and
similar earlier results are also discussed in an attempt to provide a self-contained manuscript
to interested readers.

3.1 Berger-Coburn phenomenon for Hankel operators on Fock-type
spaces

In this section, we focus on the Berger-Coburn phenomenon for Hankel operators on Fock-type
spaces. We begin our discussion by defining the Berger-Coburn phenomenon and the famous
operator ideals of bounded linear operators. Then we recall known results about the Berger-
Coburn phenomenon for Hankel operators, to prepare the readers for a summary of our paper
[10] (equivalently, Appendix A) on the Berger-Coburn phenomenon for Schatten class Hankel

operators on doubling Fock spaces.

Berger-Coburn phenomenon for Hankel operator on Fock-type spaces

Let Fé be a Fock-type space. One can take ¢(z) = alz|?>, with @ = 1 or a > 0, ¢ can satisfy
0<m<A¢p <M for m M >0, or ¢ can be a doubling weight. For an arbitrary symbol f,
in general, very little about Hy can be inferred from the properties of Hy. Berger and Coburn
proved in [17] that for a bounded function f in C", Hy is compact on the classical Fock space, if
and only if Hf is compact. Let S be an operator ideal inside bounded linear operators over F;,
and let f be a bounded function on C or C", depending on the function space. The following
is referred to as the Berger-Coburn phenomenon for Hankel operators.

Berger-Coburn phenomenon for Hankel operators: For a bounded function f, Hy € S if
and only if H¢ € S.

Operator ideals: Compact and Schatten class operators

Let X and Y be normed vector spaces. Thus, one can take X and Y to be Banach or Hilbert
spaces. A compact operator T : X — Y is a linear operator that sends bounded subsets of X to
relatively compact subsets of Y, i.e., sets that have compact closure in Y. Such an operator is
necessarily bounded and so continuous.
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Definition 3.1.1 ([26], Definition 3.2). If X and Y are Banach spaces, and A € B(X,Y) is a
bounded linear operator from X to Y, then A is completely continuous if for any sequence {x,}
in X such that x,, — x, i.e., x,, converges weakly to x, ||Ax, — Ax|| — 0.

Proposition 3.1.2 ([26], Proposition 3.3). Let X and Y be Banach spaces, and A € B(X,Y). Then
1. If A is compact, it is completely continuous,
2. If X is reflexive and A is completely continuous, then A is compact.

Recall that a Banach space X is reflexive if its canonical embedding into its bidual is onto.
That is, consider the natural map | : X — X*, defined by J(x)(x*) = x*(x). ] is linear and isomet-
ric. In fact, [|[J(x)||x~ = SUP ||yl <1 [J(x)(x*)| = SUP ||yl <1 |x*(x)|. By the Hahn-Banach theorem,
we know that ||x||x = SUP |y <1 |x*(x)|. Therefore ||J(x)||x~ = ||x||x, and ] is an isometry. If ] is
onto, i.e., every element of X* is of the form J(x) for some x € X, we say that X is reflexive.

Remark 3.1.3. Note that every Hilbert space is reflexive. In fact, let H be a Hilbert space.
The Riesz representation theorem gives an isomorphic isomorphism between H and its dual
H*, via @ : H — H*, such that ®(x)(y) = (y,x). Hence H = H*. Taking the dual again gives
H™ = (H*)* = H. The canonical embedding | : H — H™ coincides, up to these identifications,
with the identity map. So, it is surjective, and H is reflexive.

Remark 3.1.4. For any positive measure p and 1 < p < oo, LP(p) is reflexive. This is due to the
fact that (Lﬁ)* =~ L9(u), where 1/p + 1/q = 1. However, L!(u) is not reflexive, since (L!(u))* =
L=(p), but (L=(p))" = L' ().

Proposition 3.1.5 ([26], Proposition 3.5). Let X, Y and Z be Banach spaces, and K(X,Y) be the set
of compact operators from X to Y. Then

1. K(X,Y) is a closed linear subspace of B(X,Y),

2. IfTeK(X,Y)and Ae B(Y,Z), then AT e K(X,Z),

3. IfTeK(Y,Z)and Ae B(X,Y), then TA € K(X,Z).
Hence, K(X, X) is a closed two-sided ideal in B(X, X).

Corollary 3.1.6. Since K(X,Y) is a closed linear subspace of B(X,Y), if (T,,) is a sequence in K(X,Y)
such that ||T, - Tl|gx,y) — 0 for some T € B(X,Y), then T € K(X,Y). In particular, T is compact.

Theorem 3.1.7 ([70], Theorem 4.19). Let X and Y be Banach spaces and T € B(X,Y). Then T is
compact if and only if its adjoint T* is compact.

Restricting to a Hilbert space H, one obtains more compactness characterizations compared
to Banach spaces. For example,

1. Suppose that {e,} and {0,,} are orthonormal sets in H, and that {1,} is a sequence of com-
plex numbers such that
Al =[As) =+ 20, |Aul — 0.

Let T be the linear operator on H defined by

Tx = Z/\n(x, €,)0,, xeH,
n=1
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then T is compact ([80], Proposition 1.19) and its singular values are precisely
s(T)=[Aul,  m21.

Conversely, every compact operator T on H admits such a representation, called a canon-
ical decomposition or singular value decomposition. See, for example, [80, Section 1.3].
Although this representation is not unique, the sequence of singular values {s,(T)} is
uniquely determined by T (counting multiplicities). See Lemma 3.1.8 for more details.

2. If T is a self-adjoint compact operator on H, then there exists a sequence of real numbers
{1} tending to 0 and there exists an orthonormal set {e,,} in H such that

Tx = Zz\n(x, €€
n=1
for all x € H, where for each n € N, ¢, is an eigenvector of T corresponding to the eigen-
value 1, ([80], Theorem 1.20),

3. A linear operator T on H is compact if and only if there is a sequence of finite rank
operators T, such that ||T,, - T|| — 0 as n — oo ([80], Theorem 1.21).

Lemma 3.1.8. Let H be a Hilbert space and let T : H — H be a compact operator. Suppose that
Tx = Z/\n<x, €,)0,, xeH,
n=1

where {e,} and {0,} are orthonormal systems in 'H, and {1, } is a sequence of complex numbers satis-

fying
[A]>1]A] >--- >0, [A,l — 0.

Then the sequence {|A,|} is uniquely determined by T, counting multiplicities. In particular, the
singular values of T are well-defined.

Proof. First observe that T*T is a positive compact operator. Indeed, since T is compact and T*
is bounded, the composition T*T = T* o T is compact. Moreover, for every x € H,

(T*Tx,x) = (Tx,Tx) = ||Tx|]* > 0,

so T*T is positive. Using the representation of T, we have

Ty = Z/\_n(y, 0,)en yeH.
n=1

Hence,

T"Tx = Z|/\n|2(x, e,)e,.
n=1

Therefore each e, is an eigenvector of T*T with eigenvalue |1,|>. Hence, the numbers |,,|? are
precisely the non-zero eigenvalues of T*T. Since eigenvalues are defined by the condition that
T*T — Al is not invertible, they are intrinsic to the operator, and their multiplicities are given
by the dimensions of the corresponding eigenspaces. Hence the non-zero eigenvalues of T°T,
counted with multiplicity, are uniquely determined by T*T, and therefore by T. It follows that
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the sequence {|1,|?} is uniquely determined by T, counting multiplicities. Taking square roots
shows that {|1,|} is uniquely determined by T, counting multiplicities.

Thus, although the representation of T above is not necessarily unique, every such rep-
resentation gives the same sequence {|A,|}. These numbers are called the singular values of
T. O

Definition 3.1.9. Let H be a Hilbert space. Given 0 < p < oo, we define the Schatten p-class
of H, denoted S,(H), to be the space of all compact operators T on H with its singular value
sequence {A,} belonging to [, the p-summable sequence space ([80], Section 1.4).

When 1 < p < oo, Sy, is a Banach space with the norm [|T]|, = [¥;2; IALP1VYP. For p =1, S, is
called the trace class, and when p = 2, S, is called the Hilbert-Schmidt class. In the following,
we mention a few results about the Schatten class operators.

1. If Tx =}, A, (x,e,)0, is a canonical decomposition of a compact operator T, then T"x =
ZHA_n(x, on)ey is the canonical decomposition of T*. Thus T € S, if and only if T* € S,,.
Moreover, [|T||, = ||IT"||, forall T € S,

2. If T is a compact operator on H with singular values {1,}, then

Y AP =) ITx P = ) KT ),
n=1 n=1

n,m=1

for any orthonormal basis {x,} of H ([80], Theorem 1.22),

3. Suppose T is a positive compact operator on H and p > 0, then T € S, if and only if
TP € S;. Moreover, ||T||g =||TP||; ([80], Lemma 1.25),

4. If T is a compact operator on H and p > 0, then T € S, if and only if [T = (T*T)?? € Sy,
if and only if T*T € S,/,. Moreover,

p/2
Sp/z'

||T||§p = |||T|||§p =ITPlls, = IT*T|l
Consequently, T € S, if and only if |T| € S, ([80], Theorem 1.26),
5. Suppose T is a compact operator on H and p > 1. Then T is in S, if and only if

ZI(Ten,o-nM” < oo, (3.1.1)

for all orthonormal sets {e,} and {o,}. If T is positive, we also have ([80], Theorem 1.28)
”T”Sp = sup{[ Zl(Ten,an>|P]l/p . le,} and {o0,} are orthonormal},

6. Suppose T is a compact operator on ‘H and p > 2. Then T is in S, if and only if
Y o1 lITe,|lP < oo for all orthonormal sets {e,,} in H ([80], Theorem 1.33),

7. Spis a two-sided ideal in L(H) ([80], Corollary 1.35).
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Known results about the Berger-Coburn phenomenon for Hankel operators

Before we state older results on the Berger-Coburn phenomenon, we give an example to show
the importance of the boundedness assumption on f.

Example 3.1.10 ([14]). Let g(z) = z, and thus unbounded over C. Consider H, F2 — L2. Since
g is holomorphic, Hy = 0, and belongs to the Hilbert-Schmidt class. Let ¢;(z) = z]/\/_ be the
orthonormal basis Vectors of F?, where j’s are non-negative integers. Recall that

Jf w)d), where K(z,w) = ¢*” and d\(w) = 7Z(e_lwlsz(w).

By definition of Hankel operators, Hge; = ge; — P(ge;). Then

Z(wl Wi {o ifj=0,
Viejoi(z) if

if j > 0.

Recalling that T € S, if and only if } 7, ITe,l|? < oo, one can see that Hg is not in S,. Indeed,
by orthogonality of Hge; and P(ge;),

Heel? = llae: 12 —IP(se 2 = 27]._“2_'_1
IHgejll” = lIge;ll” = lIP(gell” =[l—=l"-j = 1.

N

Thus Y ||Hge;l|> = oo, and Hy & S,(F?,L?).

Recall the standard Fock space F2 defined in (2.1.1). Similarly, for 0 < p < co, we denote by
F¥ the space of entire functions f € LP(C,d\,), that is,

EL = {f € H(O): [Ifl = j f(@)PdAg(2) < oo).
C

We note that some of the notation appearing in Theorem 3.1.11 and Theorem 3.1.12 is intro-
duced later in Remark 3.1.13.

Theorem 3.1.11 (Berger-Coburn phenomenon for compact Hankel operators). Let f € L*(C").
Then the following hold.

1. Hy is compact on the classical Fock space F? if and only if Hy is compact. This is the result of
Berger and Coburn in [17], Theorem B,

2. Let 1 <p <oo. Then Hy : P IP s compact if and only ifo :FP 1P s compact, where
FE is the standard Fock space. This is the result of Hagger and Virtanen in [41], Theorem 8,

3. Let ¢ € C*(C"). Identify C" with R*" and assume that there are positive real numbers m and
M such that m1d,, < Hessg¢ < M1d,,, where 1d,, is the 2n x 2n identity operator. Take

0O<p<g<ooorl<g<p<oco. Then Hy: Fg((E”) — LZ)(C”) is compact if and only if Hp is
compact. This is the result of Hu and Virtanen in [49], Theorem 1.2.

Theorem 3.1.12 (Berger-Coburn phenomenon for Schatten class Hankel operators). Let f €
L®(C"). Then the following hold.

1. Assume that Hy is a Hilbert-Schmidt operator on the classical Fock space F2. Then Hyisalsoa
Hilbert-Schmidt operator, and ||Hglls, < 2||Hy|ls,. This is the result of Bauer in [14], Theorem
2.4,
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2. Suppose ¢ € C*(C") is real valued, dd°¢ ~ wy, and 1 < p < co. Then Hy: Fé((E”) — Lé(C”) is
in the Schatten class S, if and only ifo- €Sy, and ||Hf||5 < C||Hf||5 , where the constant C is
independent of f. Here d = d+ d is the exterior derivative, d° = (8 d), and wgy = 1ddC|Z|2 is
the Euclidean Kdhler form on C". When n =1, this is equzvalent to A¢ ~ m, for some positive

constant m. This is the result of Hu and Virtanen in [51], Theorem 1.2.

Remark 3.1.13. For symmetric matrices A and B, we use the convention that A < Bif B—A is
positive semidefinite. That is, for all x, {(B—A)x, x) > 0. Notice that for ¢ € C*(C"), the require-
ment mld,, < Hessg¢ < M1d,, in Theorem 3.1.11 implies dd°¢ ~ w( as in the assumption of
Theorem 3.1.12. In fact, recall from Remark 2.3.3 that dd°¢ = idd¢ = 12] k=1 7z g)zk( z)dz; AdZy.

For z e C", let v € T,C" = R*". Write v = (ay,---,4,,by,---,b,), and define uj = aj+ibj, for each

1 <j < n. Recall that the real Hessian is the 21 x 2n real symmetric matrix

- ) A B
ess = »
¥ C
where
¢ % ¢
T P aman O dyaw

Associated to Hessy ¢, one can obtain the quadratic form Q(v) = v” (Hessg ¢)v. In coordinates
(X1, X, V1, V), Q(v) can be written as

2 2 2
¢ ¢ ¢
]kZiQ]k ];(a Ix e ak+28 ayk bk+8y ay b; bk

Using (2.3.4), one can write ax]. = 827. + 92j, and 83,], = i(az], - 82],). For simplicity, use the notation
2 _
‘szzk = %, and similarly for other partial derivatives. Since ¢ is real-valued, qszzk = (szzk'

and ¢z, = ¢, . Therefore,

(Px]-xk = (Pz]-zk + (Pijik + (szik + (Pz-zk = 2Re(¢z-zk) + 2Re(¢z-2k)r
(ijyk = Z.[q»’)z'zk - (pz]-ik + (Pijk ¢z zk] 2Im (i)z zk + 211’1’1 (Pz zk 4
qby]yk qbz iZk (szzk + q—')i]»zk qbz zk 2Re qbz zk + 2Re (Pz zk

where Re and Im stand for the real and imaginary part, respectively. Using ¢, ;. = ¢z 5, ¢zz, =
¢zj2k1 Re((szik) Re(¢z zk) and Im((Pz zk Im((Pz zk) one can write

Qjk + Qkj = 4Re(¢; 2, )(aja — bjby) —4Im(P, 5, )(ajby + axb;)
+ 4Re(qszik)(ajak + b]bk) + 4Im(qsz2k)(ajbk - akbj).

This implies that

Q(v) = 2Re[ Z (szz‘kujak + (szzkujuk]-

k=1

40



Let J : R?" — IR?" be the standard complex structure on C". That is, J> = ~1d, and | acts on the
vector v by the 90 degree rotation. Hence, Jv = (-by,---,-b,, a1, -+ ,a,). Then

[ 9%¢ ¢ 92¢
Q(]’l}) Z(a anb b —Zijak'l' Wﬁjak

jk=

= 2Re[ Z (IbZ]'Zkujak - (i)ZjZkujuk]'

jk=1
Hence,
Q)+ QUv) = 4Re[ ) bz, u;iix].
k=1
On the other hand
dd 9w 10 =1y 2L (az ndz .0
¢, Jv)=1 azjazkz zZi Ndz(v,Jv).

jk=1

Notice that z; = x; +iy;, dz; A dzx(v,Jv) = dzj(v)dzi(Jv) — dzj(Jv)dzx(v), and dz;(v) = g—Zal +

+§i]an+a]b1+ +g—?b = aj+ib; = u;. Similarly, dz;(v) = a; —ib; = 4}, dzj(Jv) = iuj, and
az; (]v) j- Thus, dz; Adzp(v,]Jv) = —21u ji. Hence,

dd“¢(v,Jv) =2 Z Pz, 1k

jk=1

Note that since ¢ is real-valued, qszzk = (szzk' This implies that dd“¢p (v, Jv) is real. In fact,

n n n
Z q')Z]'Z_k u]ak = Z (IbZ]'Z_k ﬁ]uk = q")ijzk ﬁ]uk = Z (ijZk u]akl

Jk=1 k=1 jk=1

where in the last equality, we reindexed the double sum over j and k. Therefore, one can
conclude that

dd“¢p(v,Jv) = —[Q )+ Q(Jv)]. (3.1.2)

We use (3.1.2) to show that if mId,, < Hessg¢ < M1d,,, then dd°¢p ~ w,. We proceed as
follows. By assumption, for every real v € R*", m[v|> < Q(v) < M|v|*. Using |v| = |Jv|, we also
have m|v|? < Q(Jv) < M|v|?, which implies that

vl < 5[Q() + Q)] < MIuP

Using (3.1.2) and the fact that wy(v,Jv) = [v|*>, we can finally conclude that mwq(v,Jv) <
dd ¢(v,Jv) < Mwy(v,Jv).

Assume that A is a positive semidefinite matrix. Recall that we cannot say much about the
inner product (Ax, p), except for the Cauchy-Schwarz inequality |(Ax, p)|* < (Ax, x)(Ap, ). Now
since A is positive definite, one can use the inequality Vab < (a+ b)/2 for a,b > 0, to conclude
that [(Ax, p)| < 1/2((Ax,x)+(Ay,v)), which gives us an upper bound. However, we cannot find a
universal lower bound for the inner product (Ax,y). Accordingly, one can consider the positive
semidefinite matrices A = M 1d,, —Hessg ¢ and B = Hessg ¢ — m1d,,. Similarly, by dd“¢ =~ w,,
we exactly mean that for any v € R*", mwg(v,Jv) < dd°Pp(v,Jv) < Mwy(v,Jv). Similarly to the
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[{Ax,v)| < 1/2((Ax,x) + (Ay,)), we can find an upper bound for dd°¢(v,Jw). To obtain this,
we use the following symmetric bilinear form. For the real (1,1)-form w = dd‘¢, define the
bilinear form

B(v,w):= w(v,Jw), v,weR>"

Itis easy to see that dd“¢p(Jv,Jw) = dd°¢p(v,w), and w = dd ¢ is skew-symmetric. Using this, one
can see that B is symmetric. In fact, B(w,v) = w(w,Jv) = o(Jw,J?v) = o(Jw,~v) = ~w(Jw,v) =
w(v,Jw) = B(v,w). The quadratic form associated to B is

Q(v) = B(v,v) = w(v,]v),

which is exactly the quantity we have already controlled. For any symmetric bilinear form,
B(v,w) = 1/2[Q(v + w) — Q(v) — Q(w)]. So any control of Q gives control of the full bilinear form
B(v,w) from above. Because of the negative terms, we cannot control B from below. Indeed,

p—

dd° (v, Jw)| = lw (v, Jw)| = [B(v, )] = S|Q(v +w) ~ Q(v) - Q(w)| <

Qv +w)+Qv) + Q(w)|

N
N =

<

~

([ +wl® + ol + [wl) < M(Iv? + [wl?) = M(wo (v, Jv) + wp(w, Jw))

< —(dd¢(v,Jv) +dd°p(w,Jw)).

Berger-Coburn phenomenon for Hankel operators on doubling Fock spaces

The Berger-Coburn phenomenon for compact Hankel operators on doubling Fock spaces is still
open. In the following, we will give a summary of our paper [10] (equivalently, Appendix A),
regarding our approach to studying the Berger-Coburn phenomenon for Schatten class Hankel
operators. What we do here is a generalization of Hu and Virtanen’s works in [49, 51].

Definition 3.1.14. For f € L} , g>1,and r > 0, define

loc’
G =1 1 q 1/q . r
P =inf (1 er f-hida)" s he HD @)Y,

where D'(z) = D(z,7p(z)), and |E| is the Lebesgue measure of E C C. Then for 0<p <c0,g>1,
q

r>0,and a € R, the space IDAf’q’a, integral distance to analytic function, consists of all f € L.

such that
||f||1DA’r"‘4'”Y = ”Pan,r(f)”LP < oo.

Remark 3.1.15. Let 0<p < o0,g>1, and a € R. For any r{,r, > 0, we have
IDAL" = IDAZ™,

with equivalence of norms. In particular, the space IDAY'?“ is independent of the choice of
r > 0. This follows from the proof of Theorem A.1.1.

Note that IDAP? := IDA’;’z’0 type conditions were first introduced by Luecking [60] in his
study of Schatten class Hankel operators on the Bergman space A?(D) of the unit disk. Later on,
Hu and Virtanen [49, 51] generalized it to IDA*7 := IDAi’q'0 to study compact Hankel operators

Hy: F;(C”) — L?P(C”), for p>gq, and s = pq/(p —q), where mId,, < Hessg ¢ < M1d,,,.
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Definition 3.1.16. For f € Lloc, define the average function on C by

A 1
Ji(2) = D (2] Dr(z)fdA-

The above is the usual average function, but modified according to the doubling property
of the measure under consideration.

(o)

jo1 covers C

and the disks of {D’/S(a]-)}j:1 are pairwise disjoint. Moreover, for an r-lattice {a]-}]?";l, and a real

Given a sequence {aj};?‘;l C C, and r > 0, we call {aj}}?‘;l an r-lattice if {D"(a;)}
number m > 1, there exists an integer N such that
1<) Xpwyo SN, Vz€G (3.1.3)
j=1

where x is the characteristic function of a subset E of C.

Note that using (2.2.2) and the triangle inequality, there exists m € (0,1) such that D" (w) C
D" (z), whenever w € D™ (z). For r > 0, let {“j};; be a mr-lattice, and let J, := {j : z € D"(a;)},
so that |J,| = Z]f’il )(D,(aj)(z) <N, for some integer N. Let 7 : C — [0, 1] be the following smooth
function with bounded derivatives.

1,  iflz<1/2,
n(z) =

0, if [z| > 1.
For each j > 1 we define 7;(z) = q(%). We can normalize 7; such that IC 1;dA =1, for each
]
j = 1. Define ¢;(z) = % Then one can see that {r,b]-}]?’il is a partition of unity subordinate

to {D"™"(a;)};»1, satisfying the following properties:

Suppy; C D™ (a)), 9;(2)20, ) $i(z)=1,

Ip(a;)dp| <C, ) Ipj(z)=0,
=1

J

where the constant C may depend on . For j =1,2,---, we can pick h; € H(D"(4;)) such that
_ 1
-hi|1 (a;) = ——— -h:|1dA=G 9.
Il @) = oy L«aj)'f / o)

To see why the infimum is attained, please see Lemma A.3.1.
In the following, we give a characterization of IDA?"“.

Theorem 3.1.17 (Theorem A.1.1, [10], Theorem 1.1). Let ¢p € C*°(C) be subharmonic such that
du = ApdA is a doubling measure. Suppose that 1 <q<co, 0<p<oo, a €R, 7> 0, and f € L!

loc*
Then if f € IDAPY, f = f, + fo, where f; € C*(C) and
P ofil+ ! (10fi1) 1 + p% (Il ) T € L7, (3.1.4)
for some (equivalent any) s > 0, and
1 lipazss = inf{np“aaéfl|qr>W||Lp + IIP“(If/qur)l/qlle}; (3.1.5)

where the infimum is taken over all possible decompositions f = fi + f,, with f; and f, satisfying the
conditions fi(z):= Z;; hi(2);(z), and f,(z) = f(z) - f1(z), where h; and ; are given above.
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Recall the set S and the Hankel operator Hy defined in (2.2.29). The following result char-
acterizes the Schatten class Hankel operators on doubling Fock spaces in terms of IDA. A
similar characterization for Schatten class Hankel operators on the Bergman space A?(D) was
obtained by Luecking [60], Theorem 4. Moreover, Hu and Virtanen [51] proved a similar result
on Fock spaces Fé with dd°¢ ~ wy, in Theorem 1.1.

Theorem 3.1.18 (Theorem A.1.2, [10], Theorem 1.2). Let 0 < p < oo, and ¢ € C*(C) be subhar-
monic such that dy := AQpdA is a doubling measure. Then for f € S, the following are equivalent:

(1) Hp:Fj — Ly isin Sp,

(2) fe IDAf'z’_Z/p,for some (equivalent any) r > 0.

Moreover,
||Hf||5p = ||f||IDAIY7'2"2/P' (316)

Our goal is to study the Berger-Coburn phenomenon. So, the next step is to characterize the
simultaneous membership of Hy and Hy in Sp(F(?),LfP). For this purpose, we define the space
IMO of integral mean oscillations.

Definition 3.1.19. For f € leoc and r > 0, the mean oscillation of f is defined by

1 1/2

MOs 1) =g [ AP

Given 0 < p < o0 and a € R, we define the space IMOf’Z’a to be the family of those f € leoc such
that

Ifllpgope = 0 MO2, (£l < co.

Theorem 3.1.20 (Theorem A.1.4, [10], Theorem 1.3). Let 0 < p < co and assume that ¢ € C*(C)
is subharmonic such that dy = A¢pdA is a doubling measure. Then the following are equivalent.

(1) Both Hy and Hy € S,(F¢, L),

(2) fe IMOf’Z’_Z/p,for some (equivalent any) r > 0. Moreover,
VEE s, + 1EE7lls, = 1l ypgpa-e-

Note that Hu and Virtanen [51] found a similar characterization for when dd¢ ~ wq in
Theorem 6.2. Moreover, Xia and Zheng [77] found a characterization for the simultaneous
membership of Schatten class Hankel operators on the classical Fock space over C" in terms of
the standard deviation. For more information see Theorem 1.1 in [77].

Recalling Example 3.1.10, one can show that taking f(z) = zX, where k is a positive integer,
m > 0, and ¢(z) = |2|", Hf belongs to the Hilbert-Schmidt class of operators from F(% to Lf/),
while Hp is not [72]. Indeed, one can prove a more general result based on the characterization
given in Theorem 3.1.20 to emphasize the importance of the boundedness assumption in the

Berger-Coburn phenomenon for Hankel operators.

Example 3.1.21 (Theorem A.5.4, [10], Theorem 5.4). Let f be a non-constant entire function

and F; be a doubling Fock space. Then Hf is not in SZ(F(%,L;).
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Proof. Since f is holomorphic, Hf = 0, and thus belongs to the Hilbert-Schmidt class. Applying
Theorem 3.1.20, it is enough to show that f ¢ IMO2 2
and by the mean-value property of harmonic functions,

— 1
filz) = le(z)fdA = f(2)

. First note that f is harmonic on D!(z)

Hence,
1/2

! V- f@PdAw

MOy, (f)(z) = (IDI( i

Since f is entire, it is homolorphic on D(z,p(z)). Set M = supy;_,_p(, y|f(C)l. By the Cauchy
estimate, |f’(z)| < M/p(z). Using the Taylor expansion, for every w with |w z| < p(z), thereis C

on the segment between z and w such that

f(w)-f(2) =f'(2)(w—2)+%f”(C)(w—Z)Z- (3.1.7)

Note that [C—z| < |[w—z| = sp(z), for some 0 < s < 1. The disk centered at C of radius r := p(z)—|C—z]
is contained in D!(z) = D(z,p(z)). Hence, the Cauchy estimate at C gives

F©I< 5 sup If(x
[x=C|=r

Moreover,

sup |f(x)|< sup [f(¥)|= sup [f(¥I=M,
x—C|=r ly—z<p(2) lv-zl=p(2)

because the supremum over the closed disk is equal to the supremum on the boundary by the
maximum modulus principle. Therefore, the Cauchy estimate at C with radius r yields

2M 2M
O < i

Then (3.1.7) implies that

If (W)= f(2) 2 |If (2)llw 2| - If" )lw - 2|
2
> ‘p<z>|f’<z>|(15_—s)2 ~p(slf ()
’ 52
z)|f(2)] m—&

Hence,

1 | PdA(w) = 1 21 1| o 2 -
T 0P = iy | st esotera

1 .
= 27(J If (z+sp(2)e'?) - f(2)*sds
0

1 ) 2
> 2mp(af @) [ [ o] sds
3/4 2 2
22%(p(Z)If’(z)l)2L2 | s
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Take 1(s) = s2/(1 —s)? —s. Then ¢’(s) = 25/(1 —s)>~1 > 0 for s > 1/2, and thus ¢ is increasing on
[1/2,3/4]. Moreover, 1(1/2) = 1/2. So, 1(s)? > 1(1/2)? = 1/4 for all s € [1/2,3/4]. Hence,

34 2 2 3/4
L/z a1 is)z —s| sds> L/z %ds = %
Therefore, we can conclude that
| 1/2
MO () = (g [Vt = Paaw)

51 ,
> \/ap(Z)lf ()l

Hence,
1/2
oz = [ oterm0s01 202 |
57 1/2
>5[ et @reerasn)
C
So, since f is entire and non-constant, it follows that f ¢ IMO%’z’_l, and thus H 7 is not Hilbert-
Schmidt. O

In the following, we state the Berger-Coburn phenomenon for Hilbert-Schmidt Hankel op-
erators on doubling Fock spaces, and discuss the open problem for the other Schatten classes
Sp, when 1 <p <oco.

Theorem 3.1.22 (Theorem A.1.5, [10], Theorem 1.4). Let ¢ € C*°(C) be subharmonic and suppose
that dy = A¢pdA is a doubling measure. Then for f € L™, Hy € Sz(Fé, Lé) if and only if Hg €
Sz(Fé,Lé), with

IHflls, = [|Hlls,-

Sketch of proof. Let Hy € S,. Since f € L, it is in particular in Ll20c' Then by Theorem 3.1.18,
f e IDAZ?7! for some (equivalent any) r > 0, and ||Hf|ls, =~ ”f”IDA%Z-*l < oo. Then taking,
f = fi+ f, asin Theorem 3.1.17, by (3.1.6) and (3.1.5), we see that

7 1,712 \1/2 “1/{z12 \1/2
IHlls, = If2llipaze-1 S o™ (1f2l?,) 2z =l (A1) < I llipaz2-t-

Hence, Hy € S,. To show that Hj e S5, let {a]-}]?":’1 be a fixed m;r-lattice for some m; € (0,1)
and r > 0. Choose a partition of unity {gbj}]?":’l subordinate to {D""(a;)}. Take f = fi + f»
with f; = Y21 hjpj as in Theorem 3.1.17. Then dfy = F + H, where F = } /2, h;jd; and H =
Z]f";l lp]-ai%j. One can see that |F(z)| < p71(2)G,,.(f)(z), implying that ||F|| > < lIfllipa22-1. Besides,
[|H||[2 < ||8_fl||Lz +||F||z2. Lemma 7.1 in [51] states that for f € C?(C) N L*, there is a constant C,
independent of f such that ||df]|;2 < C||8_f||Lz. Therefore,

I9fill2 = 19fille2 < Cllfillg2 < Cllf llipaz2-1, (3.1.8)
and thus |12 < [Iflyppze-.
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Now, we are left to find a suitable upper bound for ||szl lls, in terms of [|H||;> and ”f”IDAf'Q’*l-
To do this, we proceed as follows. For my,m; € (0,1), (3.1.4) implies that

_ o )
08, < [ [0t [ [T 2
7710 2
Sl (I e
' C

Let z € D"(a;) N D"(ax). Applying the Cauchy estimate, one can see that

10 (2) - T3 ()] < ﬁGz,R(f)(Z)r (3.1.9)

for some R > mym,r. Using (3.1.9) and the identity ohy = Z;il ¢jé(ﬁk - }_1]') +H,

(2P < (0™ (DGar(F)(2) +IH ()P

Since hy is holomorphic, so is dhy, and thus |dh|? is subharmonic. Then, one can show that for
z e D™ (ay),

1
|Dm1m2r( )l Dmlm2'

S (P (2))’Gor(f)(2)? +|H|2mlm2r(z)l

for some R > R. Moreover, one can see that

oo 2
< ZlPkéh_k
k=1

Let w € D"™'(z), and define U, = {z€ C: w € D™'(z)}. Note that by (2.2.2), there are constants
a, B >0, only depending on the doubling constant, such that for every z € U,,, D"™'(z) contains
D% (w), and U,, C DF"(w). Then Fubini’s theorem implies that

|9 (2)]” < I9hk( JPdA(w)

[(FR (2 2]

< (P (@)G2s()(2)) +HP, (2)

mymyr

H2,, ,(z)dA dA(w)dA
| 1P @) - | lel,(Z) o HIPAAGIAC)
XDmlr Z

= J. ( |Dm1r d (z))dA(w)

_ 2

- JC | ( U, |Dm1r ) A(W)

< |2( ) (w) S 1HII7.

Jc

Hence, we can conclude that ||H];l < ||f||IDA3,z,-1. O

Remark 3.1.23. A natural question to ask is if the Berger-Coburn phenomenon for Hankel
operators on doubling Fock spaces holds for other Schatten classes S, with 1 < p < co. This
is an open problem, and is discussed in [10], Remark 6.1 (equivalently, Remark A.6.1). For
1 <p < oo we say that w is a Muckenhoupt weight and write w € A, if there is a constant C >0
such that for any disk B C C, we have

1 _/ p/q
|B| a)dA |B| w TPdA < C < oo,
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where g is the Holder conjugate of p and |B| is the Lebesgue measure of B. As shown in [34], if
w € Ap and 1 < p < oo, then the Ahlfors-Beurling operator

e
1()a) = pom | Hsaace

is bounded on LP(w). Hence, similarly to the proof of Lemma 7.1 in [51], we can show that
when f is bounded,

||af”LP(w) < C”a_f”LP(a))i

where C is a constant depending only on p.

To generalize Theorem 3.1.22 to the other values of 1 < p < o0, our approach would require
the single additional ingredient that w = pP~2 is a Muckenhoupt weight (see (3.1.8)). However,
we have not been able to prove this condition. Notice that when p = 2, w =1 is trivially a
Muckenhoupt weight.

Berger-Coburn phenomenon fails

On Hardy and Bergman spaces, there are bounded functions f, for which H; is compact, while
Hy is not compact, and therefore the Berger-Coburn phenomenon for compact Hankel opera-
tors fails [41]. As an example on the Bergman space, take a Blaschke product b with zeros at
ap =1-1/2F That is,

i @ zeD

blz) = 1-adz ap’

k=1

Because b is a bounded analytic function, H, = 0 is trivially compact, but it can be shown

that b is not in the little Bloch space [11] and hence Hj is not compact according to Axler’s
characterization of compact Hankel operators with conjugate analytic symbols [12].

One can ask if there is a similar phenomenon for Toeplitz operators. One of the simple

properties of Toeplitz operators is that the boundedness of the symbol implies the boundedness

of the operator. However, the converse is generally false.

Example 3.1.24. We show that the converse statement, namely that boundedness of the
Toeplitz operator implies boundedness of the symbol, fails even in the classical Fock space
F2. Consider the family of symbols

1
pc(z) = Ze—’T'Z'Z/C, zeC,

where C € C\ {0}. It is known (see [31, Example 4.3]) that the Toeplitz operator T, is bounded
on F? if and only if

1+ 1‘>1
|zt
Choose C such that . .
Z:—Z-FZ
Then ) . 1
N I 2\ _(_L . E_. 2
qbc(z)_( 4:+z)exp( n( 4+z)|z| ) ( 4+1)exp((4 ln)Izl )
Hence,
lpe(2)] = —l+i eil’ 5 o as |z] = oo,
¢ 4
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so ¢ & L=°(C). On the other hand,

gl
C

and therefore Ty, is bounded on F2. This provides an explicit example of an unbounded sym-

bol whose associated Toeplitz operator is bounded.

Example 3.1.25. An unbounded but Lebesgue square-integrable symbol f gives even rise to
a Hilbert-Schmidt Toeplitz operator Ty. Indeed, let f € L*(C,dA), {en(2)}5~, be the standard
orthonormal basis of F2, and P : L>(C,dA) — F? be the orthogonal projection given in (2.1.2)
with a = 1. Then

ITAIS, = ) IP(fenliZaean < ) _lfenlfocan
n=0 n=0

Using dA(z) = ! e 14”4 A(z) and since the Taylor series expansion of the exponential function
implies that

(o)

Y len(z)? = e,

n=0
we obtain

IR, < 3 | I dac) <o
C

and thus Ty belongs to the Hilbert-Schmidt class. For example, take ID to be the unit disk
centered at the origin. Then f(z) = |z[~1/* Xp(z) is unbounded but belongs to L?*(C,dA). Hence
Ty is Hilbert-Schmidt, and in partlcular bounded, although f ¢ L*(C).

Consider the classical Fock space over C", and let du(z) = e’|z|2/2dA(z)/(27z)”. To character-
ize the boundedness of a Toeplitz operator on the classical Fock space F?(C",dp), instead of
looking at the boundedness of the symbol, it is convenient to look at the heat transform of the
symbol. For t > 0, the heat transform of a symbol g is given by

)= )™ [ gtwpe )

whenever the integral exists. Let k, be the normalized reproducing kernel at a € C*. Then

(Toka k) = ¢1/?)(a), and hence boundedness of T, implies boundedness of g2

. Comparing
with Theorem 3.2.1 in the next section, we see that this necessary condition is also sufficient if g
is a positive function. For general complex-valued symbols, Berger and Coburn [16] showed the
following two complementary norm estimates. First, for t € (0,1/4), there exists Cy(t) such that
Tl < C1(0)1g]lo- Next, for every t € (1/4,1) there exists C,(t) such that [|g{)]|,, < Co(t)| Tll.
Given these two different regimes, the single endpoint t = 1/4 remains unresolved. Berger and
Coburn [16] conjectured that for g with gk, € L*(C",dp) for all a € C", T, is bounded if and

174) is bounded.

only if g

A counterexample to the above conjecture was recently found in [59, Theorem 1.2], which
reads as follows. There exists a measurable symbol g on C" such that gk, € L*(C",dp) for all
a € C", the Toeplitz operator T, extends to a bounded operator on F2(C",dp), and the heat

71/4) is unbounded on C".

transform ¢
For the rest of this section, our main goal is to investigate the Berger-Coburn phenomenon

for Schatten class Hankel operators on doubling Fock spaces when 0 <p <1.
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Consider the Schatten class Hankel operators acting on Fock-type spaces, with 0 <p < 1.
Xia [76] used the following simple function

1 if |z| > 1,
f(z)={"* (3.1.10)
0 if |z| < 1.

to show that the Berger-Coburn phenomenon does not hold for trace-class Hankel operators on
the classical Fock space. Hu and Virtanen [50] noticed that when 0 < p < 1, the same example
shows that there is no Berger-Coburn for Schatten class Hankel operators on generalized Fock
spaces qu) with m < A¢p < M, where m,M > 0. In [10], Theorem 1.6 (equivalently Theorem
A.1.7), we used Xia’s example again to prove that the Berger-Coburn phenomenon fails for
some Sp(Fé, Lé) while it remains open whether it fails for the remaining doubling Fock spaces.
The idea behind the proof is to use Theorem 3.1.18, Theorem 3.1.20, and the growth of the
radius function outside the unit disk centered at the origin (2.2.3). Indeed, taking f as in
(3.1.10), one can show that f € IDAL>™? but fée MOY P, provided the following doubling
condition holds.

Theorem 3.1.26 (Theorem A.1.7, [10], Theorem 1.6). Let ¢ € C*°(C) be subharmonic with dy =
A¢pdA a doubling measure. Recall the growth of the radius function (2.2.3), stating that there are
constants C 17 >0and 0 < p <1, such that C!|z|™ < p(z) < C|z|P when |z| > 1. Then, for 0<p <1
with p < /2, the Berger-Coburn phenomenon for Schatten class Hankel operators fails; that is,
there is an f € L*(C) such that Hy € S (Pi,Lé) but Hpe§ (Fé,Lé))

In particular, when p is bounded, the Berger-Coburn phenomenon fails for all 0 <p < 1.

A simple consequence of the preceding theorem is that if F(% is a doubling Fock space,

then the Berger-Coburn phenomenon fails for S,(F é'qub) provided that p is sufficiently small.
Moreover, the closer p is to 1, i.e., the trace class, the less we know about the Berger-Coburn
phenomenon. Because when p is very close to 1, § must be very close to zero to conclude
that the Berger-Coburn phenomenon fails. However, it will still include a very large class of
doubling Fock spaces, including standard Fock spaces, and Fé with A¢ bounded from below
and above. This is, of course compatible with the known results mentioned above.

Recalling Lemma 2.2.6, it is easy to see that for the canonical doubling weights ¢(z) = |z|",
p =1-m/2. Hence, one can conclude the following.

Corollary 3.1.27 (Corollary A.1.8, [10], Corollary 1.7). Let ¢(z) = |z|", m > 0, and 0 < p < 1.
Then the Berger-Coburn phenomenon fails for S, P2 L2 ) if

p
1—

NI

In particular, if m > 2, then the phenomenon fails for all Schatten classes S, with 0 <p < 1.

3.2 Boundedness, compactness, and Schatten class membership of
Toeplitz operators on Fock-type spaces

In this section, we first recall some known results on the boundedness, compactness, and Schat-
ten class membership of Toeplitz operators acting on Fock-type spaces, including standard,
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doubling, and scalar weighted Fock spaces. Then we investigate the boundedness, compact-
ness, and Schatten class membership of vectorial Toeplitz operators acting on large vector-
valued Fock spaces, based on the results in [6]. A copy of this article is provided in Appendix
B.

Known results about boundedness and compactness of Toeplitz operators on
Fock-type spaces

Consider the standard Fock space F2 over C, and let y be a positive Borel measure on C. Define

the Toeplitz operator T, by

Tu(f)(2) = LK(%w)f(w)eﬂ'dey(w), zeC. (3.2.1)

Note that T}, is very loosely defined here, since it is not clear when the above integral will
converge. Assume that y satisfies

J |K(z,w)|ze_"‘|’”|2d;/t(w) <oo, VzeC. (3.2.2)
C

Then T}, is well defined on span{K; : z € C}, which is a dense subset of F2. Define the Berezin
transform of the measure y on C as

fi(z) = lez(wﬂze_“lwlzdy(w) = Le‘“'z_u"zdy(w), zeC, (3.2.3)

S5_al|52 . . .
awz=3l2" is the normalized Bergman kernel of F2. Moreover, define the av-

where k,(w) = e
eraging function ji, by the average of u over balls B(z,r) = {w € C : |[w—z| < r}. That is

fi-(z) = p(B(z,7))/|B(z,7)|, where |B(z,7)| = mtr? is the Lebesgue measure of the disk B(z,r).

Theorem 3.2.1 (Isralowitz & Zhu [53], Theorem A). Let p be a positive measure, r > 0, and {a,},>1
be a lattice generated by points r and ri. Then the following conditions are equivalent.

1. T, is bounded on F2,

\S]

. jiis bounded on C,
3. u(B(z,r))is bounded on C,
4. The averaging sequence {u(B(a,, r))},>1 is bounded.

Theorem 3.2.2 (Isralowitz & Zhu [53], Theorem B). Let u be a positive measure, r > 0, and {a,},>1
be a lattice generated by points r and ri. Then the following conditions are equivalent.

1. T, is compact on F2,
2. ji(z) > 0as |z| - oo,
3. u(B(z,r)) > 0as |z| — oo,
4. u(B(a,,r)) — 0asn— oo.
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Later, Hu and Lv [44] generalized the above results to T, : FY — Fd for different values of
1 <p,q < co. In the following, we give a summary of their work. For a Borel measure y on C",
and t > 0, define the ¢-Berezin transform of y on C" by

_ f lky(w) e~ 1P dp(w) = J e T gyw), zec (3.2.4)
C C
Notice that ji, is just the Berezin transform (3.2.3).

Definition 3.2.3. Let 0 < p,q < oo, and take y to be a positive measure. We call p a (p,q)-
Fock Carleson measure, if the embedding operator i : Fi — L{(dp) is bounded, i.e., there is a
constant C such that for all f € P,

.

We call p a vanishing (p, q)-Fock Carleson measure, if

2
lim | —3ll
j—ooo n f

whenever {f;};> is a bounded sequence in Ff that converges to zero uniformly on compact
subsets of C" as j — oo.

flz)e 3"

1/q9
duz >) < Cllfllpa

dp(z) =0,

We say that p satisfies the integral property if u is a positive measure satisfying a property
similar to (3.2.2) on C". Moreover, for r > 0, a sequence {a;};>; in C" is called an r-lattice if
{B(ag,r)}k>1 covers C" and {B(ay, r/2)};>1 are pairwise disjoint. The following theorems classify
bounded and compact Toeplitz operators with the symbol y for different values of p and q.

Theorem 3.2.4 (Hu & Lv [44], Theorem 3.1 & Theorem 4.2). Let 1 < p < q < oo and y satisfy the
integral property. Then the following statements are equivalent.

1. T,: FP - Fl is bounded,

2. u(B(-,0)) € L* for some (any) 6 >0,

3. jiy is bounded on C" for some (any) t >0,
4. The sequence {u(B(ay,r))}x>1 is bounded,
5. pisa (p,q)-Fock Carleson measure.

Theorem 3.2.5 (Hu & Lv [44], Theorem 3.2 & Theorem 4.3). Let 1 < p < q < co and p satisfy the
integral property. Then the following statements are equivalent.

1. T,: Fg — PZ is compact,

2. u(B(z,6)) — 0 as |z| = oo for some (any) 6 >0,

W

fit(z) = 0 as |z| = oo for some (any) t >0,

=~

The sequence p(B(ak,r)) = 0 as k — oo for some (any) r > 0,

5. pis avanishing (p,q)-Fock Carleson measure.
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Theorem 3.2.6 (Hu & Lv [44], Theorem 3.3 & Theorem 4.4). Let 1 < g < p < oo and p satisfy the
integral property. Then the following statements are equivalent.

1. T,: FP — F is bounded,
2. T,: Fg — FZ is compact,
3. u(B(-,0)) € LPY(P=9) for some (any) 6 > 0,

4. fi, € LPYP=9 for some (any) t > 0,

rq

5. Y 721 (B(ag,1))P1 < co for some (any) r >0,
6. pisa(pq,pq—p+q)-Fock Carleson measure,
7. pis a vanishing (pq, pq — p + q)-Fock Carleson measure.

Schuster and Varolin [73] later studied the boundedness and compactness of T, on Fg) for
1 < p < oo over C", where ¢ € C3(C") and dd°¢} ~ wy = dd°|z|*, using the following generaliza-
tion of Carleson measures.

Definition 3.2.7. Let y be a positive measure on C" and fix 1 < p < co. We say that p is Carleson

for F (’; if there exists a positive constant C such that

[flPePPdu<C | |flPePPdA, VfeFr.
H
CH C)l (P

That is, the inclusion i : Fg) — LP(e7P?dp) is bounded. Moreover, y is vanishing Carleson if the
inclusion i : FZ) — LP(e"P?dy) is compact.

Theorem 3.2.8 (Schuster & Varolin [73], Theorem 1 & Theorem 2). Let ¢ € C3(C"), dd°¢ ~ w,,
and 1 < p <oo. Let p be a positive measure on C". The Toeplitz T, is given by

T.f(z) = J K(zw) f(w)e 2@ d u(w). (3.2.5)

Then Tﬂ : F

Moreover, T), : Ff;) - Fg) is compact if and only if y is a vanishing Carleson measure.

Zl)) — F(’; is everywhere defined and bounded if and only if p is a Carleson measure.

The above theorem was generalized to T, : Ff;) — Fg), for ¢ € C*(C"), dd°¢ ~ wy, and 0 <
p,q < oo by Hu and Lv [45]. Recalling Remark 2.3.3, we will not state their result here, as we
will state the generalization later for the set of admissible weights as in Definition 2.3.1. For
n = 1, this was also generalized to doubling Fock spaces by Hu and Lv [43] as follows. First,
notice that given an auxiliary parameter t > 0, similarly to (3.2.4), the t-Berezin transform of p
is defined by

s =J Ik (w)l'e P dp(w), zeC, (3.2.6)
C

where k;, is the normalized Bergman kernel of the doubling Fock space Fé. For r > 0, the
r-averaging transform of y is defined by

uD'(2))  wD'(2))
|

fr(z) = D' (2) ~ , zeC. (3.2.7)
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Moreover, Given r > 0, we call a sequence {a;}r>; in C an r-lattice if {D"(ay)};>1 covers C and
the disks {Dr/S(ak)}kzl are pairwise disjoint. Then, the boundedness and compactness of T,

(3.2.5), can be characterized as follows.

Theorem 3.2.9 (Hu & Lv [43], Theorem 3.2). Let 0 < p < q < oo and p a positive Borel measure on

C. Then the following statements are equivalent.
1. Tﬂ : Fg) — Fg) is bounded,
2. i P~9/P4 € L for some (or any) t > 0,
3. fsp?P=9/P4 € L for some (or any) &> 0,

4. The sequence {fi,(ax)p(ar)*P~9/P4}5, € I for some (or any) r-lattice {ay}s.

Theorem 3.2.10 (Hu & Lv [43], Theorem 3.3). Let 0 < p < q < oo and p a positive Borel measure

on C. Then the following statements are equivalent.

. P q -
1. T,,.F¢—>F¢ is compact,

2. ﬁt(z)p(z)z(p‘q)/w — 0 as |z| — oo for some (or any) t >0,

3. fis(2)p(z)*P=9/P4 — 0 as |z| — oo for some (or any) & > 0,

=

4. ﬁr(ak)p(ak)z(p‘q)/pq — 0 as k — oo for some (or any) r-lattice {ay}x>1.

Theorem 3.2.11 (Hu & Lv [43], Theorem 3.4). Let 0 < q < p < co and p a positive Borel measure
on C. Then the following statements are equivalent.

. P q -
1. TP,.F¢—>F¢ is bounded,

. P q .
2. TM.F¢—>F¢ is compact,

3. fiy € LPYP=9 for some (or any) t > 0,
4. pis € LPYP=9 for some (or any) 6> 0,
5. The sequence {ﬁr(ak)p(ak)2(”“7)/P‘7}k21 e 1P/ (p=a) for some (or any) r-lattice {ay}r>1.

Finally, Arrousi, He, Li, and Tong [8] generalized the above theorems to study the bounded-

ness and compactness of T, : Fg — F;, when ¢ € C?(C") is an admissible weight as in Definition

2.3.1. Note that ji; is defined as in (3.2.6), while similarly to (3.2.7), ji,(z) = u(D"(2))/|D"(z)| =~
u(D"(2))/p(2)*".

Theorem 3.2.12 (Arrousi, He, Li, & Tong [8], Theorem 1.1). Let 0 < p < q < oo, p a finite positive
Borel measure on C", ¢ € C*(C") is an admissible weight, and & as in (2.3.13). Then the following

statements are equivalent.
. P q
1. Ty : F¢ —>F¢ is bounded,
2. j;p*"P=1/Pd € L for some (or any) t > 0,

3. fisp?"P=9/Pd € L for some (or any) 0 <6 < a,
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4. The sequence {ﬁr(ak)p(ak)zn(p_q)/pq}kzl € I for some (or any) r-lattice {ay}x>1 with 0 <r < a.

Theorem 3.2.13 (Arrousi, He, Li, & Tong [8], Theorem 1.2). Let 0 < p < g < oo, y a finite positive
Borel measure on C", ¢ € C*(C") is an admissible weight, and « as in (2.3.13). Then the following
statements are equivalent.

1. T,: F(’; — F(?) is compact,
2. jiy(2)p(z)*P=0/P4 — 0 as |z| — oo for some (or any) t >0,

3. 5(z)p(z)2”(P“WW — 0 as |z| — oo for some (or any) 0 <o < a,

=

4. f(ap)p(ar)>"P=9/P4 — 0 as k — co for some (or any) r-lattice {ay )1 with 0 <r < a.

Theorem 3.2.14 (Arrousi, He, Li, & Tong [8], Theorem 1.4). Let 0 < g < p < oo, y a finite positive
Borel measure on C", ¢ € C3(C") is an admissible weight, and & as in (2.3.13). Then the following
statements are equivalent.

1. Tﬂ : F(’; - Fg) is bounded,

2. Ty: Fg — F;I) is compact,

3. iy € LPYP=9) for some (or any) t > 0,

4. fis € LPYP=9) for some (or any) 0< S < a,

5. The sequence {ﬁ,(ak)p(ak)Z”(P‘q)/p‘i}kzl € 1PA(P=) for some (or any) r-lattice {ay}rs, with 0 <

r<La.

Known results about Schatten class membership of Toeplitz operators on

Fock-type spaces

In the following, we state some results regarding the Schatten class membership of the Toeplitz
operator T, acting on standard Fock spaces, doubling Fock spaces, and scalar weighted Fock

spaces.

Theorem 3.2.15 (Isralowitz & Zhu [53], Theorem 4.4 & Theorem 5.4). Let y > 0, 0 < p < oo,
r>0, and {a,},>1 be the lattice in C generated by r and ri. Then the following are equivalent.

1. T, is in the Schatten class Sp(Fﬁ),
2. jelp,

3. u(B(,r))€L?,

4. The sequence {(B(a,,1))}=1 € 1.

Theorem 3.2.16 (Oliver & Pascuas [68], Theorem 6.1). Let u be a locally finite positive Borel
measure on C, 0 < p < oo, and ¢ a doubling weight. Then the following are equivalent.

1. T, is in the Schatten class SP(F(;),

2. There is ro > 0 such that any r-lattice {z;};>1 with 0 <r <r satisfies {fi,(zj)}j>1 € I,
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3. There an r-lattice {z;};> such that {fi,(zj)}i>1 € 1P,
4. Thereis r > 0 such that fi, € LP(C,dA/p?),
5. fi, € LP(C,dA/p?).

Theorem 3.2.17 (Arrousi, He, Li, & Tong [8], Theorem 1.9). Let u be a locally finite positive Borel
measure on C", ¢ € C*(C") is an admissible weight, and 0 < p < co. Then T, € Sp(Fé) if and only if
fip € LP(C",dA/p™").

Boundedness, compactness, and Schatten class membership of vectorial Toeplitz
operators on Large vector-valued Fock spaces

For the rest of this section, we give a summary of our main results [6] (equivalently, Appendix
B) regarding the boundedness, compactness and Schatten class memberships of the vectorial
Toeplitz operator Tg. Recalling Definition 2.4.10 and Definition 2.3.1, for G € Ty(L(H)), one
can define the vectorial Toeplitz operator T : Fé(@”, H) — Fé((E”, H) as

Tof(z) = J n G(w)f (w)K (z,w)e 2P W d A(w),

where K(z,w) is the reproducing kernel of Fé(C”). To characterize the boundedness and com-

pactness of T, we define the Berezin transform G by

G(z) = . k(w)*e NG W)l ey dA(w), zeC",
where for each ze C", k, = KZ/I|KZ||F§)(@,) is the normalized Bergman kernel of F(?)((E”). Forr >0,
the corresponding averaging function G, is defined by

Jorio I6@NIcp0dAw) [, IG@lcoodAw)
ID"(z)l B p(2)?" '

r\Z2) =

Definition 3.2.18. We say that G satisfies the Carleson condition if the inclusion map I :

F%(C”,H) — Lé((E”, H,IGllz#)dA) is bounded, that is, there is a constant C such that

1/2
([ @B 6 @Nepgdan)  <Clflg forf eR@H).  (328)

We say that G satisfies the vanishing Carleson condition if the embedding operator I; :

F;(C”,H) — Lé(C”, H,|IGllz(#)dA) is compact, that is, for any bounded sequence f] °, in

Fi(([l”, H) that converges to zero uniformly on any compact subset of C" as j — oo,

.hmf If; 2B, NG ()l gy dA() = 0. (3.2.9)
j—oo Jn

Remark 3.2.19. For an r-lattice {z}x>; and a real number m > 1, there exists some integer N,
only depending on m and r, such that each z € C" can be in at most N balls of the form D" (z).
That is,

ZXDW )@ <N, forzeC", (3.2.10)
where x is a characteristic functlon of a subset E of C".
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Lemma 3.2.20 (Lemma B.2.6, [6], Lemma 2.6). Let ¢ be an admissible weight, e € H be a unit
element, and k, the normalized reproducing kernel ofFé((E”). The set {k,(-)e : z € C"} is bounded in
F;(C”,H) and k,(-)e — 0 uniformly on any compact subsets of C" as |z| — co.

Theorem 3.2.21 (Theorem B.1.2, [6], Theorem 1.2). Let G € Ty(L(H)) and a be as in (2.3.13).
Then the following conditions are equivalent:

1. Tg :Fé(C”,H)eFé

2. GeL®(C",dA);

(C", H) is bounded;

3. 66 € L*(C",dA) for some (or any) 0 <0 < a;

=~

{E&(Zk)}k is a bounded sequence for some (or any) o-lattice {z}; with 0 <6 < a;

@

G satisfies a Carleson condition.

Moreover,
TGl = IGllr~(cr,aa) = Gsllr=(cr,aa) = {Gs(zi)}llie- (3.2.11)

Sketch of proof. Using (2.3.15), (3.2.10), and Lemma 2.3.6, one can show that (2), (3), and (4)
are equivalent. To show that (1) implies (2), use (2.3.14), positivity of G(w) for every w € C",
Lemma 3.2.20, and Lemma 2.4.3, to see

G(z) = p(2)"e ™ L sup (Gw)k;(w)e, )y K (z,w)e > "W d A(w)

~ p(2)"e”??) sup (TGk,(2)e, e}y (3.2.12)
llell=1
< ITekz(ellp < 1 TGl

To show that (3) implies (1), we first prove that there is a constant C > 0 such that
IT6f15,4 < cf If (w)llFe**™)Gs(w)?dA(w), Vf € F3(C", H),¥6> 0. (3.2.13)
CH
Then Lemma 2.4.3 implies that ||TGf||§’ < ||G5||Lm CrdA) ||f|| 247 and thus T is bounded. To

show that (4) implies (5), note that using Lemma 2. 4 3, (2 3.10), (2.3.12), and (3.2.10), there is
m > 1 such that

||f #e NG (@) cpgdAlz)

) he 2w (3.2.14)
: gp (zk)>" JD (=) (L< It dAW) IG(2)llr)dA(2)

S G5zl 113, -

e

Finally, taking f = k,e in (3.2.8), G(z) < ||k, ||F2 )= =1, and therefore (5) implies (2). O

Theorem 3.2.22 (Theorem B.1.3, [6], Theorem 1.3). Let G € Ty(L(H)) and a be as in (2.3.13).
Then the following conditions are equivalent:

1. Tg :Fi(C”, H) — F;(C”, H) is compact;
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2. G(z) = 0as |z| — oo;

3. @;(z) — 0 as |z| — oo for some (or any) 0 <0 < a;

4. aé(zk) — 0 as k — oo for some (or any) o-lattice {zy}; with 0 <0 < a;
5. G satisfies a vanishing Carleson condition.

Sketch of proof. It is easy to show that (2) implies (3) and (3) implies (4). Let us show that (4)
implies (2). Assuming (4), for every € > 0, there is K € IN such that whenever k > K, Gs(zr) <e.
Take m as in (2.3.12). Then

COs [, kP NG wgdAw)
] mo

+ Z p(zk)zné5(zk) sup |kz(w)|2e_2¢(w)].
k=K+1 weDO(z)

Using Lemma 2.3.6 and (3.2.10) we obtain

(o)

Z p(z) ™" Gs(2)

k=K+1 weD?(z)

sup |kz<w>|2e-2¢<w)]

(o)

> kP s
D""S(Zk)

k=K+1
<eE€.

< sup Gyl(z) (3-2.15)

k>K+1

S eNJlk.|1?

F2 Cn)

Moreover, part (e) of Lemma 2.3.5 implies that as |z| — oo,

j k)P NG o dAw) < €
kK:IDmo(Z)

which together with (3.2.15) implies (2). To show that (1) implies (2), use Lemma 3.2.20, com-
pactness of Tg, and (3.2.12), to conclude that as |z| — co, G(z) < ITgk:ell2,4 — 0. To show that
(3) implies (1), let € > 0 be arbitrary and {f]};":’1 be a sequence in F;(C”, H) that converges to
zero uniformly on any compact subset of C". By assumption, there is some R > 0 such that

Gs(z) < Ve, whenever |z| > R. This together with (3.2.13), for big enough j we have

||Tcﬁ||§,¢sfl|<R s(W)llfj(w)ll3e* d Aw)

+J|\Z|>R ”f] ||He—2q§ dA( ) (3216)

S €+€||f]||2¢ <€

and thus (1) holds. To show that (4) implies (5), let {f;}x be a bounded sequence in F;(C”,H)

that converges to zero uniformly on compact subsets of C". By our assumption, letting € > 0,

there exists ro > 0 such that sup, Gs(zi) < €. Observe that there is ry < r; such thatif a point

k|>ru ~
z; of the sequence {z;}; belongs to {|z| < 7o}, then D°(z;) C {|z| < r1}. So take k big enough such
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that sup (lzl<r,) lf¢(2)ll < €. This together with (3.2.10), we obtain

fnfk (DIR.e 2N G(2) o dA2)

< f fel2) e 2P DNG )l dA ()
{lcl<r)
+ sup Gy(z) Z f Il e
|Zk|>r |zk|>r
Se+ ellfkllz’(l, <
This implies (5). Finally, assuming (5), I; : F;(c:", H) — Lj,(cn, H,|IGllz(2)dA) is compact. Using
(3.2.9) and Lemma 3.2.20, we have

c Ik (w)Pe 2P G(w)llcagd A(w) — 0, as |z] - oo,

and therefore (2) holds. This proves the desired result and completes the proof. O]

To characterize the Schatten class membership of the vectorial Toeplitz operator T, we
define the operator-valued Berezin transform of G by

GP(z)= | I|ky(w)?e 2™ G(w)dA(w), zeC",
Cn

and the corresponding averaging operator by
i S@IAW) [, GldAw)
IDr( ) p2> 7

Theorem 3.2.23 (Theorem B.1.4, [6], Theorem 1.4). Let 1 <p < o0, and 0 < 6 < a, where a is as
in (2.3.13). Then for any orthonormal basis {e,,},,>1 of H, the following statements are equivalent:

G/ (2) zeC".

1. The operator Tg belongs to Sp(Fj)(C”,H));

2.

= o ZE
Jo. e @remenn) (E5 <o

= aA(2)
I ) (G @remenn) S5 <o

4. Let {zj};>1 be a 6-lattice. Then
- p
(G () em endn) <eo.
j,m=1

The characterization of Schatten class membership of Toeplitz operators Tg, for 0 <p <1,
is more complicated. As one can see in Theorem 3.2.26, to get a full charaterization, we need
to add an extra condition about the symbol G(z), that is, G(z) is a compact operator on H, for
every z € C". However, sufficient conditions for T € Sp(F(ZP((E”, H)) is exactly as those when
1 <p < o0, as explained in Proposition 3.2.25 below.
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Proposition 3.2.24 (Proposition B.1.5, [6], Proposition 1.5). Let 0 <p <1, and 0 < 6 < a, where
a is as in (2.3.13). Then for any orthonormal basis {e,,},>1 of H, the following statements are

equivalent:
1.
r [Se]
Y (G @ememn) “AE) < o,
JC P(Z)
2.
[ A dA(z)
(G (2) ey e P < 005
Jor Z( > () H) p(z)%"

Proposition 3.2.25 (Proposition B.1.6, [6], Proposition 1.6). Let 0 <p <1, and 0 < 0 < a, where
a is as in (2.3.13). If there is an orthonormal basis {e,,},>1 of H, such that

- alY dA()
Jo. & @remennd S5 <o

then the operator Tg belongs to SP(F(%((E”, H)).

The following theorem gives the necessary condition for the Schatten class membership of

T; by assuming that G(z) is a compact operator on H.

Theorem 3.2.26 (Theorem B.1.7, [6], Theorem 1.7). Let 0 < p < 1, 6 < min(1/2, &), where a
is as in (2.3.13), and {Zj}jzl be a o-lattice. Assume that G(z) is compact for every z € C", and
T; € SP(F(?)((E”,H)). Then there is a family of orthonormal bases {e;ﬂ}mzl of H, possibly depending
on zj € C", such that

[e]

Y (Gt ehehn) <o

j.m=1
where {ef'ﬂ}mzl is the basis of H, obtained by eigenvectors of Ggp(z]-), for each j > 1.

Here we will not give proofs of Theorem 3.2.23, and Proposition 3.2.24. We encourage the
interested readers to check [6] (equivalently, Appendix B). The proof of Theorem 3.2.26 is more
complicated, and hence it is nice to see a sketch of the proof. To do this, we give the following
lemmas. The idea of the proof originally comes from the work of Luecking [61] in studying the
Schatten class Toeplitz operators on Hardy and Bergman spaces. Later, an analogous idea was
applied to studying the Schatten class Toeplitz operators with measure symbols on doubling
Fock spaces in [68]. This approach has also been used to study the Schatten class Hankel
operators acting on generalized Fock spaces in [10, 51].

Lemma 3.2.27 (Lemma B.2.16, [6], Lemma 2.15). Assume that the vectorial Toeplitz operator

T; : Fé(C”,H) - Fé((E”,H) is compact. Moreover, take G(w) : H — H to be compact for every

w e C" and let 6 > 0. Then for every fixed z € C", the average operator

GF(z) ~ G H—
> (@) L“(z) w) p(w)?" HoH
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is compact.

Lemma 3.2.28 (Lemma B.4.1, [6], Lemma 4.1). For R > 0 and any finite sequence {z ] | of differ-
ent points in C", let

MR({zj}}”:l) := max #{k €{1,---,m}:|z; — zx| < Rmin(p(z;), p(zx))}-

Then {z }’”1 can be partitioned into at most Mg({z;}7L,) subsequences such that any two different

7j=1
points z; and zy in the same subsequence satisfy either z; & DR(zy), or z; & DR(zj). That is, |zj — z| >

Rmin(p(zj),p(zk))'

Lemma 3.2.29 (Lemma B.4.2, [6], Lemma 4.2). Let 6 > 0, R > 1, and {z;};5, be a o-lattice.
Then Mg({z } )< 62"RA1572" Ny, for every finite sublattice {z ]}]_1, where as in (3.2.10), Ny =

SUP e Z}:l XD«S(Z].)(Z)'

Sketch of proof of Theorem 3.2.26. Assume that 0 <9< 1/2, R>1, and fix M € IN. Let {z }] , be

the finite sublattice obtained by considering the first M elements of the o-lattice {z};>;. Then
Lemma 3.2.28 implies that {z }M1 can be partitioned into Mg({z; } 1) subsequences such that
any two different points a; and aj in the same subsequence satisfy |a —ar| > Rmin(p(a;), p(a))-
Let {aj};:1 be one such subsequence. Let {By,(z) = fi(z)em}k,m>1 be an orthonormal basis
of F;(C”, H) with {fi}x>1 being an orthonormal ba51s of F(?)((E”), and f{e,,},,>1 any orthonor-
mal basis of H. We can construct a bounded linear operator A on Fé(C”,H) by Af(z) =
Lrm=1{f>Bmka (2)en. Let U(z) = ( ;:lxDa(aj)(z))G(z). Then U < NG, where N is as in
(3.2.10). That is, NG(z) — U(z) is a positive operator on H for every z € C". Since Tg € S,
we can conclude that Ty € S,, and ||TU||SP < N||TG||5p. Set T = A*T; A such that ||T||5p < ||TU||SP.
It is easy to see that when k,m > s, (T By ,,, By ,u) = (TyABy 1, ABk,,) = 0. We can split T as

T = D, + M;, where Dy is the diagonal operator defined by
S
D,f = Z (TBi,m>Bi,m){fBk,m)Bx,m» where f eFé(C",H), (3.2.17)
k,m=1

and M; is the off-diagonal operator defined by

S S S S

Msf: Z Z (TBk,m’Br,an’Bk,m)Br,n+ Z Z<TBk,mrBr,m)(lek,m>Br,m
k,m=1 rn=1 k,m=1 r:kl
| e ke (3.2.18)
+ Z Z(TBk,m: Bk,n)(fer,m>Bk,n’ where f € Pé)(cn’ H).
k,m=1 n=1
m#n,

Recall that U(z) = 0 if z ¢ szlD‘S(a]-). Then using (2.3.15), and positivity of G(z) and Ggp(z),
there is a constant C; > 0, only depending on 6 such that

DG 2 Cr ) ) (G @em i) (3.2.19)

m=1 k=1
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On the other hand, by Proposition 1.29 in [80], the fact that (x+y)? < xP+yP for p < 1, definition
of U(z), and positivity of G(z), we obtain

IM;]fs < NP Z Z

r,k=1m,n=1
rzk mMFn

NP Z Z ZI (G(2)em emdplka, (2)llks (2)le >PPdA(2)
o 4

k,r=1m=1
r#k

S S

+ NP E E
k=1 n=1
m#n

p

ij( )(G(Z)em, e”>H|kak(z)”ka,(zﬂeiz(b(z)dA(z)

=1

p
(3.2.20)

p

Y| Gt @A)
Do(aj)

j=1

Define S
i (Gis) = Zf s (G enymlke, (2)lk,, (2)le 2P dA(2).
j_l Do(a;

Since k # r, then |ay — a,| > Rmin(p(ay), p(a,)). Thus for z e D‘S(a]') it is easy to see that either
|z —ax| > Rmin(p(z), p(ax)), (3.2.21)

or
|z~ a,| > Rmin(p(2), p(a,)), (3.2.22)

where R = % Using (2.3.6) and (2.3.14), we can write

e_Te[d(/)(Z’ak)_"d(f)(zlar)]

p(z)"

ko, (2)lIky, (2)]e>P) < ko, (2)1"2 kg, (2)] /2,
Furthermore, since z € D‘S(aj), and r # k, we can assume that j # k, and by the above argu-
ment we have dy(z,ax) +dy(z,a,) > dy(a,, ax) > R. Hence, for z € Dé(a]-), we can conclude that

e 7 [ (Batdy(za)] < o5 R Hence, using p(z) ~ p(a;), we obtain

S

JiGs) s e¥R)

j=1

1
p(aj)"

f (G(2)em, enYrlka, () 2|k, (2)]V2e PP dA2).
Dé(ﬂj)
By Lemma 2.3.6 we have

1/p

_ 1 _p

kg, (2)] /2?2 < (p(z—)2 fm( )lkak<é>|r’/2e ‘2’4’<5>dA<5>) :
z

Since z € Dé(aj), there exists some m; > 1 such that D?(z) C D’”lé(aj). Therefore,

1/p
_ 1 ) 1
|ky, (2)[/ 20122 < —p(z)z,q/,,[L,W)|kak<cs>|f’/2e ; <‘f>dA<5>] = Sk(a))'’?,
]

where

Sk(z) = f ko ()2 20 dAE).
Dmlb(z)

Similarly,

_ 1
N S )
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Therefore,

S

—€D 1
JiM(G,s) s ez R j G(2)ep en)1y————Sk(a;) /P S, (a:)/PdA
oy (Gs)se Dé(ﬂ( (2)em e >Hp( o k(a;)'PS,(a;) (2).

= p(a;)"
Since0<p<1,4/p—-1>1,and

S
—€D _é
JMG,s) s eTRY pla)™ P Sk(a) 7S, () PG (a)) e enn
=1

Then since 0<p <1,
SR
i (Gos)| ZI(GO” Vems en)ul? p(a;)" Py (a))S, (aj). (3.2.23)
Using (3.2.10), (2.3.14), (2.3.16), and Lemma 2.3.6, we can show that

) Skla)<N p(£) 7 dA(E) = p(a) ™7,

Dmlé(aj)

where the constant only depends on o. This together with (3.2.23) implies that

zWrnGs Ser ZI(G”” em en)nlP, (3.2.24)

k,r=1
rzk

where the constant only depends on 0 < 6 <1/2.

Since Tg € S (Fé(([:” H)), itis in particular compact. Lemma 3.2.27 along with compactness
of G(w) for every w € C" then implies that G Pla j) is a compact operator on H for every a; € C".
Since G5 (aj) is positive, it is, in partlcular, self—ad]01nt. Then the spectral Theorem for self-
adjoint and compact operators implies that for each j > 1, there exists an orthonormal basis
{e{ﬂ}mzl of H consisting of eigenvectors of Ggp(aj). That is,

H= span{e{n}, where m > 1.

Hence, (G (a )em, en>H 0, for m # n. Comparing (3.2.20) with (3.2.23), and by the positivity
of G P(a i), we can see that

MG < Z Z G, Z Z J™M(G,s)) Z ZU:;" (G,s)f

=1 rmn=1 k,m= 1r =1 n=1
rzk,m=n m=n
L" A0 0
RZ Z |<G P em:en>H|p+e 2 ZZKG p em:em>H|p
j=1 m,n=1 m=1 j=1
m=n (3.2.25)
R A0
Z Z KG3F (a))ehs ehyrl?
j=1 m,n=1
m#n
d P
Pe R A0
=R Y (G @jlehnelne)
j,m=1
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where the first and the third terms vanish because of the compactness argument above. Note
that inequality (3.2.24) was established for an arbitrary orthonormal basis {e,,},,>1 of H, and the
constant involved does not depend on the chosen basis. Hen'ce, for each fixed index j, we may
apply (3.2.24) with a possibly different orthonormal basis {ein}mzl, for instance, the eigenbasis
of égp(aj). Doing so yields a valid inequality for each j, and summing these inequalities over
j gives (3.2.25). In other words, the passage from (3.2.24) to (3.2.25) does not require a single
global orthonormal basis.

Therefore, by (3.2.19) and (3.2.25), we can conclude that

TGl 2 ITIE, > DI ~ M

I 3.2.26
> (Cr-QUN)EFR) ) (G )b 5226

m,j=1

where Q(N) is some power of N, not depending on s. Since e 7R 5 0as R — oo, there is always

a constant R = R(p, 0, N) such that C(p,o,N) =C; - Q(N)e_TpeR > 0.

Fix M to be a positive integer. Then Lemma 3.2.29 implies that {zj}M

j=1
into at most 62"R*"5~2" Ny subsequences such that any different points zj and zi in the same

can be partitioned

subsequence satisfy |z; — zt| > Rmin(p(z;), p(z¢)). Then by (3.2.26), we obtain

M
A P P i _ _
Y (€GP et ehne) < Clpo, N3 6" R¥6™ N |Tg < oo

m,j=1

Since the RHS does not depend on M, we are done with the proof of Theorem 3.2.23. O

3.3 The Berezin transform on Fock-type spaces and fixed point
theorems

We begin this section by defining the Berezin transform for standard Fock spaces. Investigating
the relationship between the Berezin transform and the heat equation shows that the bounded
fixed points of the Berezin transform for standard Fock spaces are harmonic. We then study
the Berezin transform on the Fock-type space F2, m > 0!, and give a detailed summary of our
paper [9] (equivalently, Appendix C) on fixed points of the Berezin transform on Fock-type
spaces. The main result is that when m = 2, i.e., the classical Fock space, every polynomial
fixed point is harmonic.

For general m > 0, the situation is more complicated. While in the classical case m = 2 all
polynomial fixed points are harmonic, for general m non-harmonic polynomial fixed points
may occur. However, these exceptional cases are highly constrained, and in a precise sense
(made explicit later) harmonicity remains the generic behavior.

In this section, we use a different normalization of the weight and consider the space of functions in
LZ(C, el dA). This corresponds to the doubling Fock space F;S with q§(z) = %|z|m, and hence differs from the

canonical doubling Fock space F2, defined in Chapter 2, which is based on the doubling weight ¢(z) = |z|"". This
distinction only affects normalization constants and does not change the qualitative behavior of the Berezin trans-
form.
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Berezin transform on standard Fock spaces and famous fixed point results

Recall the standard Fock space F2 and let k, = K,/||K,l|,,, be the normalized reproducing ker-
nel. Given a Lebesgue measurable function f with f|k,|*> € L'(C,d),), we define the Berezin
transform f on C as

Bof(2) = f(2) = {fks ko) = L k. (W)l f (w)d A,

Jo

- %L fw)e =P gA(w)

 F(w)d A, (w)

ociw—%|z|2

e

(3.3.1)

= J flzxw)dA,(w).
C

Therefore, the Berezin transform for standard Fock spaces is a convolution with a Gaussian
function.

Now, we explain the relationship between the Berezin transform over standard Fock spaces
and the heat equation, and use it to show that the bounded fixed points of the Berezin trans-
form must be harmonic.

Theorem 3.3.1 ([79], Theorem 3.13). Let H; = By; for any positive parameter t. Then we have the
following semigroup property.
HSHt - H5+t’ VS, > 0

Theorem 3.3.2 ([79], Theorem 3.14). Let f be a measurable function on C such that

| et dag) <o
C

for every a > 0 and every z € C. For t > 0, define

u(z,t):= H f (z) = % J;: Fw)e Tt gAw).

Then u is defined on C x (0,00). The function u, written in real variables as u(x,y,t) with z = x + 1y,
is in C*(IR? x (0, 00)) and satisfies the heat equation

?u  d*u du

—t—— =4 3.3.2

PR N T (3:3.2)
for all (x,y,t) € R? x (0, 00). Moreover, if f is bounded and continuous on C, then u also satisfies the
initial condition

lim H;f(z) = f(z), VzeC.

t—0*

The above assumption on f defines a large class of functions. For example, it is satisfied
by every function in LP(C), 1 < p < o0, and in particular by compactly supported functions and
Schwartz functions. More generally, it is satisfied by locally integrable functions whose growth
at infinity is slower than every Gaussian.

Note that in the heat equation (3.3.2), the value u(x,y,t) represents the temperature at the
point (x,y) € C at time . Thus, the function f(z) represents the initial temperature distribution
in the complex plane at time ¢t = 0. With this interpretation, the assumption that f be bounded
and continuous is reasonable.
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Corollary 3.3.3. For any positive a and p,

BaBﬁ = Bﬂ = BﬁBa

a+p

In particular, B2 = B, . If f is bounded and continuous, then

lim B,f(z)=f(z), VzeC.

a—>00

Proof. It is a direct consequence of Theorem 3.3.1 and Theorem 3.3.2. O

Theorem 3.3.4 ([79], Theorem 3.25). Let f € L*(C), and n is a positive integer. Then

Cllflleo
N

for all zand w in C, where C = Va/m. In particular, the Berezin transform B, f is Lipschitz contin-

|Baf(2) =B f(w)l <

|Z - W|,

uous as a function of z, i.e., there exists C > 0 such that
Bof(2) = Bof (w)l < Clz—wl, zweC.

Theorem 3.3.5 ([79], Proposition 3.27). If f € L™(C), then the following conditions are equivalent.

L f=f
2. f is harmonic,

3. f is constant.

Proof. First, we show that (2) is equivalent to (3). Trivially, every constant function is harmonic.
To see that (2) implies (3), write f(z) = u(x,y) +iv(x,y). Since f is bounded, both u# and v are
bounded, as real-valued functions over C. Moreover, since f is harmonic, Af = Au +iAv =0,
implying that both u# and v are harmonic. Let ¥ be the harmonic conjugate of u. That is,
g(z) = u(z) + iv(z) is an entire function. Let h(z) = e?). Then h is entire, and its modulus
|h(z)| = eRe2l8(2) = ¢4(2) is bounded. Liouville’s theorem states that any bounded entire function
is constant. Thus, h is constant, implying that u is constant. Similarly, one can show that v
is constant, and therefore f is constant. To show that (3) implies (1), let f be constant. Then
f={fk, k) = f”kZ”%,a = f. Finally, to see that (1) implies (3), let f = f. Then (f)" = f for all
positive integers n. By Theorem 3.3.4, there is a positive constant C such that

. y Cllflles
() - (Pl = 1)~ fw) < Do,y
\n
for all z,w € C with z # w. Letting n — oo, we see that f must be a constant. O

Remark 3.3.6. Englis [38, 36] (see also [79, section 3.3]) showed that on the classical Fock space
F?, there are non harmonic fixed points of the corresponding Berezin transform. For example
f(x+iy) = e** is fixed in F? for any a,b € C such that a?+b? = 87i, however f is not harmonic.
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Berezin transform on F2,, m > 0: Fock-type space

| m

dA), where dA =rdrd0/2m
is the Lebesgue measure on C. L2, is a Hilbert space with respect to the inner product

Let m be a positive real number. Consider the space L2, = L?(C, e

(8= Lf(z@e—'Z'"‘dA@), fgell.

Then the Fock-type space F2, is defined as the subspace of holomorphic functions in L*(C,e " dA).
We emphasize that this normalization differs from Definition 2.2.7, where the canonical

doubling Fock space F2 is defined using the weight e 2Fl".

The present space corresponds
instead to the doubling Fock space associated with the weight ¢(z) = %|Z|m.

An important observation is that the Bergman kernel of F2 has an explicit form. Given a
function f € F2, its Taylor series f(z) = Z;’ioszj converges uniformly on compact subsets of C.

Furthermore,

IFIP = | If(2)Pe ™" dA(z)
JC
= ijzj]_‘kzke_'Z'mdA(z)
\JC].,k:O
27 co
_ - H k ‘6 '_k _ mrdrde
= fo Zf].fkrﬁ 10U )er7

JO jrk:()

[ee]

2 [ 2je1
=Y P | e dr

j=0 0
B '21 2j+2)
_Zlﬂl Er( m )

We note that the scalar product for f,g € F2 is defined by

~

(f.g)= ch<z>@e—'2"“ dA(z)

r o0
Z f]-zfgike_lzlm dA(z)
Ck=0

27 oo
_ = jekel jio(j—k) —m ArdO
— f]gkr e e =
R e

N o 1272
_fojngr( m )
j=0

Hence, the monomials z", with n=0,1,2,--- form an orthogonal basis for F,zn. In particular,

{‘/md]-zj; j:0,1,2,~-}

is an orthonormal basis for F2, where

-

(3.3.3)



To find the Bergman kernel, we proceed as follows. Let f € F2 and z € C. Then

|—|Zf]z]|<Z|f]|| |J—Z i ,/ jlab
. |f|2 1/2 oo 1/2
gl

j:O ]:0

The first sum on the right hand side equals ||f|| and the ratio test shows that the second
sum above converge uniformly on compact subsets. Thus, the evaluation map f — f(z) is a
bounded linear functional on C and uniformly bounded for z. Furthermore, F2 is closed in-
side L%(C,e " dA), and hence a Hilbert space. Thus, there exists K, , € F2 such that for any
feF2, f(z)={f, Ky,,2)- Indeed,

00 ' S 1
= Zo,f}zj = Zo’fjmdjzjm_dj = <fme,z>r
1= ]=

where, K, ,(w) =m Z]?’io d]-wfzf', for any z, w € C. From now on, we will write

wiz/
K, (w,z) = K mZd wizl = mZ 2]+2

H’!Z

~ K
of F2,. One can define the Berezin transform of a function f as

Definition 3.3.7 (Berezin transform on F2). Let k,, , = ] be the normalized Bergman kernel

Bouf(2) = (Fhoarkms) = Lf<w>|km,z<w>|2e-'"f'"‘dA<w>,
whenever the above integral exists.

Proposition 3.3.8. Let m > 0. The Berezin transform B,, is defined on any polynomial in z and Z.

Proof. Let f = f(z,Z) be a polynomial of degree n. That is, f can be written as

f(z,2)= Z a;jz'?
i,j>0
i+j<n

for constants 4;;. Then

B, f(2) = Lf(w, D)k o) A (w)

1 o "
= ( a;:w'w)|K,, (z,w)Pe " dA(w)
Km(Z,Z)J:E Z>6 ] m
Liz (3.3.4)

1+]<7’l

Z aij dedlz f wiwlokwle " dAw).
,j=0 k,1=0

l+]<1/l

Let
A= J w itk e g A(w),
C
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Then 2
0 TT
:J f pitljkl piO+=j=k) =" 3. 10 /277
0o Jo

When i > j, the above integral is nonzero only for k =i+1—j, and when j > i, A is nonzero only
for I = j+ k—i. First, take i > j. Then

A foo sty Lp 204D +2) 1 1
0

m m md;,
Therefore,
— disi-jd)
1"’ -j i+1—j 51
Buf(2) = K ayj) ——zz

j=0 =0 disi
Sn

1 1+l -j d 1+l ] l

ity auz
i,j>0 =0 z+l
i+j<n

We are left to show that the above sum converges for every z € C. Let

- i+1—1 =1 di+l—jdl
S(z,z) = Zalzz 'z, whereaj = ———.
— dit

Using the Stirling formula for gamma functions, we will show that a; — 0 as | — oo exponen-

tially fast. Indeed, let @ = 2/m, and recall the Stirling formula T'(x) ~ V27x¥1/2¢7*

Then

as X — oo.

T(a(i+1+1)) _ T(al+Cy)
T(a(i+1—j+1)(a(+1) T(al+Cy)l(al+Cs)

a) =

Where C; =a(i+1), C, =a(i—j+1),and C3 = a. Applying Stirling’s formula to al — oo,

(Oél + Cl )(al+C1—1/2)e—(al+C1)

ar ~
l /_27‘((061 + Cz)(“Z+C2_1/2)e_(“l+C2)(al + C3)(al+C3—1/2)e—(al+C3)
Ceal
- as | — oo,

(al)“l’

for some constant c. We want to show that S(z,2) = } 12, a2 1|z]* converges absolutely for
every z € C. Using the root test for convergence, take b; = |aj||z|?. Then

N1l = a1 |21> — /e (al) @|z> - 0, as]— oo.

Thus, S(z,2) is absolutely convergent for any z € C. The case of i < j can be done similarly, and
we can conclude that for any polynomial f, and any z € C, B,, f (z) is finite. ]
Polynomial fixed points of the Berezin transform on Fock-Type spaces

In the following, we give a summary of our paper [9] (equivalently, Appendix C) about the
polynomial fixed points of the Berezin transform on F72,, where m > 0. We will see that most of
the polynomials which are fixed under the Berezin transform are harmonic.

Proposition 3.3.9 (Lemma C.3.1, [9], Lemma 2). Let m > 0 and B,, be the Berezin transform on
F2. Then harmonic polynomials in z and Z are fixed points of the Berezin transform.
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Proof. Assume that f is a holomorphic polynomial. Since {z" : n =0,1,---} is an orthogonal
basis for F2, one can see that f € F2. Moreover, Lemma 5.2 in [20] states that when f is a
polynomial, fK,, , € L, for every z € C. Hence, the reproducing kernel property implies that

~ [ Fwlk e daw) - [ 70Ky )
c ) Je

Kinz(2)f (2)
1Ko 212

ml(z,z

) ﬁLKm‘z’“’>[Km,z<w>f<w>]e-'“"”’dA(w) = = f(2)

The same holds with f replaced by f, and thus f + ¢ is fixed under the Berezin transformation
whenever f and g are both holomorphic polynomials. Since harmonic functions can be written
as a sum of holomorphic and conjugate holomorphic functions, any harmonic polynomial is a
fixed point of the Berezin transformation. O]

Now that we know that harmonic polynomials are fixed points of the Berezin transform B,,
for every positive m, our focus now is to investigate whether every polynomial f which is fixed
under B,,, i.e., B,,,f = f, is harmonic and how the value of m affects the picture.

Lemma 3.3.10 (Lemma C.2.1, [9], Lemma 1). Let B(-,-) be the beta function, and k a positive
integer. The function x — B(x,k —x) is convex on (0, k) and attains its minimum at x = k/2.

Let us define
n
Hye=1Y aj?*'5:aeC
j=0

for n,t € N, and
n

Hn,’( = Za]-z]ﬂ_T 14 eC
j=0

for t € Z\ NNy and n € IN(, where INj is the set of non-negative integers.

Lemma 3.3.11 (Lemma C.3.3, [9], Lemma 4). Let f be a polynomial (of z and Z) of degree n such
that B,,,f = f. Then
n
f=) fo

T=—n

where f. € H, . and B, f, = f for t =—-n,...,n.

Theorem 3.3.12 (Theorem C.1.1, [9], Theorem 1). Assume that B,,f = f for a polynomial f of z
and z with nonnegative coefficients and for some m > 0. Then f is harmonic.

Sketch of proof. Using Lemma 3.3.11 and by contradiction, it is enough to show that the non-
harmonic polynomial f(z) Z" aj 2721, with n e Ny, 0 < 7 < n, aj >0,and a, > 0is not a
fixed point. Similarly to (3.3.4), one can see that

(o)

diedr | 5
A fi =3 e
mf d]+l+r
1=0 j=1
and
o0 n [ee) n
Km(z,z)f(z):mz a;dyz 5 :’”Z aidy_ 277,
1=0 j=1 I=j j=1
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Assuming B, f = f,

E & dp.d
0 = Ky(2,2)B,uf (2) — Kin(2,2) f (2) =m T

1=0 j=1 j+T+l

(3.3.5)
+mZ aj(dl+1 —dl')ZHTZl,
1= j=1 jHT+l
for all z. Using Lemma 3.3.10, one can see that Z’_*—le’ —d;_; > 0. Hence, a, > 0 implies
jHT+

K,(z,2)B,,f (z) - K,;(z,2)f (z) 2 0, which contradicts (3.3.5). Thus, f is not a fixed point. O

When m = 2, one can write the Berezin transform as

Bof(2) = 2Lf(z+ £)e Kl dA(),

where dA = rdrd6/2m. Notice that since we normalize dA by 27, the above formula has a
multiple of 2 instead of 1/7 as in (3.3.1). Computing B,f for f = z/*72/, where j € N and
T € N, obtaining the matrix representation of B, over a suitable basis, and applying the rank-
nullity theorem, one can conclude the following theorem.

Theorem 3.3.13 (Theorem C.1.2, [9], Theorem 2). Let f be a polynomial of z and Z such that
Byf = f. Then f is harmonic.

Notice that the above theorem is different from Theorem 3.3.5, as polynomials are not
bounded.

Remark 3.3.14. The conclusion of Theorem 3.3.13 can be viewed as a Liouville-type result for
fixed points of the Berezin transform. It is worth noting that every polynomial in z and Z on
C" defines a tempered distribution, i.e., C[z,z] C S’(C"). In this broader setting, a stronger
statement is available: if u € S’(C") satisfies B[u] = u in the classical Fock space, then u is a
harmonic polynomial; see Lemma 2.8 in [15]. This can be interpreted as a Liouville theorem
for tempered distributions and thus constitutes a generalization of Theorem 3.3.13.

However, the proof of Theorem 3.3.13 given in Appendix C (See the proof of Theo-
rem C.1.2) is of a different nature. The argument in which Lemma 2.8 in [15] is based on,
relies on the identification of the Berezin transform with a Gaussian convolution (equivalently,
the heat semigroup) and uses Fourier-analytic methods in S’(C"). In contrast, our proof does
not pass through the Laplacian or distributional techniques. Instead, it is based on the alge-
braic structure of the Berezin transform acting on polynomials and the decomposition results
developed in Appendix C, in particular Lemmas C.3.3 and C.5.1, together with the argument
in the proof of Theorem C.1.2. This approach works directly within the function-theoretic
framework of Fock-type spaces and does not rely on the heat semigroup structure, which in
general is not available beyond the classical case.

For m = 2, the situation is more difficult, since the Bergman kernels do not have a closed
form and the computations involve many gamma functions. Our main result shows that B, f =
f for a polynomial f implies that f is harmonic for all m, except possibly countably many m.

Theorem 3.3.15 (Theorem C.1.3, [9], Theorem 3). For n € IN, there exists a discrete (possibly
empty) set Z,, C (0,00) with no cluster points in (0, c0) such that if m € (0,00)\ Z,, and B,,f = f fora
polynomial f of degree at most n, then f is harmonic.
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Sketch of proof. By Lemma 3.3.11, it is enough to prove the theorem for functions f € H,, .,
where 0 <t <n. Foranyze Cand f € H, ,, define

Tm,nf(z) = Km(Z, Z)Bmf(z) —Km(Z, Z)f(Z)

Then ker(B,, —I) = ker(T,,,) 2 span{z*} = ker(T,,), and rank(B,, — I) = rank(T,,,) < n

= , =

rank(T,,). For any m > 0, the rank-nullity theorem implies that rank(T,, ,) + dim(ker(T,, ,))
dim(H,, ;) = n+1. Then, similarly to (3.3.5),

j-1 00
e dp.d djy.d
T n(2Z7°2) =m “Hll gl +mZ bl —d_; 273!
=0 dj+1+l =] dj+1+l

o0
Za]’k(m)zk+TZk,

k=0

where each a; ; is holomorphic on U = {z € C: Re(z) > 0}, by properties of the gamma function.
Note that the matrix [a; x(m)] is of size co x (n+1). Let A = [a; k(2)]cox(n+1)- By Theorem 3.3.13,
rank(T, ,) = n, implying that rank(A) = n. Recall from linear algebra that the rank of a matrix
equals the size, i.e., the number of rows or columns, of the largest square submatrix that has a
non-zero determinant. Thus, there exists an n x n submatrix S,,(2) of A such that det(S,,(2)) = 0.
Choosing the same fixed row/column indices that give the nonzero minor at m = 2, produces
a finite matrix S, (m) whose entries are holomorphic functions on U. This is because each a;
is holomorphic on U. Therefore, S(m) := detS,,(m) is holomorphic on U. Since S(2) = 0, S is
a holomorphic function which is not identically zero. So its zeros are isolated. Let Z,, ; be the
zero set of S. Z, ; is a discrete set with no accumulation point in U. Since det(S,(m)) = 0 for
zeU\Z, ., rank(T,,,) > nforze U\ Z, .. However, we showed earlier that for all 0 <m < oo,
rank(T,, ,) < n as dim(ker(T,,,)) > 1. Hence, rank(T,,,) = n and dim(ker(T,,,)) = 1 for m €
(0,00)\ Z,, r. Namely, span{z*} = ker(T,, ,,) for m € (0,00)\ Z,, ..

Let Z! = U"_,Z, .. Hence Z} is a discrete set with no cluster in (0,c0). Furthermore, we
showed that only the holomorphic polynomials are fixed whenever 0 < T < nand m € (0, 00)\Z,..
Similarly, we can show that there is a discrete set Z2, such that when -n < 7 < 0 and m €
(0,00)\ Z2, only the conjugate holomorphic polynomials are fixed. Let Z,, = Z} UZ2. Therefore,
if me (0,00)\ Z, and B, f = f for a polynomial f of degree at most n, then f is harmonic. [

Remark 3.3.16. Recall that any finite union of discrete sets without accumulation points is
discrete with no accumulation points. For example, let Z;,Z; € (0,) be discrete and without
cluster points in (0, 0). Suppose for contradiction that Z = Z; U Z, has an accumulation point
x € (0,00). Then there exists a sequence x,, C Z, all distinct, with x,, — x. Because each x, lies
in either Z; or Z,, by the pigenhole principle, infinitely many x,, lies in one of the two sets, say
Z;. But then x would be an accumulation point of Z;, contradicting the hypothesis. Therefore,
no such x exists, so Z has no accumulation points in (0,c0). Equivalently, every point of Z is
isolated, so Z is discrete.

Corollary 3.3.17 (Corollary C.1.4, [9], Corollary 1). Let f be a polynomial of z and z of degree at
most n. Then the following are equivalent.

1. B,,f = f for some m € (0,00)\ Z,,,

2. By,f =f forallme (0,00)\ Z,,.
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Proof. (1) = (2). Assume f is a polynomial in z,Z with deg f < n and there exists some m €
(0,00)\ Z,, with B,, f = f. By Theorem 3.3.15, this forces f to be harmonic. But by Proposition
3.3.9, every harmonic polynomial is a fixed point of the Berezin transform for all parameters
m. Hence for every m € (0,00) (and in particular for every m € (0,00) \ Z,,) we have B,,f = f.
Thus (2) holds.

(2) = (1). This is immediate: if B,,f = f for all m € (0,0)\ Z,,, then in particular there exists
some m € (0,00) \ Z,, with B,,,f = f.

Therefore, (1) and (2) are equivalent. O

Since the countable union of countable sets is countable, we have the following corollary.

Corollary 3.3.18 (Corollary C.1.5, [9], Corollary 2). There exists a countable, possibly empty, set
Z C (0,00) such that if B,,f = f for a polynomial f of z and zand m € (0,00)\ Z, then f is harmonic.

Using a more computational approach, we also show that if B,,f = f for a binomial function
f, then f is harmonic.

Theorem 3.3.19 (Theorem C.1.6, [9], Theorem 4). Let m > 0 and f(z) = ¢;2°2" + c,2°2%, where a,
b, ¢, and d are positive integers. Then f is a fixed point of the Berezin transformation B,, if and only
if L =C = 0.

Proof for monomials. Let m > 0 and f(z) = zPz9 with p,q > 0, be a fixed point of the Berezin

transform. By Proposition 3.3.9, when either p or g are zero, f is harmonic and is fixed under
B,,. So, assume that p,g > 1 and B,,f = f. Then

K,(z,2)2P21 = K,,,(2,2)B,,, f (2) = f wP K, (w, 2) e " dA(w).
C

Hence,

ke

[ee) o
mdeszqz =m? Z did J wPwZkwkz wte " d A(w)
= 1=0 €

o

=m? Z ded)z*z f w1 g A(w).

k,1=0

First, assume that p > q. The above integral is nonzero only if k = p + [ —q. Therefore,

00 00 00
m dezp+k2q+k —m? de+l_qdlzp+l—qz—,l J P2ApHD+L = g
k=0

0
1 (2 H+2
—m de+l Gz 2 r(%) (3.3.6)
1=0
1
=mY dy,_dzPt-17
; p+l—q%l dp+l

For the above equation to hold, every corresponding /-term on each side must agree. Note that
the zeroth term on the right hand side is holomorphic, while there is no holomorphic term on
the left hand side. Hence, they can not be equal.
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When p < g, similarly we obtain

o o 1
m dezp+kzq+k =m dedq_p+k2k2q_p+kd—.
k=0 k=0 q+k

The zeroth term on the right-hand side is conjugate holomorphic, while there is no conjugate
holomorphic term on the left-hand side. Hence, they are not equal.

Therefore, we can conclude that any monomial which is a fixed point of the Berezin trans-
formation should be either of the form zP or z4. O

Remark 3.3.20. The idea behind the proof of Theorem 3.3.19 for binomial fixed points of the
Berezin transform is similar to the monomial case explained above. However, the computations
are much more complicated and involve properties of Beta and Gamma functions. Interested
readers are encouraged to check out the paper [9], where a copy is provided in Appendix C.

It would be interesting to know if the set Z in Corollary 3.3.18 can be non-empty. So, we
finish this section with the following conjecture.

Conjecture 3.3.21. Let f be a polynomial in z and Zz. If for any m > 0 we have B, f = f, then f
is harmonic.

3.4 Open problems

In what follows, we give a few open problems, proposing future possible directions related to
papers [10, 6, 9], i.e., Appendices A-C.
Regarding [10] (equivalently, Appendix A), one can study the following.

1. Exploring the Berger-Coburn phenomenon for Schatten class Hankel operators with p = 2
on doubling Fock spaces, and other function spaces.

2. Exploring the Berger-Coburn phenomenon for compact Hankel operators on doubling
Fock spaces, and other function spaces.

3. Exploring the Berger-Coburn conjecture for bounded, compact, and Schatten class
Toeplitz operators on classical, doubling, and other Fock-type spaces.

Regarding [6] (equivalently, Appendix B), one can study the following.

1. Can we prove the result of Theorem 3.2.26 without assuming that the symbol G(z) is a
compact operator on H, for every z € C"?

2. Studying the Fredholm property of Toeplitz operators Ty acting on scalar weighted Fock

spaces F(’;(C”).

3. Study of boundedness and compactness of the vectorial Toeplitz operator T acting on
large vector-valued Fock spaces Fg(H), with p # 2.

4. Studying the Fredholm property of vectorial Toeplitz operators T acting on large vector-

valued Fock spaces Pdp)(H).

Regarding [9] (equivalently, Appendix C), one can study the following.
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1. Exploring Conjecture 3.3.21 for m = 2.

2. Studying the fixed points of the Berezin transform B,, for non-polynomial functions and

more general doubling Fock spaces.

3. Exploring the possible relationship between the Berezin transform B,, and the Laplace-
Beltrami operator, as well as the corresponding heat equation. Doing that may not only
result in a more general fixed-point theorem, but also may help us to quantize the com-
plex plane equipped with a more general metric.
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Appendix A

Schatten class Hankel operators on
doubling Fock spaces and the
Berger-Coburn phenomenon'

Abstract

Using the notion of integral distance to analytic function, we give a characterization
of Schatten class Hankel operators acting on doubling Fock spaces on the complex plane
and use it to show that for f € L*, if Hy is Hilbert-Schmidt, then so is Hg. This property
is known as the Berger-Coburn phenomenon. When 0 < p < 1, we show that the Berger-
Coburn phenomenon fails for a large class of doubling Fock spaces. Along the way, we
illustrate our results for the canonical weights |z|” when m > 0.

A.1 Introduction and main results

Let dA = %dz A dz be the Lebesgue measure on C, and ¢ be a subharmonic function. For
0<p<oo, LZ) = LP(C,e P?dA) is the space of all measurable functions on C such that

IF1 5 = L| f(2)PePPPdA(z) < oo, (A.1.1)
and L‘(’p0 is the space of measurable functions f such that

Iflloo,p = esssup|f (z)le" ) < co. (A.1.2)
zeC
Moreover, we write LP(Q) for the space LP(Q),dA) where () C C, and we abbreviate LP(C,dA) as
LP. A positive Borel measure y on C is called doubling if there exists some constant C > 1 such
that
u(D(z,2r)) < Cu(D(z,1)) (A.1.3)

for all z € C and r > 0, where D(z,r) is the open disk in C with center z and radius r. The
smallest C > 1 is called the doubling constant for u. Hence, for each z € C, lim,_,, pu(D(z,1)) =

IThis appendix reproduces the paper “Schatten class Hankel operators on doubling Fock spaces and the Berger—
Coburn phenomenon” by G. Asghari, Z. J. Hu, and J. A. Virtanen, Journal of Mathematical Analysis and Applications
540 (2024), no. 2, Paper No. 128596.

Apart from formatting adjustments, this appendix coincides with the published version.
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0. It is well known that y has no point mass, i.e.,
u(@D(z, 7)) = u({z}) =0 for everyze Cand r >0, (A.1.4)
and is nonzero and locally finite. That is,
0<pu(D(z,r)) <co foreveryzeCandr>D0. (A.1.5)

Note that since for each z € C, lim,_,, u(D(z,7)) = o0, the function r = u(D(z,r)) is an increas-
ing homeomorphism from (0, o) to itself. Therefore, for every z € C, there is a unique positive
radius p(z) such that u(z,p(z)) = 1. For more information on doubling measures see [75]. De-
note by H(C) the space of holomorphic functions on C. Then the doubling Fock space Ff; is
defined by

Ff = Lf; NH(C) (A.1.6)

where ¢ is a subharmonic function, not identically zero on C, and dy = A¢dA is a doubling
measure. As shown in [64], p~2 is a regularization of A¢. Indeed, Theorem 14 in [64] states that
when ¢ is subharmonic and A¢ dA is a doubling measure, there exists a subharmonic function
Y € C*(C) and C > 0 such that [ — ¢| < C, ApdA a doubling measure, and A = pi}z ~ p(;)z.
The comparability relation =~ is explained at the beginning of Section 2. Since the spaces of
functions and sequences that we consider do not change if ¢ is replaced by 1, we will assume
that ¢ € C®(C) and A¢pdA ~ dA/p? is a doubling measure. Hence, up to normalization by
a constant, we can consider p~%(z)dz ® dz to be the metric tensor describing the underlying
geometry of our space.

It is well known that (Ff;, Il -llp,p) is @ Banach space for 1 < p < oo and a quasi-Banach space
for 0 <p < 1. Let K, = K(+, z) be the reproducing kernel of F;. Then the orthogonal projection

P: Lé - Fé is given by
Pf(z) :J F(w)K,(w)e 2@ d A(w). (A.1.7)
C

Then, as shown in [68], for any 1 < p < oo, P is a bounded linear operator from Li; to Fg, and
forany f € FY, f = Pf. Let T =span{K, : z € C}, and consider the class of symbols

S ={f measurable: fg e Lé for geT}.

Note that L™ C S. Given f € S, define the Toeplitz operator Ty and the Hankel operator Hy on
F; by

Trg=P(fg), Hrg=(-P)(fg)=fg-P(fg) (A.1.8)
The doubling Fock spaces as well as some pointwise estimates of the Bergman kernel have
been studied in seminal papers of Christ [24], and Marco, Massaneda and Ortega-Ceda [64,
65]. Oliver and Pascuas [68] studied the characterization of boundedness, compactness and
the Schatten class membership of Toeplitz operators on doubling Fock spaces. In [49], Hu and
Virtanen introduced a new space IDA of locally integrable functions whose integral distance
to holomorphic functions is finite and used it to characterize boundedness and compactness of
Hankel operators on weighted Fock spaces. Using the same notion, in [51] they characterized
Schatten class Hankel operators acting on weighted Fock spaces F2, where m < A® < M for
some m,M > 0. Recently, their characterizations of bounded and compact Hankel operators
was extended to the setting of doubling Fock spaces in [63].
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In the present work, we use a generalized version of IDA to study the Schatten class mem-
bership of Hankel operators on doubling Fock spaces. Of particular interest is the result of
Berger and Coburn [17] which says that, for f € L*, if Hy is a compact operator acting on the
classical Fock space F?, then so is H7. We refer to this property as the Berger-Coburn phe-
nomenon and note that an analogous statement fails both in the Hardy and Bergman spaces
(see, e.g., [41]). More recently, Berger and Coburn’s result has been extended to Fock spaces
with standard weights by Hagger and Virtanen [41] (using limit operator techniques as op-
posed to C*-algebra techniques and Hilbert space methods) and to generalized Fock spaces Fg,
by Hu and Virtanen [49]. Our approach is similar to that of [49] except that we need to deal
with more complicated geometry induced by the function p arising in the study of doubling
Fock spaces.

It is natural to ask whether the Berger-Coburn phenomenon also holds for Schatten class
Hankel operators. Indeed, Bauer [14] was the first to show that this property holds for Hilbert-
Schmidt Hankel operators on F?. Recently, Hu and Virtanen in [51] proved that when 1 < p <
oo, Hy acting on P(% is in the Schatten class S, if and only if Hf is in S,. This was followed
by the work of Xia [76], in which he showed also that if f(z) = 1/z for |z| > 1 and f = 0 else-
where, then Hy acting on the classical Fock space F? is in the trace class while Hf is not. In
his work, Xia employed a rather long and involved calculations using the standard basis vec-
tors e(z) = z¥/Vk! and the reproducing kernel K(z,w) = ¢**. Observe that for non-standard
weighted Fock spaces, there are no explicit formulas for the basis vectors or the reproducing
kernel. To overcome this, Hu and Virtanen [50] used their characterizations of Schatten class
Hankel operators to verify that Xia’s example shows that the Berger-Coburn phenomenon fails
for Sp(F(%, Lé) when 0 <m < Ap <M and 0 < p < 1. Here, we use an analogous approach on
doubling Fock spaces to prove the existence of the Berger-Coburn phenomenon for Hilbert-
Schmidt Hankel operators. When 0 < p < 1, we show that the Berger-Coburn phenomenon
fails for some doubling Fock spaces—the larger the value of p, the fewer Fock spaces we can
cover.

To state our main results, following [49, 60] with a modification according to the doubling
property of the measure under consideration, we define

Gor(f)(z) = inf{(lD}w Lr(z) = hlqu)l/q ‘he H(D’(z))}, (A.1.9)

for f € L?OC, g >1and r > 0. Here |D’(z)| is the Lebesgue measure of D(z) := D(z,7p(z)). Now,
for 0 < p <o, 1<q< oo, and a € R, the space IDA}"" consists of all f € L?M such that
lf lliparae =1lp% G, (f)llr < oo. Besides, for f € L! , define f,(z):= |D"(z)[™! JD’(z)fdA'

loc’

Theorem A.1.1 (IDA decomposition). Let ¢ € C®(C) be subharmonic such that dy = A¢pdA is a
doubling measure. Suppose that 1 < q < oo, 0<p<co, @ €R, and f € L] . Then for f € IDAP"",
f = fi + f» where f; € C*(C) and

p I fil+ p (I 19,) YT+ p((fol1,) € LP, (A.1.10)
for some (equivalent any) r > 0, and
If lpapae = inf{||Pl+a(|9f1|‘7r)1/q||Lp + ||p“<v/zT@>“‘f||Lp}, (A.1.11)

where the infimum is taken over all possible decompositions f = fi + f,, with f; and f, satisfying the
conditions in (A.3.11).
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Theorem A.1.1 was stated in [63] without proof. We believe that the proof is rather technical
and not trivial at all. It appears that this theorem should be a natural extension of Theorem
3.8 in [49]. However, bounding a solution to the d-equation in the doubling Fock space is
problematic.

Theorem A.1.2 (Schatten class membership of Hankel operators). Let 0 < p < oo, and ¢ € C*(C)
be subharmonic such that dy := APdA is a doubling measure. Then for f € S, the following are
equivalent:

(1) Hy:Fj — L isin Sp,

(2) fe IDA;ra,z,fZ/p,for some (equivalent any) r > 0.

Moreover,
Hflls, = 1f llppra-2e- (A.1.12)

Remark A.1.3. Assuming smoothness of p~2, the condition for the S, membership of the Han-
kel operator on the doubling Fock space is equivalent to the condition that G, ,(f) belongs to
the space of L? functions on C with the conformal metric p~?dz®dz.

To characterize the simultaneous membership of Hy and Hf in Sp, we need to define the
space of integral mean oscillation. First, for f € leoc and r > 0, the mean oscillation of f is

defined by
1/2

! If - £ (2)PdA| . (A.1.13)

ID"(2)| Jpr(z)

Given 0 <p < oo and a € R, we define the space IMO?>® to be the family of those f € leoc such
that

MO, (£)(z) = (

I llgop2e = 0 MOy, (f)lle < co. (A.1.14)

Theorem A.1.4. Let 0 < p < co and assume that ¢ € C*°(C) is subharmonic such that dy = ApdA is
a doubling measure. Then the following are equivalent.

(1) Both Hy and Hy € sp(Fj,,L )

(2) fe IMOf’Z’_Z/p,for some (equivalent any) r > 0. Moreover,

I lls, + IEflls, = 1f -2 (A.1.15)

Using the preceding result, it is easy to show that Hy is not Hilbert-Schmidt on Fé when
f is a non-constant entire function (see Theorem A.5.4), which implies an analogous result of
Schneider [72] for the canonical weights ¢(z) = |z|" and f(z) = z*¥ when k is a positive integer
and m > 0. However, when we restrict our study to bounded symbols, it turns out that H¢ € S,
whenever Hy € S, as seen in the following theorem.

Theorem A.1.5 (Berger-Coburn phenomenon for Hilbert-Schmidt Hankel operators). Let ¢ €
C*(C) be subharmonic and suppose that that dy = A¢p dA is a doubling measure. Then for f € L,
Hye SQ(Fé,Lé) if and only ifo € SQ(F(%,L%), with

IHglls, = I1Hlls,- (A.1.16)
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It is worth emphasizing that the preceding theorem for Hilbert-Schmidt Hankel operators
was proved by Bauer [14] in 2004, and it took almost two decades until it was proved for other
Schatten classes by Hu and Virtanen [51]. This leads to the following question.

Open Problem A.1.6. Does the Berger-Coburn phenomenon hold true for other Schatten
classes S, when 1 <p < oo?

For a discussion on the preceding open problem (involving the Muckenhoupt condition for
the boundedness of the Beurling-Ahlfors operator), see Remark A.6.1 in Section 6.

Before stating our last theorem, we recall the following growth condition for the function
p. Given a doubling Fock space F;, there are constants C,71 > 0 and 0 < § <1 such that

C7 Mz < p(z) < Cl2|f (A.1.17)

for [z[ > 1 (see Equation (5) of [64]); we denote the smallest f that satisfies (A.1.17) by f.
The following result shows the Berger-Coburn phenomenon fails for Sp(Fé’Lé) provided
that B, is sufficiently small in comparison with the value of p.

Theorem A.1.7. Let ¢ € C*°(C) be subharmonic with dy = A¢dA a doubling measure. Then, for
0<p<1with By < %, the Berger-Coburn phenomenon for Schatten class Hankel operators fails;
that is, there is an f € L*(C) such that Hy € SP(F(?),L%) but Hy e Sp(Fé,Lé).

In particular, when p is bounded, the Berger-Coburn phenomenon fails for all 0 <p < 1.

A simple consequence of the preceding theorem is that if qub is a doubling Fock space, then

the Berger-Coburn phenomenon fails for S,(F é,Lé)) provided that p is sufficiently small.

Another consequence is the following corollary, in which we consider again the canonical
doubling weights ¢(z) = |z|" and determine when the Berger-Coburn phenomenon fails for
these weights.

Corollary A.1.8. Let m > 0 and 0 < p < 1. Then the Berger-Coburn phenomenon fails for
Sp(F|2Z|m1 L|2Z|m) lf

4
m > .
= P
1-3

In particular, if m > 2, then the phenomenon fails for all Schatten classes S, with 0 <p < 1.

Theorem A.1.7 and its corollary lead to the following question.

Open Problem A.1.9. Determine whether the Berger-Coburn phenomenon fails for Sp(Fq%, pr)
when 0 <p <1 and A¢dA is doubling.

The paper is organized as follows. In the next section, we provide preliminaries on the
reproducing kernel, including global and local estimates, and elaborate more on the radius
function p and the induced metric on the complex plane. In Section 3, we provide useful lem-
mas and use them to prove Theorem A.1.1 (IDA decomposition). In Section 4, we use Toeplitz
operators with locally finite positive Borel measures to prove Theorem A.1.2, which charac-
terizes the Schatten class membership of Hankel operators. Section 5 is devoted to the study
of the function space IMO of integral mean oscillation, which we use to prove Theorem A.1.4.
Finally, in Section 6, we prove the Berger-Coburn phenomenon for Hilbert-Schmidt Hankel op-
erators on general doubling Fock spaces as stated in Theorem A.1.5. We finish the last section
with the proofs of Theorem A.1.7 and Corollary A.1.8.
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A.2 Preliminaries

In this section we recall and prove some key lemmas on the function p, the reproducing kernel
of Fj), the space IDAf’q'a, and their related integral and norm estimates.

Notation. We use C to denote positive constants whose value may change from line to line
but does not depend on the functions being considered. We say that A ~ B if there exists a
constant C > 0 such that C"'A < B < CA. Moreover, A < Bif A < CB for some positive constant
C.

Let ¢ be a subharmonic function on C such that dyu = A¢pdA is a doubling measure. Recall
that there is a function p such that u(D(z,p(z))) = 1, for every point z € C. In other words, the
radius of a disk with unit measure depends on the center of the disk. As shown in the Fig 1,
D(z,p(z)) € D(w,|lw—z|+p(z)). Hence, 1 < y(D(w,|w—z|+p(2))), and thus p(w) < p(z) +|w —z|. By
symmetry,

lo(w)—p(z)| < |lw—2z|, foreveryz,weC. (A.2.1)

Figure A.1: Relation between p(z) and p(w)

Lemma A.2.1 (See [68], Lemma 2.2). For every r > 0 there is a constant ¢, > 1, depending only on
r and the doubling constant for u, such that

cr_lp(z) <p(w)<c,p(z), foreveryzeCandweD'(z). (A.2.2)
Namely, ¢, = (1 —r)7!, for every 0 < r < 1. In other words, p(w) and p(z) are equivalent on a disk.

Consider the distance d¢ induced by the metric p‘2d2® dz. Indeed, for any z,w € C,

1 ’
: ly’(2)]
dy(z,w) = 1nfj dt, A.2.3

AU NTeTEy) (A23)
where the infimum is taken over all piecewise C! curves y :[0,1] — C with ¥(0) = zand y(1) =
w.

Lemma A.2.2 (See [64], Lemma 4). There exists 0 > 0 such that for every r > 0 there exists C, > 0

such that
|z —wl

r p;z) <dy(z,w) <C, o) forwe D'(z), (A.2.4)
wnd |z —w|\é |z —w|\2-5
(S ) Sdaw <GS0 forwe€\DG) (A.2.5)



Now we can state the following pointwise estimate for the Bergman kernel.

Lemma A.2.3. (1) There exist C,e > 0 such that

, wzeC, (A.2.6)

(2) There exists some ro > 0 such that for z € C and w € D" (z), we have
eP(W)+h(2)

|K(w,z)| = W

(A.2.7)

(3) kp, — 0 uniformly on compact subsets of C as z — oo, where k;, , := ”KK—”ZP is the normalized
zllp,{

Bergman kernel ofFf;).
(4) For any 1 < p < oo, we have that
IK:llp, = e p(2)>P72. (A.2.8)

Proof. See Theorem 1.1 and Proposition 2.11 of [65] respectively for parts (1) and (2), Lemma
2.3 of [43] for part (3), and Proposition 2.9 of [68] for part (4). O

Given a sequence {aj};?’;l C C, and r > 0, we call {aj}}?‘;l an r-lattice if {D’(sz)}]?’<’:1 covers C

and the disks of {D’/S(a]-)}]?"’:1 are pairwise disjoint. Moreover, for an r-lattice {aj}]?";l, and a real

number m > 1, there exists an integer N such that
1<) Xpwiayo <N (A.2.9)
j=1

where x; is the characteristic function of a subset E of C. For f,e € L?, the tensor product f ®e

as a rank one operator on Lé is defined by

feeg)=(ge)f, gely. (A.2.10)

Lemma A.2.4. Given r > 0, there is some constant C > 0 such that if I is an r-lattice in C, and if
{e,: a €T} is an orthonormal set in L2, then

Zkz'“ ®e,

ael’

<C, (A.2.11)
L(ZP—>L(ZP

where ky , := i— is the normalized Bergman kernel.
28 Kl

Proof. Note that {1, =(g,€4)2,¢}acr € I2. Then similar to the proof of Lemma 2.4 in [45],

Z/\akla

ael’

< C”{/\a}ael"”lzl (A.2.12)
2.4

where the constant C only depends on r. Then similar to the proof of Lemma 2.4 in [51], we

[Zkz,a e, Z(g! eu>k2,u

ael’ ael’

have

<C) g < Clgll3 4 (A.2.13)
b ael’

2
(g)
2

2
2.¢
O
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We finish this section with a description of p for the canonical weights |z|"* with m > 0.

Lemma A.2.5. Let ¢(z) = |z|" with m > 0. Then dy = ApdA is a doubling measure. Moreover, there

is an R > 0 such that

p(z) =212

for |z| > R. In particular, when m > 2, p is bounded.

Proof. Note that A¢(z) = m?|z|""~2. To show that du is a doubling weight, it is enough to prove

that for any x > 0 and r > 0,

J 2" 2dA(z) < CJ 2|2 d A(z),
D(x,2r) D(x,r)

where the constant C is independent of x and r.
We consider r > 155 2 0 first. Then D(x, 2r) C D(0,x + 27), so that

f dy(é)sf |é|m-2dA<<s>sf E["2dA(E) < Cy ™
D(x,2r) [E|<x+2r

|El<102r

On the other hand, if m > 2,

j dﬂ(E)ZJ dy(é)zj du(&) > Cyr™.
D(x,1) D(x,r)N{Re {>x} D(0,r)N{Re £>0}

From (A.2.15) and (A.2.16) we obtain (A.2.14) for m > 2 and r > 13-

X
Now we suppose 0 <r < 155 Then

; 2r
D(x,2r) c {te'? : x = 2r < t < x +2r,]|0| < arcsin —},
X
: r
D(x,r) D {te'® : x—c;r <t <x+c,1,|0| < arcsin 2—},
X

where ¢; and ¢, are positive constants independent of x are r. Hence,

2r

x+2r arcsin < r
J d;uﬁf rm_ldrf A0 ~ —[(x+2r)" — (x—2r)"]
D(x,2r) X X

=2r —arcsin %

r

~—rx
X

m=1 _ 2, m=2

s

where the constant in the inequalities ~ are all independent of x and r. Similarly,

X+t arcsin 5
f dsz- rm_ldrf de
D(x,r) X—cqr —arcsin 5
r _
~ —[(x+cpr)™ = (x —cyr)™] = r2x™2,
X

Using (A.2.17) and (A.2.18), we obtain (A.2.14).

For 0 <m<2,and r > 157,

f |5|m—2dA<e>=j |5+x|m-2dA<5>zf E["2dA(E) > Cyr™,
D(x,r) D(0,r)

D(0,r)

From (A.2.15) and (A.2.19) we obtain (A.2.14) for 0 <m < 2 and r > 155-
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Now notice that using (A.2.17) and (A.2.18) and when x is large enough,

j o 1EITPAAE) =1, (A.2.20)
(xx727)

This, together with the doubling property implies that there exists R > 0 large enough, such
that for the Fock space F2

|Z|m1

P (A.2.21)

p(z) =~
for |z| > R. O

A.3 The space IDA

The goal of this section is to prove the IDA decomposition Theorem A.1.1. Before proving the
theorem, we need to see some definitions and lemmas.

Lemma A.3.1. Suppose 1 < q < oco. Then for f e L! , z€ C, and r > 0, there is h € H(D'(z)) such

loc
that
1/q
(IF=H.(2) ™ = Gou(F)(2), (A.3.1)
and fors<r,
sup |h(w)| < ClIflLa(pr(z),da)» (A.3.2)
weD3(z)

where the constant C is independent of f and r.
Proof. This proof is similar to the proof of Lemma 3.3 in [49]. Taking h =0,
— 1/q
Gor(F)2) < (If17,(2)) ™ < 0. (A.3.3)
Then for j=1,2,---, pick hj € H(D"(z)) such that
(If =hjl7 (2)) " = Gyu(f)(2) asj— oco. (A.3.4)
Hence for sufficiently large j,

(I ()" < cl(F =Tzl ()" + (I, 2) ") < (I, ()" (A.3.5)

Thus, we can find a subsequence {h
h(w) for w € D"(z). By (A.3.4),

jiJre; and a function h € H(D'(z)) such that limy_, hj, (w) =

1/q

Gy (F)(2) < (1 =HI,(2)) " <liminf (If =117, (2) ™ = Gg, (F)(2) (A.3.6)

where in the RHS inequality we have used Fatou’s Lemma. This gives us (A.3.1).
Now for w € D%(z), by the mean value Theorem,

Ihw)l < (H4(2)"" < C(rF,(2)" < ((F7,(2))"" = Clf lagorepany (A.3.7)
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Now we are ready to define f; and f, in Theorem A.1.1. Using (A.2.2) and the triangle
inequality, there exists m € (0,1) such that D" (w) C D"(z), whenever w € D" (z). For r > 0, let
{aj}32; be a mr-lattice, and let J; := {j : z € D"(a;)}, so that || = 72, xpp,(,,(2) < N, for some

1

integer N. Let 17 : C — [0, 1] be the following smooth function with bounded derivatives.
i <
(z) = ! %f 4 <172, (A.3.8)
0 ifl|z]>1.

z—a

WP( a;)

For each j > 1 we define 7;(z) = ( ). We can normalize 7); such that ja: 1;dA =1, for each

| . (2)
] > 1. Define l;b]( ) Z;;’hl ;k(

to {D""(a;)};»1, satisfying the following properties:

Then one can see that {1);}3 jo1 is a partition of unity subordinate

Suppyp; C D" (a)), i(2)20, ) $i(z)=1,

lp(aj)dw;l < C, Zézpj(z) =0, (A.3.9)
j=1

where the constant C may depend on r.
By Lemma A.3.1, for j = 1,2,---, we can pick h; € H(D"(a;)) such that

SR S hij1dA = " 3.
0,009 = [t~ 1144= Gt e (A3.10)
Forl1<g<ooand f € Lloc’ decompose f = f; + f, as
fit) =) @), fle)=fla)-fie) (A311)
j=1

Lemma A.3.2. Let 1 <g<co, f €L
f, €C*(C) and

and r > 0. Decomposing f = f; + f, as in (A.3.11), we have

loc’

(2131 (2)] + p()Dfi )7 + ([folf ) < CGy r(F)(2), (A.3.12)

for some R>r and m € (0, 1).

Proof. Using the properties of h; and 1; we can easily see that f; € C*(C). LetzeC,and J, = {j:
z € D'(a;)}. We know that if z € D"(a;), then p(z) < Cp(a;). Therefore, knowing Z]?";l 91})]- =0,
using (A.3.9), the triangle inequality, and since |h; — h;|? is plurisubharmonic on D"(a;),

2|9fi(2) = p(2)|0)_hi(2)p;(@)| <p(2) ) _Ihj(2) = (2)]|9w;(2)
j=1 j=1
r 1 1/q )
<C) |5 ;] |h]._h1|m] pla))|dp;(2)]
jel b
r 1 1/9
<C) | 1 Jori) il 1 =il
jelt
<Y (1=l (ap)"" + (1f =l (ay)
j€l.
<C) Gyrlaj) < CGyilf)(2), (A.3.13)
ISE
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for some s > r, where the last inequality can be shown similarly to Corollary 3.4 in [49], and
using the fact that |J,| is finite.
Moreover, note that

o191, (2) " = <>[|Dm1r( AT >]w
1 1/q
< C{ i Jy e PO A >]
1 1/9
<C| 5wy - G s(f)(w)qu(w)]
< Cwes;’g(z) Gq,s(f)(w) < CGyr(f)(2), (A.3.14)

for some R > s, where again for the last inequality we use Corollary 3.4 in [49]. Similarly, since

Z;il bi=1

@)l = 1f @)= ) ki)l < ) If (w) = hi(w)lp;(w)). (A.3.15)
j=1 j=1
Hence, using [¢;[ <1,
o v 00 1/q
(@) " < Z[m 2] f b
<C Z ) < CGyr(f)(2), (A.3.16)
j€l.

similar to the previous part for p|dfj|. Putting everything together, we can find a big enough
R > r such that (A.3.12) holds. O

Proof of Theorem A.1.1. First, we show that if (A.1.10) holds for some r, then it holds for any
r. Let R>0. For 0 <r <R take t = ﬁ and take zy,---,zy in the unit disk D(0,1) so that
D(0,1) c Uj.\lle(zj,t). Set aj(z) = z+ Rp(z)zj. Then

DR(z) c Uﬁ-\I,lD(z +Rp(z)zj,tRp(z)) C UﬁlD(a]-(z), %p(aj(z)))

= uﬁilpf/?(aj(z)). (A.3.17)
Therefore,
N
| (BFe@)aa@<c | ) (@) dat
Cim
N
1
schmz);chr(a T iy o [0 800
N
1
—CLUgluu)) dA(u)J;LxDU( ) e dA)
< cLngr(u)) dA(u), (A.3.18)



where for the second inequality take ¢ > 0 such that D (a;(z)) C mueDcr(a],(z))Dr(u). Taking
s = p/q implies that (A.1.10) holds for some r > 0, if and only if it holds for any r.

Now assume that f € IDAP?“. That is, f € L?OC with [[p%Gy (f)llr < co. Decompose f =
fi + f» as in Lemma A.3.2. Then f; € C?(C), and (A.3.12) holds. Multiplying both sides with p®
and taking the LP-norm, we obtain (A.1.10).

O

A.4 Schatten class Hankel operators on doubling Fock spaces

Recall that for a bounded linear operator T : H; — H; between two Hilbert spaces, the singular
values A, are defined by

A, = A, (T)=inf{||T - K||: K : Hl — H,,rankK < n}. (A.4.1)

The operator T is compact if and only if A,, — 0. Given 0 < p < oo, we say that T is in the
Schatten class S, and write T € S,(Hy, H,), if its singular value sequence {1,} belongs to IF.
Then ||T||? = Y oeolAnlP defines a norm when 1 < p < oo and a quasinorm when 0 < p < 1.
Moreover, for the quasi-Banach case, we have the triangle inequality.

IT+SIE <ITI +IISIE, whenT,S€S, 0<p<1, (A.4.2)
P P P

which is called the Rotfel’d inequality. For a positive compact operators T on H and p > 0,
T € S, if and only if TP € S;. Moreover, ||T||'!S7 = ||TP||s,. See [80] for further details on the
P

properties of Schatten class operators, as well as the proof of the next two theorems.

Theorem A.4.1 (See [80], Theorem 1.26). If T is a compact operator on H and p >0, then T € S,
if and only if |T|P = (T*T)P’? € Sy, if and only if T*T € Sp/2- Moreover,

RE—Ye:
IITII'S’p = IIITIII’;p =ITPlls, =T TI (A.4.3)

Sp/z'
Consequently, T € S, if and only if |T| € S,
Theorem A.4.2 (See [80], Theorem 1.28). Suppose T is a compact operator on H and p > 1. Then
T isin S, if and only if
ZKTen, o) < oo, (A.4.4)

for all orthonormal sets {e,} and {0,}. If T is positive, we also have
||T||5p = sup{[ Zl(Ten, on)|p]l/p . e} and {0,} are orthonormal}. (A.4.5)

Given a locally finite positive Borel measure y on C, we define the Toeplitz operator T, with
symbol u as
T, f(z) = Lf(w)Kz(w)€_2¢(w>dﬂ(w)- (A4.6)

Moreover, for every r > 0, the r-averaging transform of y is defined by

WD) WD)
A= T5rar = e

Theorem A.4.3 (See [68], Theorem 4.1). Let u be a locally finite positive Borel measure on C, and

(A.4.7)

let 0 < p < co. Then the following are equivalent.
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(1) T, € sp(l—ﬁ,),

(2) There is ro > 0 such that any r-lattice {z;};>1 with r € (0, 1) satisfies {fi,(z;)};>1 € I?,
(3) There is an r-lattice {z;};> such that {fi,(zj)}j>1 € I,
(4) Thereis r >0 such that ji, € LP(C,do),

Moreover, ||T,4||§p ~|lfrllre(c,do) where do = dA/p>.

The rest of this section is devoted to the proof of the Schatten class membership of the
Hankel operators Theorem A.1.2. For this purpose, let a € C and r > 0. Let A%2(D"(a),e"??dA)
be the weighted Bergman space containing the holomorphic functions in L*(D’(a),e >?dA).
Let P,, : L*(D'(a),e??dA) — A%*(D’(a),e">?dA) be the orthogonal projection, and for f €
L*(D"(a),e"*?dA), extend P, ,(f) to C by setting

Por(f)ic\pr(a) = 0. (A.4.8)
One can check that for f,ge L2,
Por(f)=Par(f), and  (f,Par(8)) = (Pur(f).8)- (A.4.9)
Moreover, for h € F(?),
P, ,(h) = )(D,(a)h, and (h, XDr(a f P,,(f))y=0. (A.4.10)

Proof of Theorem A.1.2. Here we borrow an idea from the proof of Proposition 6.8 in [39] and
the proof of Theorem 1.1 in [51]. First we show that (2) = (1). Let f € IDAf’z'_Z/p. Then by
Theorem A.1.1, f = fi + f, with

p' 2 PIOAN+p PSR+ p P (f2) 2 € 1P (A.4.11)
Applying the definition,

1/2
T A (A412)

and

_ 1/2
o P\, ()2 = p 2/p( |Dr J 1A dA} (A.4.13)
Set @ := p|dfi| or @ = |f,|, and p := |D|?. First, if ® = p|dfi],

WD) 1 r
D@l - D@ o A D)

fin(2) == sz) p?|0fi[7dA. (A.4.14)
We claim that for f € IDAf’Z’_Z/p, fi, € LP’>(C,do). Note that
122 f P24 p?
f e |,,/2[f P wPdAw)]" ‘Z‘Z‘)) (A4.15)
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Since f € IDAf’z’_Z/p, we have p!=?/P(|df;|2,)'/? € LP and thus

Je o J 9P dA) < . (A.4.16)

Recall that in (A.4.15), w € D'(z), and therefore there is a constant C such that p(w) < Cp(z).
Hence,

/2 Cp(z)P~2 - /2
[IZH A~ LIDPEW{L ( )|8f1|2dA}p dA(z) < LHS of (A.4.16) < co. (A.4.17)
"(z

Thus, we can conclude that ji, € LP/2(C,do), for Y= p2|9f1|2. Now, using Theorem A.4.3, T, €

Sp/Z(F(%)-
Consider the multiplication M : Pé — Lé defined by Mg f := @ f. Then Mg is bounded for
® = p|dfi| or @ = |f,|. For h,g € F2,

(MpMa g, h)s,p = (Mag Mohys,s = L(@g@e—”’m = (Tiopg h)2,¢- (A.4.18)
$0, Mg;Mo = Tipp2 € Sp/2, and thus Mg € S,. Moreover,
IMolls, = Mg Molls,, = I T,lls, , = 1Alr2(c o) (A.4.19)

By equations (3.13) and (3.17) in [63], and using Fock-Carleson measures for F2, we can see
that

IH, gllo,p < llpgdfilleg,  and  IHpgllog <1182l - (A.4.20)
Therefore,
151, < WMalls, = Willirec.ao) < 1022 (GAR 200 = [fllppp 2. (A4.21)

To complete the proof, it remains to note that when p = |f,|?, we have

" N 5, /2dA(z)
||I/lr||Lp/2 Cdo) ~ j |Dr |p/2[jDr(z) |f2| dA p(z)Z

2/p
J[|D’ |1/2{Jr )|f2|2dA}1/2]pdA(z)
= o™ P (12, (A.4.22)

so that
”Hfz”Sp < ||f||IDA;rJ,2,—2/p,

and so Hf € S (P2 L?

Consequently, [[Hylls, < [IH,lls, +IHjls, < Ifllpp2-- 2,13).

To show (1) = (2) for p > 1, we proceed as follows. Recall that {a }] 1

{D"(a; )}] , covers C and D"3(a )N ND"5(a;) = 0 for j # k. Let T be an r-lattice, and let {e, : a € T}

be an orthonormal basis of Lé Define linear operators T and B by

is an r-lattice if

T = Zkz'“ ®e,;, and B= Zga ®e,, (A.4.23)
ael’ ael’
where .
XDr(a) f\%2,a .
e if o He(k 20,
g = | ol o Hy k2ol (A4.24)

0 if ”XDr(a)Hf(kZ,a)” =0.
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Since ||g,|| <1 and (g,,gy) =0 when a = b, ||B|;2_,;2 <1, where the bounding constant depends

n (A.2.9). Moreover, by Lemma A.2.4, we can see that ||T|| < C for some constant C. Let
Hf € S,. So in particular, Hy is compact. We know from Lemma 2.3 that k, , — 0 uniformly on
compact subsets of C as z — oo, where k;, , = K/||K||,,¢ is the normalized Bergman kernel for

Fg. By compactness of Hy we obtain that

Zh_{l(;lo ”)(Dr(Z)Hf(kZ,z)”Li =0. (A.4.25)

Note that

(B'My,, HyTeqeq) = (XproHr ) Kop®es(ea) ) ga®ealen))
bel del’
= (XDr a Hf(kZ,u)rga> = ”XDr z Hf(kZ,z)”Lzr (A.4.26)
(a) (2) o
and

(B”MXD, Hf Te,ep)=0, a=zbh. (A.4.27)

Thus, B*MXDW)HfT is a compact positive operator on Lé. By Theorem A.4.2, and since we are

dealing with the case of p > 1,

XKB*MXWHfTeu, e <IIB"My,, HyTIE < CIHfIE (A.4.28)

ael

as||B|| <1, ||MXD7( )|| <1, and ||T|| £ C. Recall that

1/2
Go,(f)(a) = inf{( |Dr1( T |f - h|2dA) ‘he H(Dr(a))}, (A.4.29)

and for 1 < p <oo, [|K, ||, < e4’(z)p(z)2/P‘2. Moreover, recalling Lemma A.2.3 there exists ry > 0
such that for w € D"0(z),

eP(W)+¢(2)
IK(w,2)| < ———=—. (A.4.30)
p(2)
Thus, for w € D"0(z),
_ K(wlz)l _ e¢(w)+¢(z)e_¢(w) 3 3
e (w)le—ow) _ | W) 2P = () VP s 0, A.4.31
and we can conclude that % € H(D'(z)). Hence,
(Fk 1/2
Go,(f [|Dr IJ If - iz“ | dA] . (A.4.32)
a
Moreover,
1/2
IXprayHy (k2,0)ll12 = fkaa = P(fkpa)lPe??dA
(a) ¢ D(a)
"(a
| [ - 2y et
"(a) 2,a
A43 (fk 172
( x1) f |f_ {22a) (a)sz]
' a
(Fk 1/2
= [|Dr IJ If - ]];2“ |2dA] ) (A.4.33)
,a
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where in the last line we have used the equivalence |D’(z)| < p(z)?. Hence,

Gor(f)(a) < ”XDV(a)Hf(kZ,a)”Lé; (A.4.34)

and therefore,

2_GorlN@Y ) lipHy kol

ael ael

- ZKB*MXDWH]( Teg e)P < C||Hf||§’p. (A.4.35)

ael

Now note that

T Lp‘sz,r(f)”dA

,2,-2/p =
IDAP=™7P

< C||Hf||§p. (A.4.36)

Now since if Theorem A.1.1 holds for some r > 0, it holds for any r, we are done with the proof
forp>1.

Now we finish the proof of Theorem A.1.2 by showing that (1) = (2) for 0 < p < 1. Since
Hy e SP(F(?),L%), it is in particular bounded. For a €T set

Xpr(a fk ,u_pa,r(fk ,a) .
ool 1 X f ko= Por(FRall =0,

0 if ||XDr(a)fk2,a _Pa,r(sz,u)” =0.

L= (A.4.37)

Then similar as before, ||g,|| < 1, and (g,,£,) = 0 for a # b. Let ] be any finite subcollection of T,
and {e,},e; be an orthonormal set of Lé‘ Define

A= Zea ®g.: L5 > L3, (A.4.38)
ae]

Then A is of finite rank and ||A|| < 1. Similarly define

T = Zkz,a ®e,: L3 —F3. (A.4.39)

a€j

Then as before, since I is an r-lattice and thus separated, there is a constant C such that ||T|| <
C. Then,

AH/T = Z(kaz,r, )ea®e =Y +7Z, (A.4.40)
a,te]
where
Y = Z(kazya,gﬁea ®e, , Z= Z (Hrka, o, 8a)ea ® e (A.4.41)
aeJ a,T€],a#t
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Note that

<ka2,al ga>2,¢ = (fk2,a _P(sz,a):ga>2,¢ = <XDr(a)fk2,u _Pa,r(ka,a)f ga>2,r1)
= ”XDV(a)fkla _Pa,r(fk2,u)||2,(j)

[

1/2
= c |XDr(a)fk2,a - Pa,r(ka,a)lze_2¢dA]

‘

[

1/2
= |fk2,a - Pu,r(fk2,a)|2e_2¢dA]

| JD7(a)
[ k 1/2
-1, Py, e -2¢’dA]
\J r
1/2
- ar kaa | dA
ID’ (a) | k2,a
> Gy, (f (A.4.42)

where in the line before the last line we have used (A.4.31) and |D"(a)| < p(a)?. Thus,

(kaZ,al gu>2,q5 = CGZ,r(f)(a)' (A-4~43)

Therefore, there exists some N, independent of f and ] such that

IYIE =) (Hrkowgah g 2N ) Gos(f)(a). (A.4.44)

ae] ae]

On the other hand for 0 <p <1,

1215 < ) (Hrkowgah g (A.4.45)

a,T€],a#1

Let Q,,: L*(D"(a),dA) — A*(D"(a),dA) be the Bergman projection. Then fk; . — P, ,(fk,..) and
P, (fky )=k, Q,,f are orthogonal, and by Parseval’s identity,

fkoe = Por(flo, 2 (priay,e20aay < f ka,e = k2,0 Qar (L2 (Dr(a),e-20 d.a)- (A.4.46)

Note that by Lemma 2.3, there exist C,e > 0 such that

IK(w,2)| £ C———— (A.4.47)

Besides, by Lemma 6.8 in [68], we can see that given R > 0 and any finite sequence {aj};?zl of

different points in C, it can be partitioned into subsequences such that any different points g4;
and a; in the same subsequence satisfy

|laj — ax| = Rmin(p(a;), p(a))- (A.4.48)
So taking ] to be a finite collection of I', we can choose an appropriately large R > 0 such that

l|a—b| > Rmin(p(a),p(b)), whenabe],a=b. (A.4.49)
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Putting everything together,

KH ko008 = K f Kose = P2, 0), 84)

ke — Py, ) e~ Torlf e
’ "X pr(ayf K20 = Pap(fR2,a)l
oy f e = Par(Fhoe) X fo2a = Bar(Fho)
- X K2~ Par PRzl

< ||fk2,T - pa,r(ka,T)||L2(D’(a),e‘2‘1’dA)

(A.4.46)
||fk2,1 - k2,’{ Qa,r(f)”LZ(D’(a),g-Zd’dA)
< sup |k2,T((€)ei(P|”f_Qa,r(f)”L?(DY(u),dA)
£eDr(a)

(A.4.47)
< sup ——e
EEDT( )P(é)

_(=a)
(p(”) If = Qa,r (F L2 (Dr(a),dn)

|t—a|

C ( 1)
~ P (a
p(ﬂ) ”f Qar f ||L2(D (a),dA)

= ¢ 2 1/2 ,(\pr—:l )5
_W[L'(u)lf_Qa,r(f)l dA] e \om

— CG,,( f)(a)e‘(m) , (A.4.50)

where in the last line we used that Q,,(f) is the orthogonal projection of f onto H(D"(a)) in
L*(D"(a),dA). Hence, by the Hilbert projection theorem,

If = Quar(Flz2(Dr(ay) = heHi(Ill)fr(u))Hf = hllL2(pr(ay)

which gives the definition of G, ,(f)(a). Therefore,

(A.4.45) =
hzIg, "< ) Gatfare ()

a,T€], a2t

A4 48) Rmin(p(a)p(c)) |7
Y Gaiap )
ae] €]
T#4
=Y G (f)ape . (A.4.51)
a€g]
Now we can pick some R large enough such that
2k <X ¥ 6 P A.4.52
121, < 5 ) Garlf)a). (A.4.52)
aej
Using
Yl <2llAH/TIf +2IIZII% (A.4.53)
P P p
we have
N ZGZ AF)@P <20 AH;TIE + = ZGZ (@), (A.4.54)
ae] a€]
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and since J is finite,

NZGzr a)f < 4lAH TS

aej]
p
<A, IHAG ITIE, o
< C||Hf||§p. (A.4.55)
Since C is independent of f and J,
ZG“ a)? < CIIH/ . (A.4.56)

ael’

The remaining of the proof is similar to (A.4.36) and we can conclude that for 0<p <1,
I lpape-e < CUHIE (A.4.57)
O

A.5 Simultaneous membership of H; and Hf in §,

In this section, we first define the space of functions of integral mean oscillation IMO and
prove some of its basic properties. In particular, we prove that Hy and Hy are simultaneously
in S (Fj),L(ZP) with 0 < p < oo if and only if the symbol f satisfies a suitable IMO condition (see
Theorem A.1.4).

Lemma A.5.1. Let 0<p <coandr>0. Thenfor feL? , f e IMOf’z’a if and only if there exists a

continuous function c(z) on C such that

loc’

1 1/2
a(lDr( T If(w)—c(z)lsz(w)) elL? (A.5.1)

Proof. This proof is similar to the proof of Proposition 2.4 in [52]. We can similarly extend the
proposition to the case 0 < p <1, and the doubling weights by introducing p as the following.
First note that if f € IMO?>?, then (A.5.1) holds with ¢(z) = f,(z) which is continuous for z € C.
Conversely, assume that (A.5.1) holds. By Minkowski 1nequa11ty,

P (IMO,,(f)(2) |Dr T c2)PdA)” +p%1f () - c(2). (A.5.2)
By Holder’s inequality,
p%lf(2) ~c(z) < p° (ID}( i |f—c(z)|2dA)” *el” by (A5.1). (A.5.3)

p,2,a

Hence, using (A.5.2) and (A.5.3) we can see that f € IMO; O

Proposition A.5.2. Let 0<p <oo,r>0,and f € Ll20c. If for each z € C, there exist hy,h, € H(D"(z))
such that

1 1/2
N Jy PO

a 1 . 2, \1/2
p (Z)(|Dr El Lr(z) If —hol?dA) " e LP, (A.5.4)

then f € IMOf’Za,
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Proof. The proof is a more detailed version of the proof of Proposition 2.5 in [52], extended to

the case of doubling Fock spaces. For f € L? |, recall that

loc’

(i, 2) " = J FPda)” (A.5.5)

By the triangle inequality and using (A.5.4),

; 1/2 Fho W12 T, W1/2
o (155 - 3o 2)) 7 < ot (1550 (2)) o (1552 2)) Terr (AS6)
Since f + f and p“ are real-valued, we can conclude that

)1/2

p*(IIm 13222 (2)) " e 1P, (A.5.7)

As in the proof of the Proposition 2.5 in [52], we know that if v : D"(z) — R is harmonic, there
exists a harmonic function u such that u +iv € H(D’(z)) and

lu = u(2)l|za(Dr(2),d4) < ClvllLa(Dr(2),d4) (A.5.8)

for all 0 < g < co.
Taking g = 2 in (A.5.8), and since h; + h, € H(D'(2)),

(IRe™3 —Re B )2, () < C(jtm B, (2)) (A59)
Thus,
o (1L —Re 12 o)2 (2))"? < p(1L3L —Re 1322 ()
+ p”‘(|Rehlﬁl@ﬁ(z))l/2
<p?(15 - g ()"
. Cp“(|@2r(z))1/2 cIP, (A.5.10)

where the first term in the last line is in LP by (A.5.6), and the second term is in L? by (A.5.7).
Hence,

o (155 ~Re 4 o), () e 17, (A5.11)

Similar to (A.5.6), (A.5.7), and (A.5.8), and applying (A.5.4), we have

7 n-n 1/2 “n 1/2 b 1/2

(1L - 13212 (2)) 7 < p? (1522, (2) " + o (155212 (2)) " e L? (A.5.12)

Since J% is completely imaginary, we can conclude that

= h—h . /2
p*(1Re 1522 (2)) e 1. (A.5.13)
We can exchange u and v in (A.5.8), and therefore,
T h <« hohi 1/2 o 1/2

(Itm Bt —tm B )2 (2))7? < C(IRe 222 (). (A.5.14)
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Thus by (A.5.12) and (A.5.13),

—f - 1/2 _f _ 1/2
p* (15 ~Im P52 )P () < o7 (15~ Im BgEP ()

+ % (Im B3 — 1m Btz ()2 (2)

1/2

_f _ 172
Sp“(l%——’“zhzmz))

 h—l, 1 1/2
+Cp(IRe 22 (2)) " e LP. (A.5.15)
Hence, analogous to (A.5.11),
_f _ 1/2
P (15 - B )P (2) e (A5.16)

Choose c(z) = Re 152 (z) + i Tm 15"2 (2). Then by (A.5.11) and (A.5.16),

p*(If —c(@IP(2) " e L7, (A5.17)

which is equivalent to

1 1/2
p( e, If —c(z)PPdA) " e L. (A.5.18)
Thus by Lemma A.5.1 we can conclude that f € IMO’,]’2’a. O

Lemma A.5.3. Let 0 < p < co. Then for f e L? , f € IDAf’z’a and f € IDAf’Z'a if and only if

f eIMOP™.

loc’

Proof. First assume that f € IDA?*“ and fe IDAP>. By the definition of IDA?>?, this means
that p“G,,(f) € L? and p“szr(f) € LP. Moreover, by Lemma A.3.1, for each z € C, there exist
functions hy, h, € H(D'(z)) such that

Go,(f)(2) ( |J‘ - hﬂsz)l/2

and

ID"(2)]

Hence the hypotheses of Proposition A.5.2 are satlsfled Therefore f € IM

Conversely, assume that f € IMOP "* Since f z) = fr , we have MOz’r(f)(z) =MO,,(f)(2).
Thus f € IMO}r7 . Now, for each z € C, the function w +— fr(z) is constant on D’(z), and hence
is holomorphic. Therefore, by the definition of G, ,,

i ] i 1/2
Guuxaz( D“Jf—mﬁmﬁ |

Op,2,a

172

610 < g [, V- dA) = MO (1))

Multiplying by p® and taking the LP-norm gives ||f||, r2a < ||fll;\sop2a- The same argument

applied to f gives ||f||IDA€,2,a < ”f”IMOE'Z'“ = ”f”IMOf’z’a' Hence
£, f e IDAP?.
This proves the equivalence. ]
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We can now give the proof of Theorem A.1.4, which shows that both Hy and Hf arein S, if
and only if f € IMOY” P where 1 < p < oo.

Proof of Theorem A.1.4. By Theorem A.1.2, Hy € S, if and only if f € IDAf'Z’_Z/p for some
(equivalent any) r > 0. Similarly, Hy € S, if and only if fe IDAf’Z’_z/p. An application of

Lemma A.5.3 shows that this is equivalent to f € IMO’;’Z’_Z/’] , for some (equivalent any) r > 0.
Further, the norm estimates in (A.1.15) follow from (A.1.12) and (??). O

As mentioned in the introduction, we obtain the following result as a consequence of The-
orem A.1.4.

Theorem A.5.4. Let f be a non-constant entire function and F; be a doubling Fock space. Then Hy

is not in SZ(F(?),L;)).

Proof. Since f is holomorphic, Hy = 0, and thus belongs to the Hilbert-Schmidt class. Applying
Theorem A.1.4, it is enough to show that f ¢ IMO%’Z’_l. First note that f is harmonic on D!(z)
and by the mean-value property of harmonic functions,

_ 1
fi(z) = le(z)fdA = f(2).

By the Cauchy estimate,

1 1/2

MO, (f)(z) = (m o )|f(w) — f(2)|*dA(w)

2 Clof (2)lp(2)-

Hence,

oz = |_p(e)2MO3, ()P dAG)
> | plar Yos(aIRptardA )
C

So, since f is entire and non-constant, it follows that f & IMOf’z’_l, and thus Hy is not Hilbert-
Schmidt.

O]

A.6 Berger-Coburn phenomenon for doubling Fock spaces

This section contains the proofs of Theorems A.1.5 and A.1.7. We start with the proof of the
Berger-Coburn phenomenon for Hilbert-Schmidt Hankel operators, that is, we show that for
f € L%, Hy is Hilbert-Schmidt if and only if Hy is Hilbert-Schmidt.

2
loc*

Proof of Theorem A.1.5. Let Hy € S;. By the assumption, f € L*, and in particular f € L
Then by Theorem A.1.2, f € IDAZ> ! for some (equivalent any) r > 0, and

fllipaz-t = [1Hylls, < co. (A.6.1)
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Decompose f = f; + f> as in (A.1.10). Thus f; € C*(C) and

ORI+ (D22 + 07 (P2 € L2 (A.6.2)
Then the definition
_ - 1/2
Y)(f? () =p! |Dr T J fo2dA) (A.6.3)
implies that .
HRRP)Y2 =M AR) 2 e L2 (A.6.4)

By (A.1.11) and (A.1.12), Hf €5,. Indeed,

(A.1.12) (A1l o —
”Hfz”Sz ”fz”IDA“ 1 < ||P 1(|f2|2r)1/2”L2
- (A.1.11)
o P2z % [flhpaze. (A.6.5)

To show that ||Hf- lls, < ||f||IDAz 2-1, we need to follow a more complicated argument, inspired
by the proof of Theorem 1.2 in [47]. Let { }°° be a fixed m;r-lattice for some m; € (0,1) and
r > 0. Choose a partition of unity {1/J]}] . subordlnate to {D™"(a;)} as in (A.3.9). By Lemma
A.3.1 there exists h; € H(D'(a;)) such that
' )1/2

(If =1P,(a)) " = Gop(f)lay), and  sup [h(@)] < Iflce (A.6.6)

zeD™1"(a;)
Now we get back to the decomposition f = f; + f, as in (A.1.10) with f; = Z]?";l h;;. Without
loss of generality we can assume t; = 1; for all j > 1. Since we assumed that f is bounded,
f1 € L™ and moreover

af, = Zl 9¢j+;¢j9fz]- =F+H, (A.6.7)
1= 1=

for F=) 72, l_ljél,bj and H=) 72, 1,0191_1]-. Similar to (A.3.13) one has

F@l= o @pl Y dw=p @)Y Fidw- Y mdv
j=1

j=1 j=1
<07 (@p(2) Y _[hj(z) = b (2)I9;(2) < Cp™ (2)Gos ()(2). (A.6.8)
j=1
Besides,
IH2 < 19fillg2 +[IFll.2. (A.6.9)
By (A.6.8),
IFlliL2 < If llipaz2-1- (A.6.10)

Lemma 7.1 in [51] implies that

19412 = 19fill2 < CllIfillee < Cllf lhpaza-t, (A.6.11)

where the last inequality is obtained by multiplying both sides of (A.3.12) with p~!. Hence, we
can conclude that
IH]|r2 < ||f||1DA3r2'-1' (A.6.12)
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Note that for my,m, € (0,1),
_ (A.1.10) . ,
HR IS, = 1fillfppza < CL[(laf1|2mm2r)l/2] JA

sL[(lFlzmlmzr)l/z] dA+L[(|H|2mlm2r)1/2] dA, (A.6.13)

where for the last inequality we used the equivalence p(w) ~ p(z) for w € D™ (z) and (A.6.7).
Note that using (A.6.8) one has

\I\ [ |F|2m1m27’ 1/2] dA < ||f||IDA22 1 (A-6-14)

and thus we are left to compute Iﬂ: [(|H|2m1m2r)1/2] dA. Letz e D"(a;)ND"(a). Since |8_(f1k—f1j)| =
|d(hy — h;)|, applying the Cauchy estimate for the boundary of the disk D"""(z) of radius
mym,rp(z) and Holder’s inequality, we obtain the following.

- - - C - 1/2
'3"1“2)"11’(2”'3M{mez)'hk(w) hi(w)PdA} ", (A.6.15)

Using |l —1_1]-|2 = |(f — hg) = (f - fzj)l2 <|f - +If - l_zjlz, and the fact that hy and h; are
holomorphic, we get

|9(hy(2) = hj(2))] <

2,R(f)(2), (A.6.16)

H+Z¢j9(ﬁk—ﬁj):H+i¢ja’flk—H. (A.6.17)
j=1

oy, = Z¢j9(flk—f1j)+H. (A.6.18)

Hence,

A

Y (@100 (2) - b)) +H ()P

jeD"T" (aj)
< (1 @Gor(N) +IHEP, (A.6.19)

where the last inequality follows from (A.6.16). For z € D""(ax), notice that D"™1"7(z) C
D™ (ay) for some m; € (0,1). Then by subharmonicity,
1
|Dm1m2r( )l D”"l’”Z"
(A.6.19) 1
< - -
T D (z)]

|07y (2)* < |afzk<w>|2dA<w>

- [Ip w)Go(f)(w)| +[Hw)[*|dA(w)
S (p7 (@) Gor(f)2)? +|H|2mlm2r<z>, (A.6.20)
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for some R > R.
Now for z € C, there exists w’ € D™™2"(z) such that

[(FP 0,0 (2] < maxfiH ()P - w € D2 )

= |lek Noh(w)|’, (A.6.21)

where the first inequality comes from integration on a bounded domain. Note that G, z(f)(w’)* <
Gy,s(f)(z)? for some s > R, and

[(HP s D] < [(HP (202 (A.6.22)

and we can conclude that

A621)

[(FP, (20 2] |z¢k<w’>a‘ﬁk<w’>|2
k=1
(A.6.20)
&y ¢k<w'>{<p—l<w’>)2G2,R<f><w'>2
k,r(@)20
+|1?lem2r<w’>}
(A.6.22)
F T (0 @G D) + Py (2) (4.6.23)

Hence as mentioned in (A.6.13), and applying Theorem A.1.1,

L2, S 1Ry s +L[<@mlmzr<z»l/2]zm<z)
2 -1 2 .
V- L (01 ()Gl f)(2)) dA(2) + L [HP,, (20 A(2)
SR s + L HPdA
S “f”IDA” 1 (A.6.24)

where in the last line we have used (A.6.12).
This together with (A.6.5) implies that

IHglls, < I1Hlls,- (A.6.25)
We are done since the proof is symmetric for f and f. O]

We make the following remark related to the Berger-Coburn phenomenon for other values
of p.

Remark A.6.1. For 1 <p < oo we say that w is a Muckenhoupt weight and write w € A,, if there
is a constant C > 0 such that for any disk B ¢ C, we have

/
(|113| f a)dA)( 5 j —WPdA)p ' <C< oo, (A.6.26)
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where g is the Holder conjugate of p and |B| is the Lebesgue measure of B. As shown in [34], if
w € Ap and 1 < p < oo, then the Ahlfors-Beurling operator

(s
Z(f)(z) =p.v.— - J:E—((S 2P dA(z) (A.6.27)

is bounded on LP(w). Hence, similarly to the proof of Lemma 7.1 in [51], we can show that
when f is bounded,

19f 1122 (@) < CHISf Iz ) (A.6.28)

where C is a constant depending only on p.

To generalize Theorem A.1.5 to the other values of 1 < p < o0, our approach would require
only one additional ingredient that w = pP~? is a Muckenhoupt weight (see (A.6.11)). However,
we have not been able to prove this condition and also note that Lemma A.2.1 does not seem
to help because the constants ¢, in (A.2.2) are not bounded in general.

Next, we consider the case 0 < p < 1. Recently Xia [76] defined the following simple func-
tion
{l if |z| > 1,
f(z):=47 (A.6.29)
0 if |z| < 1.
and used it to show that the Berger-Coburn phenomenon does not hold for trace class Hankel
operators on the classical Fock space. Hu and Virtanen [50] noticed that when 0 < p <1 the
same example shows that there is no Berger-Coburn for Schatten class Hankel operators on
generalized Fock spaces. Here we use Xia’s example again to show that the Berger-Coburn
phenomenon fails for certain Schatten classes S,(F é,Lﬁ,) on doubling Fock spaces. As will be
shown below, this failure holds for a large class of doubling weights, including the canonical
weights ¢(z) = |z|" with m > 2. For general doubling weights not covered by our results, it
remains open whether the Berger-Coburn phenomenon fails in the range 0 <p < 1.

Proof of Theorem A.1.7. To prove the theorem, we use Theorems A.1.2 and A.1.4. The idea is to
find a bounded function f with f e IDAf’Z’_Z/p such that f ¢ IMOf’z’_z/p for some (equivalent
any) r > 0. Note that by remark 1 in [64], there are constants C,# > 0, and 0 < < 1 such that
for |z| > 1,

CHz[™ < p(z) < Cl2IP. (A.6.30)

Let f be as in (A.6.29). By Theorem A.1.1, the definition of IDAf’Z’_Z/p is independent of r.
So for simplicity, we set r = 1. It is easy to see that for a large enough R > 0, and |z| > R, f is
holomorphic in D!(z) = D(z,p(z)), and hence trivially G2,1(fp)(2) = 0. Indeed, one can see that
for |z| > R, D'(z) N D(0,1) = 0. Moreover, for all |z| < R, there is a constant C such that

G,1(f)(z) <C, (A.6.31)

as f is bounded in the bounded domain D'(z). Thus,

IF1

! =IO = [ 072Ga(pda
1 ()

< Cf p2dA < co. (A.6.32)
|z|<R
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Indeed, by Theorem 14 in [64], there is a smooth function ¢, where AydA is doubling and

A ~ piz ~ p~2. Hence,
J p’sz ~ f APpdA < o, (A.6.33)
|z]<R |z|[<R

as the doubling measures are locally finite. So by (A.6.32), f € IDAIf’z’iz/p, and Theorem A.1.2
implies that Hy € S,.

To show that Hy € S), note that if [z[ > R, f is harmonic on D!(z) and by the mean-value
property of harmonic functions,

1

filz “ D@ o fdA=f(2). (A.6.34)

Moreover, by definition, MO, ,(f)(z) = MO, ,(f)(z), and thus for |z| > R,

1 - . - 1/2
MO z) = Z)|“dA(w )
2400 =\ g ., -
1/2
1 f 1 1
= |—_—f|2dA(w))
IDY(2)| Jpiz) w2
1 ( lw-z? 1z
=|— dA . A.6.35
DTN Jpie) 2wl (“’)) (46:39)

For w € D'(z), we can write w = z + re'® where 0 < r < p(z) and 0 < 0 < 27. Therefore,

lw— z|2 j Jzﬂ dodr
A.6.36
Ll |zw|2 |z|2 |z + relel2 ( )
Let z = |z|e'¥. Then

S R A de A
|z +reif|2 0|2 |z|? + 2 + 2|z|rcos 6 (4.6.37)
0 0 ||z|+rel | 0

Defining y = |77|,

(2)
1 J'W) J‘M r3dedr 1 ﬂz r” y3lzl*d0dy
1z Jo o lZP+r2+2lzlrcosO  z2 )y Jo |22 +v2|z|? + 2|z]2y cos O
B f‘ﬁ” 93 jzn d0dy
0o 2vJo 1;—;2 +cosO
L _ 1+yp?
etx = = Then
271 271
de ae
J — :J- _ (A.6.38)
0 ;—5+c056 o X+cos6
Taking t = tan%, we have 0 = 2tan™!(t), dO = ffttz, and cosO = + . Since the cosine function

is even, one has

JM do _2J” do _2J°° 2dt
o Xx+cosO ), x+cosO T J, x(1+t2)+1—1t2
:2f 2t = 4j ar__ (A.6.39)
o Px-1+(x+1) x+1Jy 1+(1)2
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Taking u = /41 t, we obtain

4 r’ dt j°°2\/ ydu \/?Jw 2du
x+1 Jo 1+(§+;%)t2 x+1 w2+l x+1 u?+1
2 1™ 2
- ,/if jo-__
x+1Vx=1Jo (x—1)(x+1)

2m 4y
= - = — . (A.6.40)
\/(12}’ _1)(1;}}; 1) (1 }1)(1+}})
Thus,
p@/l2 3 r2n g4 el 2 4rypd
AN L A y? Anydy A.6.41
.fo ZyJ; 13—;’2+c059 L 2 (1-9%) ( )
Let v = y?, then
PVl Y2 4rydy (P 1/471\/_dv dv
J;) 7(1—y2>‘L 2 (1-v) 2y
(P12 _ 1 41 (p(2)/I2I)? 1
:nJ; T dv:nL (—1+1_v)dv
:Tc[—(%)z—ln(l—(%)z)]. (A.6.42)
Hence,
MO, (£)(2) = i[—<@>2 “in(1 —<@>2>]m. (A.6.43)
’ p(z)] I |2
Therefore,
I e = | 072 MO (PP d A
N 1 1 [ pl2, p(z) , P
_Lp(z)z L [—( - (52 )] dA(2). (A.6.44)

Note that taking x = —(p(z)/|z|)?, the term in the bracket is x—In (1 +x) = x —x +x2/2—-x3/3 +- -,
and hence the most contribution comes from the term x2/2. Thus,

(" 1 z)?P 1 1
AP, e = PEdA) = | A
1

Jcp(2)P*2 |2 2)>7P |2

[ 1 1 ©rdr

2 ——dA ~ -

" Jpzizr (2P [2]?P ) L 2p+p(2-p)
ol

=), = e (A.6.45)
JR r=R’

Note that 2-2p-B(2-p)=(2 —p)(z(l_p) - ﬁ) and since 0 < p <1, the integral diverges when

B < 21P) g6, when p =1, p must be zero. When p is very close to zero,  can get very close to
1, 1mply1ng that Xia’s example is a counterexample for any doubling measure.
O
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Remark A.6.2. One could also hope to modify (A.6.29) so that it takes into account the growth
condition of p; see (A.1.17). However, there are no holomorphic functions that behave like |z|°
at infinity unless ¢ is an integer. Indeed, suppose that f is holomorphic in the complement of
a disk centered at the origin, and assume that sup, If (re'%)| = r€ as r — co. Then ¢ € Z. To see
this, for such a function f, set g(z) = z*f(1/z), where k > c is an integer. Then g has a removable
singularity at the origin since |g(re'?)| = O(r*=¢) as r — 0. So g is bounded at zero, and hence g
has a power series Y a;z* near the origin, which implies that ¢ € Z.

Finally, notice that substituting (A.6.29) in the proof of Theorem A.1.7 by the functions
f(z)=1/2" for |z| > 1 and f(z) = 0 elsewhere actually works worse when the integer n is larger
than 1.

Proof of Corollary A.1.8. We apply Theorem A.1.7 to the canonical doubling weights ¢(z) = |z|™
with m > 0. Recall that by Lemma A.2.5, there is some R > 0 such that p(z) < |z|'™"2 for
|lz| > R. Therefore, =1~ m/2 We can conclude that the Berger—Coburn phenomenon fails for

SP(F|ZZ|W |z|’”) if 1 -m/2 <5 /2, which is equivalent to m > ; /2 In particular, if m > 2, then
the phenomenon fails for all Schatten classes S, with 0 <p S 1. O
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Appendix B

Toeplitz operators on large

vector-valued Fock spaces’

Abstract

We characterize boundedness and compactness of Toeplitz operators on large vector-
valued Fock spaces with weights introduced by Dall’Ara’s [Adv. Math., 285 (2015) 1706-
1740] in terms of generalized Berezin transforms, averaging functions, and Carleson mea-
sures. We also introduce the operator-valued Berezin transform and averaging functions to
describe the Schatten class properties of Toeplitz operators. This class of weights extends
doubling weights on the complex plane to the setting of C".

B.1 Introduction and main results

The classical Fock space of square-integrable entire functions with respect to a Gaussian mea-
sure, originally introduced in quantum mechanics, has long served as an important object of
study in functional analysis, complex analysis, and mathematical physics. From the complex
analysis point of view, it provides a canonical example of a reproducing kernel Hilbert space,
which is a central setting to the study of Toeplitz and Hankel operators. From a geometric per-
spective, the Fock space can be interpreted as the space of holomorphic sections of a Hermitian
line bundle over C", where the Gaussian weight naturally induces a Kadhler metric. This inter-
pretation establishes deep connections with complex differential geometry and the framework
of geometric quantization.

Motivated by these and other applications (such as sampling and interpolation), consid-
erable effort has been devoted to extending classical Fock spaces to those defined via more
general scalar weights, which typically satisfy certain growth or curvature conditions, allow-
ing for a broader and more nuanced geometric and analytic framework (see, e.g., [7, 46, 48,
81]). In his seminal work, Christ [24] studied doubling Fock spaces over the complex plane C,
associated with suitable subharmonic weight functions. His analysis established a profound
link between the study of Bergman kernels and partial differential equations through geomet-
ric and analytic techniques. This framework was subsequently extended by Dall’Ara [30] to

I This appendix reproduces the paper “Toeplitz operators on large vector-valued Fock spaces” by H. Arroussi, G.
Asghari, and J. A. Virtanen, available as an arXiv preprint (arXiv:2504.15239, 2025).
Apart from formatting adjustments, this appendix coincides with the current version of the arXiv preprint.
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higher-dimensional complex spaces C", which is the underlying space for the operators that
we consider in our work.

Compared to the long-term interest in the scalar-valued Fock spaces, less attention has been
paid to the vector-valued case, where functions take values in finite- or infinite-dimensional
Hilbert spaces, where additional difficulties are caused by the complexity of kernel functions
taking values in operator algebras and the interplay between geometry and operator theory in
infinite dimensions.

Let H be a separable Hilbert space. We denote by L2 (C",H) the space of all measurable

¢
H-valued functions on C" for which

Iy = [ IFEIR e A <oo (B.11)

where dA is the Lebesgue measure on C" and ¢ is an admissible weight introduced by
Dall’Ara [30] (see §B.2 below). When equipped with the inner product

(F.9)= |_ (762 st

Lé(C”,H) becomes a Hilbert space. We say that f : C" — H is holomorphic if for every contin-
uous linear functional ¢ € H*, the scalar-valued function ¢ o f : C" — C is holomorphic in the

usual sense (see, e.g., §3.10 in [42]). The large vector-valued Fock space Fé(H) is defined by

P;(C”,H) =L2(C",H)NH(C", H),

¢

where H(C", H) stands for the space of all H-valued holomorphic functions on C".
Our large Fock spaces F;(H) generalize the concept of doubling Fock spaces on C to higher
dimensions and allow for vector-valued functions. Note that the class of admissible weights

contains all weights ¢ for which there are constants 0 < m < M such that
mw, <dd*p < Mw,, (B.1.2)

where w, = %ddclzl2 is the Euclidean Kahler form in C", d = d+ d is the exterior derivative, and
dc = %(9— d); see, e.g., [73] for further details of the weights satisfying (B.1.2). When n =1, the
condition in (B.1.2) is equivalent to m < A¢ < M, where A is the Laplacian.

It is easy to see that F;;(C”, H) is a closed subspace of L2 (C",H) and hence a Hilbert space.

¢
Indeed, given z € C", by Lemma B.2.8, there is a constant C(z) such that

If @l < C@Ifllp,g,  for f € F3(C", H)

(see Remark B.2.9), which implies that the point evaluation map f + f(z) is a bounded linear
homomorphism from Pé((ﬁn, H) to H and uniformly bounded in bounded domains of C". Since
locally uniform limits of holomorphic functions are holomorphic, we conclude that F;(C”,H)
is a closed subspace of Lé(C”,H).

Reproducing kernel Hilbert spaces, such as the classical Fock space of square-integrable
complex-valued holomorphic functions, have been an exciting area of research in analysis and
operator theory. One of the basic properties of the reproducing kernel in the scalar setting,
i.e, spaces of complex-valued functions, is that the reproducing kernel itself is holomorphic

and belongs to the space. In the previous work on vector-valued Fock spaces, such as [19],
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reproducing kernels were not always explicitly defined and we introduce them here for the first
time in Definition B.1.1. However, a notion of operator-valued positive definite kernel, introduced
by Aronszajn in 1950 [5], has been used in the finite-dimensional Euclidean setting in machine
learning [66, 67]. Our definition agrees with this and also with the definition of matrix-valued
reproducing kernel Hilbert spaces; see e.g., [35]. What will be different, though, from the scalar
case is that, although the reproducing kernel reproduces the elements of the Hilbert space in
the sense of the integral equation (B.1.3), it is not an element of the space itself.

Definition B.1.1. Let H be a separable Hilbert space, H* be its dual, and let F be a Hilbert
space of functions f : C" — H. We say that F is a vector-valued reproducing kernel Hilbert space
if there is a map K : C" x C" — H® H* with K"(z,w)* = K*(w, z), and

f(z) :f KH(z,w)f(w)dV(w) for f € F, (B.1.3)
where dV is a measure on C”.

Note that here = stands for the natural isomorphism HQ H* = H*® H. Let L(H) be the set
of bounded linear operators on H. Then there is a natural isomorphism £(H) = H*® H. In fact,
using the map B: H*x H — L(H) defined by B(1,w)(v) = A(v)w, and the universal property of
the tensor products, we obtain a linear map Tp : H*® H — L(H). This map is an isomorphism
with inverse S(L) = } 2, e’ ® Le;, where {e;};2, is an orthonormal basis of H and {ei};’i1 is the
dual basis of H*. Therefore, the vector-valued reproducing kernel K’ can be viewed as a map
KM":C"xC" - L(H).

Write KJ{(-) = K’{(-,z). In Definition B.1.1, consider K™ : C" x C" — L(H) and K" (z,w)* =
K™(w,z). Let us consider the inner product of F as

(F9)r = | (Fahgtmmdvia

It follows that (f(z), )y = (f,K['h) s for every h € H and z € C". This can be seen as an analog
to f(z) = (f,K,) in the scalar setting.

For the rest of the paper, we assume that dV = e??dA, which implies that Fi(C”,H) is a
vector-valued reproducing kernel Hilbert space and its reproducing kernel K! is a map from
C" to H®H". The reproducing kernel property takes the form

f(z) = J n KM(z,w)f (w)e 2@ d A(w).

When H = C, we denote the scalar-valued weighted Fock space on C" by F;(C”), which con-
sists of all complex-valued holomorphic functions on C” such that the norm defined in (B.1.1)
is finite. Notice that the above integral is equivalent to the scalar reproducing kernel prop-
erty, where the action of the reproducing kernel in the scalar case Fé((E”) is given by the
usual multiplication. Being an element of H ® H*, the most general K’!(z,w) is of the form
Y =1 Kimn(z,w)e,, ® e", where K,,,,,(z,w) are some complex scalars. In fact, we will see in §B.2
that the reproducing kernel for Fé(Cn,H) is obtained by taking K,,,,(z, w) = 6,,,K(z, w), where

K(z,w) is the reproducing kernel of F(?)(C”); that is,

KM(z) = KM (z,w) = ZK(z,w)en ®e".
n=1
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Define an integral operator P : Lé(C”,H) — Fé((E”,H) by

P(f)(z):JnKH(z,w)f(w)e_z‘P JdA(w f 20 g A(w), (B.1.4)

which is shown to be the orthogonal projection of Lé(C”, H) onto Fé(C”, H) in Lemma B.2.12.
To define vectorial Toeplitz operators, we denote by T;(L(H)) the space of holomorphic
operator-valued functions G : C" — L(H) such that each G(z) is positive and satisfies

KOIGC)cg € LE(CT), zeC™. (B.1.5)

For G € Ty(L(H)), the vectorial Toeplitz operator Tg is densely defined by

T6f ()= PG = | Glulf )k (zwle ¥ dAw)

for f € F;(C”,H). For more details see Section B.2.

To characterize the boundedness and compactness of T, we define the Berezin transform
G by

62 = | Ielw)lPe X NGwlepdAw), zeC”,
Cﬂ

where

KZ
||Kz||1:§)(q;n)

is the normalized Bergman kernel of F é(([:”). For r > 0, the corresponding averaging function

G, is defined by

k, = , zeC",

fD’(z)”G( w)lzydA(w) fDr(z)llG( W)l dAw)
|Dr(z)| p(z)zfl ’

where [D"(z)| is the Lebesgue measure of the disk D"(z) = D(z,rp(z)) and = is defined below in
§B.1.

We say that G satisfies the Carleson condition if the inclusion map I; : F%(C”,H) —
(C", H,||Gllz(#)dA) is bounded, that is, there is a constant C such that

r\Z2) =

2
Ly

1/2
([ W@ I6@Nepgdan)  <Clflog forfery@tr. @1

We say that G satisfies the vanishing Carleson condition if the embedding operator I :
F;(C”,H) — L(ZP(C” H,||Gllg(3)dA) is compact, that is, for any bounded sequence {f;}2 P in

F(?)((E”, H) that converges to zero uniformly on any compact subset of C" as j — oo,

Mnf|m@m 202 dAlz) = O. (B.1.7)
j—o0 Jn

In the scalar setting, the basic properties of Toeplitz operators are relatively well under-
stood. Indeed, in the scalar case, boundedness, compactness, and Schatten class properties for
Dall’Ara weights were described in [8], while their Fredholm properties are understood up to
doubling weights (see [48]). In the vectorial case, see [33] for boundedness and compactness
when the weights satisfy (B.1.2) and see [78] for logarithmic growth weights introduced by
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Seip and Youssfi [74]. Regarding Schatten class properties, there are no characterizations for
vectorial Toeplitz operators but there is a characterization for vectorial Hankel operators on
Fock spaces with logarithmic growth weights (see [19]). The present work provides the first
Schatten class characterization for vectorial Toeplitz operators on weighted Fock spaces and
also provides descriptions of their boundedness and compactness.

Main results

The following three results describe boundedness, compactness, and Schatten class properties
of Toeplitz operators acting on large vector-valued Fock spaces.

Theorem B.1.2. Let G € Ty(L(H)) and a be as in (B.2.11). Then the following conditions are

equivalent:

1. TG:F(%(H)—>F42)

2. GeL™®(C",dA);

(H) is bounded;

3. 65 € L*®(C",dA) for some (or any) 0 <0 < a;
4. {@-(zk)}k is a bounded sequence for some (or any) o-lattice {zy}; with 0 <0 < a;
5. G satisfies a Carleson condition.

Moreover,
ITcll = IGllze(cn,aa) = IGslle(craa) = I{Gs(zi)}llre- (B.1.8)

Theorem B.1.3. Let G € Ty(L(H)) and a be as in (B.2.11). Then the following conditions are
equivalent:

1. Tg: Fé(H) — Pé(H) is compact;

2. G(z) = 0as |z| — oo;

3. 55(2) — 0 as |z| — oo for some (or any) 0 <0 < a;

4. E‘;\b’(Zk) — 0as k — oo for some (or any) o-lattice {zx}; with 0 <6 < a;
5. G satisfies a vanishing Carleson condition.

To characterize the Schatten class membership of the vectorial Toeplitz operator T, we
define the operator-valued Berezin transform of G by

GP(z)= | [ky(w)?e ™ G(w)dA(w), zeC,
Cﬂ

and the corresponding averaging operator by

jD,(Z) G(w)dA(w) jD,(z) G(w)dA(w)

.
Cr =5 o(2)7

, zeC"

These operator-valued versions of the Berezin transform and the averaging operator will likely
be useful for the study of various classes of concrete operators. In our present work we use
them to characterize the Schatten class membership of the vectorial Toeplitz operators.
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Theorem B.1.4. Let 1 <p <oo,and 0 <0 < a, where a is as in (B.2.11). Then for any orthonormal
basis {e,,}>1 of H, the following statements are equivalent:

1. The operator Tg belongs to Sp(F(%(C”,H));

2.
" () %o dA(z)
J ) n;((G P(z)e,,, em>H)p p(z—); < 00;
3.
S dA(z)
Jo. s @remenndf [ <o

4. Let {zj};>1 be a 6-lattice. Then

The characterization of Schatten class membership of Toeplitz operators T, for 0 <p <1,
is more complicated. As one can see in Theorem B.1.7, to get a full characterization, we need
to add an extra condition about the symbol G(z), that is, G(z) is a compact operator on H, for
every z € C". However, sufficient conditions for T € Sp(Fé(C”, H)) is exactly as those when
1 < p < o0, as explained in Proposition B.1.6 below.

Proposition B.1.5. Let 0 <p <1,and 0 < 6 < a, where a isas in (B.2.11). Then for any orthonormal
basis {e,,},,>1 of H, the following statements are equivalent:

1.

" (0 dA(z) _
I ) (@ @ ementn) o5 <o

= 242
Jo. kg @remenn) SE51 <o

3. Let {zj};>1 be a 6-lattice. Then
" (A p
> (G Eemendn) <oo.

j,m=1

Proposition B.1.6. Let 0 <p <1,and 0< 6 < a, where a isas in (B.2.11). If there is an orthonormal
basis {e,,} n>1 of H, such that

N (/G0 dA(z)
J” ;((G P(2) em,em>H)p p(z); < 00,

then the operator T belongs to SP(F(?)(C”, H)).

The following theorem gives the necessary condition for the Schatten class membership of
T; by assuming that G(z) is a compact operator on H.
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Theorem B.1.7. Let 0 <p <1, 6 <min(1/2, ), where a is as in (B.2.11), and {Zj}jzl be a 6-lattice.
Assume that G(z) is compact for every z € C", and Tg € SP(F(%(C”, H)). Then there is a family of

orthonormal bases {ein}mzl of H, possibly depending on z; € C", such that

5 ((CKIEREIER

j,m=1
where {ein}mzl is the basis of H, obtained by eigenvectors of égp(zj ), for each j > 1.

Note that the integrals in the preceding theorems and propositions are taken with respect
to the volume form associated with the Riemannian metric tensor g = X?Zl p(z)’zdz]- ®dzj over
C", taking into account the underlying geometry of the space. One can see that the associated
Riemannian metric is conformal, with the conformal factor p(z)~!. For more details on function
p see §B.2. In the case of the classical Fock space, p = 1, and hence the study of Schatten class
membership of the vectorial Toeplitz operator is much easier, as one is dealing with the usual
Riemannian metric.

In general, when dealing with Toeplitz operators on Fock spaces with doubling or Dall’Ara
weights, the difficulty is caused by the geometry induced by the weight ¢, that effects both the
kernel estimates and the Riemannian metric over C". Accordingly, the proofs typically require
new techniques adapted to such weights, such as generalized criteria of Carleson measures
and decompositions of the complex plane by r-lattices, which differ from the conventional
decompositions into subsets with essentially constant radius. Moreover, because of the lack of
an explicit expression for the reproducing kernel, which makes our goal more difficult, we use
some of its pointwise and norm estimates.

More precisely, Theorems B.1.2 and B.1.3 extend classical results for scalar symbols, the
main difference from the scalar case in our approach is that we introduce a Carleson condition
for the vector-valued case, while for our Schatten class result in Theorem B.1.4, we have to
introduce operator-valued versions of the Berezin transform and the averaging function. This
is in contrast, for example, to the case in which the symbol of the Toeplitz operator is a positive
measure. Another useful observation for our approach is that the compactness of the vectorial
Toeplitz operator implies the compactness of the operator-valued averaging function, as shown
in Lemma B.2.16. This enables us to apply the spectral theorem introducing bases e}, in the
proof of Theorem B.1.4.

The paper is organized as follows. In Section B.2, we give some background on the radius
function p and some useful estimates of the reproducing kernel. Further, we elaborate more on
the relationship between the reproducing kernel K’¢(z, w) of Fé(C”, H) and that of Fé(([l”), and
discuss the properties of the orthogonal projection. Furthermore, we provide some lemmas on
the Schatten class properties of Toeplitz operators that turn out to be very useful in the proof
of Theorem B.1.4. Section B.3 is mostly devoted to the proof of Theorem B.1.2 and Theorem
B.1.3. Finally, the proof of Theorem B.1.4 is given in Section B.4.

Notation

We use C to denote positive constants whose value may change from line to line but does not
depend on the functions being considered. We say that A ~ B if there exists a constant C > 0
such that C™'A < B < CA. Moreover, A < Bif A < CB for some positive constant C.
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B.2 Preliminaries

In this section, we state the definition of Dall’Ara’s weights, prove some key lemmas on the
radius function p, and deal with the reproducing kernels of P(:Z;(C”) and Fj)(C”,H). We finish
this section by providing some auxiliary results on the Schatten class membership of vectorial
Toeplitz operators.

Dall’Ara’s weights and the corresponding weighted Fock spaces

Let H be a separable Hilbert space with norm || -||;; and ¢ : C"* — R be a C? plurisubharmonic
function.

Definition B.2.1. We say that ¢ belongs to the weight class W if ¢ satisfies the following
statements:

(I) There exists ¢ > 0 such that

inf sup A¢(&)>0, (B.2.1)
zeC" &eD(z,c)

where D(z,c) is the Euclidean disk centered at z with radius c,

(II) A¢ satisfies the reverse-Holder inequality. That is, there exists a positive real number C
such that

IAQP||zeo(D(z,r)) < Cr 2" J;)( )A(f)(é)dA(é), forany ze C" and r > 0,
zZ,r

(IIT) the eigenvalues of Hy are comparable, i.e., there exists a 69 > 0 such that

(H(i,(z)u, u)y > 60A(j)(z)|u|2, for any u,z e C",

where The Hessian matrix of ¢ is given by

*¢ )
H :( )
¢ 020z ikl

Suppose 0 < p < oo and ¢ € W. The space LZ)((E”) is the space of all measurable functions f

on C" for which

1/p
Iz = (L |f<z>|Pe-P¢<z>dA<z>) oo

and the space L¢ (C") consists of measurable functions endowed with the norm

||f||L;>;(cn) = sup|f (z)le ?? < co.

zeC"

Denote by H(C") the space of all holomorphic functions on C". Then the scalar weighted Fock
space is defined as

Pi(rny_ 1P
Fy(C) =1}

with the same norm which was defined above. It is easy to check that Fg)(([:”) is a Banach space

(C™") N H(CT"),

under the above norm for 1 < p < o0, and a complete metrizable topological vector space with
the metric

P(f,g):Hf—ngg)(@), forO<p<1.
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For z € C", we define the associated function p to ¢ as

p(z) =sup{r>0: sup A¢p(w)<r2). (B.2.2)
weD(z,r)
This function satisfies many different properties, as presented in Lemma B.2.2. Let u be a
positive Borel measure defined by

#(D(z,7)) = APl (D(zr))-

One can see that p is doubling, and u(D(z, p(z))) = 1 using the reverse Holder inequality, as was
shown in [62].

The orthogonal projection of Lé(C”) onto Fé(C”) is denoted by P¢ and the reproducing
kernel of Fé((E”) by K, (z) = K(z,w). It is well known that P can be represented as an integral
operator

Pe(f)(z) = Cnf (w)K(z,w)e 2?@dA(w), zeC",

which extends to a bounded projection from LZ(C”) to PZ(C”) if 1 < p < oo. In particular,
Theorem 20 of [30] proves that there are constants C, e > 0 such that

o) pb(w)
p(2)" p(w)"

—sdp(z,w)

|IK(z,w)| < C

, zZweC", (B.2.3)

where if y:[0,1] — C" is a piecewise C! curve, we define
1 ’
(@
L= | a,
Y= 5 o)

dy(z,w) = ir)}pr(y/),

and

where the infimum is taken over all piecewise C! curves y : I — C" with ¥(0) = zand (1) = w.

Moreover, d,(z, w) = |Z?;‘)’|, for z,w € C". For more details, please see proposition 5 in [30].

Some useful estimates

The first lemma shows some properties of the associated function p and construction of the
r-lattice as defined below.

Lemma B.2.2 (See [7], Lemma A). Let ¢ be defined as in Definition B.2.1. Then the radius function
p satisfies the following properties.

(1) There exists M > 0 such that
supp(z) <M, (B.2.4)

zeC"

(2) The function p is Lipschitz. That is, for every z,w € C",
lp(z) —p(w)| < |z - wl, (B.2.5)
(3) Forre(0,1)and we D'(z),
(1-1)p(z) <p(w) < (1 +7)p(2), (B.2.6)
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(4) There exist A, B > 0 such that

2™ < p(2) < 128, for |2 > 1. (B.2.7)

By (B.2.6) and the triangle inequality, for any r € (0,1), there are m; = my(r) > 1 and m, =
m,(r) > 1 such that

D"(z)c D™"(w), and D"(w)c D™'(z), forevery we D'(z). (B.2.8)

It is easy to see that
B = sup [my(r)+my(r)] < co. (B.2.9)

O<r<1

Given a sequence {z;};>; C C" and r > 0, we call {z;};>; an r-lattice if {D"(z)};2, covers C",
and the balls of the form {D’/S(zk)}]‘f:1 are pairwise disjoint. Moreover, for an r-lattice {zj}>1
and a real number m > 1, there exists some integer N, only depending on m and r, such that
each z € C" can be in at most N balls of the form D™ (z;). That is,

Y Xpw)(2) <N, forzec”, (B.2.10)
k=1

where x is a characteristic function of a subset E of C".
The second lemma presents some estimates of the reproducing kernels and their norms.

Lemma B.2.3 (See [8], Lemma 2.3). Let K, = K(-,z) be the reproducing kernel of F;(C”). The
following assertions are true.

(a) There exists a € (0,1] such that

|Kz(w)| = ”KZ”F;((]:”)||Kw||F§)(C”)J w e Da(z); (B.Z.ll)

(b) For 0 <p < oo,
IK:llpz oy = "D p(2)* PP, zeC”, (B.2.12)

(c) Let a be as defined in (B.2.11). Then

lky(w)?e 2™ ~ p(2)™2",  w e D%(z), (B.2.13)
(d) ForeachzeC",0<p<ooand e,

K (w)Pe PP p(w)f dA(w) = eP ) p(z) 1P, (B.2.14)
Cn

(e) The set {k,:z € C"}is bounded in Fé(([:”) and k, — 0 uniformly on any compact subsets of C"

as |z| — oo.

The third lemma shows how we transform any function f in F;(C”, H) into another one in

F2(C").

¢

LemmaB.2.4. If f € F;(C”,H), then z v (f(z),e)y € F;(C”), for any unit element e € H.
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Proof. By Cauchy-Schwarz inequality,

f (2 ehplPe PP dA(z) < f 1P Il e 2#PdA(z) < o,
(]:n (]:n
which finishes the proof. O

Remark B.2.5. Lemma B.2.4 can be generalized for any h € H. Indeed, similarly, one can
observe that z+ (f(z),h)y € F;(C”), for any element h € H.

Lemma B.2.6. Let e € H be a unit element. The set {k,(-)e : z € C"} is bounded in F;(C”,H) and

k,(-)e = 0 uniformly on any compact subsets of C" as |z| — oo.
Proof. It is similar to the proof of the statement (e) of Lemma B.2.3. O

Lemma B.2.7 (See [7], Lemma B). Let 0 < p < oo and define ¢ as in (B.2.1). For any 6 € (0,1],
there exists C > 0 such that for any f € H(C") and z € C",

C

P PP(2) « =
f(2)Pe T

J |f (w)[Pe PP dA(w). (B.2.15)
D(z)
Lemma B.2.8. For any 6 € (0,1], there exists C > 0 such that for any f € Pé(C”,H) and ze C",

_ C _
If (2)|e 20 < - LO( )||f(w)||;e 20W) g A(w). (B.2.16)
V4

62"p(z)

Proof. Let f € Fé(([:”, H). By Lemma B.2.4, (f(z), e)y; belongs to Pi(C”) and hence holomorphic,

for any unit vector e € H. Hence by Lemma B.2.7, and applying the Cauchy-Schwarz inequality

C

(F e enle 200 < o Lb(z) F (w), eypdPe 2P dAw)

¢
- 62”p(z)2”

f WA
Do(z

Since |le|ly = 1, we obtain (B.2.16) and the proof is complete. O

Remark B.2.9. Let z € C". Then by Lemma B.2.8, ||f (z)||l} < C%”f”z,@ and hence the point
evaluation map f + f(z) is a bounded linear homomorphism from F;(C”, H) to H. Let C(2)
be the bounding constant, depending only on z, ¢, and n. One can see that for any compact
subset K c C", and any z € K, C(z) is bounded. To see this, first take K not overlapping the
unit disk centered at the origin. Then (B.2.7) implies that C(z) ~ e?@)|z|"4 for some A > 0, and
thus bounded. Now, assume that K overlaps the unit disk D(0,1). By (B.2.5), p is continuous,
and since ¢ is C?, it is enough to show that p never vanishes on the unit disk, to conclude
that C(z) is continuous and thus bounded on K. Let z € D(0,1). By continuity of A¢, and
since ¢ is plurisubharmonic, there is some constant M > 0 such that sup ¢cp o) Ap(w) = M.
Let N = max{M,1}. Then & < 1, and thus D(z, ) C D(0,2), for every z € D(0,1). Hence,
SUPyep(z, 1) A¢(w) <N < N2. Using (B.2.2), we can conclude that p(z) > ﬁ for every ze€ D(0,1),
and in particular p(z) = 0.
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Reproducing kernel of Pj)(([?”, H) and the orthogonal projection

Lemma B.2.10. Let ¢ be as in Definition B.2.1, and H be a separable Hilbert space. The reproducing
kernel ofFé(C”,H) is of the form

KM(z) = KM (z,w) = ZK(z,w)en ®c",
n=1

where K(z,w) is the reproducing kernel ofPé(C”).

Proof. Applying Lemma B.2.4, we can write
f K™ (z,w)f (w)e "™ dA(w) =

fZ<f ) eadnenK (z w)e W dA(w)

= Z<f(z)r €n>Hen
n=1
= f(2)

showing that the choice we made for the reproducing kernel does make sense. Moreover, since
K(z,w) is conjugate symmetric, and by the natural isomorphism H@ H* = H* @ H,

K"(z,w) = ZK(z,w)en ®e, = ZK(w,z)en ®e" = K (w,2).
n=1

n=1

O]

Remark B.2.11. The reproducing kernel in Lemma B.2.10 is unique when viewed as an £L(H)-
valued kernel. More precisely, if KIH, K;{ : C" x C" — L(H) both satisfy the reproducing kernel
property

(f(2), )y = ¢ f,Kﬁh)Fi(@,H), feF,C H), heH, zeC",

for j = 1,2, then KH KH Indeed, for fixed z € C" and h € H, the point evaluation map
ev,: Fé((E”,H) — H, with f - f(z), is bounded (see the discussion preceding Definition B.1.1).
Hence, the scalar-valued map

Lz,h : Fé(cn’ H) - (E, Lz,h(f) = <f(Z), h)H’

is a bounded linear functional. Since F;(C",H) is a Hilbert space, the Riesz representation

theorem yields a unique vector g, € Fé(([:”, H) such that
<f(Z)y h)H = <ffgz,h>F42)((]:",H) for all f € Fé((]:n, H)

Thus, for each reproducing kernel K]H, the vector Kszh is precisely this unique Riesz represen-
ter, and in particular

H 2
K].,Zh eF

3(C"H).

Therefore,
(f (K] - Kzz)h>Fz o =0  forall f € F3(C", H).
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Choosing

f =K -K} )h e F3(C" H),
we obtain
KT = K3l gy = O
Hence

(KZTZ - ng)h =0 for every he H,

which implies
H H
Kl,z = KZ,Z‘

Since z was arbitrary, it follows that
H_ xH
K{"=K;".

Consequently, the reproducing kernel is genuinely unique as an £(H)-valued kernel. The

(S}
ZK w)e, ®e",

n=1

formula in Lemma 2.4.6,

depends on the chosen orthonormal basis {e,},>; only at the level of coordinates. Under the
natural identification H® H* = L(H), one has

(o]

Zen ®e" =1y,

n=1

where Iy is the identity operator on H. So the above expression is simply
K (z,w) = K(z,w)Iy.

Thus the kernel is not merely unique up to isomorphism of H ® H*, but it is uniquely deter-
mined as the operator-valued kernel K(z, w)Iy. Different orthonormal bases only give different
tensor-coordinate expressions for the same operator.

We now show that the integral operator defined in (B.1.4) is the orthogonal projection onto

F2(H).

¢

Lemma B.2.12. Let ¢ be as in Definition B.2.1, and H be a separable Hilbert space. The integral
operator

P(f)(z):JnKH(z,w)f(w)ez¢ JdA(w f “20WgA(w), zeC",

is the orthogonal projection ofL2 (C",’H) onto F(?)

Proof. Let {e,,};,_, be an orthonormal basis of H. For f € L
functions f,;(z) := (f ,em)n, for ze C". Then

(C", H).

é (C",'H), define the scalar-valued

in H for a.e. z, and

713 e ananz oy
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By Lemma 2.4.6, for each ze C",

2)=) enPelf)(2)

m=1
where Pg : Lé(C”) - F;(C”) is the scalar Bergman projection. Since Pe(f,;,) € F;(C”) for every

m, it follows that P(f) is H-valued holomorphic. Moreover,

[S.¢]
1P o ZHPC Tl ey < )Ml oy = I ey
m=1

so P(f) € F2(H). Next, for f € Lé(C",H),

¢

=) enPe((Pf))(2)

m=1
But
(Pf)m(z) =(Pf(2), em)r = Pc(fin)(2)

hence, since P is a projection,

P(Pf)(2)= ) enPe(Pelfi)@)= ) _ewPelfi)(2) = Pf(2).

m=1 m=1

Therefore P? = P, so P is a projection onto F%(H) It remains to show that P is orthogonal. Let

fe Lé(C”,H). Then f = (f —Pf)+Pf. We claim that (f - Pf, Pf)Lz (©r1) = 0. Indeed, using the
orthonormal basis expansion,

fPfrzenm = ml(f(z): Pf(2))ne*?? dA(z)

= C,I<an2(z)em,ZPC(fk*)(z)ek> 202 4 A(2)
) - H

= me P(E _24) dA(Z)
=Y i Pelfudizcry
m=1
Similarly,
(Pf.PF)rzenm = f@ ) _Pelfi)@) Pe(fia)e P dA(z)
m=1
- Z(Pc(fzi);l’c(fé)h;(c")'
m=1

Therefore,

(f=PL.Pfzcnm = PHzen — PP emn
= Z((frZ’PC(fnZ»Lé(C”) - <PC(fn:)fPC(frZ)>Lé(C“)) =0,
m=1

because Pg is the orthogonal projection of L?P(C”) onto F;(C”). Thus we can conclude that P is

the orthogonal projection of Lé,((E”, H) onto Fé(C”, H). O
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Vectorial Toeplitz operator

Lemma B.2.13. Let {¢;};2, be an orthonormal basis of H, and KJt = Z]f";l Kze]-®ej be the reproducing
kernel of Fé(C”,H), with K, the reproducing kernel of F;(C”). Then the linear span of {Klte; : z €
C",i > 1} is dense in Pé(C”,H).

Proof. First, notice that for any z,w € C" and i > 1, K}{(w)e; = K,(w)e; € H. Moreover, it is
easy to see that for any ze C" and i > 1, K,e; € F;(C”, H). Let T = span{K]te; : z€ C",i > 1}.
Since Fdz)(([:”, H) is a Hilbert space, the density of I is equivalent to I't = {0}, where 1 represents
the orthogonal complement So, let f € I't. Then by definition, for any z € C" and any i > 1,
(f,KI €1>p2 (1) = 0. Consider the natural isomorphism H® H* = L(H). By the reproducing
kernel property,
0=(f, Kyei)p;)(a:n,ﬁ) =(f(2),ei)n.

Hence, (f(z),h); = 0 for every h is the linear span of {e;};>;. Because this span is dense in H,
we get (f(z),h)y =0, for every h € H. Thus, f(z) = 0 for all ze C". Hence, f is identically zero,
and we can conclude that I'+ = {0}. Therefore, I is a dense subset of F;(C”,H). O

Let I' =span{K,e; : z€ C",i > 1}. By Lemma B.2.13, I is a dense subset of F;(C”,H). Let f €

I'. Using ||G(w) f (w )”H <|IG(w ”£ ||f ”H and (B.1.5), one can conclude that Gf € Lé(([:”,H).
Therefore P(Gf) is well-defined for f €T. Hence, for G € Ty(L(H)), the vectorial Toeplitz opera-
tor T is densely defined by

Tof ()= PG = | Glulf )k (zwle ¥ dAw)

for f eFdz)((E”,H).

Remark B.2.14. Let G be a map from C” to the Banach space of bounded linear operators on
H. Definition 3.10.1 in [42] states that G is a holomorphic operator-valued function if for every
u,v € H, z— (G(z)u,v)y is holomorphic.

Schatten classes

In this subsection, we prove some lemmas that will be useful in the proof of Theorem B.1.4.
Lemma B.2.15. Let {ef}x>1 be an orthonormal basis of H, possibly depending on z € C", and assume

that 1 <p <oo. Then, Tg€ S (quS (C"H)) if

p dA(2)
jnz ml m> p(Z);l < oo

Proof. Let {fy}x>1 be an orthonormal basis of Fé(([:”) Consider {By ,,(z) = fx(2)eZ,}m k>1, which

is an orthonormal basis of F é(C”, H). First, by the reproducing kernel property, it is easy to see
that for any f,g € P;(C”,H),

(Tef )= @<ch /8(2)ne 2 EdA(z)

= (G(w)f (w), g(2))nK(z,w)e 2P W) e 2@ g A(w)d A(z)
JCr JCr

‘
= | (Cw)f ) gwhne " dAw)
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Hence,
(ToBim Bim) = j<TGfk &, fil2)e e P dA(2)

f (Gl2)e, el fu(2)P 2P dA ),
Hence, for p = oo,

IT6lls,, £2 (€ 20 < SUP Z(G Cour € ) H-

zeC"

On the other hand, for p = 1, applying (B.2.12), and K,(z) = } ;2 | fx(2)|*, we have

Y (TaBiw B = | (Glalei i Z|fk<z>|2]e—2¢<z>dA(z)
m=1 k=1 JC k=1
- ( CELEAEC R IAT
\JC”
dA(z)
~ G , € .
Jc Z< m )H ( ) "

Then by Proposition 1.29 in [80],

= dA(z)
Tells 300 )sLnrgG(z)em,emmp(z—);.

By the interpolation, we can obtain the desired result, which completes the proof. O]

Lemma B.2.16. Assume that the vectorial Toeplitz operator Tg : F(?)((E”, H) — F;(C”, H) is compact.

Moreover, take G(w) : H — H to be compact for every w € C" and let 6 > 0. Then for every fixed
z € C", the average operator

G (z) ~ G(w cH—->H
> (2) pr() ( )P(W)Z”

is compact.

Proof. Fix z e C". Using (B.2.6), (B.2.12), and (B.2.13) we can write

C(2) = C(z) fm KK w2 dAw)

where C(z) = ( ) . Let h € H be arbitrary and f = K,(-)h be an element of Fé(C” H). Then

N

C(2)To(K,(-)h)(2) = C(Z)J G(w)[hK (w,2)|K (z,w)e *? M) d A(w)
=G (2)h+ C(z).[ G(w)[hK (z,w)]K (w,z)e 2P @ d A(w).
C"\D?(2)

Denote the “tail” term by

B(h):= C(z) Ln\m( )G(w)[hK(z, w)|K(w,2)e 29 dA(w).
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Hence
Gy (2)h = C(2) To(K,(-)h)(z) - B(h).

Let {x,,},,>1 be a sequence in H, converging weakly to zero. Then {K,(:)x,,},>1 is a sequence in
F;(C”, H), that converges weakly to zero. Since T is compact, we have

||TG(Kz(‘)xm)||2,¢ — 0.

By Lemma B.2.8, it follows that ||Tg(K,(:)x,)(z)llx — 0. To prove compactness of @\gp(z), it
suffices to show that ||C/;\gp (2)xmllx — 0. From the above identity this follows if we prove that
”B(xm)”H — 0.

For each fixed w € C", the operator G(w) is compact. Hence, since x,, — 0, we have

IG(w)xully = 0 for each fixed w.

Computing the norm of the tail, we obtain

1Bl < C<z>f

IG(w)xlllK (z, w)K (w, 2) e 2™ dA(w).
C"\Dé(z)
Let M :=sup,, ||x,ll3 < co. Then ||G(w)x,,lly < M||G(w)||£(3), so the integrand is dominated by
D(w) := MIIG(W)llz20) IK (2, w)K (w, 2)] 20X,

To see that @ € L(C"), use Cauchy-Schwarz together with assumption (B.1.5) and the kernel
estimates (B.2.12),

j Gl IK (2, w)K (w, Dle ) dA(w)
Cn\Do(z)

1/2
(| 16 K wPe 2 anw)) Kl <0

Thus, @ is integrable and independent of m. Since ||G(w)x,,||;y — 0 for each w, the dominated
convergence theorem yields ||B(x,,)|[;; — 0. Consequently,

1GY (2l <IC(E) To (K1) )l + Bl —— 0.

Therefore é\gp(z) sends weakly null sequences to norm-null sequences, and hence it is compact.
O

Remark B.2.17. The corollary after Theorem 3.18 in [70] states that if X is a normed space,
E c X, and if sup, . |Ax| < co for all A € X7, then there is a constant y < co such that [|x|| < y for
all x € E. Applying this to the Hilbert space , we can see that any weakly convergent sequence
is bounded, and therefore, M :=sup,,, [|x,,|| < co.

B.3 Boundedness and compactness of vectorial Toeplitz operators

In this section, we prove Theorem B.1.2 and Theorem B.1.3, to characterize boundedness and
compactness of the vectorial Toeplitz operator T : Fé((E”,H) - Fé((E”,H).
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Proof of Theorem B.1.2. First, we prove that (2) implies (3). By using (B.2.13), we obtain

6o =pta) ™ | 16 dAw)

:f k)P 2 G W) o dAw)
D

which gives (3). Moreover,

1Gsllr(cn,aay < IGllis(cnaa) (B.3.1)
It is obvious that (3) implies (4) and
{Gs(z)hlles < NGsllzeo(crn da)- (B.3.2)

Now, let us show that (4) implies (2). Note that

G(2) = c Ikz(w) e NG (W)l g dAw)

j ke (w)Pe 2 G (W) o dAw)
Do(z)

k=1

Gs(zk)p(zi)®" sup  |kz(w)Pe ). (B.3.3)

weD?(z;)

Mx

>~
Il
—_

By Lemma B.2.7 and taking a real number m > 1, as well as (B.2.10), we obtain

25) ot [ It WA
k=1 D

mo Zk

<squb Zk ZJ w)|2e 2@ d A(w)

mb Zk

< sup G(s<zk>.
k

Therefore,

Gl (cnaay S HGs(zi) bellie- (B.3.4)

Thus, (2), (3) and (4) are all equivalent.
Next we show that (1) implies (2). Let T : F;(C”,H) — Fé((E”, H) be bounded. Since G(w)

is positive for every w € C", [|G(w)l| (1) = supj=1{G(w)e, )y Applying (B.2.12), Lemma B.2.6,
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and Lemma B.2.8, we obtain

6@ = [ Itwle G wlepgdAw)
:p<z>”e—¢<z>f ke (w)K (2 w)e PO G(w)l £ dA(w)

~ p(z)"e P J sup (G(w)k,(w)e, ey K (z, w)e 2?@d A(w)
C

" Jlefl=1
~ p(2)"e ) sup(Tgk.(2)e, e} (B.3.5)
llell=1
< p(2)"e 9| Tg (k. (2)e)ll
1/2
( 57 [ ok O0lfe 20aA()
S ||TGkZ(')e||2,(p < 1Tl
To show that (3) implies (1), we claim that there is a constant C > 0 such that
ITef113 4 < CL If (w)ll3,e~*? ) Gs(w)*dA(w), (B.3.6)
forany f € F;(C”,H) and any 0 > 0. Then (B.3.6) and (B.2.16) imply that
ITc 15,4 < J Go(w)?lIf (w)lize > dA(w)
A 2 2
< ||Gb||Lm(C",dA)||f||2,¢
Hence, T; : Fé((E”,H) — F;(C",H) is bounded and
Tl S 1GsllL(cn,da)- (B.3.7)

To finish the proof, we should justify the inequality (B.3.6). Let f € Fé((E”,H) and z € C". Take

r> 0 such that f?r < 6, where f is as in (B.2.9), and let {z;}; be an r-lattice. Then

ITe(F) (@l = |U >e‘24’<w>dA<w>H

CIIG w)llcaollf W)llklK (2 w)le > dA(w)

<Zf IG @)ool (@)K (2 w)e 4 A (w)

H

Z p(zk) ( sup ||f(W)||H|K(z,W)Ie2"’(”’)],

k=1 WGDV(Z]()

Applying (B.2.16), since the function fK, € H(C", H), using G,(zx) < Gﬁzr(w), for any w €
DP"(z;), and (B.2.6), we obtain

T, y K(z,w)le 2?™dA
ITa(f )2l ; <zk>fDﬁ( If @)K (z,w)le (w)
<N w)If WK (z,w)le** dA(w)
< wlIf W)lhK (2, w)le ¢ d A(w). (B.3.8)
Cn
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Now, applying Holder’s inequality and (B.2.12), we get
2
ITef ()57 < (L WIIf (W)lyIK (2, w)le™* e ‘P<Z>dA<w>)

< [( [ cstomptungkiz o 2e e sorzever)

2
(IK (2, w)[2e ¢ V26-92/2) g Aw)

(f W) ()P K (2, w)le2? )e¢<w>e4’<z>dA<w>)
( IK(z,w <>e—¢<7~>dA(w))

sL W @K (2, w)le- 2P0 =G g A(w),

Then, by Fubini’s theorem and using again (B.2.12), we have

IT6f13y = | Waf @At

3
< f W @)K (2 w)le 2000 =) g A (w)d A(z)
JC” n
«
= w)If )l3,e2?e=?) | |K(z,w)le P dA(2)dA(w)
JCr Cn
r
= G2(w)|If (w)IZe ¢ W dA(w),
J n

and we are done. Furthermore, by (B.3.1), (B.3.2), (B.3.4), and (B.3.7), one has (B.1.8).

To show that (4) implies (5), note that using Lemma B.2.8, (B.2.6), (B.2.8), and (B.2.10),
there is m > 1 such that

f I @I, NGE o dAl2)
sf(p(z#)QL If (w ||2e-2¢<w>dA<w>)||G< MerdAz)
La( )p(;zn(Llab If (), 20)dA <w>)||c< MeodAlz)

1 _24) )
pEREL L (Zk)(fDm(Zk If (w AAW)|IG()lzydA(2)

( I @)l d A w)
Dmb Zk

IA

(B.3.9)

e 1

A

Go(2k)

12
»Mg =

< HGs (@l IIf113 -

We finish the proof by showing that (5) implies (2). Take f = k,e in (B.1.6). Then G(z) <
Ik, ||F2 o) = = 1, implying that G(z) € L*(C",dA), and we are done with the proof. O

Proof of Theorem B.1.3. One can show that (2) implies (3), and (3) implies (4) similarly as in the
proof of Theorem B.1.2.
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Now, let us show that (4) implies (2). Let {z;}; be a o-lattice. Assuming (4) holds, for every
€ > 0, there is K € N such that whenever k > K,

A

Gs(z) <e. (B.3.10)
Let m be defined as in (B.2.8). Then

G@)= | Kl IGwlgmdAw)

sf @) G W)l dAw)
Up_ D™ (z)

+ Z p(2k)”"Go(z)| sup |kz(w)|2e—2¢<w>],
k=K+1 weDO(z)

On one hand, by Lemma B.2.7, (B.3.10) and (B.2.10), we obtain

(o)

Z p<2k)2”éa(zk)( sup |kz(w)|ze_24’(w)]
k=K+1 weDd(z;)

Z G (fD | z<w>|2e-2¢<w>dA<w>)

k=K+1 (B.3.11)

(o)

Y P WA
Dma(zk)

k=K+1

< sup Gb‘(Zk)
k>K+1

< eNllk,|? <e.

F3(Cm) ~

On the other hand, Lemma B.2.3 implies that k, — 0 uniformly on Uszleé(zk) as |z| — oo.
Therefore, as |z| — oo,

J mlkz(w)lze_2‘1’(w)|lG(w)ll cydAw) <e. (B.3.12)
m Zk

This, together with (B.3.11), proves (2).
Next, we show that (1) implies (2). Since T; is compact, Lemma B.2.6 implies that
ITgk.ell2,4 converges to zero as |z| — co. By (B.3.5), we have

G(z) s I Tckellz,p — O,

as |z| — oo.

To show that (3) implies (1), let € > 0 be arbitrary and {f]};";1 be a sequence in Fé(C”,H)
that converges to zero uniformly on any compact subset of C". We want to show that for big
enough j €N,

ITcfill2,p S € (B.3.13)
By our assumption, there is some R > 0 such that

z) < Ve, (B.3.14)

whenever |z| > R. This together with (B.3.6), for big enough j we have

ITefiBy s | GotwPlllfe 2 daw)
lzl<R
+f ||f] ||H€72¢("’)dA(w) (B.3.15)
|z|>R

2
se+ellfil3, se
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where to bound the first integral we used the continuity of Gs(w) and the fact that { f]'}]?"’:1
converges to zero uniformly on any compact {|z| < R}.

To show that (4) implies (5), let {fx}x be a bounded sequence in Fj)((E”,H) that converges to
zero uniformly on compact subsets of C”. By our assumption, letting € > 0, there exists ry > 0
such that

sup Gs(zp) < €. (B.3.16)
|z |>7,
Observe that there is ry < r; such that if a point z; of the sequence {z;}; belongs to {|z| < rg},
then D%(z;) C {|z| < ;). So take k big enough such that

sup [Ife(2)llx <e.
{lzl<r}

This together with (B.2.10), and similarly to (B.3.9), we obtain

L” Ifi(@Il5e 2" NGl dA(2)

sj (@I NG dA(2)
{|C|S71}

+ sup Gé(Zk) Z jm

|z |>7, |ze>70 2(2

)||fk(w>||%{e—2¢<w>dA<w>

4 2 .
se+ellfellyy s €

because {f}; belongs to Pé(C”, H) and is bounded. This implies that G satisfies a vanishing
Carleson condition.

To finish the proof, we show that (5) implies (2). Assuming (v), I : F;(C”, H) — Li
is compact. Since {k,e : z € C"} is bounded in F;(C”, H) and k,e — 0 uniformly on compact

subsets of C", using (B.1.7), we have

Ik, (w)e2? ™I G(w)ll ;30 dA(w) — 0, as |z] — oo,
CH

and therefore (2) holds. This proves the desired result and completes the proof. O]

B.4 Schatten class membership of vectorial Toeplitz operators

Here we give proofs of Theorem B.1.4, Proposition B.1.5, Proposition B.1.6, and Theorem B.1.7,
characterizing the p-Schatten class membership of the vectorial Toeplitz operator T acting on
the Hilbert space qub(C”, H). Before going through the proof, notice the following lemmas
regarding an arbitrary o-lattice that are going to be useful in the proof of Theorem B.1.7.

Lemma B.4.1. For R > 0 and any finite sequence {z]-};":1 of different points in C", let

MR({zj};”:l) := max #{k € {1, --,m}:|z; — z| < Rmin(p(z;), p(zx))}-

1<j<m 1

Then {z]-}]-:1 can be partitioned into at most MR({zj};”zl) subsequences such that any two different
points zj and zy in the same subsequence satisfy either z; & DR(zy), or z; & DR(zj). That is, |zj — z| >

Rmin(p(z;), p(zk))-

130

(C", H,1IGllg(3)d A)



Proof. The proof is identical to the doubling Fock spaces of the complex plane, as done in
Lemma 6.8 in [68]. O

Lemma B.4.2. Let 0 >0, R> 1, and {z;};5, be a o-lattice. Then Mg({z;}iL;) < 62"R¥" 572" N, for

every finite sublattice {Zj};”zl, where Ny = sup cen )72 XD"(z-)(Z)’ asin (B.2.10).
]
Proof. The proof can be done similarly as in Lemma 6.9 in [68]. O

Proof of Theorem B.1.4. Let {e,,},,>1 be any orthonormal basis of H. Notice that since G(z) is a
positive operator on H, so are Ggp (z) and G°P(z). Moreover, Tg is also a positive operator acting
on F;(C", H). First, we show that (1) implies (2). By the definition of the operator-valued
Berezin transform, applying Proposition 1.31 in [80], Lemma B.2.3, and Lemma 5.1 in [19], we
obtain

LY (@r@iemen] 249

m=1
e P dA
= [ Y ([ cc@ememndricre#@an)) 42
Jor =\ e p(2)
r r _ p dA(Z)
_ GOk, k. . 20074 C
Jo. LA (@@ tcremme *0an)) L5
.~ . P dA
= [ Y (| (Tek@em ke@enne > OdA) =
Jor =\ e p(2) (B.4.1)
r P dA(z)
= T kz mlkZ m
- dA(z)
< Tpkz m’kz m/!~ 7 Non
qC”m:1< oratm e >p(z)2n
~ [ (TEK ey, Koepye 2P PdA(z)
YO =1
= Tr(TY) < co.

Now we show that (2) implies (3). Indeed, using (B.2.13) and (B.2.6),

m=1
) u;" mZ_f (< \L"(Z) ole)en S(IZ()E’l'em>H)p g(i;i’z
S oo unn,y 4
[ 5 o), 425

and we can see that (2) and (3) are equivalent. Moreover, the statement (3) implies (1). In-
deed, let {f;}r>1 be an orthonomal basis of Fé(([:"). Then {fre;}k,m>1 is an orthonomal basis of

F(?)(C”,H). By Lemma B.2.15 we see that Tégp € Sp(Fi(C”,H)). Recall that for any ¢ € D?(z),
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there exists some small enough r > 0 such that D"(¢) c D%(z), coming from the Hausdorff
property of C". Moreover, for any m,k > 1, applying Fubini’s Theorem and Lemma B.2.7, we
get

r

<Tégpfkemffkem> = c <TGonk em,fk em>He dA( )
r

2)em fr(2)en)ne 2P PdA(z)

JCr
~

o (G)em em)ulfi(2)Pe 2P EdAC)dA(2)

(Dl
1

(Z)Zn J;D"(z)
(! f (G(C)em emhrlfi(2)Pe2POdAAA)
Jer (0 Jpr(c)
2 | (CQemendlfe)Fe > dAL)
= | (GO A e A )

<TGfkemlfkem>-

Since Ty € SP(F;(C",H)), by definition Y %, ((Tger feem fem))P < oo, implying that

Y (Tofeew frem) < oo,

k,m=1

Thus T; € SP(F;

To finish the proof, it remains to show that the statements (3) and (4) are equivalent. Sup-
pose that (3) holds and let {z;};>; be a o-lattice. Let z € D%(z ;). Then by (B 2.8), there is some
¢ > 1 such that D(S(z]-) C D(z). Then by definition it is easy to see that G P(z i) < GOP( ). That
is, for any h € H, (G (zj)h, )y S (Gos (2)h, h)y. Hence, using (B.2.6) and (B.2.10)

(C"H)).

i(«; (2))em entr) = i Pz, )2n(<G (2))em emd )
= fomms] p(zj)>"
];ILO (G (z em,em>H) (fj()zz)n
<]iljm (¢CE(@)em em)r)” gé@
= ;f ” j;ilxm(zj)@)(@ﬁé’ (e enn) j(A;)
< :1 j ((CE@em emn) Zé@-
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Conversely, since p(z;) ~ p(z) for any z € D‘s(zj), and D%(z) C DC‘S(zj) for some ¢ > 1, we have

= 1 P dA(z)
~ — G e Ynd
Jo e et S5

zoo ! b dA(z)
rEm d
= (P(Zj)Z” Lo(z)<G(C)em em)H A(C)) :

1
3 L P dA(2)
G mr»tm dA
- ';1 La(zj)(p(zj)zn J;Dca(zj)< (C)emsemdrt (C)] p(zj)Zn

This completes the proof for any choice of orthonormal basis {e,,},;>1- O

Proof of Proposition B.1.5. Let 0 < p < 1. Similar to the previous case, we can see that (1) implies
(2) and (2) implies (3). Now, we prove that (3) implies (1). First note that by Lemma B.2.7,
(B.2.8), and Fubini’s Theorem, there is some ¢ > 1 such that

r

(GP(@em endr = | (GOl endrlks(C)P e > IdA)

r

< <G(c)em,em>HU I (&) 2 26(E)
JCr D9(T)
A(C)
)Zn

dA(E)
o C)2n

,em>H)|kz<é>|2e-24’<5)dA<<s>

)dA(C)

i dA
< G(Qeyy,
JC"(<JD“’(5) (e p(C

(G (E)em emrlk=(8)Pe2PEAA(E).

12

JCr

Since p < 1, (x+y)? < xP +yP. Moreover, whenever & € Dé(zj), D%(&) D’(z;) for some large

enough r >0 and p(&) ~ p(z;). Hence, it is easy to see that Gfg(é) < Gfp(zj). Thus, we obtain the

following.

jn Z((GOP(Z)em, em>H)pdA(z)

m=1

a o P dA(z)
<. X( (CR(©emenlia()Pe ¢<5>dA<a>) o

P
j(j <GZ§(5)%'em>H|kz(E)Ize‘z‘i’(‘f)dA(E)) dA(Zz
e\ Jpi(z)

p(2)?
(G (z))em em) p Ik ()P 2P E)p(z)2"
( H) J:En[geslglb(zj) p !

oo
j,m=1
oo

j,m:l

Using the fact that k, (&) e’z‘f)(é)p(é)z” < exp(—edp(z,é)), for any ¢ > 0, and Lemma 2 in [62],
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we get

2 ~ p - A p _ VAdA(z
[ Y (CPeremennfarers Y (CPiepemen) [ erette= -
" =1 j.m=1 ! P
S A p _
< ) (G e emn) plzp)™ "
j,m=1
. A0p P
= ) (G (ememr)-
j,m=1
We have just proved that (1), (2), and (3) are equivalent. O

Proof of Proposition B.1.6. We know that Tg € S, if and only if Tg € S;. By Lemma 5.1 in [19]
and (B.4.1), T € S, is equivalent to

= dA(z
Tr(TE) ~ f ” 2 (Tékzem,kzem>p(z—§231 <
m=1

By Proposition 1.31 in [80] for when p < 1, and since positivity of G(z) implies positivity of Tg,
we get
<Tgkzemrkzem> < <Tszemr kzem>p-

This together with (B.4.1) implies that

Te(T?) < f Z (Tekzem k em>) = L i(«;‘w m,em>H)p % <o,

m=1

and we are done. O

We finish this section by giving a proof of Theorem B.1.7. First, notice that in Theorem
B.1.4, Proposition B.1.5, and Proposition B.1.6, we have not made any specific assumptions on
the basis {e,,},,>1 of H, as each of the proofs allows for any generic basis of H. But now we
will see how we are forced to restrict ourselves to specific bases of H. Note that the idea of the
proof originally comes from the work of Luecking [61] in studying the Schatten class Toeplitz
operators on Hardy and Bergman spaces. Later, an analogous idea was applied to studying the
Schatten class Toeplitz operators with measure symbols on doubling Fock spaces in [68]. This
approach has also been used to study the Schatten class Hankel operators acting on generalized
Fock spaces in [10, 51].

Proof of Theorem B.1.7. Assume that 0 < 0 < 1/2, R > 1, and fix M € IN. Let {zj}j]\i1 be the

finite sublattice obtained by considering the first M elements of the 6-lattice {z;};»;. Then
}M

Lemma B.4.1 implies that {z;};Z, can be partitioned into Mg({z }jwl) subsequences such that

any two different points 4; and ai in the same subsequence satisfy |a; —ax| > Rmin(p(a;), p(a))-
Let {a]- , be one such subsequence Let {By ,(2z) = fx(2)em}k,m>1 be an orthonormal basis of
Fi(ﬂ:”, H) with {fi}x>1 being an orthonormal basis of Pi(C”), and {e,,},;,>1 any orthonormal basis
of H. We consider a bounded linear operator A on F2(C", H) by Af(z) = Zi,mzl (f>B,mka, (2)en

¢
Indeed, let f,g € F2(C", H). Then by the Cauchy-Schwarz inequality, (B.2.12), Lemma B.2.4,

¢
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Lemma B.2.7, and (B.2.10), we obtain

s /2
KAF ) <Ifllg| Y |<kakem,g>|2]

k,m=1
s ) 1/2
~flla.g play)"e " ey, g(2)) K (z,a)e P d A(z)
k,m=1 cr
s 1/2
=Ifllog| ) plar)e ey, g(a))rl’
k,m=1
1/2
<1l Zj Kems g2 d Aw)
k,m=1
s 1/2
<IIfll2 Zj Ig@)li3e2?“dAw) | <N2lflloglglz g
k=1 D?(ay)

where the constants do not depend on s. Hence, A is bounded. Moreover, let U(z) =
( ;:lxDa(aj)(z))G(z). Then U < NG, where N is as in (B.2.10). That is, NG(z) — U(z) is a
positive operator on H for every z € C". Since T € S,, we can conclude that Ty € §,, and
||TU||5p < N||TG||5P. Set T = A*Ty A such that ||T||5p < ||TU||SP- It is easy to see that when k,m > s,
(T Bk > Bx,m) = {TuABj 1y ABg ;) = 0. We can split T as T = D, + M;, where D is the diagonal
operator defined by

S
Dsf = Z (T By, Bi,m){fBk,m)Bx,m» where f € Fé(C”,H), (B.4.2)
k,m=1

and M; is the off-diagonal operator defined by

s s s s
Msf: Z Z <TBk,mlBr,n><lek,m>Br,n+ Z Z(TBk,mrBr,m><fka,m>Br,m

k,m=1 rn=1 k,m=1r=1
rzk,m=n r#k,

(B.4.3)

s s
+ Z Z(TBk,mer,an' Bk,m>Bk,nl where f € Fé(cn: H).

k,m=1 n=1
m=n,

Recall that U(z) =0 if z ¢ U?ZlDé(aj). Then using (B.2.13), and positivity of G(z) and égp(z),
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there is a constant C; > 0, only depending on 6 such that

IDJIE = Z|<D Bij Bi)| = ZZ|<TBkm,Bkm>|

m=1 k=1
s s ~

Y N[ T Bontepme @ dac)|

m=1k=1-2C"

s S~

p
= . (Tuka, (2)en, Ky (2)em)re > @ dA(2)
1 J n

(B.4.4)

5 r

=Y Y[ ek @en by @enne ¥ @aai)|

1k=1-C"

p

>) Y1 (G@em emdrdka, (2)Pe?PdA()

m=1 k=1 1Y D°(ax)
: p
ZZ g, ak emrem>H)

S
j  (G(2em emm
D?(ay) =1 k=

On the other hand, by Proposition 1.29 in [80], and using the fact that (x + p)? < xP + yP for
p <1, we obtain

S S
M < )~ ) [KMByg, By )l

m=1 k=1

s,q=11,j=1
S S
= Z Z |<TBk,mer,n>|p Z Z|<TBkml rm>|p ZZ|<TBkm;Bkn>|
r,k=1m,n=1 k,r=1m= =1 n=1
rzk M#FN r=k m#n
p
= —2¢(z
kZl m; . (2)em ke, (2)en)re 2P PdA(2) (B.4.5)
rek m#En
p
* ZZ (2)em ko, (2)emre PP A(2)
k,r=1m=1
r#k
p
XZ (2)em kg, (e ?PPdA()
—1 n=1 C”
m#n

Then by the definition of U(z), and since G(z) is a positive operator, we can write (B.4.5) as fol-
lows. Note that positivity of G(z) implies that (G(z)e,,, e,,)1 > 0, but (G(z)e,,;, e,)x is a complex
number.

g <ne Yy

r,k=1m,n=1
rek MFN

+NP 2 Z[ZJ 2)ems em)ulka, (2)llkq, (2)le 2P FdA(2)

k,r=1m
r#k

p

ZJ D earalke, (lk, (e dA()

j=1

p
(B.4.6)

p

Zf Do enlke, 22 HOdAz)|

j=1

w3y

=1 n=1
m=n
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Define S
Ji(Gs) = ) fﬁ( (Gledem endrlka, 2k, (2)e*PEdA)
j=17D°(a;

Since k # r, then |ay —a,| > Rmin(p(ay), p(a,)). Thus for z € D‘S(a]-) it is easy to see that either

l2— ay > Rmin(p(2), p(ay)) (B.4.7)
or

l2—a, > Rmin(p(2), p(a,)), (B.4.8)
where R = %. Indeed, since k # r, then either j # k or j # r. Without loss of generality

assume that j # k, and therefore |a; — a;| > Rmin(p(a;), p(ay)). By contradiction, assume that
|z — ax| < Rmin(p(z), p(ax)). Then by (B.2.6),
4~ ak| < laj — 2| + |z~ ay| < 6p(aj) + Rmin(p(2), p(ay)

s

< 6p(aj)+ Rmin((1 +6)p(a;

~ ~—

<op(a;)+(1+ 6)Rmin(p(a]-

If p(a;) < p(ag), then |a; —ar| < (o + (1 + 6)R)p(a]-) < #p(aj) = %p(aj), which is a contradiction.

Similarly, if p(ax) < p(4;), (B.2.5) implies that

|aj —ag| < 6p(aj) + (1 + 6)Rmin(p(a;), p(ay))
< 6p(ag) + Olaj — ar| + (1 + 6)Rp(ay).

Hence, |a; —ay| < m (ax) < (1 +3R)p(ax) = Rp(ay), resulting in a contradiction. Therefore
i %k -5 P\ p P 8

we can conclude that either (B.4.7) or (B.4.8) holds.
Using (B.2.3) and (B.2.12), we can write

6;26 [dp(z’ak)"'dp(zrur)]

~2¢(2)
o 2k (22 5 =

kg, (2)V 21k, (2)]"/ 2P,

Furthermore, since z € D‘S(a]-), and r # k, we can assume that j # k, and by the above argu-
ment we have d,(z,ax) + dy(z,a,) > dy(a,, ax) > R. Hence, for z € Dé(aj), we can conclude that

7 [4p(za)+dy(z2a)] < TR Hence, using p(z) =~ p(a;), we obtain

S

G s e¥R)

=1

1
pla;)"

f (G(2)em, endrlka, () 2|k, (2)]V2e PP dA2).
Dé(aj)
By Lemma B.2.7 we have

1/p
1
|kak(7~')|1/2€7¢(z)/2 < (W be( )|kak(5)|P/2e§¢(é)dA(5)) .

Since z € Dé(aj), there exists some n1; > 1 such that D%(z) C D’”lé(aj). Therefore,

1/p
- 1 _r 1
k(22?2 < p(z)z,q/,,[L,W)|kuk<<s>|f’/2e z¢(5)dA(cf)] = Sy o),
]

where

Su(z) = f o, (P2 59O dA().
D™(z)
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Similarly,

_ 1
|kur(z)|1/2e ¢(2)/2 < p( )2n/ps (El )l/p

Therefore,

S

J(G,s) < e R
k,r = P(aj)n

Since0<p<1,4/p—-1>1,and

G s etRY 1‘an(aj)<G<z>em,en>HWs< 4)25,(a)) PAA(:)

S
<Y ) S ) | (Gl e
i1 p(gj)n(?_l) D¥(a;) p(Z)
S
= eFRY " p(a)" 7P S4(a)) 7S, a) P (G (@) e )
j=1
Then since 0<p <1,
) S
PR 0
TEMGs)| s ez R ) (G (a)em en)ul? pla))" P Si(a;)S (a)).
j=1
Recall that
ZJ p/Ze—g (‘S)dA((E)
ml(‘)
- f [Zlkak W]e 2EdA(E).
Dmlb
Moreover, using (B.2.10), (B.2.12), (B.2.14), and Lemma B.2.7, we can write
S S -
) lea (P2 = zp<ak>|1<g<ak)|f’”e7¢<“k>
k=1
p/2 ,2d(2) n(5-2)
<ij 2P g2y DA
<N | |Ke(@)P/2e7 @) p(2)" 57D dA(z) ~ Ne2PE)p(g) 7.
CYI

Hence,

)_Sla) SN L ! )p(cf)_;pdA(é) ~ pla))" 2,

k=1

where the constant only depends on 6. Similarly,

s

_mp
Zsr(a]’) < P(“j)2n 2,
r=1
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and this together with (B.4.9) implies that

S

Y G se ™ G (@) e eyl (B.4.10)

k,Tzl ]:]
r=k

where the constant only depends on 0 < 6 < 1/2.

Since Tg € S (F;(C” H)), itis in particular compact. Lemma B.2.16 along with compactness
of G(w) for every w € C", then implies that G Pla ;) is a compact operator on H for every a; € C".
Since G5 (aj) is positive, it is, in particular, self adjoint. Then the spectral Theorem for self-
adjoint and compact operators implies that for each j > 1 there exists an orthonormal basis
{e{n}mzl of H consisting of eigenvectors of Ggp(aj). That is,

H= span{e{n}, where m > 1.

Hence, (Ggp(aj)efn, e{l)H =0, for m # n. Comparing (B.4.6) with (B.4.9), and by the positivity of
Ggp(aj), we can see that

, p
i< Y3 sl 3 rral Y Y hicsl
k,m=1 rn=1 k,m=1r= k,m=1 n=1
rzk,m#n r:tk m#n
s s
A0
se R Z ZKG Demen)plf +e R (G (a))em em)rl?
m,n=1 j=1 m=1 j=1
m#n
OP

Z ZKG em;en>H|p

m,n=1 j=1

mn (B.4.11)

L 0 0
z z (G (a)ehn, ehypl? +eF ZZI(G P (@j)eh ehrl?
j=1 mn=1 m=1 j=1
m#n
e s s s o
—pe A0

+eTRY TN KGY (@)t byl

j=1 mn=1

m#n

=Ry (6 @b

where the first and the third terms vanish because of the compactness argument above. Note
that inequality (B.4.10) was established for an arbitrary orthonormal basis {e,,},,>1 of H, and the
constant involved does not depend on the chosen basis. Henpe, for each fixed index j, we may
apply (B.4.10) with a possibly different orthonormal basis {e},},,1, for instance, the eigenbasis
of Ggp(aj). Doing so yields a valid inequality for each j, and summing these inequalities over
j gives (B.4.11). In other words, the passage from (B.4.10) to (B.4.11) does not require a single
global orthonormal basis.
Therefore, by (B.4.4) and (B.4.11), we can conclude that

1Tl 2 ITIE, = D, — M1
P p P p
o p (B.4.12)
> (€1 - QN)EFR) ) (G e ehne)

m,j=1
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where Q(N) is some power of N, not depending on s. Since e 7R 5 0as R — oo, there is always

a constant R = R(p, 6, N) such that C(p,o,N)=C; - Q(N)e#ﬁ > 0.

Fix M to be a positive integer. Then Lemma B.4.2 implies that {zj}M

j=1 can be partitioned
into at most 62"R*"5~2" Ny subsequences such that any different points zj and zi in the same
subsequence satisfy |z; — zx| > Rmin(p(z;), p(z¢)). Then by (B.4.12), we obtain

M
A P p
Z (<G§”(zj)e{n,e{n>H) < C(p,8,Ng) 162" R¥" 5~ 2" Ny|| T6|I%. < oo.
m,j=1 g
Since the RHS does not depend on M, we are done with the proof of Theorem B.1.7. O]
Open Problem: Can we prove the result of Theorem B.1.7 without assuming that the sym-

bol G(z) is a compact operator on H, for any z € C"*?
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Appendix C

Fixed points of the Berezin transform

on Fock-type spaces’

Abstract

We study the fixed points of the Berezin transform on the Fock-type spaces F2, with the
weight ", m > 0. Tt is known that the Berezin transform is well-defined on the polyno-
mials in z and z. In this paper we focus on the polynomial fixed points and we show that
these polynomials must be harmonic, except possibly for countably many m € (0,0). We
also show that, in some particular cases, the fixed point polynomials are harmonic for all
m.

C.1 Introduction and main results

The study of operators on the Bergman spaces is closely related to the properties of the Berezin
transform B. This connection comes in a natural way through the use of the Bergman kernel,
which is an essential object in the study of Bergman spaces on different domains. The Berezin
transform is also an interesting object in its own right. A lot of work has been done in studying
the regularity properties of the Berezin transform (see [4, 25, 37, 29]), as well as studying its
range (see [1, 28, 69, 27]).

In this paper, we are interested in finding the fixed points of the Berezin transform. Char-
acterizing functions that satisfy the equality Bf = f is an interesting and deep problem. The
known results show the connection of these functions and different notions of harmonicity.
One of the first work in this direction was the paper by Axler and Cuckovié¢ [13] who studied
this problem in connection with the problem of commuting Toeplitz operators on the Bergman
space on the unit disk. Englis [36] showed that on the unit disk, bounded fixed points are
precisely harmonic functions. Several authors have continued this line of investigation, we
mention [2], Lee [58, 57], Arazy and Englis [4], Jevti¢ [54], and Casseli [22], among others.

On the Fock space F2, the situation is different. Engli$ [38, 36] (see also [79, section 3.3])
showed that there are non harmonic fixed points of the corresponding Berezin transform. For
example f(x +iy) = e"**% is fixed in F3 for any a,b € C such that a® + b? = 87i, however f is

I This appendix reproduces the paper “Fixed points of the Berezin transform on Fock-type spaces” by G. Asghari, Z.
Cuckovi¢, and S. Sahutoglu, available as an arXiv preprint (arXiv:2508.13115, 2025), and accepted for publication
in Proceedings of the American Mathematical Society.

Apart from formatting adjustments, this appendix coincides with the accepted version of the paper.
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not harmonic. On the other hand, if f is a bounded fixed point of the Berezin transform on F 2
then it has to be a constant. In this paper we are interested in studying the fixed point problem
on the family of Fock-type spaces F2,.

Let m be a positive real number. Consider the space L2, = L*(C,e¥"dA), where dA =
rdrd0/2m is the Lebesgue measure on C. L2, is a Hilbert space with the inner product

(f.g) = Lf(z@e—“'”’ dA(2).

The Fock-type space F2, is the closed subspace of entire functions inside L2,. It is a reproducing
kernel Hilbert space with kernel, called the Bergman kernel, given by

0 k 5k
Z w
Let k,, . = ”ﬁ’ﬁ be the normalized Bergman kernel, where K,,, ,(w) = K,;,(w, z). One can define

the Berezin transform of a function f as

Bouf(2) = (Fhnarkms) = Lf<w>|km,z<w>|2e-'W"”dA<w>,

whenever the above integral exists. We note that the estimate in the proof of [20, Lemma
5.2] implies that the Berezin transform is defined for any polynomial in z and z. For more
information about Fock-type spaces, we refer the reader to [18, 21].

In view of the counterexample above, we will study the polynomials in z and z that are
fixed points of the Berezin transform on Fock-type spaces. First, we show that if a polynomial
with non-negative coefficients is fixed, then it has to be harmonic.

Theorem C.1.1. Assume that B,,f = f for a polynomial f of z and z with nonnegative coefficients
and for some m > 0. Then f is harmonic.

Next, we show that on F3, if B, f = f and f is a polynomial, then f must be harmonic.
Theorem C.1.2. Let f be a polynomial of z and zZ such that B,f = f. Then f is harmonic.

For m # 2, the situation is more difficult, since the Bergman kernels do not have a closed
form, and the computations involve many gamma functions. Our main result shows that B, f =
f for a polynomial f implies that f is harmonic for all m, except possibly a countably many m.
We denote the non-negative integers as IN.

Theorem C.1.3. For n € Ny, there exists a discrete (possibly empty) set Z,, C (0, c0) with no cluster
points in (0, c0) such that if m € (0,00)\ Z,, and B, f = f for a polynomial f of degree at most n, then
f is harmonic.

Since harmonic polynomials are fixed points of Berezin transform (see Lemma C.3.1) we
have the following corollary.

Corollary C.1.4. Let f be a polynomial of z and z of degree at most n. Then the following are
equivalent.

i.) B,,f = f for some m e (0,00)\ Z,,,
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ii.) B, f =f forallme (0,00)\ Z,,.

Since countable union of countable sets is countable, we have the following corollary.

Corollary C.1.5. There exists a countable (possibly empty) set Z C (0, c0) such that if B,,f = f fora
polynomial f of z and zZ and m € (0,00) \ Z, then f is harmonic.

By using a more computational approach, we also show that if B,,f = f for a binomial
function f, then f is harmonic.

Theorem C.1.6. Let m > 0 and f(z) = €12°2% + c,2°2%, where a, b, ¢, and d are positive integers.
Then f is a fixed point of the Berezin transformation By, if and only if ¢y = ¢, = 0.

It would be interesting to know if the set Z in Corollary C.1.5 can be non-empty.

Conjecture C.1.7. Let f be a polynomial of z and z. If for any m > 0 we have B,,f = f, then f
is harmonic.

C.2 Preliminaries

For m a positive real number, the space F2 is defined as a subspace of holomorphic functions

in LZ(C, e " dA). We note that, throughout the paper, we will use

rdrd0
dA(z) = e

Given a function f € F2, its Taylor series f(z) = Z}?';Of]-zj converges uniformly on compact

subsets of C. Furthermore,

IfIP = :Elf(Z)Ize"z""dA(Z)

= | ) fAfiE e aAc)
C

C

k=0
27 oo
— “O( mrdi’dQ

— f'fkT]+k619(]_k)€_r

Jo J;) j,kZ:b] 2
:Z|fj|2j rHr e dr

j=0 0

= 1 . (2j+2
_ 2Lt ]
_Zoflfjl mr( m )

]:
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We note that the scalar product for f,g € F2, is defined by

(f.8)= | fl2)g(2)e™" dA(2)
Jc
= | ) fAmE e dA()
“C k=0
2 o
_ nj Zfjgkrj+k+lei9(j—k)e—r”’drde
Jo 0 21
j,k=0
> 1. (2j+2
—ijngT( m )
7=0

Hence, the monomials z", with n=0,1,2,--- form an orthogonal basis for F2,. In particular,

{‘/md]-zj; j:0,1,2,~-}

is an orthonormal basis for F2, where

di=— (C.2.1)

s

m

To find the Bergman kernel, we proceed as follows. Let f € F2 and z € C. Then

f@I=1)_£iz1<) Ifllzl
j=0 j=0
:Z |f]|d md;|z|!
j=0 Vmdj
Sy 2, 1/2
L 2j
< Zmd' Zmd |z
j=0 ") \j=0

The first sum on the right hand side equals ||f|| and the ratio test shows that the second
sum above converge uniformly on compact subsets. Thus, the evaluation map f — f(z) is a
bounded linear functional on C and uniformly bounded for z. Furthermore, F2 is closed in-
side L2(C,e " dA), and hence a Hilbert space. Thus, there exists K, , € F2 such that for any
f €F2, f(z) ={f,Ky,)- Indeed,

flar=) fiel= ) fjmd]-zfmidj = (f Ko

j=0 j=0

where, K, ,(w) =m Z;O:o d]-wjz'tj, for any z, w € C. From now on, we will write
[e]
Ky(w,z) = Ky ,(w) =m ZdijZ].
j=0

We finish this section with the following property about the beta function

1
B(x,) = f (1
0
for x,y > 0.
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Lemma C.2.1. The function x — B(x,k —x) is convex on (0, k) and attains its minimum at x = k/2.

Proof. By definition,
! 1 t \x-1
Bl k—x) = L (1= e = fo (1) a-oa

Writing (15)*! = ele-D1og(15) we can compute the partial derivative as

N N I

It is easy to see that x = % is a critical point. Indeed, taking u =1 -t for when 1/2 <t <1,

d [k k 12 t . .
%ﬁ(E!E):L log(l_t)tk/z l(l_t)k/Z ldt
1
+J log( ) k/2—1(1_t)k/2—1dt
12 M-t

1/2
:J- log( t ) k21 (1 k21 gy
0 1-t
0
_ lo 1-u (1—u)k/2_1uk/2_1du
g
1/2 u

1/2
:f log( 1 )21 (1 - 1)/ de
o 1-t

1/2
—f log( " )(1 - u)k/z_luk/z_ldu =0.
0 1-u

st [l ) o

implies that the beta function is convex on the line x + y = k. Hence, we can conclude that

Computing

x =y =k/2 is the minimum of the beta function on the line x + y = k. O

C.3 Preparatory results

Let f be a polynomial in z and Z (or a function so that the following integrals make sense).
Then

2= JCf<w>|km,z<w>|2e-'W'"’dA(w)

f £ @)K, 2)2e " dA(w)

:Km
0 C.3.1)
_|w| (
Km(z,z lded,z ff wywrwle ™" dA(w)
dedlz ZA kl’
Kin(z,2 kl:O

where d; is defined is (C.2.1) and

The following lemma is very easy to show so we will skip the proof.
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Lemma C.3.1. Harmonic polynomials are fixed points of the Berezin transform.

Let us define
n
Zajz]”Z] rajeC
j=0

for n,7 € Ny, and

Z ]z]z] T ajeC

for t € Z\INy and n € N;. Let C¥(C, e~12" dA) denote the real analytic functions in L?(C, e " dA)
and A, c C¥(C,e " dA) denote the set of real analytic functions whose nth Taylor polynomial
belong to H,, ; for all n. We note that A, N A; = {0} for s = 7.

Lemma C.3.2. Let n€ Ny, Tt € Z, and m > 0. Then B, f € Ay and K,,(-,")B,,f € A, forall f € H, ..

Proof. Since K,,(z,2z) =m} 7, di|z|** € Ay, it is enough to show that K,,,(-, -)B,, maps a monomial
in H, , into A;. Since H,, ; is composed of polynomials, it is enough to prove the lemma for
monomials. So, without loss of generality, let 7 > 0 and f(z) = z#**2® for some a € IN;. Then
by (C.3.1) we have
m2 Z dkdlz z /\k I
k,1=0

where
/\il — f wa+rwawkw e—lwl dA( ) — f wa+1+lu—}a+ke_|w|mdA(w).
C C

Taking w = re'® and the normalized measure dA(w) = ﬁrdrd@, it is easy to see that the above
integral is nonzero only if k = + 7. Then

z)B,.f(z) = m? Zdzﬂdzszlf pRatTHl)+1 =™ g
1=0 0

- 2 1)+2
=m Y dyyodiZ T (M) (C.3.2)
1=0 "
dj.d
-m dl+T l l+r l € A,.
= a+t+l
Therefore, one can use long division to show that B,,f € A, as K, € A. O

Lemma C.3.3. Let f be a polynomial (of z and z) of degree n such that B,,f = f. Then B,,f; = f;
for-n<t<nwhere f =Y 7__, frand fy € H, ..

Proof. Since f is a polynomial (of z and Z) of degree 1, we have a unique decomposition

where f, € H, .. We assume that B,;f = f. Then, by Lemma C.3.2, we have B, f, € A, for

—n <t < n. Hence,
n n
Y fe=f=Buf=) Bufe

T=—n T=—nNn

implying that B,, f; = f;. ]
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C.4 Proof of Theorem C.1.1: polynomials with non-negative
coefficients

Proof of Theorem C.1.1. By Lemma C.3.3, it is enough to prove the theorem for f € H, ,, where

—n < v < n. Since, by Lemma C.3.1 harmonic polynomials are fixed, without loss of generality,

we assume that B,,f = f where f(z) = 27:1 ajzj”Zj € H, . is a polynomial with 4; > 0 for all
j>1,a,>0,and 7 > 0. Hence, f is not harmonic. Similar to (C.3.2), one obtains that

Kin(2,2)B,uf (2) mZX Girell o,

]+l+'c
and
o n o n
K,(z,2)f mZ a;d ATl = mZ a'dl,jzl+TZl.
=0 j=1 I=j j=
Note that by definition and Lemma C.3 (,+)f and K,,, (-, )Bmf both belong to A, and hence
their difference as well.
=l n
djyd
0= )B,uf (2) — Kyn(z,2) f (2) =m aj%zl”zl
1=0 j=1 jT+l
o) n
dii-d ) sl
+m a; —d;_;|z'"" (C.4.1)
N7, I=j
;j—l (d]+r+l

for all z. We note that dj,,,; is nonzero for any j > 1 because the gamma function has poles
only on negative integers. We will use the following well known formula

_T(a)l'(b)
Pab) =T ip)
Taking x = %, and
1 1
= (2D~ T((T+1)x)
(557)
for every nonnegative j we obtain
d dy—d;_;d B ;
dioedy g @ OO b e DT (20 4 74 2))
djyril djyeil Ljc

where
Apje =D((1+ T+ DD+ DT(( = j+ Dx)T(( + 7+ 1+ 1)x),
By i =B((i+1+T+1)x(I—j+1)x) = B((I+ T+ 1)x, (I + 1)x).
In this case
k=(+l+t+1)x+(I—j+Dx=(+1+1)x+(l+1)x=(20+7+2)x.

Recall that B(y,k —y) is a convex function of y and takes its minimum at y = k/2. Hence
Blay, k—ay)> Blaz k—ay)if a; >a; > k/2. We choose ay =(j+1+t+1)xand a; = (I +7+1)x.
Then

(j+l+T+1)x>(l+T+1)x>(l+%Jrl)x:E.
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Moreover, k —a; = (I —j+1)x and k —a, = (I +1)x. Then for any j > 1, we have
BlG+T+1+1)x,(I-j+1)x)=B((I+T+1)x,(I+1)x)>0.

Hence, a,, > 0 implies that
2)B,,f (2) - K(2,2)f (2) 2 0

which contradicts (C.4.1). Therefore, f is not a fixed point of the Berezin transform. O

C.5 Proof of Theorem C.1.2: the case m =2

When m = 2, one can write the Berezin transform as

Bof(z) = 2Lf(z +&e P aaE)

where dA = rdrd6/2m. We note that the since we normalize dA by 27, our formula above has a
multiple 2 instead of 1/ as in [79, section 3.2].

Lemma C.5.1. Let f(z) = 2/*7Z/ for j e N and © € Ny,

. . i+ 17)] .
Byf(z)=2""2 + (]d—)]z]_lﬂzf_l + lower order terms.
1

Furthermore, B, : H, , — H,, ; is a bijection.

Proof. By the binomial expansion formula, we compute the Berezin transform for f(z) = z/*72/
as follows.

Byf(z)=2 | flz+&)eFFaac)

C
g j+T =S leP
e Lo
s=0 t=
1 ] ]+T 5+T5 o S
(t=s+1) _§;(5+r)(s) J. J- A= " drdo

j
LKoo

S=
_ 5y (j+1)j L1+t
1

ZI71 4 lower order terms,

where dl_l = I'(2), as defined before. Furthermore, the formula above shows that B,f € H,, ;
whenever f € H,, ;.

Let us choose B = {z7,z'*72,...,2"*72"} as a basis for H, ;. Then the matrix representation
[B,] for B, with respect to basis B can be computed as follows.

[1 (1+71)/d,
0 1 (2+17)2/d;
[B,] =0 0 1 (3+7)3/d; - . (C.5.1)
0 0 1 e )x(na1)
Therefore, B, is a bijection on H,, ; because the matrix [B,] is nonsingular. O
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Proof of Theorem C.1.2. Let f be a polynomial of z and Z of order n. Then, by Lemma C.3.3, it
is enough to prove the theorem for f € H,, ;, where —n < v < n. Without loss of generality, we
fix T>0.

Using the notation in the proof of Lemma C.5.1, we observe that the matrix [B,] in (C.5.1)
is an upper triangular matrix with 1 on the diagonal and (j + 7)j/d; on the entries above the
diagonal. Hence, [B,] -1 is an upper triangular matrix with 0 on the diagonal and (j+)j/d; on
the entries above the diagonal. Then the first column and the last row of [B,]—1I are composed
of zero entries. That is

where )
(1+7)/dy
0 (2+T)2/d1
M = 0 0 (3+1)3/d;
0 0 0 (n+ T)n/dl-nxn

is the n x n submatrix of [B,] —I. We note that M is upper triangular with positive entries on
the diagonal. Hence M is of rank n as det(M) > 0. That is, rank([B,]—1I) > n. We also know that
z" is in the kernel of [B;] —I. The rank-nullity theorem implies that

rank([B,]—1)+dim(ker([By]-1)) =n+1.
Then, rank([B,]—1) = n and dim(ker([B,]-1I)) = 1. Therefore, if f € H, ; such that B, f = f, then
f € ker([B]—1I). Namely, f is holomorphic. O

C.6 Proof of Theorem C.1.3: the case m >0

Proof of Theorem C.1.3. By Lemma C.3.3, it is enough to prove the theorem for functions in
H,, ., where 0 <t <n. Let us define

By : Hy e = CO(C,e " dA)

|m

to be the Berezin transform of F2 restricted to H,.and T, ,:H, — C?(C, e 1"dA) as
Tonnf (2) = Kin(2,2) By f (2) = Ko (2, 2) f (2)
for f € H, r and z€ C. Then
ker(By,, —1I) = ker(T,,,) 2 span{z*} = ker(Ty,,),

and

rank(B,, ,, —1I) = rank(T,, ,) < n =rank(T,,).

Then rank-nullity theorem implies that
rank(T,, ,) + dim(ker(T,, ) =dim(H, ) =n+1
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for all m > 0.
Let f(z) = z/*7Z/ € H,, . Then by (C.3.2) we have

K (Z,Z)Bmf(z): Zl+’[dl l+Tl
jT+l

Moreover, K,,(z,2)f(z) =m ) |2, d;z'z!2/*72), and hence

Tm,n(ZjJrTZj) —m dl+rdl S5l mZd ST 5j]
= d]+r+l

dl+rdl STl mzd S+Tsl
d]+r+l

=
-
_ Z A1 l+mZ(dl_”dl _dl_])zl+r y

= ]+’[+l I=j d]+'c+l

Hence,

Tm,n(zj+TZj) — Zaj,k<m)zk+TZk;
k=0
where each a; y is holomorphic on U = {z € C: Re(z) > 0}, by properties of the gamma function.
Then we will study the rank and nullity of the matrix [a; k()] as a function of the complexified
variable m. We note that the matrix [a; ;(m)] is of size co x (n+1).

Since, by Theorem C.1.2, rank(T,,) = n, there exists a submatrix S, of [a;] of size n xn
with entries holomorphic on U such that det(S,(2)) # 0. Let S(m) = det(S,(m)) and Z, . denote
the zero set of S. Then S is holomorphic on U and Z,,; is a discrete set with no accumu-
lation point in U. Hence rank(T,,,) > n for z € U\ Z,, as det(S,(m)) # 0 for ze U\ Z, ..
However, rank(T,,,) < n as dim(ker(T,,,)) > 1 for all 0 < m < co. Then, rank(T,,,) = n and
dim(ker(T,,,)) =1 for m € (0,00) \ Z,, ;. Namely, span{z*} = ker(T,, ,,) for m € (0,c0) \ Zn .

Let ZI = U?_yZn,.- Hence Z!" is a discrete set with no cluster in (0,c0). Furthermore, we
showed that only the holomorphic polynomial is fixed whenever 0 < 7 < n and m € (0,00) \ Z".
Similarly, we can show that there exists a discrete set Z{, such that when —n <7 <0 and m €
(0,00) \ ZE only the conjugate holomorphic polynomial is fixed. Let Z, = Z" U Z¢. Therefore, if
me (0,00)\ Z,, and B,,f = f for a polynomial f of degree at most n, then f is harmonic. O

C.7 Proof of Theorem C.1.6: binomial fixed points
First, we focus on a single monomial.

Proposition C.7.1. Let m > 0 and f(z) = zPz1 be a fixed point for the Berezin transform B,,. Then
either p or q must be zero. That is, f is either a holomorphic or a conjugate holomorphic monomial.

Proof. By Lemma C.3.1, zP and z7 are fixed under B,,. We assume that B,,f = f and p,q > 1.
Then (C.3.1) implies that

K,.(z,2)2P 27 = K,,(2z,2)B,,,f (z) = J wP K, (w, 2)|?e ™" dA(w).
C
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Hence,

o0 (o]
mdeszqz = m? Z dkdlf wPwiZkwkz wte ™" 4 A(w)
k=0 k,1=0 c

= m? Z dkdlzkzlj wP ke " g A(w).
k,1=0
First, assume that p > q. The above integral is nonzero only if k = p + [ —q. Therefore,

o S [S¢]
m dezp+kzq+k —m? de+l_qdlzp+l—qzl f P2Ap+D+L =" g
k=0 1=0

0

C a1l (2(p+])+2
_ 2 I-q5l
=m lEOderl_qdlsz“ iz F(— (C.7.1)

1

=m ) dy_qdi2P* 7
p+i—q%l
For the above equation to hold, every corresponding /-term on each side must agree. Note that
the zeroth term on the right hand side is holomorphic, while there is no holomorphic term on
the left hand side. Hence, they can not be equal.
When p < g, similarly we obtain

o0 o0 1
m dezp+k2q+k =m dedq_p+kzk2q_p+kd
k=0 k=0 q+k

The zeroth term on the right hand side is conjugate holomorphic, while there is no conjugate
holomorphic term on the left hand side. Hence, they are not equal.

Therefore, we can conclude that any monomial which is a fixed point of the Berezin trans-
formation should be either of the form zP or z9. O

Proof of Theorem C.1.6. Since the case of monomials was considered in Proposition C.7.1, we
can assume that B,,f = f and a,b,c,d are positive integers such that a # c or b # d. Then by
(C.3.1) we get

Kpu(2,2)(c12°2° + ¢,2°2%) =K,,(2,2) B, f (2)

:J (c;w B? + cyww?)| K,y (w, 2)|2e " dA(w).
C
Therefore,

o0
mdez (c12°2" + cp2°2%) = m? dedlf (c;w@? + cyww?) ok wle ™" d A(w)
C
k1=

Z dkdlz J w“+lwb+ke_|“’|mdA(w) (C.7.2)

+com dedlz f wHpd ke " g A(w).

k,1=0

We consider two different casesa>b>1,c>d>1anda>b > 1,1 <c<d. The other cases
turn into one of these simply by conjugation.
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First let us consider the case a > b > 1 and c > d > 1. Note that the first integral on the right
hand side of (C.7.2) is nonzero only if k = a+1—b, and the second integral in nonzero only if

k =c+1-d. Then similarly to the monomial case as (C.7.1), we can write the right hand side of
(C.7.2) as

o0
1 1
—b+l1 l c—d+1 l
Clmzda—bHdIZa d +com ch d+ld;z d .
=0 a+l c+l
Hence if f is a fixed point, then
[o0) (o) (o) o0
_ _ da-p41d de_g+1d)
¢ Zdlza+lzb+l teo Zdlzc+lzd+l = ad +H a-b+l 5 Z+C Cd +H e-d+l 5l (C.7.3)
_ 1=0 1=0 a+l 1=0 c+l

Leta—b=jand c—d = k. We can write (C.7.3) as

" atlobil S crladel - didr  diad) sl
o Zdlz“ 27"ty Zdlzc 2 =¢ Z—z] e
- — — da+l = dc+l

Note that the zeroth terms in the sums on the right hand side above are holomorphic, while
there is no holomorphic term on the left hand side. Hence if j # k and f is a fixed point, the
zeroth terms on the right hand side must be zero, implying that

djdy did,

Z =0 and ¢, i =0.

a

Since d; # 0 for any i > 0, we can conclude that ¢; = ¢, = 0.
From now on we assume that j = k. Then, we take B,,f = f witha—b=c—d =j > 0. Hence
(C.7.3) can be written as

a+l b+l c+l d+l €2\ j+lsl
1 Zdlz +c Zdz Zd]+ldl( i dc+l )z Z. (C.7.4)

Again the zeroth term on the right hand side above is holomorphic, while there is no holomor-
phic term on the left hand side. So for B,,f = f to hold, we must assume that the holomorphic
term on the right hand side is zero. This is equivalent to

C1 Cy _
. + i 0. (C.7.5)

Writing a = j+b and ¢ = j + d, we can write (C.7.4) as

]+b+l sb+l ]+d+l sd+1 ]+l l
clzdz o Zdz Zd]+ldl( L €7.6)

Without loss of generality, we assume that 4 > b and we define r =d — b > 1. Recall that when
r =0, f is a monomial as a —b = ¢ —d and that was considered in Proposition C.7.1. Hence
(C.7.6) can be written as the following.

b+l b+l j+b+r+l b+r+l +1 l
¢ Y diZlt +cy )y diZ d; ldl( )z] (C.7.7)
Z Z Z juad| 7+ 7
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To get a better idea about the series above, we can write (C.7.7) as

Zj+b Zj+b+12b+1 + _1Zj+b+r—12b+r—1

,’Zb + Cldl
(o] [ee)
+oy Zdlzj+b+l2b+l +0y Zdlzj+b+r+lzb+r+l
I=r =0
9

C1  C2\ 1 2 i+1 =
=ddo| =+ =) +d; d(—+—)z]+ Z4-e-
/ O(da dc) AR da+1 c+1

CIdO "'+C1dr

€1 C2 i+b+r—1 sb+r—1
+ dj+b+r—1db+r—1(d + )Z] z

a+b+r-1 dc+b+r—1
- Cc C
+ Z dj+ldl(d—1 + d—Z)Z]JrlZl.
I=bar a+l c+l

Then we can rewrite it as
) d02]+b2b + Cldlz]+b+12b+l +eeet o dr_lz]+b+r—1zb+r—1

o (o]
s Zdr+lz]+b+r+lz—,b+r+l te, Zdlzj+b+r+lzb+r+l
1=0 1=0
[9 c ; 9 (9 ;
= djdo(—1 + —Z)z] + d]-+1d1(—1 + —2)21+1Z+ .
da dc da+1 c+1

1 ) j+b+r—1 sb+r-1
+ dj+b+r—1db+r—l(d + i )Z] z
a+b+r-1 c+b+r-1

[e9)
c C ;
" Zdj+b+r+ldb+r+l(d 1 " 2 )Z]+b+r+lzb+r+l,
1=0

a+b+r+l dc+h+r+l

where the sums on both the left and right hand sides are in terms of z/*?+"+!z0+"+] Comparing
the coefficients of z/t6+7=1z6+7-1 o1 both sides, we obtain

9 c
cldr_lzdj+h+r_1db+r_1( o ) (C.7.8)

a+b+r-1 dc+b+r—1

Comparing later terms, we must have

€1 2
1 dr+l + Czdl = dj+b+r+ldb+r+l + forallle NO-
da+b+r+l dc+b+r+l

Considering (C.7.5) and (C.7.8), we will show that ¢; = ¢, = 0. Equivalently, we would like
to show that the following determinant

1 1
_ d, dc
Am - det dj+b+r—1db+r—l _ d dj+b+r—ldb+r71
Apibir r-1 Aeiprt

is non-zero. Using d; = @, we can write the determinant above as

m

_ dj+b+r—l db+r—1 dj+b+r—1db+r—1 dr—l

" dadc+b+r—1 dcda+b+r—1 ! dc
r(z,::z )r( 2(c+b+mr—1)+2) r( zcr:lrz )r( 2(a+b4;£—1)+2) r(zcr:lrz)
= r( 2(j+b+n:—1)+2 )r( 2(b+rn;1)+2 ) h r( 2(j+b+nrl—1)+2 )r( 2(b+rﬂ—ll)+2 ) + r( 2(r—ni)+2 )

153



Letting x = %, we get

F(a+1)x)T((c+b+7r)x) T((c+)x)[((a+b+7r)x) T((c+1)x)
" L((j+b+r)x)L((b+71)x) T((j+b+7r)x)T((b+71)x) [(rx)

One can show that the contribution of the first two terms is already positive. Indeed,

[((a+1)x)T((c+b+7r)x) T((c+1)x)I((a+b+r)x)

L((j+b+r)x)L((b+71)x) T((j+b+1r)x)T((b+71)x)

if and only if
IF((a+1)x)T((c+b+1r)x)-T((c+1)x)[((a+b+7)x)>0

which is equivalent to

IF((a+ )x)T((c+b+r)x) T((c+1)x)[((a+b+r)x)
F((a+b+c+r+1)x) F((a+b+c+r+1)x)

However, using (a+ 1)x+ (c+b+r)x=(c+1)x+(a+b+r)x = k we have

F((a+1)x)I'((c+b+r1)x)
[((a+b+c+r+1)x)
I((c+1)x)L((a+b+r)x)
F((a+b+c+r+1)x)

Bla+1)x,k—(a+1)x)=

Bllc+1)x,k—(c+1)x)=

We recall that a < c. So we would like to show that
Bla+1)x,k—(a+1)x)>p((c+1)x,k—(c+1)x). (C.7.9)

Since B(y, k —y) is convex with minimum at k/2 = (a+ b +c+r+1)x/2, it is enough to show that

(a+x<(c+1)x < g
The first inequality above is clear as a < ¢. The second inequality is equivalent to
c+l<a+b+r=a+d
as r =d —b. However, a— b = c —d. Then the inequality above is equivalent to
a-b+1<a

which correct as b > 1. Hence, the inequality (C.7.9) is satisfied and A,, is non-singular for all
m > 0. Therefore, ¢c; =c, = 0.

We finish the proof by considering the second case a > b >1and 1 < ¢ <d. The first integral
on the right hand side of (C.7.2) is nonzero when k = a—b+1 and the second integral is nonzero
when [ =d —c+ k. Therefore, (C.7.2) can be written as

[ee]

o0
c de2a+kzb+k teo dezc+k2d+k
k=0

k=0 (C.7.10)

(o)

(o)

d,_pad; ,_ did,_ _

= z adb+l lza b+lzl+C2 § %zkid c+k‘
=0 a+l =0 d+k

The zeroth terms in the sums on the right hand side are harmonic, while there is no harmonic
term on the left hand side. Hence (C.7.10) cannot hold unless ¢; = ¢, = 0. O
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