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ABSTRACT

ABSTRACT

Advances in numerical ocean modelling have led to increasing interest in data
assimilation for the purpose of ocean forecasting. The majaoity of current assimi-
lation techniques ignore the integral constraints inherent in ocean dynamics, and
instead locally insert information from observations in an Eulerian sense. It has
been shown that such methods can generate spurious circulabns by affecting the
balance of dynamic ocean tracers.

In this thesis techniques are presented which solve a rearragement problem
to perform data assimilation under an integral constraint, effectively performing
assimilation in a Lagrangian sense to correct for an assumednitial phase error. A
descent algorithm equivalent to three dimensional variational assimilation is devel-
oped for the pure rearrangement problem, based on an advectre process acting in
pseudo-time. This method is shown to assimilate direct obsevations successfully,
even when observations are only available on a limited subdanain. Two novel
modi cations which improve the rate of convergence are also discussed.

The method is extended to perform in model time, allowing the use of obser-
vations valid over a time window, analogous to the behaviour of four-dimensional
variational data assimilation. Comparing this technique to a traditional strong for-
mulation 4D-VAR algorithm shows that the displacement method is superior when
errors are due to adiabatic forcing or the effects of model resolution, although
strongly limited by the coverage and frequency at which obsevations are available.

Overall this thesis shows that rearrangement methods are a \able and, poten-
tially, bene cial method for ocean data assimilation, prov ided suitable data sources
can be found.
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CHAPTER1

INTRODUCTION ANDMOTIVATION

“A man with one watch knows what time it is.
A man with two watches is never sure.”

“Segal's Law”

1.1 MOTIVATION

Ocean data assimilation is a general methodology for estiméing values for dy-
namically evolving oceanic variables by combining the information contained in
dynamical ocean models and in observational data. This comination of informa-
tion generates an estimate of the current state of these vambles — an analysis —
which may then be used as an initial condition for later numerical forecasting of
future ocean conditions. The complex relationship betweenthe various relevant dy-
namic variables in the ocean produces a chaotic pattern to tle growth, with time, of
measured differences between forecasts generated from siftar initial conditions.
Hence the accuracy of analyses is one of the key factors limihg the accuracy of
ocean forecasting as a predictive tool.

Many current data assimilation methods are based upon the cacept of a "'most-
likely' estimate, a representative state that has the greagest probability of having
occurred, given previous forecasts and the result of all avéable observations. The
analysis thus represents the modal state of any forecast eresnble and, it is argued,
the best viable choice for an initial condition for future de terministic forecast. Anal-
ogy can be drawn with the parameterization of small scale mixing processes. There
exist myriad possible arrangements of a dynamic variable onscales well below that
being modelled. However if an assumption is made as to the prdability density of
the various arrangements (as is made for example in the mathenatical modelling of
Brownian motion) and the most likely estimator of the states assumed true (in this
case through application of the central limit theorem), the n a modelling assump-
tion is generated (Fickian diffusion) which is applicable on the scales of interest.
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Such statistical methods require assumptions on the distributions to be represented.
In the case of data assimilation this requires the spatial coariances within variable
elds and the correlations in the behaviour between differe nt variables. Generally
there is not enough data to estimate these accurately. Oftenthese distributions
are chosen on anad hocbasis to represent known physical relationships, such as
geostrophy.

An alternative approach is to apply these relationships directly, as expressed
in the dynamic equations, when creating an assimilation method. This is similar to
the philosophy behind the introduction of a variety of "adiabatic’ techniques for sub-
grid parameterizations, such as the Gent and McWilliams (190) method. These
adiabatic parameterization methods have been found (Danalasoglu et al., 1994;
Boning et al., 1995) to give better t to observations and mo re stable results when
used for large-scale ocean modelling than schemes which payess heed to con-
served properties. The subject of this thesis is a discussioof a similarly adiabatic
approach in the context of ocean data assimilation and the o@an inverse problem.

This chapter begins with a short summary of the history of the ocean inverse
problem and the methods that have been applied for its solution. There follows
a review of the various sources of data for the Global Ocean Oberving system,
with particular reference to those currently applied for th e ocean data assimilation
problem. Some of the current open topics of research in the eld of ocean data
assimilation are then listed. Finally the key questions to be addressed within this
thesis are stated and the format of the thesis as a whole laid at.

1.2 INVERSEPROBLEMS IN THEOCEAN

For a more comprehensive overview of traditional data asslation methods, with
particular reference to the atmosphere, see the textbookdaley (1991) or Kalnay
(2002). Ghil and Malanotte-Rizzoli (1991) contains a detaled, if slightly dated, dis-
cussion of current methods in data assimilation for geophgal uids. A book by Wun-
sch (1996) develops the discretized inverse problem in trentext of ocean dynamics
and discusses the dif culties of the state estimation preiph.

1.2.1 DISCOVERING THEOCEAN

The primary interest of meteorologists, dating back to the rst synoptic charts
drawn up by Admiral Robert Fitzroy in the 1860s, was to accurately determine the
transient state of the atmosphere. Climatological data regesented primarily a use-
ful * rst guess' for the more important question of the curre nt weather patterns. In

2
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keeping with this philosophy, the goal in atmospheric data assimilation has typically
been to use the information contained in meteorological observations to produce
an accurate estimate of the current state of the atmosphere an analysis eld.

In contrast with this, work in the oceanographic community w as historically
directed towards coupling modelling, theory and observations to determine an es-
timate of the mean state of the ocean, often termed state estnation or inverse
modelling. The difference between these two viewpoints is predominantly in terms
of timescale. The aim of state estimation is to recover the llmg-term time average
of the ocean state from long, gappy, series of ocean observains, with the avail-
able observations often widely separated in space and time A necessary condition
for this method to succeed is the existence of a well-de ned gationary mean state,
upon which intra-decadal variations appear as small-scalenoise. Data assimilation
is intimately coupled with the idea of forecasting the magnitude of the transient
magnitudes of these small-scale deviations. Early oceanagphic work was focused
on the area of state estimation for several principle reasors:

(). Accurate measurements of dynamically important oceanic variables such as
temperature and salinity were (and to a certain extent remain, see section
1.4) dif cult and expensive to obtain, hard to record and tim e-consuming to
collate. This means that the historical data set available b investigators is
small, with poor temporal and spatial coverage, especiallyin the Southern
Ocean.

(ii). It was for a long time believed, following the theory of Ekman (1905), Sver-
drup (1947), Munk (1950) and others, that the observed ocean state could
be almost entirely explained through a combination of largely static ow in
the interior maintaining geostrophic and hydrostatic balance, with primar-
ily wind driven circulations near the surface. This concept of steady ocean
currents, “Rivers in the Sea™, assumes that the transient signal is small and
dynamically unimportant, except possibly for the case of the external wind
forcing, which may itself be derived from meteorological observations.

(iif). The ocean has a much smaller Rossby number than the atnosphere in most
areas and situations. This non-dimensional number governghe length scale
at which geostrophic balance holds. This means that signi cantly higher spa-
tial resolutions are required to model important mesoscale features, such as

1The use of this analogy has become something of a cliché in oeanography. Although featured by
as illustrious a gure as Fitzroy (1861) in explaining ocean currents to a general scienti ¢ audience
it was equally criticized by Nanson (1907) as naive. The modean consensus is uniformly negative
(Parker, 1998).
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mesoscale eddies or transient displacements of the thermdme, which are of
interest to end-users such as sheries and navies. Until reently limitations
on available computing resources were such that standard mdels could not
run with grid spacing such that they could resolve these lengh-scales.

(iv). The observational and model data available at the time supported the idea
of a quiescent ocean. In fact the ocean was typically believd laminar in its
interior, until this assumption was cast into doubt by accumulated observa-
tional data in the 1970s. The unprecedented large-scale andnear synoptic
observations of the World Ocean Circulation Experiment (WOCE) from 1990
until 1998 exploded this myth, with turbulent structures an d great temporal
and spatial variability being detected with ubiquity.

1.2.2 A BRIEFHISTORY OFSTATE ESTIMATION

Among the earliest attempts at what may be termed ocean stateestimation,
aiming at determining the long term ocean state, are the dismvery of the location
and approximate strength of the ocean surface currents by vaious groups of seafar-
ers, starting with the discovery of the Canary and Guinea Curents by Portuguese
sailors in the 15th century (Krauss, 1996). Differences wer observed between a
ship's apparent positions calculated from their course andspeed through the water,
“dead reckoning', and the ship's actual position, as derivd from celestial observa-
tions. These differences were then ascribed to drift due to sirface currents, with
repeated observations allowing the ow to be mapped.

This is a speci c example of the general class of inverse prokems. Both the
data assimilation problem for ocean forecasting and state stimation of the ocean
fall into this classi cation. Given a general mathematical operator, the black box of
high school mathematics, accepting inputs from one set of déa and mapping them
in some fashion consistently to another, the outputs, we mayde ne two different
classes of problem:

Problem 1.1 (The forward problem)  Given a known input, derive the expected out-
put.

In the case of the Portuguese sailors this would be the navigaonal problem
of calculating an estimate of the ship's course from the known currents and the
observed bearing. Depending on the complexity of the operaor in question such
problems may be computationally expensive. Nevertheless pvided that the oper-
ator is known over the whole range of possible inputs, is not pathologically badly

4
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behaved and that the input in question lies in this domain then a unique solution is
guaranteed to exist. If our knowledge of the operator is incomplete or approximate
then there may exist multiple consistent solutions, but a probabilistic or partial so-
lution may still be found. If the input in question lies outsi de the domain of the
operator then an extension to a larger domain may be chosen ad a value still
recovered.

Problem 1.2 (The inverse problem) Given a known output, nd the input(s) which
generate(s) it.

This is the problem of calculating the currents from time series of navigational
data. For a non-trivial, non-linear operator this is typically much harder, both com-
putationally and philosophically than the forward problem . If, as is typical in phys-
ical oceanography, the dimension of the output (the observdions) is smaller than
the dimension of inputs (the ocean condition) then the probl em will be under-
determined and there may exist multiple consistent solutions. If the output lies
outside the range of the operator then there may be no consisént solutions at all.
In either of these cases the problem must be modi ed before it can be solved and
in general only weak solutions will exist. For example, in the case of linear maps it
is possible to nd an input which maps to a point nearby to any o utput in a least
squares sense. In this sense any form of data assimilation @state estimation may be
viewed as a suitably constrained regression, tting a curverepresenting the analysis
trajectory through the points provided from observations under some goodness-of
t criterion, which commonly depends on previous analyses.

Among the earliest rigorous inversions in modern oceanogrghy were the box
inversions of Wunsch (1977), and others. The equation set irverted here consists
of steady state conservation equations for mass, salt and het, as well as the inte-
grated thermal wind equations, where the vertical integration has been performed
assuming a reference level where horizontal density gradiats vanish. These equa-
tions are applied across pairs of station observations, whee stations are situated
along survey lines forming a boundary to the "box' of intered. The aim is to ob-
tain an estimate of the reference level velocity (and thus through the thermal wind
relation the full velocity eld) as well as the balancing tra cer distribution.

A similar method originating at around the same time is the -spiral method of
Stommel and Schott (1977) and others, which uses the same bais equation set, but
instead rearranges these into equations for potential den#y and relative vorticity.
These equations are imposed as local, horizontal constraits to give a series of 3D
velocity vectors at the reference level. See Olbers and Wibrand (1985) for a review
of the various avours in which the method came.

5
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1.2.3 OCEANDATA ASSIMILATION

Recently the advances in computer power, coupled with improvements in pa-
rameterizations of sub-grid processes and improvements inthe physical under-
standing of ocean dynamics have led to the creation of succesvely more realistic
ocean General Circulation Models (GCMs). There have been aegies of attempts
at ocean state estimation through the application of adjoint models for the steady
part of ocean GCMs (Martel and Wunsch, 1992; Marotzke and Wilebrand, 1996;
Stammer et al., 2002) using a variety of models and techniques in order to iterate
to a steady solution.

In particular, the consortium Estimating the Circulation and Climate of the
Ocean have attempted a concerted effort at exploiting new daa sets from the
WOCE using an advanced Massachusetts Institute of Technogry Ocean Model (Mar-
shall et al., 1997) to coupled to automatic differentiation tool to generate the ad-
joint code. Wunsch and Heimbach (2007) provides an overview of both the math-
ematical techniques and assumptions involved and the variais key results and ap-
plications the code has been put to. These range from regionhstudies (Ayoub,
2006) to estimates of the errors in the model and observations (Stammer, 2005) to
estimates of internal mixing in the ocean (Ferreira et al., 2005).

At the same time methods have been developed for data assindition in ocean
forecasting, in analogy with modern weather forecasting through Numerical Weather
Prediction (NWP). Interest has grown in the forecasting problem with the realisa-
tion that the ocean represents the long-term memory of the cimate system and as
such the best hope for accurate long-range weather forecast It is this interest in
deriving the transient state of the ocean system at high resdution from limited data
in the near past which we term Ocean Data Assimilation, following the terminol-
ogy of Wunsch (1996) and by analogy to the nomenclature used n atmospheric
science.

In fact, many of the techniques used to provide initial and boundary conditions
to these forecasting systems are derived from the Data Assiitation techniques de-
veloped for NWP, particularly variations on the Best Linear Unbiased Estimator
(BLUE) analysis and three or four dimensional variational methods, based on a sta-
tistically optimal minimization of predicted error varian ces. In the following section
we discuss the basis of these techniques.
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1.3 TRADITIONAL DATA ASSIMILATIONMETHODS

The theory behind the derivation of the BLUE equation forms the basis for many
modern assimilation techniques, including the Kalman Ite r, Kalman smoother, 3D-
VAR and 4D-VAR techniques. Many operational ocean forecastg centres use vari-
ations on these methods. For example, the UK Met Of ce Forecating Ocean Assim-
ilation Model (FOAM) uses an Analysis Correction Method (AQV) (Lorenc et al.,
1991) to assimilate temperature and salinity pro les. The b asis of the ACM is an
iterative approximation converging to the BLUE analysis described below. The Eu-
ropean Centre for Medium-range Weather Forecasting (ECMWJ-uses a 4D-VAR
scheme for its operational ocean model, run to assimilate olservations over a ten
day time window.

No single standard exists for notation in the combined context of data assim-
ilation and numerical modelling. The notation used in this section is based on
that prescribed in Ide et al. (1997)2 and a similar ethos is used when describing
assimilation methods in succeeding chapters.

1.3.1 THE BESTLINEAR UNBIASEDESTIMATOR

At a given time, de ne the (discretized) state of the system of interest, rep-
resented by a nite dimension state vector, X, over the spatial domain of interest.
This is the “truth’ which we wish to nd. In the case of ocean forecasting this may be
the three dimensional velocity, pressure, density, temperture and salinity given at
points corresponding with the model grid of an ocean GCM. Suppose too there ex-
ists an initial guess at this state, perhaps from a previous un of the forecast model.
Denote this background state by the state vectorx,. Finally let vector, y, contain
all available observations assumed valid at the time of inteest. Here we assume
that the observed variables represent a simple linear comhaation of the quanti-
ties contained in X,. The background and observation error vectors y; o;represent

2The primary dif culties in standardizing notation between the two elds are:

i. The tendency of dynamicists and modellers to express equiéons in the continuous notation
of partial differential equations, even when it is discreti zations of these which are solved,
whereas data assimilation is usually presented in the langage of linear algebra.

ii. The tendency to use x as a variable in Cartesian or locally Cartesian space when irthe Ide
notation this is reserved for the system state.

An entirely consistent and unambiguous notation remains dif cult, but the lack of such notation may
be limiting the understanding of the data assimilation proc ess in the general scienti c community.
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differences from the true state,
Xp= Xttt

y=Hx{+ o

where H : R" I R™ is the observation operator giving the observational data
expected for a given state vector. Under certain conditionsBayes' Theorem allows
us to relate a prior estimate of the probability of an event occurring to the posterior
conditional probability of the event having occurred, give n the result of some set of
observations.

Theorem 1.1 (Bayes' Theorem) For stochastic eventX,Y providing the marginal
probability of a given observationP (Y = y), is non-zero, then the posterior probabil-
ity distribution P(Y = yjX = x) satis es the relation

P(Y = yjX = x)P(X = x)_
P(Y =y) ’

P(X=xjY=y)=

given a prior probability distribution for the statex, P(X = x), and a conditional
probability for detecting given observations from a statg P (Y = yjX = x).

This result may be derived directly from the de nition of con ditional probability. A
full discussion of Bayesian statistics lies outside the scpe of this thesis, but for fur-
ther details the reader is directed to, for example, Lee (198). Using Bayes theorem
it is possible to nd a state which represents the maximizer of the posterior prob-
ability density. Given unbiased data (so that the expectation of the error for both
background and observation vectors is zero) this state minmizes the variance of
the analysis error, independently of the data themselves. Br suitable distributions,
such as Gaussian error distributions, this will be the maximum likelihood estimator
for the analysis state.

Introducing the notation B, R for the covariance matrices of the background
and observation states respectively this analysis state ifound (Daley, 1991)[Sec-
tion 2.2] to be the solution of the BLUE equation,

Xa=Xp+BH T HBH T+R ‘(y Hxy: (1.1)

Calculating this state thus requires knowledge of the error covariances (as well as
expectations, to ensure the data is unbiased). The uniguenss ofx, as a minimizer
of the error variance depends on whether the observation opeator can distinguish
between any two model states. Note that there will not generally be enough in-

8
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formation a priori to determine R and B accurately. Instead these are either cal-
culated from model data (especially common in the meteorological community)
or are assumed to act only as a smoothing operator to spread th information in
limited observational data across some limited local regian, weighting towards the
location of the observation, that is it acts as a regularizaion term in a generalized
least squares regression. This second view is probably the ore common in the
oceanographic community, see for example Bennett (1992).

1.3.2 RELATEDMETHODS

A family of algorithms such as the Successive Correction métod (Daley, 1991)[Chap-
ter 3] and the Met Of ce's ACM reformulate the BLUE analysis as the limiting so-
lution of a set of iterable equations. This allows an incomplete, non-converged,
solution to be applied as an initial condition for forecasting, sacri cing accuracy
for speed. The Kalman Iter method extends the function of the BLUE analysis
state into the problem of nding choices for the covariance matrices based on data.
These matrices themselves become variables in the system thi a new matrix cal-
culated on each assimilation cycle, as new model and observgonal data becomes
available. Sorenson (1970) has a nice discussion of the Ite's connection with least
squares regression, while Evensen (1994) discusses the bas lter as well as sev-
eral extensions in an Oceanic context. The Kalman Filter cantself be extended into
the Kalman Smoother (Cohn et al., 1994), which sweeps over dada available over
multiple time levels and thus assimilates observations bakwards in time using past
information as well as forwards.

The BLUE solution can also be viewed as the minimiser of a funtion represent-
ing the logarithm of the analysis error probability density function,

J :=log P( a)=(|xb x)TI%Z Yxp x2+ﬁy Hx)TI?Zl(y Hx?:

Jp Jo

The 3D-VAR assimilation methods attempt to nd this minimiz ing state directly us-
ing gradient information on J [x]. For systems with linear observation operators
the solution found is identical to the BLUE solution and the method is another it-
erative algorithm for the BLUE analysis; however, the varigional approach allows
more readily for the extension to cases with non-linear obseavations than the equiv-
alent extension of the BLUE method, the Extended Kalman Fiker. By extending the
de nition of the observational error density into one inclu ding a temporal factor
we obtain the 4D-VAR method. Under certain conditions this produces identical




INTRODUCTION ANDMOTIVATION CHAPTER 1

analysis elds over a particular set of data to the Kalman It er. A limit to the utility
of this approach is that these variational methods do not produce explicit updates
to the covariance or weighting functions, as the Kalman Filter methods do.

1.4 THE OCEANOBSERVINGSYSTEM

A key ingredient in the cookbook of both data assimilation and state estima-
tion, that is estimating the transient and time mean ocean state, is the available
observational data set itself. For an assimilation schemea be effective it is impor-
tant to understand the source of the data which is to be assimiated and possible
sources of error in the data stream. Traditionally observatons of the ocean have
been far more scarce than those of the atmosphere. This is pdlly because humans
are land-dwelling, with a resultant interest in extremes of weather, while distant
from the deep ocean. Moreover the extreme pressures of the agan deeps and the
dif culty and expense of transit over much of the ocean has hampered maritime re-
search. Long-term data sets are limited to tide-gauges andsip-based temperature
measurements from naval vessels and voluntary observing sps (VOS).

1.4.1 SHIPBOARDOBSERVATIONS

The greatest proportion of the ocean data available from the VOS consists sur-
face measurements, especially of surface water temperatwe. This form of data
makes up approximately 90% of the historical ship-borne tenperature record. Mea-
surement technology has improved markedly from the days when temperatures
were collected by a sailor using a bucket and thermomete?. Advances in instru-
mentation and communications technology now allow the automated recording of
the temperature of water drawn in to cool the ship's engine, with measurements
having a claimed random error of roughly 1:0 C and systematic biases of0:5 C
(Kent et al., 1999). This provides a measure of sea-temperatre at depths of 3-10m
in the shallow, well-mixed layer immediately below the surf ace.

The development of the inverting thermometer allowed VOS to measure ocean
temperature pro les accurately at depth. This technology has improved to the level
of the expendable bathythermograph (XBT), a single use prole used in the Ship
of Opportunity (SOOP) scheme. As the XBT descends it collestmeasurements of
the vertical temperature pro le and pressure which it then t ransmits back to the
launching ship. Approximately 7000 VOS and 140 SOOP currenly contribute to

3Differences in the method of collection and even the type of kucket used have caused consider-
able dif culties in studying trends in these records (Smith and Reynolds, 2002).
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the Global Ocean Observing System (GOOS). The reported posons of XBT de-
ployment in the month of June 2006 is shown in Figure 1.1A. While lying predom-
inantly along popular shipping routes these do also partition many of the oceans,
notably with measurements across the North Atlantic and Dre&ke's Passage. This
allows for estimates of inter-ocean transports though inversion of the thermal wind
equations.

Shipboard, indeed any, salinity measurements are much scarer, re ecting pri-
marily the unavailability of suitably simple measurement technology. Historically
studies have required collection of water samples at depth ad then processing
through evaporation to determine the total dry salt content. Modern techniques
rely on changes to the electrical conductivity of sea-waterwith ion-content, allow-
ing for in situ salinity measurements. The use of conductivity, temperature and
depth (CTD) probes have increased the accuracy of measurenreg and the speed of
processing so that measurements are available in near-redime. These probes are
predominantly deployed from research vessels and the numbeof CTD probes de-
ployed as part of the regular observation network remains snall and almost exclu-
sively deployed along prescribed hydrographic sections, m-keeping with the state
estimation methodology.

1.4.2 FIXED BuoYy, DRIFTER ANDFLOAT MEASUREMENTS

The majority of in situ measurements in the GOOS now come fromunmanned
systems, both arrays of xed buoys and eets of mobile Lagrangian oats and
drifters (see plots B and C of Figure 1.1). The ATLAS mooringf the TAO/TRITON
array provide the basis of the equatorial observing system. They provide accu-
rate temperature measurements at ten levels, from near-suface bulk temperatures
at 0.3-1 m to measurements below the thermocline at 500m deph. A few xed
moorings also provide sea-surface salinity measurements.

Fleets of drifting buoys give data on the wind-driven circulation in the mixed
layer. The surface- oating buoy is typically attached to a kite-like drogue, so that
the path of the buoy is primarily controlled by the near-surf ace currents, rather than
the wind conditions at the surface. The drifter reports near-surface temperature and
location via a satellite link. Drifter performance is dependent on the precise type of
drogue tted (Monahan and Monahan, 1973) and a necessary stage of blacklisting
is to remove those drifters which appear to have lost their tails.

The ARGO network (Gould and Turton, 2006) will soon be complete and will
consist of approximately 3000 free- oating probes. Each o at passively tracks with
the local ow at a prescribed depth for a preset time period, b efore returning to

11
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the surface to report its position using the global satellite positioning system. While
surfacing the probe records depth pro les of temperature and salinity, available on
the timescale of once a fortnight.

Time-integrated information on the ow uid parcels at the oat's prescribed
depth of operation is potentially available through tracki ng the probe’'s reporting
positions. Similarly a variety of sonar tracked passive oat systems give information
on smaller time and spatial scales. However due to the dif culty of instrumentation
there is very little direct information available on real-t ime Eulerian currents in the
GOQOS, apart from the ve Acoustic Doppler current pro lers a nd the neighbouring
point Doppler current meters deployed along the equatorial Paci c in the TAO array.
These pro lers and meters provide column current informati on at accuracies of up
to 5cms L

1.4.3 REMOTE SENSING OBSERVATIONS

As well as providing communications links with other systems, satellites provide
remote sensing information on the ocean state. Due to the hidn rate of attenuation
of the electromagnetic spectrum by liquid water, satellites are limited to surface
observations of the ocean. Microwave and Infra Red systems qovide complemen-
tary methods for detecting the skin sea surface temperaturg(or more accurately the
induced brightness temperatures), with near global coverage and at varying resolu-
tions. The rst proper climatological satellite records of SST date back to the launch
of the rst Advanced Very High Resolution Radiometer (AVHRR) instrument on the
TIROS-N satellite in October 1978 (Barton, 1995). This instrument and its suc-
cessors allowed algorithms based on differential absorpton by water vapour to be
used to correct for the moist atmosphere. Current claimed acuracy is a root mean
square error of 0:5 C for the AVHRR/3 instrument on NOAA-15 (Li et al., 2001)
or 0:3 C for nighttime SSTs on MODIS. Coverage is near global thougltontaining
holes in places due to cloud coverage or other processes. Thiegottom plot of Figure
1.2 shows the number of observations available in a 5 day pervd on 1 binned grid-
boxes, which shows the tropics notably better sampled than nid-latitudes. Diurnal
processes can cause large differences between the observe#tin temperatures and
the modelled bulk temperatures, perhaps as large as 1C (Katsaros, 1980). Re-
trieval systems and cloud detection algorithms to remove cataminated signals can
also lead to large biases in satellite observations (Uddstom et al., 1999).

Satellite measurements in the visible spectrum and near infa-red provide in-
formation on the concentrations of oceanic chlorophyll and thus of ocean primary
production. Instruments such as the SeaWiFS sensor (Laveret and Groom, 1999)

12
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provide global coverage over a two-day interval at a resolufon of up to 1.1 km.
Approximate conservation of chlorophyll then gives data on surface currents and
conditions. Scatterometer instruments allow the retrieval of surface wind condi-
tions over the ocean.

Future satellite missions also promise microwave detectim of sea surface salin-
ity(SSS). The European Soil Moisture and Ocean Salinity andJS Aquarius satellites
claim (Koblinsky et al., 2003) a potential accuracy of 0.2 psu at resolutions of 50
km by inverting the relation between the 1.4 GHz brightness temperature, SSTs,
surface roughness and SSSs.

Radar altimeters deployed on the ERS, TOPEX and JASON-1 sgshs provide
information on the variation with time of sea surface height and may also allow
diagnosis of the steady component, provided the geoid can beestimated with more
accuracy by programs such as the CHAMP, GRACE and GOCE prdgecThe rst
radar altimeter tests were performed from Skylab in 1973. The basis is simply that
the return time of an earthwards directed microwave pulse from space is depen-
dent on the height of the transceiver above the re ecting surface. Later advances
provided improvements in orbital tracking and the removal o f artifacts due to sur-
face conditions such as wind speed, tidal effects and surfae waves. See Wunsch
and Stammer (1998) for a detailed discussion of the issues irvolved. Currently the
estimated uncertainty in a single altimeter pass is 4.1 cm fa TOPEX or 2.5 cm for
JASON-1. The top plot of Figure 1.2 shows 10 days worth of altmetry data from a
single instrument, illustrating the near global coverage of the data, particularly in
comparison to the in situ data sources.

1.5 CURRENTISSUES INOCEAN DATA ASSIMILATION

Any academic thesis must address its topic in relation to theother open ques-
tions of research in the eld of work in question. To this end t his section consists of
a survey of current work in some areas of ocean data assimilabn and the questions
that remain unanswered.

1.5.1 ASSIMILATION OFSATELLITEALTIMETRY

As can be seen in Table 1.1, remote sensing data from satel&s now repre-
sents by far the greatest proportion of observational data n the GOOS and, as may
be seen in Figures 1.1 and 1.2, has the nearest approximatiorio global, differen-
tiable, coverage of any data source. Although the opacity ofseawater to EM radia-
tion limits observations to the sea-surface, satellite alimetry data contains, through
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XBT tracks, June 2006

Figure 1.1: Distribution of in situ observations providedite GOOS

Plots of the locations of individual observations fromorarisets of instrumen-

tation for one month in 2006. ] )
Data and gures taken from the NOAA O ce of Climate Obsenaati

http://www.oco.noaa.gov/
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SSHs from JASON-1 Altimeter 22/03/2006 - 01/04/2006 [cm]

Latitude [deg]

0° 60°E 120°E 180°W 120°W 60°W o°

Longitude [deg]
T T

1 1 1
-20 0 20

Mo, of AVHRR absarvations [0.5 deg binmed] 31710/1993 - 04/11/1939
== B

o

(=1
=

o Latitude [Ded]ew

=
m\..
m:_;

Figure 1.2: Distributions of satellite observations in 8@0S

One weeks worth of satellite data: (A) sea surface altimétoyn a single
satellite (B) sea surface temperature from multiple sésll Compare the
global coverage with the gappy information from in siturinsients of Figure 1.1.

Figures generated from data taken from the NOAA Satelli laformation
Service (JASON data) and National Oceanographic Data E§AVHRR data)
http://ibis.grdl.noaa.gov/SAT/SAT.html
http://www.nodc.noaa.gov/iwoce _V2/disk13/index.htm
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Observation Platform Variables No. of units | No. of Obs.
(Monthly)

DBCP drifting buoys SST+SLP 1,242 821,413
Moorings - coastal Temperature pro les 104

-Tropical Temperature pro les 78

+ADCP current pro les 5
VOS SST + meteorology 1,070 52,338
SOOP - Ships 62
High density lines T pro les, SSTs 22
Frequently occupied lines T pro les, SSTs 17
Total XBTS Deployed 1088
ARGO Floats T, S pro les 2,483
JASON altimeter SSH 1 1,600,000
AVHRR obs SSTs 5 2,800,000

Table 1.1: Approximate number of observations from varioussources in the GOOS
This table again shows the vastly greater number of satelbservations available in

comparison to the in situ data. Note that a single satelli@vpes twice the number
of observations of sea surface height as the eet of driftingys provides sea level

pressure, although obviously at a signi cantly increasetiaost.
Data collated from http://www.oco.noaa.gov/

http://www.bom.gov.au/jcomm/vos/ and
http://www.metoffice.com/ravi/networkperf _vosships.html/

geostrophic and hydrostatic balance, valuable information on both the near-surface
currents and the horizontal gradient of the column density pro le. Unfortunately
most modern ocean models are “primitive equation' level mockls which generate
SSH (or equivalently surface pressure for those models runn ‘rigid-lid' con gura-
tion) only as a diagnostic variable. This means the observabn operator, as intro-
duced in Section 1.3.1 becomes a nonlinear function of the sate variable and the
assumptions of the iterative approximations to the BLUE andysis may falil.
Because of this status as a non-model variable, altimetry d&a is not usually be
directly assimilated into models in the manner of temperature and salinity obser-
vations. Instead the data must be viewed as a proxy for densi errors which are in
turn partitioned into increments in the temperature and sal inity states, again based
on an assumed relationship between temperatures and salirties. A number of dif-
ferent approaches have been suggested in the literature. Oe approach follows
variations of the same statistical optimality argument as that of the BLUE equa-
tion. These methods are based on various local (Oschlies andVillebrand, 1996)
or non-local (Hurlbert et al., 1990) correlation matrices, which relate SSH to the
model prognostic variables of temperature, salinity, pressure and current velocities,
with different studies assuming different relative import ance of the various rela-
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tionships. Without very large numbers of observations of the prognostic variables
in relation to the altimetry measurements these static correlations must themselves
be derived from numerical models, with attendant possibility of bias.

An alternative approach is to insert either a pressure or curent correction solely
on the surface level (at the point of validity of the altimete r measurement) and
let the model dynamics themselves transfer the surface anoraly into the ocean
interior (Haines et al., 1993). This approach is suited to the aims of state estimation
but leads to large spurious signals during the model adjustrrent which introduce
added noise into the system and can even destroy the model coulation pattern.
The Cooper and Haines (1996) method, described in detail in ®ction 3.3.1, is an
extension of this approach, in which an adjustment is found that generates the
full pressure increment required at the top layer, while preserving both column
water mass properties and the deep geostrophic structure. Tie work in this thesis
is related to this issue, which is one of assimilation under an integral constraint,
in attempting to propagate the observational information available at the surface
down into the ocean interior. Itis these very ideas which are discussed from Chapter
3 onwards.

1.5.2 ASSIMILATION OFLAGRANGIANFLOAT DATA

Growing use of, and interest in, Lagrangian oats and drifte rs such as the Data
Buoy Cooperation Panel (DBCP) surface and ARGO subsurfaceoat networks has
signi cantly increased the number, accuracy and spread of ST measurements and
of assimilated ocean temperature and salinity pro les. Simply assimilating this
data, however, neglects much of the information contained within the reports of
probe location returned with the instrument data. Tracking this data provides
(time-integrated) information of the Lagrangian currents and transports on the
neutral “parking' density surfaces which the sub-surface pobes track.

Such data has historically been used in statistical studiego investigate the mean
ow and variance of currents in the deep ocean. However, devdopments in model
resolution and physics now allow the use of this data in correcting subsurface ve-
locity and density elds. Researchers at the University of Miami have directly as-
similated information on probe locations through an iterat ed optimal interpolation
technique based on forecast model particle trajectories oer a single observation
time-step. This has been implemented as a method to incremetimodel thickness
in both a quasi-geostrophic layer model (Molcard et al., 2003) and in a more com-
plex primitive equation model ( Ozgskmen et al., 2003).

In general approaches based on observation linearizationsnay be expected to
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hold when the timescale on which observations of oat position are available is
small compared to the natural Lagrangian time-scales of thesystem being observed
(Taillandier et al., 2006). For probes such as the ARGO netwak this ratio is typi-
cally of order unity and such linearizations may fail. An alt ernative approach ex-
tends the model equations to include explicit advection equations for the location of
each drifter. Under this framework and given the tangent lin ear model assumption
holds (i.e. that locally to any point in time the behaviour of the model trajectory
can be accurately described by a linear function) then any number of linear or near-
linear assimilation algorithms will hold. This is the basis of the extended Kalman
Iter technique of Kuznetsov et al. (2003) and a family of tec hniques based on a
4D-VAR style time dependent variational approach (Kamachiand O'Brien, 1995;
Nodet, 2006). Although not directly addressed in the course of this thesis there
is an implicit connection between the concepts of assimilatng the positional data
reported by oats and probes and the rearrangement approach followed in the
succeeding chapters. This point is raised again in the futue work section of the
conclusion.

1.5.3 ASSIMILATION OFSALINITY DATA

Historically salinity observations have only been availalde from research vessels,
due to the complex and expensive instrumentation necessaryo obtain uncontami-
nated water samples and to process them accurately to nd thar salt content. For
this reason updates in salinity values during data assimildgion have typically come
from either a forced regression towards climatology or from a multivariate assim-
ilation approach, correcting salinity based on the relations with observed errors in
other variables, for example the variational approach to carecting salinity from
SSH observations and satellite altimetry data of Vossepoehnd Behringer (2000) or
approaches using SSS and temperature—salinity (T-S) relabns based on correla-
tions from climatological data (Vossepoel et al., 1999) or CTD studies (Troccoli and
Haines, 1999). This potential under-constraint of a dynamically important variable
has been found to lead to the generation of spurious overturnng circulations in
runs with univariate assimilation, although this effect is reduced under assimila-
tion schemes which preserve the model T-S relationship (Tracoli et al., 2002).

Recent advances in satellite instrumentation and the deplyment of the ARGO
oat eet have lead to a growing interest in methods for the di rect assimilation of
SSS and salinity pro le data, especially in the presence of emperature data. The
surface and near surface observations are particularly valable, rstly because it is
in the mixed layer where salinity can control convection and secondly due to the
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current poor representation of mixing and freshwater uxin ocean models. A paper
by Haines et al. (2006) describes a method for assimilating flinity pro les onto the
salinity elds on isotherms rather than constant depth surf aces. Their argument is
that salinity on height surfaces is affected by the fast dynamical processes which
move isopycnal surfaces, whereas on isotherms only the slowdiffusive processes
are important. This method is found to work well when combine d with a separate
increment from a T-S preserving technique. The conservatia approaches discussed
in this thesis suggest another approach which we claim shoudl have similar bene ts.

1.6 ASSIMILATIONOF OBSERVEDDISPLACEMENTERROR

As major motivational factor assimilation of observed displacement error will be
discussed in depth. Much of the dynamic activity in the oceanresults in coherent
structures, for example the separation of warm- and cold-cae eddies along western
boundary currents such as the Gulf Stream. Due to inaccura@s in both initial con-
ditions and the physics of numerical ocean models these feaires, when they exist
in forecasts, are often displaced spatially from their obseved positions. This phase
or displacement error is hard to remove using standard Kalman Iter techniques
(see section 3.1.1), especially in the case of limited obsevations, so common in
physical oceanography. It is the study of this problem and pcsible solutions which
forms the main content of this thesis, although the issues ofthe previous section,
particularly the concept of the T-S relationship from salinity assimilation and the
near global coverage of the altimetry observations, help mdivate ideas in various
sections.

1.6.1 MESOSCALEOCEANOGRAPHY

A wide variety of methods have been created which attempt in various ways
to correct errors ascribed to displacement. In oceanograply the Cooper & Haines
method mentioned in the previous section can be interpretedas reducing the one-
dimensional, vertical, displacement error in each water cdumn. The “contour meld-
ing' assimilation routine derived by Mariano (1990) acts by repositioning a nite
number of nodal position points which in turn de ne the shape of contours at vari-
ous levels of the eld being assimilated. The repositioning occurs through a simple
weighted sum of the values obtained from a background repre€ntation and obser-
vations, assumed to cover the entire domain, so in fact likey to be obtained from
a retrieval. The “feature models' of Robinson et al. (1988) at, at the point of ini-
tialization of the model only, to insert observed features (primarily jets and eddies)
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at the locations found in observational data by inserting objects of a prescribed,
analytic, structure with values determined by a limited num ber of free parameters
chosen to match the observations.

1.6.2 THUNDERSTORMMODELLING

Much of the interest in displacement assimilation in the atmosphere has been
in models running at what is termed the storm scale, namely at model resolutions
of about 1km. On these scales the smoothing effect of traditonal data assimilation
methods can severely effect the growth and location of extrene features such as
convective storms.

The Hoffman et al. (1995) method introduces a separate explicit penalty term
governing phase errors due to displacement into the cost-function for data assim-
ilation of SSS/I microwave retrievals of integrated water vapour into a spectral
model. This is then minimised with respect to all possible displacements by a varia-
tional method similar to 3D-VAR, along with a smoothness tem to ensure physical
realism of the solution and a "barrier' term which acts to penalize large scale dis-
placements. Experimentally, (Hoffman and Grassotti, 1996) the method was found
to lead to a greater than 45% reduction in the variance of differences against ob-
servations when assimilated into ECMWF reanalysis elds.

Ravela et al. (2004) perform a similar displacement assimilation to the Hoffman
method, which they term "Field Alignment'. This again adds geci c displacement
terms to a 3D-VAR cost function, this time in a spatial formulation, with an explicit
smoothness term which penalises the gradient and divergene of the displacements
in a Tikhonov (See e.g. Wu (2003)) style formulation. They claim that this ar-
rangement obviates the need for a penalty on the nal magnitude of the resultant
displacements. In identical twin runs assimilating pressue and velocity into an
idealised model the method is found to improve on both the control and runs with
3D-VAR alone in preserving geostrophic balance in the assiitated eld and avoid-
ing the spreading of fronts.

Brewster (2002a,b) also attempts to assimilate information on phase through
the minimization of a cost-function. Here, however, the minimization is achieved
through a “brute force' shifting method which tests the loca effect on the t with
observations of shifting the centre of a control volume of data by a limited amount
in all directions. To minimise the shock to the system when the derived optimal
displacement eld is applied it is introduced as an addition al compressible pseudo-
wind eld which is xed with respect to time. The method is app lied to assimilate
Doppler radar readings, radiosonde measurements and surfee data into a model of
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a severe storm outbreak. Even on this ne scale and consideng the compressible
nature of the atmosphere it is impressive that the method asémilated information
which remained in the system for 3 hours. This suggests that dsplacement error is
a robust concept, even in unlikely geophysical situations.

1.7 KEY THEMES

1.7.1 OVERALLFocus

Currently the majority of data assimilation techniques used for ocean forecast-
ing, particularly those in use at operational centres, are Hilerian in nature. That is,
they estimate the behaviour of relevant ocean variables at aspeci ¢ points in space
based on the observed behaviour of variables at nearby poirg and statistical or
physical correlations between pairs of locations or varialdes. This thesis considers
the utility of alternative approaches based on Lagrangian aguments regarding wa-
ter mass properties and the assimilation of information contained in observations
of the topology of the ow.

The overall focus of this thesis is:

To understand the bene ts and issues involved in using phasgor assimilation
methods in a general, mathematically rigorous and physidgplconsistent ocean fore-
casting system.

Here phase error is used to denote, at its most general, erras in the position
of features and signals in oceanographic model data, where lhe magnitude of the
feature agrees with observed data.

1.7.2 KEY QUESTIONSCONSIDERED

Within this theme, the key scienti ¢ questions which will be addressed in the
body of the thesis are:

(). To what extent is it feasible to decouple the observed errgnal in ocean anal-
yses consistently into signals due to pure phase error andg@itude error?

We aim for a better understanding of the differences in growth and behaviour
of error signals in the phase and amplitude of features presat in ocean gen-
eral circulation models. We hope to diagnose the extent to whch the two sig-
nals can be quantitatively separated by simple error diagngtics. It is known
that many popular Eulerian-based state estimation schemesincluding the
Kalman Iter and BLUE analysis, act to smear extreme features when used to
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(ii).

(iii).

assimilate data representing phase errors, while most phas correction meth-
ods conserve errors in signal amplitude. This separation ofsignals is thus
important since a well-posed method to decouple the two sigrals allows each
form of error to be corrected by an appropriate technique.

Given that real oceanographic observations are noisy anchiied in scope and
number, can a study of novel phase correction algorithms gia quantitative
understanding of how observations relate to model data in g methods and
what constraints on observations are required?

We aim to understand how observations combine with the information con-
tained in the background in phase correction methods. This dlows compari-
son with the behaviour of more traditional techniques, whic h is important in
understanding the potential new bene ts of applying phase correction tech-
niques in an advanced ocean forecasting system. An understading of the
utility of currently available observational data in phase error correction also
tests the feasibility for using phase error correction methods in current opera-
tional centres and is important in the planning of future ins trumentation and
observational networks.

Is it possible to develop ef cient algorithms which maximésthe utility of dis-

placement assimilation techniques, for example in terms thie use of the infor-
mation contained within observations, in the same way that@-VAR methods
allow the use of multiple nonlinear observations taken at fierent times?

Given that the optimal choice of forecasting technique represents a balance
between the cost of forecast production against the value ofthe information
contained within it, it is important to maximise the benet o f any data as-
similation method and minimize its cost. For phase error comrection methods
this requires both the development of ef cient algorithms a nd techniques to
maximise the useful information extracted from available observations and a
consideration of possible sources of observation.

1.8 THESISOUTLINE

To consider these questions we investigate the behaviour of/arious phase cor-

rection assimilation methods when applied to idealized problems in a simple Quasi-
Geostrophic (QG) ocean model. This simple model allows simiation of mesoscale
features and unobserved dynamical variables. We present aariety of new phase er-

ror assimilation methods and compare them to traditional te chniques. We nd that
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for suitable assimilation problems these new techniques doindeed provide some
bene t. To quantify this improvement new error measures are also developed.

Chapter 2 presents a discussion of the principles, advantages and lintations of
the identical twin methodology for investigating data assimilation techniques, re-
views the general issues involved in numerical ocean modelhg and introduces the
particular implementation of a quasi-geostrophic two layer ocean model used for
the experimental data presented in this thesis. The equatia set is described with
reference to its ability to represent real, or realistic, structures and features of the
large-scale ocean circulation, thus presenting its suitaliity as a testbed for oceano-
graphic data assimilation techniques. Different methods or generating model runs
with qualitatively differing features are discussed, including both the relevance to
current issues in operational oceanography and the relation to the theoretical dis-
placement assimilation techniques discussed in succeedmchapters.

Chapter 3 begins by presenting a discussion, linked to the adiabatic asumption
introduced in the previous chapter, for the use of assimilaton techniques which
conserve the integral material properties of ocean uid parcels when performing
assimilation with limited data. These conservation constraints are then connected
to the related problem of assimilating phase errors into a system. Metrics on the
relative magnitude of amplitude and phase errors in fully observed elds are devel-
oped and the behaviour of the metrics investigated for the QGocean model under
the application of a variety of traditional and novel assimilation schemes. An exam-
ple of one operationally active adiabatic assimilation method, the Cooper & Haines
scheme, is implemented in the context of the QG layer model anl results are shown
for the effect on observed and unobserved variables of assiimating surface stream-
function. The effect of smoothed observations on small-scée features is discussed,
with reference to feedback on large-scale circulation.

Chapter 4 introduces a new direct iterative method for phase correcting assimi-
lation, comparable with 3D-VAR. The method is rst derived t heoretically, then im-
plemented for a hierarchy of idealized ocean problems. Conergence is discussed,
with reference to the theoretical limits available through rearrangement theory and
an improved "multigridding' algorithm developed. Finally the dependence of the
method on observations is considered.

Chapter 5 considers the extension of phase correction methods into poblems
with observations available at multiple times. Current 4-dimensional Eulerian as-
similation schemes are discussed, with reference to possie adaptation to phase
error assimilation. A method similar to 4D-VAR but optimizi ng an extra advective
term is then developed. This method is implemented into the QG model of chapter
2 and the implementation of the resultant adjoint model described, with results of
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a suite of model tests.

Chapter 6 discusses the results of more realistic experiments with tie 4D phase
correction method. These are then compared with analyses daved from a more
traditional 4D-VAR scheme, with speci c reference to the differing treatment of
phase errors. The analysis dependence on observations anaditial conditions is
discussed. Final results show the improvement possible inltese techniques is highly
dependent on the source of the initial error in the forecast to be corrected through
assimilation.

Chapter 7 considers the key questions involved in this thesis once mag and
discusses how far they have been answered. The chapter conalles with a discus-
sion of the remaining open questions in phase error correcton and a plan for future
work that may come from this thesis.
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CHAPTER?Z

OCEANMODELLING

“We were the rst that ever burst
Into that silent sea”
Samuel Taylor Coleridge
The Rime of the Ancient Mariner, 1798

To reduce the complex set of equations assumed to govern raceaws into a
smaller and more easily soluble set, a number of approximais must be made. These
approximations inevitably act to Iter the possible dynangs of the reduced model and
to decrease the number of processes represented compartieeteeal ocean. One such
approximation is the adiabatic condition, which notes thatinder normal conditions
guantities in the ocean are predominantly transported thagh advection. This leads to
key integral constraints on the motion of uid properties tlat motivate an interest in
phase or displacement error.

This chapter goes on to discuss the identical twin methodgydao be used to investi-
gate these methods and then details the approximations madehe quasi-geostrophic
model used in the numerical experiments in this thesis. nlling the derivation of
the model and a description of its behaviour we conclude biiflying the choices and
methods to be used to generate the numerical model and init@nditions used to form
“true’ and “observational' data in the data assimilation @eriments presented in this
thesis.

2.1 THE ADIABATIC CONDITION IN OCEANOGRAPHY

The modelling and study of a time-evolving physical system hrough partial dif-
ferential equations requires the choice of an integrable eqiation set in model space.
Since it is not technically feasible to model the various interactions of the approxi-
mately 10°” molecules which make up the ocean, oceanographers commonlynake
a series of approximations to produce suitable conceptual ad numerical models.
For a fuller discussion of the methods involved in general madel derivation the
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reader is directed towards any number of textbooks in geophysical uid dynamics,
particularly that of Pedlosky (1987). Two of the most import ant and general of
these approximations are :

i. The continuum approximation. Rather than modelling indi vidual molecular
motions, the uid is modelled as a continuous medium and it is assumed that
the Navier-Stokes equations apply.

ii. Incompressibility. On the horizontal and length-scales of interest to oceanog-
raphers changes in density due to pressure variations are ngligible. This
means the velocity eld in the ow is effectively solenoidal (Batchelor, 1967).

These approximations reduce the dynamics down to what are krown as the primi-
tive equations:

%t+u:ru+2 u = u)+ga+r:(ru)+ Fu; (2.1)
@ v - : :

@t-'- ur = r:( r )+ F; (2.2)

%?+ ur S = r:( sr S)+ Fs; (2.3)

r.u = 0; (2.4)

= (;Sp: (2.5)

Here the momentum term (2.1) is given in terms of u = (u;v;w)T, the full three-
dimensional velocity, is the planetary angular velocity, p denotes the dynamic
pressure eld, the local density and g, the apparent gravitational acceleration.
The effective kinematic viscosity is denoted by and F, is a residual term contain-
ing all sources and sinks of momentum. The two equations folbwing denote ap-
proximate Lagrangian conservation of potential temperature, and salinity, S, with
diffusion coef cients ;s and forcing terms F ; Fs respectively. Equation (2.5)
represents a closure of the equation set, relating density 6 temperature, salinity
and pressure.

The penultimate terms on the right hand side of equations (2.1),(2.2) and (2.3)
represent diffusive mixing processes acting on momentum, leat and salt content
respectively. These terms are necessary both to parameteze processes which oc-
cur on length-scales smaller than those on which our approxmations hold and for
numerical modelling purposes to maintain numerical stability under the model dis-
cretization. Unlike in atmospheric modelling the heat and salinity forcings (more
generally all material tracer forcings) and momentum forcing term, F ;Fs; and
F. vanish, except on boundaries, primarily the upper boundary, since the ocean is
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forced from above. This means that over the majority of the oean the behaviour of

material tracers is governed by a pure advection-diffusionequation. Assuming that

the diffusive process is isotropic in the horizontal and that horizontal and vertical

diffusion are uncorrelated we may may express this constramnt for a general tracer,
by an evolution equation

@ 2 @

= +u

@ © " T TR T vgy

where r 4 denotes the horizontal part of the Laplacian operator,

_@t, e
@x @y

r 2f

and the isotropic assumption and lack of correlation have been used to replace the
diffusivity tensor with the two scalar coef cients. There a re two key dimensionless
parameters controlling such a ow, the vertical and horizon tal Peclet numbers,

Py = —;
H

WH
Py = .
v

where U and W are horizontal and vertical velocity scales,L and H are respectively
horizontal and vertical length scales. This form of diffusive process, although a
common modelling assumption is physically unrealistic, asuming a truly random
exchange of tracer particles between uid parcels. Nevertheless, it is suf cient for
our purposes.

The value of the vertical diffusivity coef cients, \ has important consequences
for the nature of the observed mean ocean strati cations and the processes which
act to maintain it. This value has been a topic of discussion n the literature for
many years. The seminal paper, “Abyssal Recipes”, of Munk (266) represented the
best estimate of the time based on the average value requiredo maintain the ob-
served abyssal strati cation, with later developments discussed in the sequel (Munk
and Wunsch, 1998). The present consensus appears to requira global gure of

v =10 “m?s ! averaged across the entire abyssal ocean, with a lower difisivity
of v =10 °m?s ! in the pelagic ocean. This lower gure is supported by both
theoretical studies considering the required steady stateheat ux across isopycnal
surfaces to maintain equilibrium (Walin, 1982) and practic al studies considering
the rate of mixing of released passive tracers (Ledwell et al, 1993; Polzin et al.,
1997), as well as studies considering the microscale struatre of turbulence. The
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apparent contradiction between these two values is partialy closed by the greatly
increased mixing observed to occur near ocean boundaries athin ocean canyons.
In these areas diffusivities of up to 10 'm?s ! are estimated to exist, with tracer
properties often observed as near uniform. Estimates for hoizontal (more correctly
along isopycnal) diffusivities are primarily from tracer s tudies and are typically of
order y = 1m?s 1. Note that these gures are all eddy diffusivities, taking nite
volume uid parcels as the unit of diffusion, rather than the far smaller molecular
diffusivities governing chemical processes. The observedalue thus depends on the
length scale assumed in the problem.

Considering the mesoscale ow in an ocean basin such as the Ndh Atlantic,
where the other dimensional scales may be chosen as

U=0:Ims! W=2 10°%ms!?
L=5:0 10'm H=1 10m,

gives estimates for horizontal and vertical Peclet numbersof Py =5 10, Py =

2 10°. Both of these are signi cantly greater than unity; in fact t hese numbers
are so large that even considering the hundred-fold bigger dffusivities required by

numerical models for stability (Bell, 1998) these ratios are still greater than order

one.

The dominant process acting on ocean tracer elds in the ocean interior is thus
shown to be advection by the mean velocity, both in reality and in numerical mod-
els. This suggests that the concept of water mass propertieghat is atomic units of
uid, which carry their tracer values with them as markers, i s valid and, provided
the surface forcings can be observed or modelled accurate)ya leading cause of er-
ror will be the phase or displacement errors of section 1.6. F this constraint holds,
it is questionable whether traditional data assimilation t echniques, based on local
modi cations of tracer elds (and hence effectively a diaba tic forcing, especially in
the case of univariate assimilation), remain an optimal use of the limited available
information in oceanographic observations. It is this condraint, coupled with the
availability of integrated information from satellite alt imetry, which justi es our in-
terest in conservative assimilation and the linked issue ofdisplacement and phase
error, as will be discussed in Chapter 3.

2.2 THE TWIN EXPERIMENTPHILOSOPHY

We now discuss the methodology to be used to investigate thes possible new
data assimilation methods. One of the fundamental assumptons made in any data
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assimilation method is the existence of the underlying, and dynamically evolving,
“true’ state, of which both the background forecast and obsevational data represent
estimates. For the Earth's climate system this true state iof course the unknown
transient state of the atmosphere and ocean, de ned at some smi-arbitrary reso-
lution determined by the forecast model grid or the density of observations'. Since
the nal analysis state represents a combination of the information contained in the
background and the observations (a spatially pointwise linear combination in the
case of the BLUE analysis of section 1.3.1, from the functioal and mapping por-
tions of the respective polar factorizations in the case of he rearrangement theory
approach) neither estimate can be reliably used to verify that the resultant analysis
lies close to the true state in the appropriate metric. Validation of techniques and
approximations becomes dif cult without either independe nt, unassimilated obser-
vations or alternative forecasts, generated using intringcally different approaches
to modelling. In oceanography the scarcity (an large spatid separation) of inde-
pendent observations limits application of the rst techni que, while habits among
oceanographic modellers, coupled with the nature of the dynamical equations be-
ing modelled, hinder the second?.

One technique which avoids these issues when rst investigaing a new data
assimilation method for use in forecasting the climate sysem is to begin by as-
similating only synthetic data from numerical model runs rather than actual mea-
surements. These are the twin experiments, where "observatns' are actually noisy
realizations of the model variables from the “true' run. If the same model is used
for the true state and forecast (the perfect model scenario)then this is an identical
twin method. The advantages of such methods follow from comgete knowledge of
the true state, plus the model producing it, as well as control over the sources of
noise in the assimilation system. This makes a study of the us of data assimilation
methods practical by giving some notion of falsi ability, i n the Popperian sense,
while still allowing the methods to be applied to realistic p roblems. Although suc-
cess in a twin experiment does not guarantee success with rdadata, the causes for
failure are more amenable to study. This is the approach folbwed in this thesis.

Criticism for twin experiments concentrates on the level of idealization intro-
duce. Any added noise must be drawn from a distribution with prescribed param-

1This section ignores the twin questions regarding whether sich a resolution dependent true dy-
namic state exists and, if it does, whether such a state is repesentative of anything in particular. The
rst question depends upon the philosophical meaning of “truth' and the second is easily answered
by assessing the perceived value of forecasts of this statetinterested parties.

2The reductio ad absurdenof the veri cation process is to remove all observations from the data
assimilation routine. There will then alwaysbe exact agreement between forecast, analysis and the
zero available observations. This is of course facile.

29



OCEAN MODELLING CHAPTER 2

eters. If these parameters are then used in statistical tes methods may appear
more successful in the experiments than they later prove in eality. This partic-
ular problem may be alleviated by “forgetting' the actual noise distribution used
in the experiments and approximating it in any other tests. However no twin ex-
periment will have the number of degrees of freedom found in real life and the
behaviour of models assimilating simulated data may be quie different from that
seen when assimilating observations. For example Tziperma et al. (1992a,b) nd
greater ill-conditioning of the inverse problem using atlas and hydrographic data
for assimilation into a GCM than in twin mode.

Twin experiments are no longer as popular as they once were, \ith research
concentrating on the application of novel methods and techniques to assimilate
real data and on assimilating new sources of data using standrd techniques. This
represents the demands of operational centres for methods wich, while suf ciently
accurate, are guaranteed not to fail catastrophically, as well as the natural human
preference for the novel or unusual. This does not obviate tre important role for
twin experiments however in identifying methods that will f ail. A system which
cannot, even with tuning, assimilate synthetic data is highly likely to fail when
‘released from captivity' and used in operational models.

2.3 QUASI-GEOSTROPHICITHEORY

Following the twin experiment philosophy all data used in assimilation experi-
ments in this thesis, both forecast and observational, are @rived from an idealized
model, rather than direct simulation and observations of the real ocean. The ocean
model used henceforth solves numerically a discretizationof the two layer ocean
Quasi-Geostrophic (QG) equations in a parameter and forcig domain suited to
modelling a large-scale ocean basin, such as the North Atlatic. Such simple mod-
els have been well studied in the past three decades in an effd to understand
qualitatively the large-scale behaviour (Bryan, 1963; Holland, 1978) and energet-
ics (Berloff and Meacham, 1998; Berloff and McWilliams, 1999) of wind-forced
ocean gyres. Since this model is employed as a proxy for the filocean dynamics it
would be well to understand the underlying approximations a nd assumptions made
in its derivation and how these differ from more complex models of behaviour. As
such the derivation of the model equations will be discussedin some depth in the
following sections.
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2.3.1 THE SHALLOW WATER EQUATIONS

The starting point of this derivation is the Navier-Stokes momentum and volume
conservation equations for an incompressible, viscous ud, given in a frame of
reference rotating locally with an angular velocity, =~ which may vary with latitude,

@ rp

—+uru+2 u= —+gat+tFy+ r (ru; (2.6)

@t
ru=0: (2.7)

Where u(r;t) denotes the full three-dimensional velocity eld given in a n Eulerian
coordinate systen?® r and at time t, p is the dynamic pressure, the uid density,
the kinematic viscosity, g, the apparent gravity (including the effects of centripetal
acceleration) and F, the sum of all other body forces acting on a uid parcel.

The rst important assumption to be made is the shallow water approximation.
In the schematic given in Figure 2.1 the horizontal length scale of interest for the
basin, L, is on the order of thousands of kilometres, versus a vertichlength scale
(D) of thousands of meters. The aspectratio, = D=L, is therefore small compared
with unity. A rst order balance of terms in the expansion in  of equation (2.7)
requires that

W O (U)

where f = O(g) denotes the usual Landau notation (Marsden and Hoffman, 199)
for functions f; g, which implies that the ratio f=g remains bounded in the limit g !
0. Using this information to get a scale balance on the pressue term in equation
(2.6) gives the relation

@p:

@z
This result is effectively a restatement of the hydrostatic approximation, but here
expressed with an explicit limit on the magnitude of the error term*. If the remain-
der term is assumed to vanish and the system is exactly hydrdstic then quickly
propagating, small magnitude, vertical inertia-gravity w aves are Itered in the pos-
sible dynamics, through a modi cation to the primitive equa tion dispersion.

g+ O(?): (2.8)

Layer models, as the name suggests, simulate the two dimenenal evolution of
vector elds de ned on xed surfaces, the layers, rather tha n solving equations for
values at grid-points or for elements on a xed level of a vertical coordinate system.

SAlthough, strictly speaking, these equations should be apfied in spherical coordinates, locally
these can be approximated by Cartesians. Since this is the &me in which the equations are to be
solved numerically in the nal model, it is in these coordina tes the derivation will be presented.

4In fact, for the small Rossby numbers common for geophysicalows, the remainder term may
be far smaller than this upper bound suggests.
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Due to the extremely stable strati cation of the ocean and the fact that density is a
good proxy for entropy in the ocean, these layers are normall de ned as parallel
to isopycnal surfaces, allowing across isopycnal (i.e. cardinate vertical) diffusion
to be neglected. In Section 2.1 the magnitude of this diffusive effect was discussed
and shown to be small. Due to the effects of pressure at depth ad the slightly com-
pressible nature of seawater it is strictly speaking the rehtive potential densities
of pairs of water parcels (derived from potential, rather th an in situ, temperature)
that determines the stability of the water column. This means that the locus of
the stable heights of a uid parcel away from its local region, the neutral surfaces,
are a complex function of the global density structure and are impossible to nd
in the real ocean. Jackett and McDougall (1997) derive a pradical neutral density
variable suitable for model veri cation and inverse modell ing. Figure 2.1 shows a
schematic of the difference between layer and coordinate aproaches to modelling
the vertical structure of elds in an ocean basin. In layer models data is stored
on the solid lines bounding the grey domain, while in level models data is stored
on the dotted lines. Layer models thus better preserve isopgnal integral and vol-
ume properties, but suffer from variable, and thus possibly large, error in vertical
resolution.
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Figure 2.1: Layer systems versus vertical coordinates

A simple schematic showing the di erence between layer Isiontewhich the

thicknesses of layers, such as the one shaded in grey ard atong with other

dynamical properties on a horizontal discretization stme; and level models
where properties such as vertical velocity are stored omtigaleliscretization

divided as by the dotted lines.

The domain of the ocean basin,D, (assumed to be simply connected) is parti-
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interfaces (X;y); i+1(X;y) and it is assumed that within each layer the potential
density is constant, so that

(r)y= i8r 2Dj;i.e. 8r :=(x;y;z) 2D suchthat  <z< ji:

Integrating the relation, (2.8), for pressure change with d epth gives, in the limit
I 0, an iterative formula for the pressure eld at any height wit hin each layer,

p(xy;2)= 9(i 2)+pi ylil; 8r 2D;: (2:9)

Since this equation is linear in z there is no height dependence in the horizon-
tal pressure gradient terms present in the momentum equatians. Velocity elds
which are initially depth independent remain depth indepen dent and the equation
set within each layer reduces consistently to two z-independent equations for the
horizontal components of the velocity in the layer, u; = (u;;vi;w;)T,

@Qu, @u _ Q@u 1@, @, K6 @

@t+ ui@x Vi By fv = ~Ox @z’ @y u; (2.10)
@v,_ @y, @y _ l@p @, 6 @ .
6t+ u'@x+ Vi @y+ fu = _o@y+ @z + @9 V: (2.11)

In generating these equations the Boussinesq approximatio has been assumed,
that is, variations in density are assumed small compared tasome reference density,
o, While the product of density differences and gravitational acceleration remains
comparable to unity.
Considering the total mass ux through a small cylinder the h eight of the layer
and of xed cross-sectional area gives a layer mass consertmsmn equation,

@K | @QuiH;) | @QviH;) _ .
@t+ @x + ay =0; (2.12)

where H; is the layer column thickness,H; := i+1. The three coupled equa-
tions (2.10), (2.11) and (2.12) are the layer rotating uid s hallow water equations.

Although the original ve independent dynamic variables (u;v;w; ;p) have been
reduced to three (u;v;H) in each layer and the problem set reduced from span-
ning three spatial dimensions to two®, this still represents a more complex equation
set than can conveniently be solved. Taking the curl of the manentum equations

5The reduction of dimension within each layer is compensatedby a corresponding increase in
the total number of equations to match the number of layers.
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(2.10), (2.11) removes the gradient term and gives an evolution equation in terms

of the vertical component of relative vorticity, ; := @¥=@Xx @U@y
@i @; @ _ @U @v .
et Yex ey (T extay YT U (219)

Comparing the shallow water vorticity equation (2.13) with the layer mass conti-
nuity equation (2.12) shows the existence of a quantity,

which is materially conserved in the inviscid limit,

. Dg ©@qg @iq @ﬂ 2

im — —+ u— —_— = — i =0:

MDDt @t “ex ¥ @y H, "
Although technically accurate only up to a factor of the (constant) layer density, the
guantity g is usually termed the potential vorticity (PV) of the ow. Th is conserved
guantity replaces the thermodynamic evolution of the primi tive equations (2.2—-2.3)

in the role of a dynamically active tracer of uid motion.

2.3.2 THE QUASI-GEOSTROPHICEQUATIONS

hz
100 2

2m); e e :

Figure 2.2: Schematic of various height quantities in thed@fdvation

The schematic shows the relation of the various height armrikess quantities
(H;, ° etc.) in the derivation of the quasi-geostrophic ocean ehod

Aside from the ocean aspect ratio, , the other important non-dimensional pa-
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rameter governing the ow is the Rossby number,

U

=
where U is a horizontal velocity scale andf is the local value of the Coriolis param-
eter. This parameter, , represents a comparison of the magnitude of inertial and
Coriolis accelerations in the horizontal momentum equations (2.6). This parameter
is small for both atmospheric and oceanic large-scale [  1(Pm) ows in middle
latitudes, typically:

[10T]S 1] — 10 1.

atmos [10 4g 1][106m] - )
2 1

[10 “‘ms *] 10 4

e 110 4s 1[10Pm]
In boundary layer ows such as the Gulf Stream the increased ow rates and re-
duced spatial scales give a larger value for the relevant dinensionless number, per-
haps nearly of order unity, thus it is here that non-linear effects contribute. We
therefore expand equations in and expect from scaling arguments that the lead-
ing order behaviour can be described by truncating at rst order in . From O(1)
balance in the momentum equations (2.10-2.11) we obtain geostrophic balance,

1@p
0 @x

1@p

fVi =
0 @y

+ O(); fu; = + O(): (2.14)
Since the ow is locally two-dimensional it is possible to de ne a layer streamfunc-

tion, (Xx;y), such that
@ @

u= @y V= @x (2.15)
The relative vorticity is thus given by
_ @ @ @ @ o _ .2 2y.
= = — — = O = O( 9):
@x @x @y @y FO(=1" + 00

From (2.14), (2.9) and (2.15) we nd that in the limit of small
1
i = —f[pi + g9z + Ci;
0

with C; an arbitrary constant of integration. Dividing the interfa ces into their neu-

tral rest and dynamic parts, ; = —; + ?(see Figure 2.2) and de ning the stream-
function to vanish at rest gives allows the streamfunction in layer i to be written
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as
1 . .
= R oG+ A+ g+ 9 2 = 1+g(.7f.1)0
0 0
and hence, on de ning the layer reduced gravity, g°= g( i 1)= o the deviation

in the interface height and the streamfunctions in successve layers are connected
through equations,
o_ TG0 i),

' g
As previously stated the Coriolis parameter is latitude depgendent, due to the Earth's
spherical geometry. This effect can be simply approximatedin Cartesian coordi-
nates by a constant gradient with respect to the Cartesian léitude coordinate y in
the f value used,

f=1fot+ vy:

This approximation is good provided f does not vary signi cantly over the domain,
that is provided L y is small. Comparing the magnitudes of terms for a typical
mid-latitude basin ( =10 'm !s 1) we see that L is O( ) for much of the basin
and thus quadratic terms can be assumed to vanish. ProvidedHhat the magnitudes
of the deviations in interface height, °remain small compared to the resting layer
thickness then the shallow water potential vorticity may be expanded in terms of
the ratio %=H;, of interface deviations compared to the average layer deph, H;,
| |

fol i 10 foli i) +0 o (2.16)

ol & H, EH

(r2 +fo+vy) 1
Hi g

q:

Provided that our assumption that the quadratic terms in and %H are negligible
holds, two terms remain. Firstly, the total column relative vorticity,

L2’

for a length-scale, L and streamfunction anomaly, , and secondly a term repre-
senting the stretching and compression of vortices as the Iger interfaces move in
geostrophic balance,

f 2
oH L3’
| —
where Lp is the Rossby deformation radius of the system,Lp := fLOH and g° =

g( » 1)= the ‘reduced gravity'. If the atmospheric pressure is assumd constant,
the bottom interface coincides with at, frictionless, bat hymetry then, on ignoring
constant terms, the nal equation set for a wind forced two la yer model (N=2) QG
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model is
o . @, @@ @@ ., . 1 @V ew .,
dt @t ‘@x@Qy @y@x t H1 @x @y !
(2.17)
d_qZ__ @ @l@ @l@ [2 ]_ r_4 ) (218)

it T @ @x@y @y@x
The potential vorticity anomalies ( ;; ,) are related to the layer stream-functions
( 1; 2) through coupled elliptic equations

f2
— 2 0 )
1:=T 1 g‘Hl( 1 2); (2.19)
y=r2, o,y (2.20)
gH:

The natural condition of no normal ow at material boundarie s demands that
these form streamlines, i.e that ; is constant on boundaries for alli,

ij Dj = i(t) (2'21)

The lateral boundary condition may be either free slip, expressed as

@ |

- = ? Lt

@n 0 n? Dj; (2.22)
for n a unit normal on the boundary, D, or no-slip,

@, )

@%—On Di: (2.23)

The second condition is the one observed to hold in laboratoly experiments, while
the rstversion assumes that boundary processes occur on v/ ne scales which act
to shield the interior ow from frictional effects at the bou ndary. For low resolution
runs modelling ows including western boundary currents th en it is possible for
the boundary ow to be resolved in as little as two longitudin al grid points. Under
these circumstances the free-slip condition (or even one ofthe many "hyper-slip’
conditions) may be justi ed. All experiments in this thesis are, however, performed
under a non-slip condition.

Regardless of which boundary condition, (2.22) or (2.23), i s used, the two equa-
tions are both in Von Neumann form and there remains a free sysem parameter,
namely the constant value of the stream function, ; = ;, equivalent to layer pres-
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sure, which is attained on boundaries. This indeterminacy is removed by including
a mass conservation equation for each layer,

z
@

at ; dS=0 12f1;2g; (2.24)
Di

which follows directly from the de nitionsof ; and ’chosen in the derivation. The
algorithms and techniques employed for the numerical solution of this equation set
are detailed and discussed in Appendix A.1.

2.3.3 FORCINGFIELDS

The QG layer model formulation assumes constant density wihin each layer.
Moreover distortions of interface height from the neutral p osition with at isopyc-
nal surfaces are considered small. This means that the totathickness of any layer
cannot vanish and only the top density layer is allowed to outcrop at the surface.
It is thus impossible to impose a meridional temperature or salinity gradient across
the basin and the model cannot be simply thermodynamically o freshwater forced.
This means that the model cannot represent deep density-dwen circulations such
as the thermohaline circulation in the North Atlantic, or gr avity currents such as
the Gibraltar over ow but can be forced so as to adequately represent the shal-
low wind-driven circulations which dominate the balanced ow over much of the
North-Atlantic.

The structure of this forcing depends on the applied windstress at the ocean
surface. This variable is in reality a complex function of the (time varying) wind-
speed, the surface currents themselves and the transient audition of the sea surface
and is not currently well understood. In this thesis we assume a time-constant
wind forcing with variation in the meridional direction onl y. The forcing has a
predominantly symmetric sinusoidal form, with a slight asy mmetric component to
break the meridional symmetry of the system. This avoids poential problems due
to bifurcation of the system behaviour under the symmetry breaking which can be
triggered by the accumulation of numerical errors. This in turn reduces the initial
spin-up time required by the model from rest towards the point when transfer of
vorticity by mesoscale eddies occurs. The precise form of tb wind stress, =
( ¥, O))isthen

y 2y

(x;y)= o cos = cos & ; U(xy)=0; (2.25)
Ly Ly

where the amplitude parameter ; is chosen to be 0.1 Nm?2. This value for o
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is close to that typically assumed for both the North Atlantic and North Pacic
(Boning et al., 1991), while slightly smaller than the typi cal value used in most
numerical simulations. The value of the asymmetry paramete used here is =
0:5, which produces a moderately small displacement of the zerowindstress line
along which the jet has a tendency to form. Here as elsewhere n this chapter,
y is the (dimensional) distance from the southern boundary and L, denotes the
longitudinal width of the basin. Figure 2.3 shows a plot of th is vector eld with,
for comparison, a plot of the average wind stress data from anECMWF reanalysis
project. The similarity in form between the idealized eld a nd that in effect over
the North Atlantic is plain.

In all the experiments that follow Ly, = L, = 2560km. This is similar to the
con guration used in in Berloff and McWilliams (1999), alth ough in a smaller basin
(which offsets the smaller choice of (, maintaining a strongly eddying regime) and
with a smaller asymmetric component.

mines
"

Equivalent Basin 10m Wind Speeds and Directions [ms™] E
o 10 metre wind Annual mean E=F]
A 2 i s,
: ;

512 1024 1536 2048 2560
Longitude [km]

Figure 2.3: Model Wind Stress eld and ECMWF ERA40 Climaiplgy

The left hand plot shows the horizontal wind speeds at 10nchyhinder a
typical formula for wind-stress would produce the forcielgl, (2.25) used in the
QG model. The right hand plot shows an ECMWF ERA40 reanalyis 10 m
wind climatography on a similar scale. The predominanthalzpattern shown
on the left appears over most ocean basins and the North thtlaasin has a
very similar zonally sinusoidal pattern to it, as well assiight asymmetry.
ECMWEF reanalysis data taken frdmttp://www.ecmwf.int/research/era/
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2.4 MODELBEHAVIOUR

2.4.1 PARAMETERSPACE

The precise model behaviour depends on both the imposed foring and the var-
ious free model parameters. These (dimensional) free paraneters can be set by
de ning the various dimensionless parameters for the systan. One possible com-
plete set is determined by giving the various layer aspect raéios, and the Froude,
Reynolds, Munk and Rossby numbers of the ow. The aspect ratbs are determined
entirely by the geometry to be modelled. Here the basin is taken as perfectly square
with sides of length L = 2560km, the shallow surface layer is assumed to have a
depth of 500m and the deep bottom layer a depth of 3; 500m, for a total basin depth
of 4km. The Coriolis and parameters are chosen to model a typical mid-latitude
basin, with fo =0:7 104s !, =2 10 m s ! The density difference be-
tween the layers is assumedas =1 kgm *, equivalent to a vertical temperature
gradient of approximately 2.5 10 3 Km 1. The only remaining free parameter is
the viscosity,

For low Reynolds number (highly viscous) ow the equation set has been shown
(Bryan, 1963) to rapidly approach a steady state solution with a stable cyclonic sub-
polar gyre in the north of the basin and counter-rotating anti-cyclonic subtropical
gyre in the south (see the mean state images in Figure 2.4) . Tle precise latitude
of the strong eastward jet separating the two gyres is depenént on the magnitude
of the asymmetry parameter in the forcing equation. If the Reynolds number of
the ow is increased by decreasing viscosity then the steadysolution eventually
becomes unstable and patterns of mesoscale eddies form alanthe jet acting to
transfer vorticity between the gyres. The location of the main zone where these ed-
dies form clearly shown in the standard deviation eld for th e top or bottom layer
streamfunction in Figure 2.4. Note, however, that the standard deviation in the top
layer potential vorticity is dominated by excursions in the separation point of the
jet and the bottom layer by variations caused by the slow mearders in the return
circulations.

2.4.2 ENERGETICS

We brie y discuss the energetics and conserved and bounded gantities present
in the model, to link back to the initial motivations of data a ssimilation in the
presence of conserved quantities and their effects on largescale circulation. The
energetics of the model can be bounded by considering the valme integrated be-
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Parameter Value Notes
u 6 10 2 Interior N .
Fr, := pf 08 Jet Flow near critical at jet
g ' separation point, ow
subcritical elsewhere.
UL 100 Interior .
Re:= — 2000  Jet Flow is turbulent every-
where
UZ
Mo = I 1 106 Boundary Layer is poorly
resolved
U s i .
Ro:= — 110 Interior Rossby number is order
foL 2 Jet .
unity or less everywhere

Table 2.1: Dimensionless parameters used for the QG basin nuel

haviour of some model quantities, in the manner of Wu (2001). Consider rst the
volume integral of the rst moment of total vorticity,

Z Z
qudV + pdV;
laygt 1 Ia%ll-erz Z
H1 r: —(1 2+ ydS+H;
Dy Ly
L2

(Hi+ Hz)?;

Q

1
re, L—(z 1)+ ydS;
2

D

where the nal result follows from mass conservation and the non-slip boundary
condition. This states simply that under the non-slip boundary condition the total
circulation is conserved. This in turn means that the total PV in the system is
conserved, with the forced negative anomaly in the north of the basin balanced by
a similar positive anomaly in the south.

We now de ne inner products for scalars, ;
tors, F ; G, de ned over the area of the base of the domain of interest, Dy,

Z
h; 1= ds;
Dn
Z
h;Gi =

and 2-dimensional or layer, vec-

F GdS;

D

and the resultant metrics on scalars and vectors,

k K*="h; i
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KF k= hF;Fi:

These are simply theL , metrics over Dy for scalar and vector elds respectively.
This notation allows us to de ne several physical properties of the model. Firstly
we have the total kinetic energy,

2 2
K = OHlkU]_k + 0H2kU22k;
kr 1k2+ kr ,k?

= oH; oH2 2

The next quantity is the available potential energy, A, stored in the displacement of
the density interface from its neutral position,

of2k 1 K

A= g( 2 Z)k ng = go

Finally there is the total model (relative) enstrophy Q and B, a measure of the
kinetic energy trapped in the baroclinic mode, de ned for la yer vorticity elds, i,
by
Q = oHik 1k + oHik ok?
= oHlkr 2 1k2+ 0H2kr 2 2k2;

of Gkr (1 2)K?,
o° :

Using the adjoint nature of the gradient and divergence operators we nd evo-
lution equations for K + A and for Q + B,

B

@K+A):H .@(x)

ot 1 NGy 2 Q; (2.26)
(x)
7@Q@+t8) = 2o @@y 2's; (2.27)

where we de ne a new functional containing the squares of the third order deriva-
tives in the system,

S:EO Hikr 12§ K2+ Hokr 1?2 5, K :
The rst equation states that the total energy in the system is forced by resonance
between the surface wind-forcing and pressure elds and reduced through viscous
dissipation of the relative enstrophy eld. The second equation states that relative
enstrophy is forced by baroclinic effects and the resonancebetween the surface
vorticity eld and wind forcing and reduced by dissipative e ffects at higher order.
On application of the Cauchy-Schwartz inequality and then Young's inequality
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upper bounds may be placed on the forcing part of the growth rates of (2.26-2.27),

H @ H.kr 2 (k ,@% r 2@@(;;
: r r + Q;
N Y . @y 2 Q
(x) (x) kK 2@%y
He 12 0@ e 2y =@ TR
@y @y 2 o
wherer 2f and 7f denote the solutions to
(
rg="f r2 ;
g=0; r 2
and
r G=f r2
G=0;r12

respectively. Combining these results with equations (2.56-2.27) and assuming the
existence of an asymptotic mean allows the derivation of a baind on the asymptotic
behaviour of Q and S,

1 2@(><)
© 2" Tay
s i 1:2@(X)

2 @y

This gives three quantities, one of which is globally conseved by the equation
set and two more which have their asymptotic behaviour bounded by the forcing
conditions. Similarly there exists a quantity (PV itself) which is a dynamic tracer
obeying an advection-diffusion equation. We can identify these with the total ocean
heat content and salt content and the local entropy variable. As such the behaviour
of PV under assimilation can be expected to be a suitable santbox test for effects
on conservative properties of the various assimilation algrithms and a proxy for

the behaviour of variables such as potential temperature am salinity under the

application of such methods to more realistic ocean models ad to layer GCMs,
even though the QG model does not contain any terms represenihg thermodynamic

forcings.
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2.5 GENERATINGDIVERGENTMODEL TRAJECTORIES

Coupling the conserved properties discussed in the previoa section to the ideals
of the identical twin experiments philosophy of section 2.2 we conclude this chapter
with a discussion of possible methods to generate the separ® “truth' and "obser-
vation' data, noting their effects on conservation and justifying our nal selections.
Since the applied wind eld is time constant and non-random t he QG model which
has been presented is entirely deterministic. For a given seof initial conditions,

(to;r) = o(r);

and set of model parameters, (; ), the model trajectory,
m . (t; o);

is determined for all time intervals, regardless of the initial time and dependent
only on the time interval from the start of the run,

Generating a differing trajectory to run experiments under the identical twin phi-
losophy described in Section 2.2 thus requires perturbing déher the initial con-
ditions or the model itself through the model parameters or equations. Random
perturbations to the initial conditions on the model grid-s cale added to the vortic-
ity or streamfunction elds introduce unphysical transien t motions and may upset
prescribed global conditions such as mass balance. Since sbrvations of such tran-
sients may adversely affect any assimilation scheme it is neessary to allow a period
following the insertion of perturbations for the model to ad just and for dissipation
to dampen transients.

One technique to generate physically consistent differenes, the singular vec-
tor (SV) method (Buizza and Palmer, 1995) is to consider the linearization of the
discretized model,

@ .
Mj = t J);
@
where ; represents thei element of the vector of grid-point streamfunction val-
ues. This matrix represents the sensitivity to perturbations in  of the discretized

model and has a singular value decomposition,

M = UDV ':
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such that the matrix D is positive de nite and diagonal and the columns of U and
rows of V T each form an orthonormal basis,

UTU = lgimuy; V'V = Ldimev):

If D has the natural ordering such that D1; > D 5, > :::D ,, then the leading rows
of V T represent the spatial structures which grow fastest at the tme of linearization
and thus the physical modes of the model which will dominate at the end of the run
under any random perturbation of the conditions at the initi al time. This method
is used to populate many Ensemble assimilation and predicton schemes, including
that of the ECMWF (Molteni et al., 1996). In the context of adi abatic assimila-
tion however it is not clear that the resultant elds will sat isfy the rearrangement
condition at any order.

An alternative method, suitable for the generation of phase error is to consider
the realization of model trajectories for a single set of initial conditions and param-
eters values, but valid at two different model times, tyye and typackground- When these
times are close, the background state is also a fair represeation of the model state
at time tye, but with differences between the states generated by the adective and
diffusive processes in the model itself. In the low Peclet number regime this will be
dominated by advection, ensuring that differences will be mostly in the position of
features, rather than their amplitude.

The experiments presented in this thesis concentrate primaily on differences
under variations in the wind forcing and using the advective method. Variations in
the diffusivity constant, , are avoided due to the strong variability in the transient
model dynamics this can generate as well as the possibility 6forcing the model
towards the steady-state regime. The SV method is not used de to the relatively
high cost of generating the perturbations and the question regarding the effect on
conservation properties.

2.6 CHAPTERSUMMARY

In this chapter we have built a basis for the numerical and philosophical meth-
ods to be presented in the succeeding chapters of this thesisThe chapter began
by deriving a conservation principle limiting the motion of material uid properties
across ocean isopycnal surfaces which is found to hold well dér large-scale ocean
circulations, both in theory and in practice. It is this adia batic condition which
justi es practically our interest in conservative data assimilation, particularly the
concepts of rearrangement assimilation to be discussed inlie next chapter
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We then introduced and defended the identical twin experiment methodology
which is to be used later to investigate and quantify the behaviour of the data as-
similation schemes under study and the two-layer quasi-gestrophic ocean model
which is to form the work-horse for the numerical twin experi ments comparing our
new and unusual data assimilation techniques with more traditional methods, both
conservative and non-conservative, such as are currently sed at operational ocean
forecasting centres. The behaviour of the model was investjated and shown to
present many of the features observed in the real ocean, bothlgualitatively, in terms
of ne scale structure and theoretically in terms of presenting a number of con-
servation properties, important in light of the previous di scussion of the adiabatic
condition and our general interest in conservative data assmilation.

The chapter concludes with a discussion of possible choicefor a methodology
for generating the necessary divergent model trajectoriesfor use in identical twin
experiments. We have show that the usual method of insertionof random pertur-
bations is not suitable as a sole choice when a conservativennciple is held to exist
and have derived several alternative methods. We now move onto the topic of
constrained data assimilation in the presence of constrairts, particularly integral
constraints of the manner of the adiabatic condition.

47



DISPLACEMENTASSIMILATION CHAPTER 3

CHAPTER3

DISPLACEMENTASSIMILATION

“...because as we know, there are known knowns; there arerifys we know
we know. We also know there are known unknowns; that is to sayevknow
there are some things we do not know. But there are also unknownknowns
- the ones we don't know we don't know.”

Donald Rumsfeld
Department of Defense news brie ng
12" February 2002

It is necessary to place the original work contained hereinthin the context of the
wider study of adiabatic assimilation. This chapter detalthe assumptions required
for such assimilation methods to be physically consistemdathe basic conditions for
such methods to be more successful than approaches basedrestdnodi cation of
Eulerian variables, such as the BLUE equation introducedGhapter 1. The underlying
mathematical theory, known as rearrangement theory, is timneintroduced together
with the related Monge-Kantorovich transport problem. Thkisection is presented in a
notation consistent with that used here for the more generdhta assimilation. Also
discussed are the situations in the area of ocean data assation in which the formal
rearrangement approach is not valid, namely the cases of eely limited or noisy
observations.

Following this a new metric on phase/displacement error isgsented and discussed
with comparison to the standard quadratic cost function, mesenting an Eulerian
measure of distance between points in the function spacee Dlehaviour of the metric is
investigated for the quasi-geostrophic ocean model intrazed in the previous chapter.
We also investigate the quantitative and qualitative behewr of the model under the
assimilation using the Cooper & Haines method under the ideral twin philosophy.
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3.1 ASSIMILATION ANDCONSERVATIONPROPERTIES

3.1.1 CONSTRAINTS AND THEBLUE ANALYSIS

The BLUE analysis of section 1.1 is the statistically optimasolution to the nave
data assimilation problem, in the sense of generating an andysis which is the most
likely estimator of the true state of the system, only if knowledge of the error statis-
tics of the noise in the system is available, or at least can beaccurately estimated.
Formally this requires the elements of the background and olservation error co-
variance matrices to determined. In practice these data arestill poorly understood
and very simple approximations are made in order to speed catulation. Typically,
the observations are assumed independent, giving a diagonkobservation covari-
ance matrix. The background error covariance matrix is frequently used to spread
the information contained in observations into neighbouri ng grid-points, with the
elements of the matrix chosen to reduce in magnitude in proportion to the physical
separation of model grid points.

Consider the case of a simple one dimensional model in a peridic domain of
length L, discretized into the values at 99 equally spaced grid-poirts, x 2 R%. If
the true state of the system is a simple sine wave function of griod L=2, so that the
individual components of the true state vector x; are given by

4i

[Xt]i =Ssin m ;

then two obvious sources of background error may be consideed:

i. Amplitude error, where the background is in phase with the truth, but incor-
rectly scaled by a constant factor,A 6 1, giving components

o4
[X£]i = Asin Too - AlX]i;

ii. Phase error, where the magnitude of the signal is correct but leads or lags the
truth through a phase difference, s,

_ [
[Xghaseli =sin 4 m"‘ S [Xt]i+255= :

Suppose there are a numberm < 99 of direct observations of the true state x;
available on an ordered grid, with larger grid spacing than the model, and that we
estimate the observation and model error covariance matri@s in a manner consis-
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tent with the typical approach, by
R= Zlm;

d(isj )?

2

Bj = fexp

Here 2, assumed in the BLUE as the variance of the error assumed forhe obser-
vations is instead simply a weighting function, d(i;j )> = (i j)? x2?is the Eulerian
distance between data points and is a length-scale weighting the distance over
which information may be expected to be spread.

We may now apply the BLUE equation (1.3) to examples of each tpe of er-
ror and generate analyses. The result of two such applicatios is shown in Figure
3.1. When presented with amplitude error the method proceeds as one might ex-
pect, generating an analysis which lies somewhere betweenhe observed values
(and therefore in this case the truth) and the background rst guess. The initial
amplitude error is also reduced, without introducing signi cant phase error.

The qualitative behaviour of the analysis in the initial pre sence of phase error is
different. The analysis still lies between the observatiors and background, which
is in fact enforced by the BLUE assimilation algorithm and the initial phase error
has been reduced, but a signi cant amplitude error has also keen introduced. To
capture information on phase error requires many accurate dservations to repre-
sent the signal without aliasing problems. A standard rule of thumb from numerical
modelling suggests 10 observations per wavelength are requed to represent a sine
wave in a dispersive model (Stephen and Bolmer, 2006) and a gmilar result is
likely to occur here. This problem can be even more serious inthe more realistic
case when observations are only available on an irregular gid, since this can give
a much larger typical spacing for observation grid over much of the domain.

In practice, extra information is available in the form of ph ysical constraints on
the relationship between variables, for example the relationship through geostrophic
balance between density and velocity elds in the ocean. It is possible to represent
some relationships by modifying the choice of the covarian@ matrices used or by
transforming variables before the assimilation step. To apply other constraints it
becomes necessary to consider other assimilation techniges.

3.1.2 ASSIMILATION THROUGH REARRANGEMENTS

This section presents the method and notation of rearrangenent theory as it ap-
plies to the constrained assimilation problem of inserting observational data while
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Optimal Interpolation Applied to Applitude Error
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Figure 3.1: A traditional DA method applied to amplitude gqohdse errors

We apply the optimal interpolation method (Daley, 1991) émegrate the BLUE
analysis for cases of amplitude error (top plot),

il = Asin o0 = Aldi;
and of phase error (bottom plot),
, 4i
[x Ehase]i =sin 1—00"' S [Xt]i+100s:

For these plot\ =1:5,s=0:1, ,= ,=1and = L=25 Note particularly
that there is minimal phase error introduced in the presef@@nplitude error,
with a maximum lead of about 3 grid-points around grid po8@s90, while in
the second case there is an amplitude error of roughly 10h2086luced across
the entire signal, as well as he obvious deformation to ttre & the signal.
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conserving the original material properties present in the background eld. See
Douglas (2002) for a much fuller discussion of the mathematics behind rearrange-
ment theory and for a fuller list of references. Cullen (2002) discusses the use of
rearrangement theory in meteorology in general, as well as n assimilation speci -
cally.

Consider the problem of tracking the evolution of a passive tacer eld in the
ocean, for example the concentration of a chemical following a diffuse spillage.
Let C(r) denote the concentration of the chemical at a pointr inside the domain
of interest D. Suppose there is no ux of the tracer across the boundary of he
domain, D, that there are no new sources or sinks of the chemical and th&amixing
processes are no longer signi cant on the time and length scdes being modelled'.
Given a background or hindcast estimate of the initial concentration eld, C,, valid
at a time tq for all of D and a forecast for the velocity eld, uy(t; r) which applies in
D over a time window [t,;t; ], then a forecastCy(t; r ) for the concentration eld in
[to;ts] D can obviously be calculated directly by integrating the (forecast) chemical
conservation equation for Cy,

@—@+ Up r C,=0; (3.1)

@t

forwards in time starting from the known estimate of initial conditions,
Co(to;r) = Co(r):

If the equation (3.1) accurately describes the physics of tre true system, that is
if the assumptions of no mixing and no forcings are accurate,and the true ow
velocity eld is incompressible then the real chemical concentration eld satis es
the conditions of the following proposition :

Proposition 3.1 (The rearrangement condition) Let be an unforced tracer eld
on a domainD, which satis es a simple advection equation,

@,
@t

whereu is an incompressible velocity eld,

u-r =0; (3.2)

r u(r)=0; r 2D;

10f course if the original release was from a point source thenmixing must dominate over the
short time and length scales of the initial release. The caseconsidered here is the one after these
initial effects no longer control the ow.
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and there is a no normal ow condition on the physical boundaes ofD,
u n=0; n? D:
Further, let the state of the tracer be de ned at some time blge state o,

(to;r) = o(r):

Then the condition
Z Z
( H[ ldv=" (o )H[o ]dV; (3.3)
D D
holds for any choice ot and for any real number, . HereH[x] simply denotes the
Heaviside function applied pointwise to the elc,

1 x(r) O

HIx(r)] = 0 x(r)<O:

The proof of this assertion is simple and follows directly from equation (3.2) plus
the incompressibility condition on u.

Proof :
Z Z
d d
— JH( )ldv=" — ( yav;
dt o H LN z
= = __ ‘dV + u dS,
7ZD( ) @t Z D( )( )
= u:r ( )dv  + ( Ju ds;
D) ZD()
= ( Ju dS + ( Ju dS =0:
D( ) D()

Here D( ) denotes that subset ofD over which H| ] is non-zero, hence the space
over which the integral must be evaluated. The domain of the arface integrals,
D( ), is the boundary of this subset. The rst term in the expansion comes directly
from the time dependence of as it appears in the integrand and the second term
arises from the application of Leibnitz rule required, since the limit of the integral,
D( ), is itself an implicit function of time.
The rearrangement condition, one form? of which is given in equation (3.3), is

20ther possible forms for the condition include the condition that the integrals of any moment
of and o must balance, 7 7

ndv = gdv 8n2 N*;
D D
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a relation operator on the set of all possible tracer elds on D. The fact that it is
satis ed by all elds generated from equation (3.2) can be vi ewed as stating that
the total mass of any material tracer contained within any level set of a tracer eld
is conserved during advection by an incompressible velocy eld. This property
follows directly from volume conservation in a Lagrangian interpretation of uid
dynamics. More generally any eld on a measurable space whit satis es an equiv-
alent condition in the form of equation (3.3) with respect to a test eld is termed
(Douglas, 2002) a rearrangement of the test eld, that is the equivalence classes of
the test eld under the relation is the set of its rearrangements. See Figure 3.2 for
an example of two functions on the real line which satisfy the condition, as well as
a graphical representation of the meaning of the integrals.

Returning to our hypothetical chemical tracer eld, if obse rvational data is avail-
able to correct the forecast, it is natural (and desirable) to seek to preserve the total
mass of the chemical in the system, assuming that the mass cdained in the ini-
tial estimate was accuraté®. If it is known that the true velocity eld advecting
the tracer is incompressible then it follows from assertion 1 and our assumption
that the initial concentration pattern is accurate that any analysis eld, C,, over
the course of the time window must be a rearrangement of the initial eld. More-
over, since the rearrangement property is transitive and the forecast also satis es
the conditions of Proposition 3.1 it is clear that C, must also be a rearrangement
of C,. Given full, but possibly noisy, observations, Cy, of the true eld, Ci, then
rearrangement theory provides a method to nd an analysis e Id, C,, which solves
a problem closely related to the standard problem in data assmilation, namely:

Problem 3.1 Given a background estimateCy(ts ;r), of a scalar function onD and
full, noisy observationsCy(ts;r), of the true state of the eld, nd an analysis state,
Ca(ts ;r), which minimizes a quadratic cost function,

Z
J(C):= (C C)%dv;
D

subject to the condition thatC, is a rearrangement ofC,.

The solution depends on being able to nd what Brenier (1991) has termed a "po-
lar factorization' of both C, and C,. This method of factorization represents an

as well as a number of versions given in the formalism of measue theory, see Douglas (2002) and
references therein.

3This condition that the mass densities are accurately known even if their locations are poorly
understood is a strong, but key assumption in the entire theay that follows. We argue that in
general surface uxes are more easy to ascertain than the subequent distribution of tracers with
depth, justifying our interest in assimilation methods whi ch work when the assumption holds.
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Figure 3.2: Figure denoting a rearrangement of a 1D function

The |5haded areas in the two plots are equal. These repr%e‘nt YH[f
Jdx respectively, for = 0:4. This property remains trug
regardless of the actual choice ofmade. Hence, by our de nition in equatign
(3.3), g(x) is a rearrangement of the functidr{x). Figure after Douglas (2002)

Jdx
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arbitrary scalar or vector-valued function by the convolution of a convex function
acting on a sphere, S, of the same volume as the domain,D and a measure pre-
serving mapping from D to S. For a scalar function, C, the new convex function, f
satis es a modi ed, spherical rearrangement condition,

z Z

(f  HH[f Jdv= (C )H[C 1dV8 2R;
S D

a symmetry condition,

f(ri)=1(rp); 8krik=krok;rq;r,2S;
and a radius-wise monotonicity condition,

f(ry) f(rp); 8krik< krok;rq;ro2S:

The convex function produced is unique almost everywhere, p to a change in
value at a set of points of zero measure. See Figure 3.3 for anxample of the two-
dimensional spherically symmetric rearrangement of an SST eld. The mapping,
s, from D onto S is non-unique in that any mapping such that f (s(r)) = C(r)
will suf ce. The mapping thus contains all the positional in formation about the
eld, while the convex function provides amplitude informa tion about the values
the eld attains.

The formal solution to Problem 3.1 is that given the polar factorizations for C,
and C,

Cy(r) = fy(sy(r));
Co(r) = fu(sn(r));

we may form a new analysis function,

Ca(r) = fu(sy(r)):

This inherits the rearrangement properties of f, and hence is a rearrangement of
Cy, but it is also shown in e.g. Douglas (2002) that this achieves the minimum of

J (f;g) over all rearrangements of f,. We may thus identify C, with the desired

analysis eld.

Note that although advection by an incompressible velocity will always gener-
ate a eld which is a rearrangement of the initial conditions , not all elds which
are rearrangements of each other can be achieved through a p@&od of advection.
A simple counter-example considers the functions of Figure3.2, which cannot be
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N. Altantic SSt Field, 9 May 2005 [e C]

Increasing Rearrangement of SST Field [Q C]

0 5 10 15 20 25 30
SST field sample points

SST field points under mapping

Figure 3.3: Polar factorization of an SST eld

The plot on the top left shows an analysis SST eld for the No#tlantic from
the UK Met O ce FOAM model. The plot on the top right shows arcirasing
rearrangement of the rst eld, calculated using a simpletlslla algorithm to
reorder the data from the rst plot under the assumption thihé data represent
area integrated values. The increasing rearrangemenbtieglon a disc of the
same surface area as the North Atlantic domain. The complela factorization
consists of both the increasing rearrangement and thetiblesrmeasure preserving
mapping which takes points on the image top left to that on ltoge top right
or vice versa. The plots on the bottom illustrate this; psiof equal colour aré
mapped onto each other under

v

"

57



DISPLACEMENTASSIMILATION CHAPTER 3

generated by advection by a spatially constant velocity, tre only possible choice for
an incompressible velocity eld in one dimension in a periodic domain. In higher
dimensions then we assert that given initial and nal condit ions which satisfy the
rearrangement condition then the transformation of one to t he other can weakly be
achieved by non-divergent advection, in the sense detailecbelow. This proposition
Is important in justifying the use of transport processes fa data assimilation in the
chapters which follow, particularly Chapter 4, since we show that all rearrange-
ments may be achieved in this way. A key point, however is thatthe proof does not
provide a simple way to nd the necessary advection eld, at | east in nite time.
The assimilation algorithms we will later present are all attempts to address this
problem ef ciently.

Proposition 3.2

Given two square-integrable density function$; g on a closed domairD of di-
mension greater than one, such that is a rearrangement ofg, (denoted from here
onwards byf g) it is possible to nd a state that is the limit of advection oer
an in nitely long period (or, equivalently, in nitely ener getic advection over a nite
period), where the advection maps an initial staté to a state§, and § satis es the
equation 7

J(9;0) = D(@J 0)>dV =0: (3.4)

An outline for a pictorial proof is given in Figure 3.4 and the basic steps are given
in the following section.

OUTLINE PROOF OFPROPOSITION3.2

Suppose we have two real-valued, bounded, integrable scalafunctions, f;g on

a domain ,D, which is a simply connected, closed subset oRY with d > 1 and that

f and g are rearrangement of each other. For any integerN we may partition a

subset of the interior of D into N d-dimensional sub-domains of equal measure,
D,. Deneafunctonon R R R,

(

Wiay(X) = 1 a<x<b;
(2:b) 0 otherwise;

for a;b; c2 R and consider the domainsUy, .5, 1(f ), Uy 1., 1(9) de ned by,

( P ya ya )
U[aj ;aj+1](f) = r2 D;j W[aj ;aj+1](f )dV = V( D,) = av ;

i=1 Di Dj
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g f I(NMiR )
Observation Background Analysis State

1. Input
functions
W map W map 4.
Advection
+ + Step

2. &3.

Digitized )

Images

+
5.
Output
function
.

Figure 3.4:. Graphical Representation of the algorithm moPof Assertion 3.2

1. Two two-dimensional input function$, and g, to be identi ed with a
model background eld and full observational data are plexvi

2. The domain of the two functions is quantized into boxes.

3. Digital values are assigned to the boxes, depending ahaeviibe volume
of the portion of the box the function maps to a particulaeival is equal
to the box volume. One patrticular interval digitization hewsn.

4. For each interval of the function co-domain the digitizede' areas of the
background eld are rearranged through the advective m®oé Brenier
and Gangbo (2003) to match the digitized “true' areas of theeoved
eld.

5. This generates an output analysis eld.

As the grid length of the boxes in step (2) and the size of thenmls in step
(3) are reduced, then successively better approximatmtiset observations are
produced. For vanishingly small steps the limit of equatof) is achieved.

59




DISPLACEMENTASSIMILATION CHAPTER 3

and g, with the a a set of M + 1 monotonically increasing real numbers. From
Lemma 1.3 of Brenier and Gangbo (2003) there exists a ow eld which in unit
time exchanges the contents of neighbouring domains and, byextension, one which
attains any arbitrary reordering of the material contained inthe D;, up to a remain-
der space of arbitrarily small measure,R. It follows that we may produce from f
a new state, gv;mr ), through advection, with maximal intersection of Uy .., 1(9)

and Uy, a,., 1(9nimiry), forall j = 1;:::;M. Denote the domain over which the
mapping occurs byUN . Consider the value of the cost function,
z

J(9;an:mR ) = g gn:mR) 2dV <Jn+JImt Jg;
D

where J y is an upper bound on the difference betweenf and gintegrated over the
space not included in UV,
" #,
Iy = sup ffigg inf ffigg V(D=U");

x2D =UN

the second term, Jy, is a bound on the discrepancy betweeng and g:.um.r ) over

the space contained inUN := jle Ua; a1 1(9nomir ), USINg the de nition of the
Ua :a;., 1 t0 NOte that the volume of the integrand can be bounded by the &,
2 X i
3o = . i ;
o= max ja & V(DY)
D 2UN

and Jy is the remainder term from the space in UN unchanged by the ow,

2
Jr = supff;gg riZnUfof;gg V(R):

r2uUN

AsM !'1 | P the partition of the bounded codomain may be chosen so that
max ja;  a.1j2 ! 0O, while the total volume contained in = ., D; remains
bounded by volume of the full domain D, henceJy ! 0. Similarly, for xed

M, integrability ensures thatasN ! 1, Up(g) ! D , while the rearrangement
condition ensuresUN | Up(g). Hence V(D=UY) may be made arbitrarily small
through the choice of N, giving Jy ! 0. Finally, the volume of the spaceR is arbi-
trary, by the de nition of the theorem given above and by taki ng a suitable long or
energetic integration of the ow eld we may take Jr ! 0. Combining these sep-
arate processes we may chose a sequence @N; M; R), increasing monotonically

in N and M and choosingR of successively smaller volume, such that the limit of
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J (9;gN; M;R)) vanishes.

3.1.3 THE MONGEKANTOROVICHPROBLEM

The algorithm presented for the polar factorization approach to data assimila-
tion with conservation properties is direct, in the sense of immediately producing
an analysis eld, given inputs of full observations and a background eld. Unfor-
tunately, the method as presented is also univariate, assiniating only the observed
eld. Although the rearrangement condition (3.3) can be ext ended into a con-
sistent condition on vector elds and thus to assimilating m ultiple observed elds
over a single domairt, of itself the method cannot be made truly multivariate, in
the sense of generating increments of elds in the null space of the observation
operator. Such increments must be generated, either throudp assumed statistical
relations with the observed changes, or derived physical corelations. One physical
argument, implicitly assumed in the rearrangement of vector elds, is that a single
mapping must be applied concurrently to all material variables, i.e. that the rear-
rangement is applied as a displacement of uid parcels, rather than to atoms of the
individual variable elds.

If the rearrangement of uid parcels in question is to be assumed the result of
a physical process, i.e. the result of advection by an assinttion velocity eld, uj,
then the problem becomes one of determining a suitable valuefor this u,. This
has an obvious connexion with a class of transport problems kown as the Monge-
Kantorovich problems. The original physical problem Gaspad Monge considered in
his 1781 monograph “Memoire sur la théorie des déblais et de remblaistas the rear-
rangement of a collection of rubble (reblais) to Il an equally sized space ( cblais)
in another location, while minimizing the effort (de ned as the distance an indi-
vidual particle of reblais must travel) involved in the process. Monge's proof was
geometric, based on the existence of a single shortest lineangent to both spaces.
Kantorovich formulated a relaxed and more general form of this problem in the
more modern language of measure theory.

The Monge-Kantorovich formulation is widely discussed in the literature (see
for example Gangbo and McCann (1996)) and has a clear structue for existence
arguments, as well as uniqueness for certain choices of disibution. The connection
with rearrangement theory comes when these distributions are identi ed with the
background and analysis variable elds respectively. Thisthen shows that, given a

4Similarly the polar factorization can be extended for functionsf : D! R" to become a convex
function on R" plus a mappings: D! R" suchthatf =r gn s almost everywhere (Brenier,
1991).
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suitable choice for the penalty on the possible rearrangemats which generate the
assimilation eld, a unique choice of the mapping, s, may be chosen. This in turn
allows for multivariate assimilation in all material model variables.

Algorithm 3.1 (Multivariate rearrangement assimilation)
1. Calculate (non-unique) polar factorizations of obserdeand background elds.

2. Calculate analysis state for observed variables usingnola
Ca(r) = fo(sy(r)):

3. Calculate mappingsk : D! D which minimises relevant Kantorovich problem
(see below).

4. Calculate the new multivariate analysis using formula
Xa(r) = Xp(sk (r)):

The resulting Kantorovich problem may be solved numericall in a number of ways.
The technique presented here, from Benamou et al. (2000), ischosen due to its sim-
ilarity to the 4D-VAR data assimilation method and its relevance to later work from
chapter 4 onwards. The Kantorovich problem, when written in the standard form
in terms of the marginals of a joint distribution, has no explicit time component.
However, one may be introduced by restructuring the problem in the terminology
of uid dynamics.

Problem 3.2 (A uid-dynamical transport problem) Given a measure of the work
done by an advective process,
zZ.,7Z
E(;u)= F(u; )dvd; (3.5)
0 D
for F some integrable function of the velocity eld and density,nd the( ;u ) which
achieves the in mum ofE over the set of all ; u which satisfy the boundary value
problem,

@+u r =0; in D;

@
with end conditions
©0)= o
1= o
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The technique operates by iteratively minimizing (a discretization of) the above
cost function using an augmented Lagrangian method (Benama and Brenier, 2001)
to impose the constraints. The desired mapping can then be fand either by fol-
lowing the Lagrangian path of uid parcels under this veloci ty, or by the direct
advection of model elds by the u .

This type of method has three dif culties as a solution of the oceanographic data
assimilation question :

(). As formulated, the method is univariate, generating an improved analysis
eld only for the variable for which observations are availa ble. To gener-
ate corrections for other variables it is necessary to nd a way to generate
a unique mapping and apply some physical argument to give a réationship
between variables.

(i). The method works only for variables which are directly observed. Often, par-
ticularly with satellite data, the observation obtained is ®> a non-linear function
of the physical variable of interest.

(ii). The method requires a full observation eld. The typi cal oceanographic data
eld is extremely sparse, with many "data holes' where obsewations are not
available or are not reliable. See the example elds presentd in Figure 1.1
in Chapter 1.

3.2 A METRIC ONPHASE ANDDISPLACEMENTERROR

The Monge-Kantorovich techniques discussed above illusate the dependence
of all data assimilation methods on the cost function or metric chosen to measure
the disparity with observations and the assumed cost to the ntegrity of the back-
ground solution in modifying it. Comparing the QG layer mode | developed with the
original motivation for the use of adiabatic assimilation m ethods for ocean assim-
ilation, as related in section 2.1, it is obvious that layer vorticity will play the role
of the advected tracer, forced only in the top layer. It is no longer clear however
that the rearrangement condition is a useful approximation to the tracer behaviour
on short time periods. In this section a metric or index on displacement error is
introduced with the metric behaviour discussed in relation to the standard L, norm
on functions. This metric will then be used to test the approximate conservation of
the QG vorticity eld under various conditions.

SAt least, is usually assumed to be.
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3.2.1 A REARRANGEMENTCONDITION METRIC

As de ned previously, two elds f and g on a domain D are termed rearrange-
ments if the quantity,

Z Z
1¢)y= (f HH[F Jdv (9 )HH[g Jdv; (3.6)
D D
vanishes for all real , with H[x] the Heaviside function as before. This is simply
a shufing of the terms of the rearrangement condition, (3.3 ). More generally
however, provided f and g are bounded, integrable functions and both contain the

same mass, that is provided 7 7
fdv = gdv;
D D
then | () has bounded supportin and the quantity
z 1
M = jlj d (3.7)

1

iIs nite. The proof of these claims is simple. Leta = inf 5ff;gg, b = sup,ff;gg.
Then for <a we have

H (f )= H(g )=1:
For <a we may thus rearrangel ( ) to give
Z Z
I¢)y= (¢ ) (@ )dv= )f 9gdv=0;
D D

where we have used the equal mass condition. Similarly and mae trivially, for
>b
H(f )=H@ )=0

and the integrands in | () vanish. Therefore the supportinl is only in the interval
[a; 1.

The quantity M vanishes for the case off g and is otherwise non-zero for
most non-pathological pairs of elds. As such M (f;g) represents an alternative
function for the (non-local) difference between elds of eq ual mass on a domain,
or alternatively a measure of the minimum magnitude of the di fference between the
two elds, where differences in phase are disregarded. Usirg the bounded support
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of | the integral in the de nition of M may be de ned equivalently as
Zy
M = jlj d:

a

Using the integral identities
Z Z, zZ Z, Z Z,
w( )ddVv w( )d dVv jw( )jd dv
D a D a D a
we may de ne upper and lower bounds for the magnitude of M . De ning new
functions by pointwise comparison of f and g,

c(r) =minff(r);g(r)g;

e(r) =maxff(r);g(r)g;

and assuming without loss of generality that a = 0, so that f and g are positive
functions®. The upper bound is then given by
z Z, Z .
M (f;g) if  gd + je jd dv
S "o e

gf gi+efe o

dv:
D 2

It follows that M is nite.Using the trivial identities
je ¢g=ijf g
&€ c=(e+0o(e o)
we see that Z . . :
it gif + 9.
D 2 '

Considering the application of this bound to M (f;f + f ) for an otherwise

M (f;9)

arbitrary perturbation f which satis es

Z

fdv =0
D

we obtain

2
M(Ff o+ ) KK

+ kf kk f k; (3.8)

5Generality follows from the fact that M (f;g) = M (f  k;g k) for any constant function Kk,
including the function with k=a.
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so that as the standard quadratic cost function,

Z

(F [+ f])2= kfk?

J(f;f + f):= X
( )=3 5

(3.9)

NI =

vanishes for xed f askf k! 0, so doesM , although possibly more slowly. In
other words, any method which reduces the total error present in the system, as
measured by the metricJ , will naturally reduce the total amplitude error, measured
by our new metric, M . The converse of this, thatJ cannot vanish for non-zeroM ,
is simply a restatement of the property that rearrangement methods (which by
their very nature will preserve M ) cannot reproduce perfect elds in the presence
of pure amplitude error. The lower bound on M is derivable by a similar analysis;
however, this proves simply that

M (f;g) kfk® k gk? ;

which is less edifying.
We now have suf cient results to prove the following result :

Theorem 3.1 M is a mathematically well de ned metric on the set of equivatee
classes of the rearrangement operator on continuous furocts over bounded subsets of
R".

Proof: We will simply show by direct calculation that M is positive de nite,
is zero only for identical inputs, is symmetric and satis es the triangle identity by
applying itto elds f;g over some xed domain.

(). M (f;g) Ofollows trivially from the modulus sign in the de nition of M :

@i). M (f;g)=01iff gfollows directly from the de nition of | ( ). The converse
follows from continuity of | in . If M =0 thenl = 0 almost everywhere
and from the de nition of M there exists an open neighbourhood round any
non-zero point where I must vanish. So for any point which hasl ( o) = K
we know that for small enough

(o) I (o+)j=jl( o) 0=K:

66



DISPLACEMENTASSIMILATION CHAPTER 3

Hence, on rearranging terms,
Z
(f 0)(Hz(f o) H (f o )+ H(f o )av
. D(g oO(HE@ o H(@ o )D*+H@E@ o )dv

4 ) dv! Oas ! 0
D

K= D

thus | ( ) = 0 everywhere andf g as claimed. This means the measured
distance between two elds is zero if and only if they are in th e same equiva-
lence class. That is, identical under rearrangement.

(ii). M (f;g) = M (g;f), again trivially from the de nition.

(iv). M (f;h) M (f;g)+ M (g;h) follows directly from the standard triangle in-
equality,

HCssEn)i=jCstg) 1 (ot (sf9)i+il (5g;h)j:
SoM is a metric as claimed.

3.2.2 METRICSBASED ONMINIMIZATIONS

The quantity M is conserved over rearrangements of and g, a property inher-
ited from 1. This means that thek f k=2 = J terms in the bound (3.8) can be
replaced by the tighter limit

M(f;g) J + P e kP

J;
where J is the limit on the magnitude of J as de ned in equation (3.9) over
rearrangements found, for example, by the method of polar factorization,

J (f;9)=min J (g;1):
i f

Therefore the metric de ned by kf gk? = J (f;q) is stricter than M 7. Calculating
J requires the generation of the polar factorization of both f and g however,
whereasM may be found by direct evaluation of the relevant integrals.

We have already met a class of phase error metrics in section.3.3. For suitable
concave functions, F(; u), the minimum of the quantity, E, from (3.5) over the

’The proof that the norm given by J also de nes a metric over the rearrangement classes is
trivial; all results are inherited from J .
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relevant constraints de nes the square of a metric over the st of rearrangements
of f. For F = juj this metric is the mass weighted sum of the Eulerian distance
uid parcels must travel,
Z
di(f;g)* =inf jx yjd (xy);

in the measure notation of Section 3.1.3. This quantity is known as the 1st Wasser-
stein distance. Similarly minimizing F = jujP=pgives the p" Wasserstein distance,
Z
do(f;9)*=inf  jx yjPd (xy):

Applying any of these distance functions to calculate the dstance betweenf and f,
where f* is the minimizer of J (g;f) for f" a rearrangement of f found though the
polar factorization method of Section 3.1.2 gives a de niti on of a unique phase er-
ror metric. However, it does not automatically follow that s tates with large J (f;g),
but small J (f;g), will have large E(f; f). Similarly, the two metrics E(f; f) and
E(g;0), may differ, except in the trivial case when f and g satisfy the rearrangement
property.

When used to diagnose phase and amplitude errors in practichdata assimila-
tion problems, all the metrics discussed here have two main imitations. They all
require full knowledge of the functions f and g and they implicitly assume that any
error that it is possible to ascribe to phase errormust be due to phase error. The
rst issue may be relaxed by only considering retrievals (that is, entire data elds
obtained through post hoctransformation and extension of observed data through
other means) rather than observations in the case of limitedobservations. Such an
approach would on the other hand be likely to contribute to th e second problem.

J (f;g) low J (f;g) high
] Error probably
M (f;g) low Errors small in phase
] . . Difference probably
M (f; g) high Impossible in amplitude

Table 3.1: Behaviour of system for various magnitudes ofM , J .

A simple truth table for identifying sources of error frore tiespective magnitudes
of J andM . Note that from the bounds found o we know one case cannot
occur. Properly the two cases in the right hand column testhypothesis that the
discrepancy can be represented as a phase error, rathedebenmining that it is. If
M is large we know phase error is present] ifis small then phase erroray exist.
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3.2.3 APPLYING THENEW METRICS TO THEQG MODEL

The behaviour of the metrics M and J differ in the presence of amplitude
and phase errors, as described in Table 3.1. Usind and J as metrics on the
differences ascribable purely to amplitude between various pairs of states generated
the plots shown in Figure 3.5. The two functions were applied to pairs of top level
vorticity elds, oq(r;t) generated by the QG model of Section 2.3 and differing
in various ways. In the rst three experiments the differenc e was in the times at
which the states were valid (i.e. the times at which the run was stopped), with
a difference of 1, 10 and 100 days respectively in validation time. As may be
expected through the presence of both a diabatic forcing tem and a mixing term
in the evolution equation for ¢ the phase difference under both metrics appears to
increase with time. The fourth experiment considers two states valid at the same
time and both generated by a 100 day evolution of the same initial conditions but
with a 10% difference in the value of  used in the de nition of the wind stress,
as per equation (2.25). This experiment shows a signi cantly larger difference in
both M andJ than in any of the experiments based on validation time. Thisis in
contrast to the standard L , cost function, J , which is actually smaller in the case
of differing forcing than for validation times differing by 100 days.

In all plots the nal bar on the histogram shows the result of a pplying the metrics
to two elds chosen to satisfy the rearrangement condition. Under this limit both
M and J vanish, while J may obvious}l)y remain non-zero. Comparing the two
distance metrics provided bykgs, k=" J (th;q)andkgys o,k = J (0 )
it appears that even in the case of differing forcing, phase eror explains 80% of the
differences between elds. This supports the previous ass#ion that phase error
correction methods are suitable for assimilation in the QG model.

Note that all results presented are in consideration of the top level vorticity eld
only. The results for the bottom layer eld appear less clear. This seems to be in
part due to the generally smaller values ofJ leading to greater numerical issues in
the calculation of the two amplitude metrics. The routines used to calculateM and
J numerically are discussed in the appendix, section A.3.

3.3 COOPER& HAINES FOR THEQG MODEL

3.3.1 THE COOPER& HAINESALTIMETRY ASSIMILATION METHOD

The Cooper and Haines (1996) (CH) method is a standard data asimilation
technique which attempts to apply the idea of rearrangement of uid parcels, but
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Figure 3.5: Plot showing,M ,J ,J

These plots show examples of (&) ;f;g), (b) M (f;g)=J (f;g),
(¢)J (f;g) and (d)J (f;g)=J (f;g) for ve pairs of vorticity elds:

(). An initial condition and nal state evolved by 1 day.
(ii). An initial condition and nal state evolved by 10 day.
(iii). An initial condition and nal state evolved by 100 day

(iv). Two nal states evolved by 100 day from the same initial
condition but with the models having a 10% di erence ¢n

(v). two elds which satisfyf g.
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in a simpli ed one-dimensional sense. We now discuss this mehod in the context
of the QG model presented in chapter 2, before investigatingthe behaviour of our
new metrics under CH assimilation. Given observations of sa surface height (or,
equivalently of the ocean pressure eld at mean sea-level) fom satellite altimetry
data, the method attempts to nd a vertical shift to the water column below the
mixed layer to compensate the observed surface pressure amoaly but such that
the pressure, and thus the balanced part of the velocity eld, remains unchanged
on the lowest dynamic depth level.

Since the CH method is one-dimensional, conservation of wagér mass properties
cannot be maintained on the surfaces where water is enteringor leaving the system,
(the lowest level above the bottom topography and the rst dy namic level below
the mixed surface). Instead water properties must be extramlated from the values
and gradients at the ocean oor and mixed layer. It is this, unphysical, change to
the column mass which produces the desired correction to presure at the mixed
layer. The CH method can reproduce the observed out-croppig of cold isopycnals
in cold core eddies without unduly affecting the (near constant) tracer properties
of the deeper layers. Column lowering, however, requires agustment of the mixed
layer properties since the CH method naturally preserves tle (too cold) mixed layer
temperature and thus presents a cold bias.

3.3.2 SATELLITEALTIMETRY - OBSERVING THESTREAMFUNCTION

The Cooper and Haines (CH) method was originally derived from considering
the behaviour of layer models (Haines, 1991), assimilating information on the be-
haviour of the top layer streamfunction, 1, using the notation introduced in Sec-
tion 2.3. This means that the algorithm to apply the CH method to an N -layer
quasi-geostrophic (QG) model is far simpler than applying it in a level model with
an explicit z component. The condition that bottom-level pressure remains unper-

turbed is simply

analysis _  background,
N - N ’

where the subscript denotes level number. Similarly the corstraint that the top
level pressure eld should be matched to the observed variaions in surface height

requires simply
analysis _ 19 pobserved,
1 - f 1
olo
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Figure 3.6: Application Of Cooper and Haines Method

A cartoon of the application of the CH method to correct anestped 1000 Pa
low pressure anomaly in sea-surface pressure in a layet. Midae pro le on
the left represents the unperturbed model pro le of potntlensity. This is
then shifted vertically by 165 m to produce the pro le on tight. This pro le
matches the observed surface pressure eld but leaveséksyse on the lowest
level (z=-3000 m) unchanged. Thus the lowest 165m of thidgrepresent an
extrapolation of the density at the base of the model. In thise (equivalent to
assimilation of a cold core eddy) the vertical shift is latgan the mixed layer
depth and new cold isopycnals out-crop at the surface.eSimkark the new and
old positions of various uid parcels; note that the top twargels are lost.
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The changes in other levels follow from the requirement that the shift in interface
height be constant at all levels and the equation

holds for eachi. Therefore at each level the new analysis streamfunction isgiven
by the relation

P N
0
analysis _  background + j=i gj 19 oobserved obackground

i i N — 0 f_ 1 1
i=1 1—90 fo

For a two layer model this algorithm simpli es further to the one step process

analysis _  observed.

1 - 1 ’
analysis _  background,
2 - 2 .

Hence, in this model, the CH framework is identical to direct insertion of the ob-
served top layer streamfunction into the analysis eld, leaving the bottom layer
unchanged. This is also related to an algorithm which assume that the stream-
functions in the top and bottom layers are uncorrelated whil e applying a 3D assim-
ilation scheme such as optimal interpolation or 3D-VAR to olservations of the top
layer streamfunction only.

3.3.3 CASESTUDY. ASSIMILATING FULL OBSERVATIONS

The QG CH algorithm was used in twin mode to assimilate the runinitialized
under a different wind-stress, as used in the metric experinents of Section 3.2.3,
into a run starting from the same initial conditions. Both th e “true’ and "background'
models were run out for 100 days, to generate a model trajectay discrepancy, as
discussed in Section 2.5. The two systems were then run on foa 10 day period,
assimilating observations every 24 hours. Three differentobservation systems were
considered, along with a control run with no assimilation:

(). Full, perfect observations with observations available everywhere,

obs —  truth.
1 = 1 .

73



DISPLACEMENTASSIMILATION CHAPTER 3

(ii). Full, imperfect retrieval available everywhere,

obs —

truth 1 background.
1 1 t 5 .

1
2 2 1

Note that we have chosen an unfeasibly small weighting on theobservations
to make the differences between the true state and analysis rmre obvious.

This is balanced by the assumption of full observations.
(iif). Smoothed retrieval available everywhere,

obs — :_L truth + 1— background,

1 2 1 2 1 ’
where f (r) denotes a spatial averaging function onf , with a length scale of
approximately 2 grid lengths.

(iv). The control run assumes no observations available,

obs —  background
1 - 1

The results, in terms of the evolution of the usual quadratic cost function, J , of
these experiments are shown in Figure 3.7, with results for the top and bottom
layers plotted separately.

As is to be expected, both layers however show eventual conugence towards
the true values, as shown by the reduction inJ . The saw-toothed pattern in the
top-layer cost function represents the points at which the assimilation occurs, when
this eld is directly forced towards truth. This also explai ns the rapid convergence
towards truth in this layer, even in the cases of non-perfectobservations. The be-
haviour of the bottom layer function is less trivial, showin g a lessening inJ in
all cases over the course of the assimilation that is more maked than the natural
variance shown by the control run®.

The "worst case' with only a smoothed retrieval assimilatedhas almost exactly
the same behaviour as the run in which a non-smoothed retrieval is assimilated.
This suggests that, at least when such large volumes of datar@ assimilated, the
small scale structures contained in the true eld are relatively unimportant com-
pared to the large scale dynamics. Note however that the rateof convergence of
the bottom layer streamfunction slows towards the end of the experiment and that

8That the control run shows also shows a decay inJ is not surprising. This partially represents
the decay of the transient mean state signal from the brief paturbation in windstress, used to gen-
erate the dissimilar initial states for the assimilation run. This decay occurs because this particular
experiment is run under the perfect model assumption.
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the nal value is higher for both experiments assimilating r etrievals. This suggests
that the model is settling towards a new dynamic equilibrium in which the assim-

ilation increments act like an additional periodic forcing term. The effects of this

on the small scale structure of the model were investigated n a longer term passive
tracer experiment.

3.3.4 EFFECTS ONFINE SCALE STRUCTURE

As was previously stated the CH algorithm is not conservatie in the QG con-
text. This means that the reduction in J of the previous section may be achieved
through a reduction in amplitude rather than phase error. To illustrate the effect
of this on the resulting ne-scale structure, particularly of unassimilated elds and
to investigate the relative unimportance of small scales nded in the previous sec-
tion a passive tracer experiment was performed. Truth and bakground states were
designated as before from a difference in wind stress over a Q0 day run. The
CH algorithm was then used to assimilate one full smoothed rdrieval of top layer
streamfunction every 24 hours over a full 30 day period. At the end of this period it
was assumed that the transients due to the change in wind foring would have died
out so that any remaining differences represented equilibium with assimilation.
Two new passive tracer elds were then initialized to be spatially identical in both
the background and true model states,

X
(X Y)12 = L—X;

y(Xi¥)12 = Lly:

Each variable was assumed to satisfy an evolution equation exady equivalent
to the equations for q;; & so that to a high order, limited only by numerical effects,
the q relations were conserved in each layer. Each run was then cotinued
for a period of 60 days, with continued CH assimilation into t he background state
every 24 hours, but no assimilation of the . The plots in Figure 3.9 shows the
result of this experiment in terms of the evolution of a cost function on discrepancy
streamfunction and of the tracer elds respectively.

The rst point of interest in the graph of jJ =J §**2 (the top plot of Figure 3.9)
in the top and bottom layers is that over this longer run there is no obvious conver-
gence in the bottom layer (indeed J at the end of the experiment is in fact larger
than at the beginning), while jJj ¥ converges in the top layer to around a quarter
of its initial value. Comparing this with the 50% reduction w hich applies on each
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Figure 3.7: Convergence of (a) upper and (b) lower ldyemder CH

The measure of convergence used in each layer is
Z
ICH D= (F s
Dy

Circles denote cost function values following CH assionlateps, when there
is an obvious discontinuity in the top layer cost functiohe TTase of full obser-
vations is constrained to converge to zero in the top laygrpther assimilation
runs show a lack of convergence and a persistent error. Tievioerr in the
bottom layer is similar in all cases, a slow improvementeretinor, levelling o
towards the end of the run. Unsurprisingly the case witholodlervations does
best. Note too that theunassimilatectontrol run also shows a natural reductiop
in the lower layer cost function over the course of the run.
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Figure 3.8: Initial x,

The plots show passive tracer elds, with a zonal and meradigradient respec-
tively, which are initialized identically in the top and oot layers of both the
true run and the forecast system. This initialization happafter the 100 day
spin up period in which trajectories are allowed to divergka 30 day initial
assimilation period. The nal “truth' and "analysis' eldse shown in Figure
3.10.

assimilation step gives an error growth rate of % = Jo=8day !, i.e. a doubling
time of one day.

Considering the cost functions for the growth of errors in the tracer elds we
see that in both cases differences are greater in the bottomdyer than in the top, as
may be expected since the velocities in the top layer are corected when the stream
function is assimilated. The initial growth of error is fast er for the zonal tracer
eld, , due to the strong differences in the western boundary current between
the true and analysis runs. The errors in each eld saturate ater 20-50 days, with
saturation quicker in the top layer. The nal, saturated, va lue is greatest for the
bottom layer of the meridional tracer eld, , again due to the effects of the jet.

Looking at the plots of the true and analysis states at the endof the 60 day
experiment we see that the large scale structure of the eldsis well represented in
all cases. This is in part a result of the relatively small magitude initial differences
between the mean states of the true and background model tragctories. However
the small scale structure shows some obvious examples of ptse error in the po-
sitions of laments of the tracers in all elds, particularl y in the bottom layer, but
also notable in the top layer eld for . Amplitude errors are small, a direct result
of the way the experiment was designed. This shows that thereis a role for dis-
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placement assimilation methods in the case of unobserved dds when observations
are available on small spatial scales, as is the case in satéé altimetry.

3.4 CHAPTERSUMMARY

In this chapter we have introduced the key theory behind data assimilation in
the presence of integral constraints, including presenting the key ideas of rearrange-
ment theory, with regard to assimilating phase errors. These methods were shown
to work extremely well in the limited case of pure phase error in fully observed
vector elds.

In an attempt to extend these concepts to the more realistic @ase when only
limited observations are available several new metrics hae been introduced which
quantify the magnitude of the phase, or conservation, error and amplitude, or non-
conservative error. Testing these metrics on the two-layerQG model allows limits
to be placed on the improvement to be expected under an appliation of such meth-
ods. These are found to be good for small enough space and timecales (on the
order of ten days), but to fail when forcing elds are not know n accurately.

For comparison we then presented a data assimilation methodor the QG model
exactly equivalent to the Cooper and Haines method for assiniation of satellite al-
timetry. This method was further shown to be derivable from a rearrangement
assumption under a constraint on possible movement of uid parcels. These two
derivations show both the useful relative simplicity of thi s technique and the im-
portant limitations that come from the limiting assumption . Finally we presented
evidence that such limitations have important damaging effects on small scale uid
structures when the method is applied for cases of noisy or Imited data. From
these ideas we will now move to developing a similar technique based on instead
limiting motions to physical ows along isopycnals.
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Figure 3.9: Graphs of (@ ( ?; {)and (b)J ( % )

The plots show the variation of the quadratic cost functigplaed to the evolu-
tion of (a) top (TL) and bottom (BL) layer streamfunction ar(f}) the passive
tracer elds from Figure 3.8 in the assimilation experimeént(a) the time level
-30 denotes the start of the assimilation experiment anceQithe level at which
the tracer elds are initialized. These longer runs showdhme convergence
pattern as the runs in Figure 3.7. Note too the large vanminothe cost function
in the bottom layer. From (b) we see the saturation of errorthe tracer elds,
with the bottom layer saturating more slowly, but with a Ergliscrepancy.
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Figure 3.10: Plots of true and analysis tracer elds underaSsimilation

Plots show « and , elds from Figure 3.8 after 60 days, from both the “true
run and the assimilated analysis eld. The top layers appearly identical, as
may be expected from cost function behaviour. Di erencespamarily on the
Rossby length of the system. The bottom layer shows morerehstructure
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CHAPTERA4

3D DISPLACEMENTASSIMILATION

“Now here, you see, it takes all the running you can do, to ke@pthe same
place. If you want to get somewhere else you must run at leaside as fast
as that!”

Lewis Carroll
Alice Through the Looking Glass, 1872

The formulation of the displacement assimilation problemmiterms of the rear-
rangement theory of section 3.1.2, coupled to a Monge-Karwich transport problem,
as in section 3.1.3 gives an example of an algorithm for an abatic displacement
scheme. Unfortunately this method is useless for most preat applications in ocean
data assimilation. This is due to the twin requirements of fuobservations and an
invertible observation operator. Both these assumptioracfail catastrophically in the
real world. This leaves the algorithm suitable only for toytsdies or problems where
other, non-adiabatic techniques have been previously useabtain retrievals.

This chapter instead considers a method which retains theiaohtic philosophy of
the full rearrangement technique, but which can be consistly applied in the case
of limited observations with non-linear, singular obserweon operators. A family of
techniques are developed, based on the use of advection asithabatic process which
generate paths between rearrangements of a function. Thikws the generation of
successive rearrangements of an initial eld, which tend tminimize an objective cost
function based on the difference against observations, santo the quadratic cost
function in standard techniques such as 3D-VAR, or the BLUjftiation of Section 1.3.

The methods are investigated for simple toy problems and Q& ocean model of
Section 2.3.2. Several techniques to increase the algonitls rate of convergence are
found and the behaviour of the scheme is investigated thrdugse of unassimilated
passive tracers and through mapping particle trajectoriashnder assimilation. The
scheme is found to be closely related to the Cooper and Haiseseme for strati ed
data, but behaves markedly differently when assimilatingath on isentropic surfaces.
Finally the ©le played in the assimilation by the observain eld itself is considered,
with reference to the cases of limited, noisy and non-modéiservations.
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4.1 |ITERATIVEMETHODS FORDISPLACEMENT
ASSIMILATION

This section begins with a review of the notation to be used in the discussion
of pure adiabatic data assimilation and with a discussion ofthe natural connection
of this concept with the duality between the Lagrangian and Eulerian perspectives
of uid dynamics. This leads naturally to an iterative data a ssimilation method
exactly equivalent to forced advection of a vector eld so asto extremize a penalty
functional.

4.1.1 THE MINIMIZATION PROCESS

Suppose that there exists some rst guess prediction for thevalue of some given
(possibly continuous) vector-valued model state variable x, : D! R" of dimen-
sion n, which is valid at some chosen timet and de ned over the whole domain
of interest, D. Since D will later be taken to represent the ocean we assume it is
closed and simply connected. The notation here maintains the use of bold charac-
ters for consistency with Section 1.3 when discussing discete data assimilation and
to make obvious the difference from the Cartesian coordinate system of Chapter 2;
however, it is important to realise we may still be dealing wi th in nite dimensional
vector spaces rather than limiting ourselves to nite dimen sional vectors as in the
discrete case. For any particular choice ofx, 2 X, where X is the set of suitably
smooth elds over D, it is possible to de ne the set R(xp) X, resulting from the
partition of X into equivalence classes of a relation operator, ,

R(Xp)=fx 2 X :X Xug;

where X y denotes equality in the rearrangement condition of section 3.1.2,
namelyx Xpifandonlyifforall 2 R" the vector eld x 2 X satis es element-
wise the condition
Z Z
(x )H [X Jav = (Xp JH[Xp JdVv: (4.2)

D D

1Studies of regional oceans introduce the complication of ogen boundaries. This allows the
propagation of information into and out of the domain of inte rest. This is a valid limitation in
what follows, but the issue may be addressed by considering he use of nested models to provide
boundary information. If the domain considered is not simply connected it should be partitioned
into subdomains which are.
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with H[x] = L, H[x;] is a multidimensional extension of the Heaviside function,
equal to unity only when all components in the x are positive. Given this notation
then the general rearrangement problem to be solved in orderto perform adiabatic
data assimilation may be expressed succinctly as a simple mimization problem
over R(xp). If the t of an arbitrary vector eld against known observat ions can
be measured by a quadratic cost function with nonlinear obsevation operator, as
in many standard data assimilation techniques, then we may write this problem in
the following form:

Problem 4.1 (The displacement assimilation problem) Assume we are given a back-
ground state,xp, on the domainD and observationsy : Dy ! R™, taken on a do-
main Dy, together with an associated observation operatdr]x ] which maps the state
vectorx onto a functionh : D, ! R™. De ne the quadratic cost functional
zZ Z
J(x;y;h) = (y hxDeow(r%r)(y h[x])dv dV (4.2)
Dy Dy

given by weightsw : Dy D ! R, and suppose thatl de nes a measure, statistical
or otherwise, of t of the statex 2 X to the observed data. Find the state; , which
minimizesJ over all possible rearrangements of the background state2 R (Xy).

When the domains or dimensions of the background state and olservations are
different, Dy 6 D, n 6 m, or the observation operator is not an isomorphic map
then h 1[R(y)] and R(x}) are not over conformable spaces and the polar factor-
ization technique described in section 3.1.2 must fail. Indeed, in the latter case
only weak forms of h ![R(y)] may exist, as in the case of the pseudo-inverse of
non-invertible matrices. Failure here means the inability to generate a unique solu-
tion, X = g(xy), even in the limited sense of the polar factorization solution. There
will indeed exist an x which minimizes J (x;y;h) over R(xy) but, unlike in the
case of full observations, there may exist many otherx which also achieve the in-
mum of J, but which are not identical under an L, norm, that is which fail to
satisfy J (x;X,;h) = 0. We have lost any sensible de nition of uniqueness and the
problem is now severely ill-posed.

Rather than regarding the entire question as insoluble and almitting defeat, we
instead follow one of the standard techniques in optimization theory as an alter-
native to the attempt at direct solution of the minimization problem followed by
polar factorization; develop an algorithm which generates successive vector elds
which are elements in (some approximation to) the set, R(xyp), which form a se-
guence which iteratively minimizes the cost functional J . This is the same as the
philosophy behind such commonly used techniques in numeri@l optimization as
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the steepest descent method or the conjugate gradients metbd (Gill et al., 1981).
Variations on these two techniques are frequently chosen wien assimilating to min-
imize functions on R", as for example in discrete implementations of the 3D-VAR
and 4D-VAR data assimilation algorithms.

In general in terms of practical calculation it is neither fe asible to generate the
full set R(xp), nor to calculate J over it. Nor can we be certain of spanning it to any
great degree by any kind of low dimension trial and error, Mon te Carlo approach.
Instead, by analogy with the steepest descent method, we sde some de nition
of a search path in R(xp) and use this to generate the sequence iR (x,) which
minimizes J .

Considering the previous implementations of (quasi-)adiabatic rearrangement
techniques of Section 1.6 we see that the methods discussedileoperate in this fash-
ion. That is, they nd an analysis eld which achieves a good t to observations
over some relaxed de nition of a rearrangement, be it the box shifts (implemented
as compressible velocity elds, but viewed as displacemens of Brewster) the spec-
tral displacements of Hoffman, or the limit to purely vertic al shifts and open bottom
boundary of the CH method. One advantage common to this appr@ach and thus
possessed by all the above techniques is that it disallows frm consideration states
generated by unphysical mappings, such as those consistingf a nite number of
interchanges of pairs of points in space.

While strictly such bijective mappings do generate adiabaic rearrangements,
since they satisfy the rearrangement condition (4.1), they are not one of the forms
we are interested in for multivariate data assimilation, since they do not represent
physical processes, but instead are mathematical artifact of the spaces over which
we are working. Indeed the existence of such mappings may diappear under alias-
ing when the problem is discretized for numerical solution.

4.1.2 A QUASI-STEEPESTDESCENTDISPLACEMENTMETHOD

To exclude the particle exchange rearrangements discussedbove, by physical
argument, from this section onward interest is limited to spatially differentiable
measure preserving mappings fromD to D which also have continuous inverses,
that is diffeomorphisms of the domain D. Denote the set of these mappings by
GY(D) and suppose there exists some uniquey’ 2 GY which generates the state
xY(r) = xp(g¥(r)) which minimises J over all the states generated by the rear-
rangement

x(r)=x(g(r)); g2 G"
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The concept of path betweenx, and x¥ may be made concrete by an extension
of the mapping function, g into an additional, time-like, dimension. Let gs be the

extended, pseudo-time dependant mapping ,gs(r;s) : D R ! D , which satis es

the boundary conditions,

gs(r;0)=r;
gs(r;1) = g'(r);

with g differentiable in s and gs 2 GY for all s. This is a smooth curve through
the set of diffeomorphisms on D, with endpoints lying respectively on the identity
mapping and the generator for the in mum of J. Provided such a curvegs exists,
then it is possible to prove the existence of a couple of condions on the form that
it must take.

Theorem 4.1 (Spatial Boundary Condition)  Points in space which are mapped to
the boundary ofD, D under the action ofgs for some value o must initially lie on
the boundary ofD and hence must remain on the boundary for a8.

Proof of Theorem 4.1 Consider a pointr, 2 D, such that gs(r1;s) 2 D, the
boundary of D, for some s. Suppose thatr; 2 Dn D. Then there exists an open
ball, B, centred onr 4, with B D , or otherwise r; would have to lie on D. Now
by continuity in s the image gs(B;s) of B under gs at time s is an open subset
of D. Butry 2 B, sothat g(ri;s) 2 gs(B;s) and there exists an open subset of
D containing g(r;s). Hence, g(ry;s) 2 D . This is a contradiction so therefore
ry 2 D. Applying the same argument to the inverse mapping, g *, shows that
all points initially in D for s = 0 must remain in D and thus proves the nal
statement of the theorem.

This constraint can be expressed as a condition on the rate othange of gs at
the boundary and n, a unit normal to the boundary,

%ir n=0 8 2 D:

Theorem 4.2 (The incompressibility condition) Any invertible mapping,gs(r;s),
from a set 2 R" onto itself which is differentiable in bothr and s and which has the
properties that

(). At s=0 gs is equivalent to the identity mapping,

g(r;0)=r; (4.3)
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(ii). The mapping gs is measure preserving on subsetsf for the chosen measure.

Z Z
dv = dav; (4.4)
\4 gs(V)
where V is an arbitrary volume in D and gs(V) is the image of that volume
under g,

must satisfy the incompressibility condition,

r @:O 8r 2D:

@s

Proof of Theorem 4.2
From property (4.3) we know that at s = 0, g(V) = V and hence (4.4) is
initially trivially satis ed. So to satisfy the condition f or all s from differentiability

we obtain the condition that

q Z

<

dv =0

d
s ds g

o

for any arbitrary volume V D . But this can be evaluated explicitly using the
volume form of Leibniz's Integral Rule to differentiate und er the integral,

Z
d_V = @g ds =0:
ds av) @s

Applying the divergence theorem then gives the condition

Z
dv = @ng:O

— = r
ds  gv) @s

but since we have assumedys invertible this must hold for any volume in D and

hence the condition becomes as required

@ =0 8r 2D:

@s

-

With these results in mind consider again how rearrangementtheory was in-
troduced in section 3.1.2. Fora eld (r;s): D R! dened by the evolution
equation

@ _n.
@S+u r =0; (4.5)
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along with an initial condition,

s(r;0)= (r); (4.6)
we have b, Provided that
r u=0;
u n=0;

that is provided the ow is incompressible and has no ow thro ugh material bound-
aries. The obvious connexion between the viewpoints of mapjngs gs and velocity
elds u is the de nition that

@g

@s u(gs(r);s);

the statement linking the Lagrangian and Eulerian de nitio ns of velocity.

Following these ideas we de ne a new equivalence relation, smilar to the rear-
rangement condition, relating scalar elds over D. Letus say that , evolves from |
if there exists a velocity eld, u(r;[0;1]); and a scalar eld, (r;[0;T]), de ned over
the nite interval [0;T] in the time-like variable s, such that satis es equations
(4.5-4.6) and the boundary condition in s,

(r;T) = ar): (4.7)

Like the rearrangement condition this is again an equivalerce relation. Moreover,
the equivalence class of that contains the eld , (the set of elds that evolve from
b) IS denoted by the notation W( ) is, from the results of this section, a subset
of the set of rearrangements of ,. From Proposition 2 of Section 3.1.2 we know
too that if states which are equal almost everywhere in a Lebesgue measure sense
are considered the same, then the set of rearrangements is aubset of the states
achievable from evolution and in this de nition of path conn ectedness the two
classes are the same. For any; which can evolve from it is now possible to
dene a path P from , to ;, lying entirely within the set of rearrangements,
with the path de ned in terms of the various (r) generated by any of the possible
velocity elds u(r;s) which allow an advected eld to attain ; in nite time.
Since the time-like variable s is arbitrary it may be rescaled at will without
affecting the path P, provided only that T and u are rescaled as well. That is,
given that u(r ; s) generatesP over the interval [0; T] then so doesu{r ;s) over the
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interval [0; T9 where u® T%are de ned by
uqr:s9 = u(r; O[S]); TO= T:

and s = [s] is a new time-like variable. Given this property the de niti on of
path length may be made less ambiguous, though still not unique, by an additional
constraint on u, namely that

kuk=1; (4.8)

for all s 2 [0;T] and for some chosen norm,k k on vector elds over D. This
condition xes the time scale over which the path is traversed (effectively giving
a parametrization of the path length in terms of T). We may thus discount the
possibility of paths which traverse the same point more than once in the same
direction, by always choosing the shortest path out of all those which traverse the
same points.

With a de nition of a path over rearrangements it becomes possible to de ne
a methodology for a minimization technique, exactly analogous with the steepest
descent technique in regular space. Letl (; o;h) be a cost functional on , de ned
as in equation (4.2). We aim to nd a ‘local' minimum of J (x) over R( ) from
the starting state de ned by . The general algorithm to be used over successive
values of the time-like variable s is:

Algorithm 4.1 (Displacement Steepest Descent Method)

1. Given a current estimate (s) for the eld , minimizing J over the set of all
states which evolve fromy, nd the u (i.e. the search direction inR) which
produces the maximum rate of change id ( ) with respect tos, given that
satis es equation (4.5) and that u must satisfy the normalization condition
(4.8).

2. Setu(r;s)= u (r):

3. Integrate equation (4.5) forward in time to generate a newest state for the
succeeding time level.

4. Check for convergence.

The analogy with the steepest descent method follows from casidering the
behaviour of a cost function J (x) under an evolution equation,

@x_
@s
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with d an arbitrary function on D to be determined. The rate of change ofJ with
time s is thus given by the equation

dJ @x .

E: ryJ ;@s = hr,J;d;

which for nite dis minimized when

that is when the descent direction is parallel to the gradient of J with respect to s,
the steepest descent path.

4.1.3 THE Two DIMENSIONAL APPROACH

In preparation for the use of synthetic data from the quasi-geostrophic ocean
model introduced in Chapter 3 the descent algorithm is here derived in full in the
case of two-dimensional observational data and background elds and assuming
a streamfunction formulation for the assimilation velocity u,. LetJ be explicitly
de ned here as a continuous version of the standard quadratic cost function,

1 z )
J@=5 (& 9%dv;
D

where full observations, q,, of the conserved variable of potential vorticity, g, are as-
sumed available everywhere and thusD D 4 is the (two-dimensional) domain of

interest. Since in this context the assimilation velocity u, is both two-dimensional
and incompressible it may be represented by an "assimilatio streamfunction’, 4
where

s @a.@. "
2 @y @x

The boundary condition, u n = 0 on D, may be expressed by setting 5 to a

constant, , =0 on D. The evolution equation for q expressed in terms of , is

thus
@q+ @a@q @a@q_o

=0:; 4.9
@s @x@y @y@x (4.9)
and hence the rate of change ofJ with respect to s is given by
4
dJ @.@q @.@q
JAs) = —= — — " dv: 4.10
© ds D(q° ? @x@y @y@x (4.10)
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Choosing a normalization condition of ,,
Z
KL( a)k’dV =1 (4.11)
D
for some function, L, on scalar elds and applying a Lagrange multiplier approach
and the usual variational principle to minimize the extende d cost function,

Z
Jo=73% 1 KL K3dV ;
D

using the boundary condition on , we seelJ %is extremized over permissible ,
when Z

@ 9@1 @ @4 |, g

b = @x @y @y @x
where we have de ned the adjoint function LY given by

Z Z

h:Li= L[]= LY]=h; i
D D

For arbitrary 5, qthis is true if

Ly =1 @@y 9 @Ry 09 .
2 @x @y @y @x '

(4.12)

where the Lagrange multiplier is given by equation (4.11) as
S -

_ ° e@w 9 @@ 9 °
b @x @y @y @x '

4.2 APPLICATIONS TOTOY PROBLEMS

4.2.1 NUMERICALIMPLEMENTATION

Following the methodology of the identical twin problem as a test and veri ca-
tion method for data assimilation schemes the displacementdescent technique was
implemented numerically and applied to a series of toy problems, initially highly
idealized and building to the use of data from the quasi-geodrophic ocean model.

For full details of the numerical methods used in implementing the displacement
descent algorithm see section B.1 in the Appendix. Brie y, aspatially-centered nite
difference approximation to the continuous evolution equation (4.9) was made
and used to step the state eld g forwards in the time-like variable s, under the
action of the advection caused by the test assimilation stramfunction ,. This time
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integration step was performed using a fourth order accurate Runga-Kutta method.
A xed time-step was used and the descent of the nite differe nce approximation
to the cost function, J , tested at the end of each time integration step. When the
method no longer descended another “search velocity' was absen by solving the
nite difference approximation of the equation (4.12). Int his sense the method is
a true steepest descent algorithm.

The evolution equation (4.9) includes no explicit diffusio n term. Nevertheless,
both the spatial and temporal discretization methods used ae known to be slightly
dispersive. This effect, coupled with the extreme dependere of , onthe elds q
and @, plus the requirement of descent in the cost functionJ appeared to be suf -
cient to maintain numerical stability of the algorithm in mo st cases without explicit
diffusion. Such an additional mixing term would indeed mean that over long inte-
grations the method would no longer generate rearrangement of the background
eld in the continuous limit, as required by the initial adia batic assumption. No
explicit testing for issues such as CFL criteria were found ecessary, once the choice
of the initial time-step had been tuned to the magnitude of th e various problems.

4.2.2 RELATIVECOMPUTATIONALCOST

In order to quantify the relative ef ciency of the new method we are introduc-
ing we will brie y discuss the expense of the method in terms of computational
resources (primarily computer memory, either as RAM or discspace) and CPU time
required by the algorithm, in comparison to standard variational assimilation tech-
nigues, namely 3D-VAR and an iterated approximation to a BLUE solution.

In terms of disc space, both the new displacement assimilabn and the 3D-VAR
techniques rely on the explicit formulation of a gradient te rm, either the assimila-
tion velocity/streamfunction for the new displacement met hod, or r ,J for 3D-VAR.
Since this is to be passed to a minimization routine, it must be store separately from
the data on the current analysis state. For the 3D-VAR methodhis effectively dou-
bles the storage requirements of the original model, since he gradient contains
information on the update to every model variable, assuming that the assimilation
is multivariate. For our new displacement algorithm we have the lesser cost of an
additional model eld, either vector (when generating assi milation velocities), or
scalar (for cases using a streamfunction). Iterative methals typically have smaller
storage requirements than either method, since the new anaysis state is found
without a minimization step and can overwrite the old one.

In terms of CPU time, the addition of the advection step, effectively requiring
the running of a forward model for each calculation of the cost function in the mini-
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mization, makes the displacement algorithm much more expersive than traditional
3D methods. Effectively, the cost of a single step becomes siilar to that of a single
iteration of a 4D-VAR method, even though data at only a singk timestep is being
assimilated. This additional modelling step will also impact on memory, since the
overheads of the advection scheme must be stored, meaning #t here both the
3D-VAR and displacement algorithms require space for twicethe variables in the
original model, with the displacement scheme having the addtional over head of
the assimilation advection elds, plus the various costs imposed by the numerical
advection mode. Note, however, that since the objective furction can be tested
at each stage there is no requirement to store additional intermediate steps in the
advection routine.

4.2.3 ONE-DIMENSIONAL PROBLEMS

We now consider the behaviour of the advective minimization approach on a
hierarchy of problems, in an attempt to understand its peculiar advantages and
limitations. We commence with a brief discussion of displaeement assimilation in
a one-dimensional domain. In such domains the only velocity eld satisfying the
relevant version of the incompressibility condition,

is one with u constant everywhere. If the domain is also bounded then the ro
ow condition requires that u = 0 everywhere. For our minimization scheme this
means the assimilation velocity is static and the method camot converge. This links
back to the lack of a connectivity condition for the rearrangement problem in one
dimension. In a periodic domain then u is no longer constrained by boundaries,
while under the rescaling argument of the previous section anly the sign of the
constant u, is important, determining whether the direction of the shif t is positive
or negative. Given an accurate line search method the algoithm will thus converge
to a local minimum of J (x), with only one calculation of a search direction re-
quired. That the algorithm may not nd a global minimum and ma y not choose the
direction of shortest path length is obvious from consideration of the behaviour of
the functions of Figure 4.1, in which the algorithm is applie d for a 1-D function on
a periodic domain in six different cases:

(a). Full, perfect observations, with the correct form for t he background (error
takes the form of a periodic shift in position, the rearrangement condition
with respect to the true function is satis ed).
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Figure 4.1. The steepest descent algorithm in a 1D periazhtath

In each case a simple iterative algorithm minimizes (gréen)square of the
residual for observationy, (red), from a background functiori, (blue). Also
plotted is the direction of the assimilation velocity, (a) Perfect observations
everywhere. (b) Limited, perfect observations. (c) Lithiteoisy observations.
(d) Limited, observations, large initial error, correat) Full observations, incor-
rect background. (f) Limited perfect observations, xedsin background.
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(b). Very limited, perfect observations (the number and range of oscillations is
suf cient to track the function turning points), correct fo rm for background.

(c). Limited, noisy observations (unbiased Gaussian noiseon all observations),
correct form for background.

(d). Limited, perfect observations, large initial displacement error, correct form
for the background.

(e). Full, perfect observations, incorrect form for background (error includes both
phase and amplitude components, the rearrangement conditon with respect
to the true shape is not satis ed).

(f). Limited perfect observations, xed bias in background (there is a single val-
ued amplitude error across the whole domain,the backgroundstate satis es a
modi ed form of the rearrangement condition on the true stat e).

Among these examples only in the case of the large initial eror, (d), did the
scheme fail to converge to the global minimum of the cost fundion. In this case
the scheme instead found a local minimum with respect to the doservations, found
by initially minimizing in the opposite direction to that wh ich would have provided
the correct analysis solution. This possibility of nding a local minimum is true for
any iterative scheme.

Perhaps the most impressive case is that of plot (c), in whichthe true state is
found to with-in a one grid-point lag, even though the form of the solution is not at
all obvious from the noisy observations. This case is anotheexample of a problem
for which displacement techniques are ideally suited. The nal two problems, (e) in
particular, show examples of success in situations less apppriate for displacement
techniques. In both cases the phase error is corrected for irthe nal solution, but
the initial amplitude error is retained, as is clear from plot (f) where the turning
points of the analysis and true functions match one-to-one lut are separated by the
constant bias. Note that, as was discussed in Section 3.1.2the one dimensional
problem is an extremely special case for the rearrangementéchnique.

4.2.4 A TwO-DIMENSIONAL PROBLEM FROM ANALGEBRAIC INITIAL
CONDITION

Once again, as in Chapter 3, more complex behaviour developsvhen consid-
ering assimilation problems in domains of two or more dimensions. Consider two
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different “density' elds, P°, °de ned by
b= f(x;2);

°=f(x+ ;z);

in the unit square D =[0;1] [0;1]and with f the semi-periodic function
f(x;z) =sin(2 x ) + kz:

This choice is such that the continuous background and obseration elds are adi-
abatic rearrangements of each othef, ° °. Moreover, for = k= x, the same
property holds when discretized, with the quantity inside t he volume integral of
the rearrangement condition replaced by any quadrature function dependent only
on the nearest nodal values. Assuming a nearest-node valuemproach henceforth
the discretized cost function, J ( ), may be de ned as

2 3

Z

X 4 X . ) o] 2 : 5. 1‘ o] ZdS
( [nz (i 1)+j] [nz (i l)+j]) Z Xi¥ > ( ) ;

i2[Linx] j2[Ln;]

J()=

NI =

where is a vector of nodal values ((i + %) X;(j + %) z) under natural ordering.
Here the x; z denote the discretization step lengths and theny; n, denote the
total number of nodal points in the x and z directions respectively.

From the fact that the discretized rearrangement condition is satis ed it is clear
that J has a unique global minimum of J = 0 over all discretizations of adiabatic
rearrangements. This occurs in the simple case of = °. If a monotonically de-
creasing search path exists in the discretization oR ( ) which contains the element

° then the algorithm should converge to this state, up to the limits of machine nu-
merical precision and discretization truncation error; ot herwise a more local limit
will be found.

Running the two-dimensional steepest descent algorithm onthis algebraic prob-
lem with an L, norm on the magnitude of the ,,

Z
2ds=1;

D

the scheme was experimentally found to converge, slowly, toa higher limit. The

2This would of course be true for any semi-periodic or periodic function on D. The form given
here is chosen as an idealized representation of a problem irwhich an anomaly in mixed layer depth
has become displaced in a model versus observations and mudie corrected through assimilation.
This is a natural problem, similar to the one for which the CH method was devised.
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precise asymptotic value of this limit and rate of convergernce towards it is depen-
dent on the values of the parameters , ny, n, and k.

As seen in Figure 4.2, the dependence expressed itself as a slowing in the rate
of convergence and an increase in the value to which the schera converged as
was increased over the range[0; ]. By symmetry values in the range(%; 1) above
this again reduced the limit and increased the rate of convelgence, since they were
equivalent to a problem in the range [0; 2] with the x-axis reversed. This behaviour
is easily explained by noting that the value of the cost function at the beginning
of the integration, J( ) is predominantly determined by the value used. The
problem becomes “harder', in the sense of containing a gre&r phase error, which
in turn leads to a longer path, a longer integration and thus more accumulation of
errors from the numerical schemes used for the advection tem. For some values of

, hotably = 0:5, the curve for the convergence ofJ =J, appears to ‘step' down
towards its nal value, with periods of fast convergence, followed by long plateaux
where the scheme nearly stalls. It appears these are a funatin of the poorly con-
ditioned descent problem, where in some sense the method traks narrow valleys
or passes near local minima, before nding steep, straight paths where long steps
may be taken. This behaviour is repeated for variations inn,, n, and k.

The general form of the dependence uponny, and n, was that as the number
of points over which the problem was calculated increased tre rate of convergence
decreased and the limiting value increased. This is plottedfor a variety of values in
Figure 4.3. This behaviour can easily be explained as an effet of the change upon
the CFL limit again causing a longer integration. However this was not symmetric
in the two axes, with an increase in n, (the direction containing the phase error)
having more effect than an increase inn,. This suggests there are genuine effects
on the minimization routine due to the dif culty in propagat ing information across
multiple grid points by advection.

The effect of changingk, as shown in Figure 4.4 was initially dif cult to explain.
Convergence seemed to degrade ak grew, both in the reduction achieved with
successive iterations of the routine and the nal value which the method appears to
attain. This suggested that some process other than the simie transport of uid in
the direction of the phase error was taking place. To investpate the processes the
uid underwent in greater detail two further systems were co upled to the velocity
elds generated by the data assimilation scheme.

Specializing to the case = 0:1, n, = n, = 64, k = 3 we present the initial
discrepancy between the background and observation elds, ®  °as plot (1) in
Figure 4.5, with plot (2) showing the nal anomaly between th e analysis eld after
convergence and the observations,®  °. Note that, while the measure of the total
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discrepancy has been shown in Figure 4.2 to reduce to roughly0.2 of its original
value, the local discrepancy in many places around the bounary has increased. It
Is in these areas that any further advection leads to increass in the cost function
and the method stalls. As a test of the magnitude of this effe¢ we introduce a new
metric, J [box], which calculates the usual quadratic measure of discrepany, but
over a limited rectangular domain with a centre coincident w ith that of the full

domain, 2 3
X X

J [box] = % 4 ( %2 z x;°;
i2[1+ xinx “x] j2[1+z;nz ]
where “; ', denote the 'margins’ left unexamined under the metric.

Using this new metric we can investigate two different effects, the proportion
of the discrepancy between analysis and observation whichikes in a box of vary-
ing size, and the extent to which the algorithm has successflly matched the con-
tents of the box, neglecting any data outside it. This gives o new functions,
J [box]( ®)=J ( ?) and J [box]( #)=J [box]( ), which we plot against the area of
the box as plots (3)—(4) in Figure 4.5.

Considering J [box]( #)=J ( ?) we see that the proportion of the discrepancy in
the box does not decrease linearly with area, but instead intially decreases rapidly,
dropping to half its value with a box of 0.8 the original area. This is restating
the point above that it is the boundary layers which limit the assimilation method.
The graph can in fact be split into three roughly linear sections. For boxes of area
0.8-1.0 the change is fast than unit, since it is over this rarge we are ignoring
the boundary layer. For boxes of area 0.1-0.8 the change is shwer, since this is
integrating over the area where the assimilation method hasbeen most successful.
As the box area drops below 0.1 then numerical artifacts of the integration and
assimilation methods dominate and the rate of change again @proaches unity. For
a square domain with n, = n, = 64 an area of 0.8 corresponds to a boundary layer
of roughly 3 grid points on each boundary. Looking now at J [box]( #)=J [box]( )
we see that, while over the whole box we have achieved an 80% reuction in
cost function, the centre of the box has obtained a better t, reducing to 0.14 of its
original value. While this is still signi cantly greater th an unity, it is still a signi cant
improvement, when viewed as an extra 30% reduction in the cog function.

Studying the form of the nal analysis discrepancy we note the obvious grid-
scale striations introduced along the vertical boundaries by the numerical advec-
tion routine. In some cases these are are locally very largeprobably as dominant
as the more physical anomalies along thex-axis. To test the role of numerics in
this problem we performed a series of tests in the regimeny, = n, = 64, k = 3
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but allowing to tend to zero. The result in terms of reduction in cost function is

shown in plot (1) of Figure 4.6, with a log scale for . The U shaped curve towards
the extreme left of the plot, with oscillations for small  ( the right hand side of

the graph) is typical of a minimization problem in the presen ce of numerical error.

Initially as the problem becomes simpler the method improves, but then errors due
to the numerics dominate and the code begins to stagnate rapilly, giving the 0.2 re-

duction in cost function achieved at the end of the window. To illustrate that these

are numerical effects, we apply the new rearrangement metrc, M , introduced in

Section 3.2. We calculateM =J for the pairs of elds [ % ] and [ 2, °], shown
in plots (2)—(3) of Figure 4.6. In the continuum limit with pe rfect advection these
functions should both be zero for all , since all functions are rearrangements of
each other. Instead, both functions grow rapidly with  as the noise from the ad-
vection routine, shown by the computational mode in the discrepancy eld, begins

to dominate the minimization problem.

In principal the advection method used could be chosen from those, eg. con-
tour advection, which are strictly conservative in the sens of the rearrangement
condition. However this would add additional overhead in re verting to a scalar
eld form to obtain a value for the cost function, and hence we view this as too
expensive. In the more physically realistic assimilation experiments which follow
boundary effects appear small, suggesting we lie near the mimum of the U shown
in plot (1) of Figure 4.6.

4.2.5 UNOBSERVEDIRACERS

The rst system was an unobserved tracer eld, advected using the same scheme

as , but not contributing to the value of . In effect the scheme adds extra equa-
tions @
@IS+ us r =0 (4.13)

to the assimilation evolution equations. These tracer equdions are discretized
and solved numerically using the same approach as in the passe tracer for the QG
model of Section 2.3.2. Experiments with this system show se&eral of the advan-
tages of the adiabatic data assimilation philosophy when canpared with standard
assimilation techniques. There is no spreading of fronts, ad no creation of double
maxima, even when assimilating data with large gradients. Moreover the scheme is
now implicitly, rather than explicitly, multivariate. Rat her than requiring statistics
on the correlation of variations in  and , the scheme inverts an assumed ( )
relation, in the same manner as the salinity assimilation methods of Section 1.5.3.
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Figure 4.5: Role of boundaries in the 2D algebraic problem

(1) shows the initial discrepancy between background amséreation for the
casen, = n, =64, =0:1, k=3. (2) Final discrepancy between analysis and
observations after application of the displacement akgion technique. (3)
Proportion of total costfunction contained in a square cmant with the full
domain and of the indicated area. (4) Relative reductionastfanction for a
square coincident with the full domain and of the indicatexha

100



3D DISPLACEMENTASSIMILATION CHAPTER4

08 . . .
07 v v E 1o
0.6 —
10f
05F &
< g
° 3
6 L ®
@ 6F
03 1 5
at
0.2t
01 2r
0 0
0 2 4 6 8 10 12 14 0.2 0.4 0.6 038 12 14 16
-log q -log q
250
2000
<
= 150f
j<3
(1) =
=
£ 1001
=
50
0
0.2 0.4 0.6 0.8 1 12 14 16

-log q

Figure 4.6: Numerical error and the 2D algebraic problem

(1) Analysis reduction in cost function for the problesn= n, = 64, k = 3
against choice of. (2) Proportional value of the displacement error metr
M over the discrepancy metrid, for the analysis state,® and background
state, P. (3) Proportional value of the displacement error melic over the
discrepancy metric] for the analysis state,® and observation state,’.
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The effect of the scheme on the discrepancy in the eld is dependent on how ac-
curately the background eld represents the evolution of the true ( ) relation and
how well the scheme can identify the correct destination of water masses from just
the eld. Figure 4.7 shows the behaviour of two passive tracer elds under one
instance of the two-dimensional algebraic problem of Secton 4.2.4 (here k = 3,

= 0:25so0 that the effective displacements are large). The rst tracer, ;, has a ver-
tical strati cation, and thus a suitable approximate ( ) relation. This tracer shows
a physically sensible analysis eld, in which the horizontal displacement between
background and observation introduced by the phase shift isobserved as a vertical
shift in tracers as uid is moved to balance the density differences. This is precisely
the principle behind the CH algorithm of Section 3.3.1. The second tracer eld, »,
has a horizontal strati cation. The resulting analysis el d shows the effect of the
boundary return currents on the eld, producing an image wit h strong gradients
along the top and bottom surfaces. This is the type of effect he CH algorithm could
not capture, but which could be argued as unphysical.

As a more general example, consider a fully observed eld ; which contains

two features consisting of two water massesV,, V, of equal volume with

Z Z
(1 )dVv = (2 )yav. 8 2 R:
V1 V2

Then the eld , which has V; mapped to V, (and vice versa) is an adiabatic re-
arrangement of 4, in the sense of section 3.1.2. If we suppose there is a furthe
tracer eld, overthe domain, with

Z Z

(1 )dVE (2 )adv
Vi Va

for at least one then the masses can be differentiated by their properties. The
guestion is whether incompressibility of the assimilation velocity alone is suf cient
additional constraint on the system to force the scheme to nd the correct physical
choice of rearrangement, mapping V; to V; and V, to V,, rather than visa-versa.
As will be shown in the following section by tracking the path s of individual uid
parcels, it may not always be enough.

4.2.6 TRACING THE PATH OF FLUID PARCEL REARRANGEMENT

To investigate the question posed in the previous section, ad to better visualize
the path of uid elements under the scheme, a basic particle heme was coupled
to the velocity elds calculated in the assimilation method . For a particle P at a
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Background Observation

Background Analysis

Figure 4.7: Background and Analysis elds for observed anbtserved tracer eld

The top line shows two elds provided as background and wasens to the
displacement assimilation routine. The other plots shosvelect on two un-

with the assimilation . The rst eld shows a smooth evolutioonsistent with
a dipole-like circulation con guration with lines of notieal motion atx = 0:2
andx = 0:6. The second shows more obvious small scale and boundatg,e ¢
particularly in the bottom left and top right corners. Thisosvs both the mul-
tivariate nature of the assimilation routine as well as igiag a visualization of

observed tracer elds,; with a gradient perpendicular to the direction of the
required displacement, with a gradient perpendicular to it, advected along

-

the assimilation process.
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point rX at time step k the local velocity eld u,(r¥) was calculated by linearly
interpolating the four nearest velocity points in each direction. The position of the
particle is evolved using the simple scheme

rk+l —

r“+u, t

so that in the continuum limit a particle initially within an  arbitrary uid parcel is
transported with it and remains within it for all time. This a llows the path of uid
parcels under the assimilation to be tracked. Seeding the sgtem with a regular grid
of particles and assimilating one of the 2 dimensional algelkraic problems (n, =
n, = 32, k = 10, = 0:25 produces he particle (and hence uid parcel) paths
shown in Figure 4.8.

This appears to show that the particles follow generally vettical paths, i.e. that
the scheme operates mainly by generating overturning circdations similar to the
method of Cooper and Haines. This has an obvious connection wh the link be-
tween the rate of convergence of the method and thek value chosen, since fork
large a relatively small (and thus easy to generate) verticd displacement gives a
large change in . This means that small vertical displacements t the model isopy-
cnal layers to the observations well, signi cantly reducin g the cost function, hence
giving fast convergence. It does however still leave the sceme open to the po-
tential “identi cation' errors as posed in section 4.2.5. This issue can be examined
by introducing into the background and observation elds an identi able "bulge’
of uid, such that the isopycnal height of the uid is not a con stant in x as in the
previous case, while still ensuring that the relationship , y holds. Since the uid
“bulge' is a local phenomenon we would expect that the schemavould move parti-
cles which started within the bulge close to its nal positio n. The simplest method
to achieve this is using images from the QG model of Section 2.2, as shown in
Figure 4.9.

The most obvious effect of in this more complicated case is tle sharp increase in
the complexity of particle paths, compared with those in the symmetric case. This
is linked to a slower convergence rate, bearing in mind the originally higher value
for the cost function due to the extra discrepancy caused by he bulge. Although
the paths do show some movement of particles to follow the bulge the total extent
of horizontal motion is limited. This is to be expected since most of the uid to
supply the bulge in the analysis will have started in the areathe bulge was to be
created in the background.
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Observed eld Analysis eld

Observation Analysis

01 02 03 04 05 06 07 08 09 04 05 06 07 08 09
X X

Figure 4.8: The particle system in action for 0:25, k =10, ny, = n, = 32

The main plot has the background state as the coloured pldie ®bserved
and analysis elds are show above. Superimposed are the phthe particles
during the assimilation process. Crosses mark the ing@lisg of the particles,
with tails marking the subsequent path of the particle urntherintegration of
the assimilation velocity up to its nal position, marked tyz open circles at
the head.
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Observed eld Analysis eld

Figure 4.9: The particle ow for a non-symmetric problem

As in Figure 4.8 the main plot shows the background eld, wh#hobservations
and analysis above. Crosses mark initial particle posiaod circles their nal
location. Note that for this problem, as is typical with th&@odel di erences
between the background state and observations were coatsshtaround the
jet and eddies in the centre left of the basin, exactly wharégtes have been
transported furthest. The curved particle paths at the lottee eddies show
clearly the rotation the assimilation velocity appliesteNtbat most of the basin
is stagnant under the assimilation however.
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4.3 |IMPROVING THERATE OFCONVERGENCE

Although the method successfully reduces the cost functionover the course of
the iteration, thus implying data assimilation is being performed, and successfully
generates an adiabatic rearrangement of the initial backgound eld, the rate of
reduction in J and the tendency to converge to local rather than global minima are
both disappointing, compared with the typical behaviour of methods such as 3D-
VAR when applied to traditional problems, which can achieve near total reduction
in cost function measurements in only a few iterations. To generate an ef cient
method for adiabatic data assimilation a method must be found to speed conver-
gence and reduce the likelihood of converging to local minima.

Traditionally the steepest descent algorithm is seen as themost basic and little
used member of a family of gradient descent, or "hill-climbing" optimisation tech-
niques such as the family of conjugate gradient method and the Broyden-Fletcher-
Glodfarb-Shannon method. Unfortunately these methods arenot greatly suitable,
due to the extreme non-linearity of the optimization proble m in question and the
dif culty of mapping to the spaces in question. Alternative , stochastic based meth-
ods such as simulated annealing are also inappropriate dued the large dimension
of the problem being solved. Instead modi cations to the ori ginal algorithm are
considered, with the aim of nding the most ef cient method.

4.3.1 CHOICE OFNORMALIZATION FACTOR

The condition in equation (4.11), with L the identity operator, represents a re-
striction on the L, norm of the streamfunction. This imposes only a weak constrant
on , while allowing point and line discontinuities which repres ent local failures
in the incompressibility condition. These discontinuitie s can cause unacceptably
large values for the resulting velocity eld after the probl em is discretized and thus
impinge on the CFL limit for the assimilation and on the length in pseudo-time for
which the derived search direction for the velocity eld u, actually represents a
descent path for the cost function. An obvious alternative dhoice for L is to directly
constrain the L, norm on the assimilation velocity eld itself,

Z Z

Uy U,dVv r.r L,dv=1;
D D
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il.,etoapply L = r . Under this modication the change to the optimality condi-
tion on @J=@s such that instead of obtaining

_ac ).
? axy)

with the streamfunction equal to the Jacobian operator applied to the innovation
vector and the background eld we obtain an elliptic equatio n for ,,

oL@ ).
? axy)

This elliptic problem must be solved under the imposed no- ow boundary condition
on g,
a=0 on

This choice of norm represents a bound on what may be called tle “kinetic energy’
of the assimilation step at any pseudo-time level, which is gerhaps the most nat-
ural choice for a normalization condition, although in prin cipal any normalization
condition of the form
Z x
Man(r @M 2)2+ Mgy (r @™0 o ¢ @Dy dv;
D=1

for a set, m;, of real, positive constants. In other words any Sobelov nom on ,,
may easily be applied.

Investigating the behaviour of the two norms showed that, as might be ex-
pected, the numerical method based on the elliptic problem generated signi cantly
smoother streamfunction elds and thus in turn much smoother velocity elds.
This was found to lead to signi cantly longer integration ti mes in s before descent
failed for any given search direction and thus a noticeably faster rate of conver-
gence inJ . Running the algorithm with norms on . r 4 r? sandr 2 , on
the algebraic two dimensional problem produced the resultsshown in Figure 4.10.
As predicted, ther , shows best convergence properties, although the 2 norm
(an enstrophy norm on the assimilation velocity eld, u,) showed very similar be-
haviour. In comparison a Sobelov norm on bothr and together, (labelled
kr k+ k k?=L3, where Lp = 30;000m is the Rossby radius of deformation for
the system) produced behaviour only slightly better than for a norm on  alone.
In this instance the highest order norm tested failed to converge. This may be due
to the necessity of specifying three sets of boundary condibns for this problem,
since the method requires the integration by parts of the vaiational term derived
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from the normalization function, as well as the usual boundary condition from the
underlying transport process.

4.3.2 A MULTISCALINGDESCENTALGORITHM

The implementation of the descent algorithm represents a dscretization of the
continuous equations presented in Section 4.1.1, which arein turn applied to the
discretized source data for observations and an initial ba&ground eld. There
is, however little coupling between the length scales used n the discretization of
the source data and those required for numerical implementaion of the algorithm
itself, apart from the necessity for the nal assimilation a nalysis to lie on the back-
ground model grid if it is to be used as an initial condition fo r further model runs.
There is moreover absolutely no coupling between the time discretization used for
the model chosen to provide the background eld and the discretization chosen for
the time-like variable contained in the descent algorithm. Hence although it is nat-
ural to choose the same grid structure for the descent algorthm as was used in the
original model generating the background eld and thus to us e an identity mapping
to interpolate one eld onto the other, this is a choice made of convenience and not
a technical requirement.

This suggests it is feasible to apply to the descent method adchnique for speed-
ing the convergence of the analysis eld equivalent to the use of multigridding
methods in the application of minimization techniques such as the conjugate gradi-
ent method (Elman, 1998). The underlying idea is to perform t he calculation of 4
and the accompanying minimisation of J ( ) on a coarse, large scale (and thus re-
duced dimension) grid. In the context of displacement methods this should capture
the large-scale shifts required to move water masses into tk same vicinity, thus re-
ducing the cost function, without necessitating the small scale shifts needed to cap-
ture the ne-scale positioning of lamentary structures. S uch methods should also
lead to smooth, numerically stable velocity elds allowing longer time-integration
steps without failing stability criteria such as the CFL condition.

Evidence of the potential of such a technique can be found by onsidering a low
pass operator, f, on elds over D, with complementary eddy elds, f°=f f.We

3The nomenclature of the low-pass lter has been inherited into climate science from the eld
of signal processing, unfortunately without any rm de nit ion of what such a lter actually means,
beyond the general assumption that fast, high frequency sigals are attenuated, while low, slow
frequency signals pass though. For a signalf (t) and a scale , one such operator is
_ 1 Zis =2
f()= = f (tYdt®

t =2
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assume that the operatorf satis es the usual properties,

(f)°=f0=0;
(f)=1 (9°=1°
The quadratic cost function, J for statesf and g may then be expressed as
z
f 92+2(f of° g+ (f° ¢H?dv;

D

NI =

J(f;9)=

hence, assuming thatkf © g% is initially small (i.e. that displacement errors are
initially large scale,)

J(f,9)=J(F g+ Oki® gk

Considering the rate of change ofJ with s, under the assumptions

@+ua rf=0;

@s
@@f’; us, r f°=0;
we obtain the equation
@ V4
@s f 9+(f° g uar (F g+(f° ¢) dv: (4.14)
D

Comparing the magnitude of terms in the equation (4.14), changes due to the low
pass terms marked with overbars dominate if the two conditions

ki ok k % gk; (4.15)
kfk  kf%
T o (4.16)

are satis ed, where L and L are length scales for the mean and eddy elds respec-
tively, so that for example r f© k f %=L°
Equation (4.15) is assumed satis ed naturally, at least initially, for most geo-

physical elds for suitably small L. Plotting a graph of the terms in (4.16) for

This attenuates signals on signi cantly faster than , without affecting the amplitude of the long
scales and is perhaps the simplest lter in use within the oceanographic community. More com-
plex de nitions based on various transform methods are possble however, for examples see Lynch
(1997).
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Figure 4.10: Convergence rates for various choices of norm

The plot shows the normalized cost functidns=Jy := k ok=K p ok, for
the shifted sine curve problem of Section 4.2.4. For thessmu= n, = 128,
k =10 and = 0:25. The colours denote the relevant function used for the
normalization conditionkL ,k? = 1. The two functions involving linear terms|
in 4 show no convergence on the rst iteration due to problemh wie initial

choice of step size and are clearly less successful thas anrimgher derivatives.
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Figure 4.11: Graph of mean and eddk?=L for QG model

The plot shows term&gk?=L, kqk?=L against length scald,, for mean and
eddy vorticities calculated frop= (r 2 fZ2=dH;) ;+ y, under the low pass
Iter of Section 4.3.2. Filtered terms contain more enermgplf< 30km, in part
due to the term. From equation (4.16) this justi es the multiscale apgch.
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vorticity data taken from a realization of the QG model produ ces the results shown
in Figure 4.11. This shows that for this case both conditionsare initially satis ed for
low pass lters acting over the order of eight grid points ( 80 km) since in both the
top and bottom layers the mean function signi cantly exceeds the eddy function,
hence under these conditions the search direction is at rstdominated by f, so that
ua r[(F Ofl

Consider now the rate of change ofu, itself with s by considering the leading
order term in acceptable second order variations ofJ ,

S _ _ _
@ (K k + 2 kF K)KF k=L

@a_y (g Mu,rT (4.17)
2
This limit will generally decrease with increasing L, hence the multigrid approach
will usually generate more stable search directions than a ©de based on iterating
at only one length scale, again aiding convergence.

Unfortunately a naive approach based purely on mapping the hitial background
eld to a coarse grid alone and performing all calculations t here will in general fail
to generate an analysis that satis es the discretized versbn of the rearrangement
condition when re-interpolated back onto the model grid of t he background eld
for outputting analysis states. This is due to the large implicit mixing involved
in such an interpolation step. The effect would be to spread fonts and mix water
masses defeating the original goal of an adiabatic assimilaon method. The obvious
compromise is to perform the assimilation using a coarse gri to calculate the 4
while retaining information on model variables on a ne-sca le grid of the same
resolution as the original data. Two approaches are possit#, a simple spline tto a
coarse , eld and a scheme based on advecting the mean eld through large scale
uxes, while retaining the ne scale structure in situ. The p recise numerical details
of the implementations of such routines are given in section B.2 in the appendix
but a short description is given here.

The rst technique involves simply “super-obing' observatons, °, (that is the
grouping together of nearby observations into one smoothedor averaged obser-
vation) and smoothing the current analysis state, , onto a coarse grid using the
values from square sets of neighbouring grid boxes. This is prformed, for data
with observations available on a regular grid, using the operator

2 3

1 (mxl) N 4 (mxl) N .

Ly = hoo [fij 2
1;J

|

i=m N+1 j=m N+1

112



3D DISPLACEMENTASSIMILATION CHAPTER4

where h,.; is a term, introduced in anticipation of the case of limited o bservations,
equal to the number of observed elements in the relevant coase scale grid-box
for ©° and to the number of background data points (i.e. N?) in the case of the
current iteration of the analysis state, . From these elds a coarse , is calculated
using the two-dimensional form of equation (4.17), which is then re-interpolated
down to the data grid for the evolution time step, which uses the same approach as
before. In this case while the returned velocity eld is smooth and large scale, the
dimension of problem for the advection step, under which the bulk of the work is
done in the method, remains unchanged.

The second technique represents a true multigrid approach ¢ the problem. The
same approach as in the rst technique is used to generate coese-scale observa-
tions, 9, analysis, ~ and optimal search path stream function ,. This , is then
used to calculate a coarse scale velocity eld to be used to ewlve the pair of state

vectors, (7 9, through two independent evolution equations,

%; U, r =0;

@0

@s

where °= rho is the remaining eddy, or noise eld left when the coarse density
eld is advected. This approach is naturally slightly diffu sive on scales below the

0;

coarse grid, however the lack of dependence on the eddy termsand the smaller
dimension of the advection problem make the code quick both © run and to con-
verge.

Denoting the number of ne scale grid-boxes included in one side of the square
coarse scale grid-box byN the method was applied at a number of resolutions to
the algebraic problem of Section 4.2.4. Runs at constantN = 2 showed improved
rates of convergence, but tended to converge to a higher limi than the high res-
olution N = 1 limit. Both the value and rate of convergence of the cost fundion
J tended to lie somewhere close to that found for the single scde problem of the
same dimension, that is discretized with both n, and n, halved.

The scheme may also be run with avariable value for N = N, that is as a true
multiscale method. Under certain conditions on both the problem and N we may
then see not only an improved rate of convergence, but a redution in the magni-
tude of the value to which J converges. In general, the optimal setup appeared
to use a saw-tooth orW algorithm acting over the values N = 1; 2; 4. Signi cantly
larger choices for N showed little improvement. This suggests that the multigrid
method produces a better t to the global minimum of the syste m, possibly because
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No Multigrid
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“““ Velocity Method, Saw Tooth
== Velocity Method, W pattern
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Figure 4.12:J =J, for various multigridding techniques

The lower plot shows the change in normalized cost functitmiteration num-
ber for an application of the displacement technique to tharanetric problem
of Figure 4.9, with a linear normalization functidn,k? = 1 for the multigrid-
ding technique of Section 4.3.2. We plot two instances ofvislecity method,
for grid switching patterns we term as 'saw tooth' and "Wthvwthe number of
grouped grid points shown in the top plot. Both methods apesor to the con-
trol run, with the “saw tooth' superior for most iterationmbers. We also show
one instance of the ux method. This more di usive methodiaghs reductions
in cost functions even faster, although does not generataearearrangement.
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it allows a better propagation of information across the various length scales on
which the scheme operates. Figure 4.12 shows the improvemenachieved in the
convergence of one particular problem, under both the ux averaged method of
super-obing and the velocity averaging method and for both the "W' and “saw tooth'
algorithm for the grid smoothing/coarsening. For this part icular problem, similar

to the asymmetric problem illustrated in Figure 4.9, the super-obing ux averaged

technique achieves the fastest convergence at nearly thre¢imes the rate of the
control run.

4.4 DEPENDENCE ONOBSERVATIONS

All previous work has been based on the assumption that valus for y were avail-
able on all points and at resolution at least equal to the model grid spadng, so
that the eld may be considered differentiable. In this section we consider the gen-
eral dependence of adiabatic assimilation methods on obserations, particularly in
the case where observations are available only at a smaller amber of points, which
may lie off the model grid or be observations of variables notdirectly modelled.

4.4.1 ASSIMILATING POINT OBSERVATIONS

The vast majority of real ocean observations are modelled apoint observations,
that is they represent the value of the observed quantity aveaged over length and
time scales much smaller than the grid-length and time stepsof numerical models.
In fact these scales are so small that they can be well approxnated as Dirac delta
functions in space and time, so that for an observationy;[r;;t] of a model variable,
valid at at point r; at time t the observation operator h; acting on a model statex(t)

IS Z
hix]=  x (r ry)dV: (4.18)

Combining such discrete data with a continuous constraint is fraught with dif culty
so instead in this section we consider the behaviour of a spatlly discretized version
of the auxiliary equation governing the evolution of the assimilated eld,

@X

—— = U, I X

@s

when deriving the assimilation cost function.
The model eld x(r;s) is replaced with a model vector x (s) constrained element-
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wise by the evolution equation

@x_
@s

here Jj is the tensor operator representing the numerical discretzation of the

Jacobian advection operator,J( ;x ). The discretized cost function becomes

Jik X = Jil XL

1
J(g)= 35 HX (&) (y HX (9)
so that the rate of change ofJ with respectto sis

@ _ T T
@s_(y HX (s))THJI [ ;x]:

The normalization condition, equation (4.11), must also be discretized. Allowing V
to be a diagonal matrix containing the element volume values of the discretization,

(

Vi =
Vi = I J

0 i6]

we may write 7
u:udv ™DTVD =1;

where D is the discretized matrix operator representing the gradient operator. Us-
ing the method of Lagrange multipliers and once again seekirg the streamfunction
that causes the greatest rate of descent i) we nd

= (D'VD) BJ[HT(y Hx);x]:

The major difference between this form and the form with full observations is the
introduction of the two observation operator terms, H Ty and H THx . For point
observations on grid nodes the latter term has the extremelysimple form

(

HTHx . = _
: 0 otherwise.

X; point r; observed

The precise form of the elliptic problem, (DTV D) %, to be solved is highly de-
pendent on the discretization chosen for the operatorJ[ ;x]. If the energy and
enstrophy preserving Arakawa Jacobian formulation is used(see Appendix A.1),
then the operator acts to spread and weight a single observabn over neighbour-
ing grid-points, such that the implied direction of ow for s uch a streamfunction
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lies parallel to the spatial gradient of the eld x. This agrees well with our natu-
ral instinct for how to correct an error at a single point thou gh an advective dis-
placement, by shifting tracer properties down-gradient to match the observation.
Although the precise numerics are dependent on our choice ofD the effect is to
smooth this initial guess. In general the streamfunction produced will have non-
zero curl everywhere and thus induce a displacement acrosshte entire basin. This
is a consequence of the global nature of the incompressibity and rearrangement
conditions. Nevertheless, the majority of the “assimilaton' energy, "D D , and
the largest displacements both remain close to the observaon point.

4.4.2 ASSIMILATINGLIMITED OBSERVATIONS

The question remains as to whether the method can successfly generate re-
arrangements of a eld to match to observations when given limited observational
data, without signi cantly degrading the structures in the analysis eld, without
large unphysical displacements and without introducing spurious assimilation fea-
tures. To investigate this the algorithm was run repeatedly using the same states
as background and truth each time, but varying the spacing ofthe assumed ob-
servational network, so that we have observations at everyn™ grid-point, where
n 2 1;2;4;8;16. Although this setup is an unrealistic model of the actual GOOS,
as shown in Chapter 1, we choose a regular grid structure so tat the induced pat-
tern in the analysis eld is regular, and thus clearer to the n aked eye. Even with a
globally irregular grid of random observations there will e xist local regions of ob-
servations on which an approximately regular grid structure can be imposed. The
normalized rate of convergence for these experiments is shan in Figure 4.13, with
the nal analysis elds plotted in Figure 4.14. Studying the se it is obvious that :

(). In all cases the method successfully reduces the cost faction over the course
of the assimilation step. In this sense the algorithm is sucessfully assimilating
the data provided to it.

(ii). The rate of convergence is generally slower as the network becomes more lim-
ited, except for the case of the very coarse network, which ha fewer observa-
tion points than the coarsest model grid used in the multigridding routine.

(ii). As the grain of the observational network coarsens then the magnitude of the
spurious displacements introduced increases.

To demonstrate the second point we refer to Figure 4.15. Thisshows the com-
plex modulus of the result of the two-dimensional Fast Fourier Transform (FFT)
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Figure 4.13:J =] for limited observational networks

The lower plot showkq qk=kq, @k againstiteration number for applications
of the displacement technique to the problem shown in Figutd for some
choices of limited observations on regular grids. We usadegt normalization
, kr  ;k? =1 and the multigridding scheme shown on the top plot. Here

denotes the length of separation between observationsiewhe is the base
model grid length. The ne scale and very coarse obsenssbow the same
limit of convergence, although the coarse grid initiallgvesges more quickly.
The intermediate grids show both slow and poorer conveegamter the scheme.
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Figure 4.14: Plots of truth, background and analysis foitéithobservations

Plots showing nal analysis elds for the displacement reghe under the methods
described in Figure 4.13. Note the qualitative successdbeoproblems with
n = 1;2;32as well as the “crinkling' which occurs on the length scaleuoh

observations are available, particularly cleamfer3.
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algorithm (Ramirez, 1985) applied to the full nal analysis error eld, X, X;.
This algorithm separates the energy contained in the signalinto its different (in
this case spatial) frequencies. For comparison the FFT of ta function

g(xy) = sin( Lix) sin(le);

is also shown. Initially the eld shows the majority of its en ergy concentrated on
mesoscale eddy scales and below. Asincreases there is a noticeable shift in energy
to scales proportionalton X, visible as the crossed yellow bars in the 2D FFTs. This
shows the features of the analysis generated by the assimiléon method are directly
dependent on the density of the observation network.

4.4.3 THE EFFECT OFNOISY OBSERVATIONS

It is necessary to consider the effect of noise on observatios, since in real life
observations are prone to error, whether it be truncation of a decimal expansion,
the use of a measurement of the temperature of one bucket of waer to represent
the temperature of an ocean bulk surface temperature or the wncertainty of an al-
timeter measurement caused by drift in the satellite platform's orbit. In standard
assimilation techniques such as 3D-VAR estimates of this eor are compared with
uncertainties in the forecast of the background state to praduce an average state
compatible with both. In general such an approach is not compatible with the phi-
losophy of displacement assimilation, where observationsare assumed to represent
a measure of the Lagrangian, rather than Eulerian, ow pattern, since the obser-
vations are assumed to contain a much more accurate represeation of true phase
than the background eld.

In this interpretation noise represents (ideally) small scale false displacements
on the back of the large scale true displacement required to &similate the obser-
vations*. The errors become important when the magnitude of the displacements
required to match to the errors in the observations become lager than those re-
quired to correct the difference between the background stae and the truth.

It is unfeasible to study the whole gamut of behaviour exhibited by the errors
in oceanic observations, however we may show that the issue des not in principle
cause all displacement assimilation methods to fail. Consilering the highly ide-

4We assume here that the registered locations of all observabns are accurate. If these are
not then the observations themselves contain signi cant displacement errors and any assimilation
scheme is likely to fail. This is unlikely with modern data however, due to the very high order
accuracy of satellite positioning systems such as GPS, rdiae to the signi cant length scales in the
ocean. Regular quality control checks at operational centes act quickly to black-list observational
sources which regularly mis-report their locations.
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Figure 4.15: FFT analysis of analysis errors

Plots shows 2D FFTs for analysis errors of the plots in Figuté. The obvious
horizontal yellow peaks, particularly for= 2; 6; 32 are another example of the en-
ergy the assimilation introduces on the wavelength of tlsemations, the numbe
of peaks increasing in line with The asymmetry in the pattern is inherited from
the system itself, with strong western boundary currentswe@ak return ows.

=

121



3D DISPLACEMENTASSIMILATION CHAPTER4

alised situation of the effects of Gaussian noise on the one onensional problem
of Section 4.2.3 produces the results of Figure 4.16, in whid noise from a variety
of distributions, both biased and unbiased is added to the olservations before they
are assimilated. In this case the algorithm is particularly insensitive to the noise,
since in one dimension the scheme is unable to change the Lagingian value of the
spatial derivative of the background,

d d = @ @ d

s x © @s Yax ax ¥

This means that the tting is, in some sense, the matching, through phase shifts,
of the two shapes, background and observed, by minimizing sone measure of the
difference. Large errors are thus only possible when they ca be aliased to the
shape of the background eld, as in the case of large errors, ike the second plot of
the gure.

In two dimensions the ow eld may modify the local gradient o f the tracer,
since for any scalar eld, f, we have

d @

d—srf = @S+ua rorf=rf(r u)=rfr? g

and the assimilation velocity eld is not constrained as irr otational. As such the
algorithm may modify the shape of the background eld to t an y noise in the ob-
servations. This makes it necessary to consider the noise tnoduced not only into

the observed eld itself but also into the derived discretiz ed derivative elds. An

error of magnitude order in a discretized eld  can introduce an order = x
absolute error into the predicted gradient given by a simple nite differences ap-

proach. The relative error isthus2 =k Kk which may be very large in areas of small
k k. Fortunately, provided the background eld is close to the truth, these areas
of large relative error in observed gradient will be areas of small contributionto 4,
since these will be weighted by terms of orderk  pk.

4.4.4 ASSIMILATING NON-TRACEROBSERVATIONS

The algorithm used is easily modi ed to consider the question of multiple vari-
ables, again following the approach of 3D-VAR algorithms. The matrix H of section
4.4.1 can be replaced by a general non-linear observation oprator on X , with H '
replaced by the operator adjoint. This approach is describe in more detail in the
next chapter, in the context of assimilating stream-function observations to correct
vorticity elds.
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Figure 4.16: The e ect of noise on a 1D rearrangement problem
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4.5 CHAPTERSUMMARY

This chapter has introduced a family of algorithms which directly minimise a
3D-VAR style cost-function with respect to displacements wvhich can be generated
through incompressible advection. This represents an attenpt to limit the set of re-
arrangements over which the eld is minimized to a set of diff eomorphisms of the
original eld, retaining a physical basis for the displacem ent. Existence of solutions
and convergence properties are discussed. The method doesifer from issues re-
lated to non-unigueness of solutions and the existence of l@al minima, plus some
instability with respect to small changes in the observations provided. The method
is applied to a series of progressively more complex problers, culminating in syn-
thetic data representing the distribution of a tracer eldi n an idealized ocean basin.
We nd a strong dependence on the form, accuracy and number ofthe observations
supplied to the routine in the ability of the method to genera te a successful analysis

eld.
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CHAPTERS

4D DISPLACEMENTASSIMILATION

“Time, like an ever-rolling stream
Bears all its sons away;
They vy forgotten, as a dream
Dies at the opening day.”

Isaac Watts
Man Frail and God Eternal, 1719

Both four dimensional variational assimilation (4D-VAR) ad Kalman smoother
(though not the Kalman lter, which only carries forward information on the error co-
variances) make simultaneous use of observations valid atltiple observation times
while calculating an analysis state. In this way they extréa¢he maximum information
from the assumed coupling between data in observations am@ tequations of motion
of numerical models. The model equations act to transportfarmation through "data
holes' within observations and thus increase the effectdemain, in both space and
time, over which observations are valid.

Given the dependence on high-density or full observatiorishe displacement tech-
niques demonstrated in the previous chapter and the near aldatic nature of oceanic
ows over short time periods it is hypothesised that apply@a similar “time-windowed'
approach to the development of a displacement technique ngg@nerate an ef cient al-
gorithm for displacement data assimilation with operatioal data. A method is here
suggested which achieves this goal through the introductiof an additional "assimi-
lation velocity' term directly into the tracer equation of anumerical model, which is
then used to evolve the analysis state over the time-windovthin which information
contained in observations is assumed relevant to subseduderecasts.

By choosing this assimilation velocity term to minimise a 4MAR style cost-function
applied across the whole time window the method is found torgeate a nal time
model analysis state which lies closer to the assumed ideatitwin true state, as well
as generating an augmented model trajectory which convesgewards that of the true
state over the course of the time-window. In this sense thga@ithm may be thought
of as correcting for both the initial background error and awecting that fraction of
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the model error which may be parameterized through the advee term.

5.1 OBSERVATIONS INFORMATION ANDTIME

Previous implementations of displacement techniques, sub as Cooper & Haines
or the methods of Brewster and Hoffman presented in Section 16, as well as the
QG implementation of CH demonstrated in Section 3.3.1, opemate only on data
available at a single veri cation time. These methods are generally derived based
on an assumption that full observations, or a retrieval thereof, are available over
the entire domain of interest at that time, on scales comparable with model reso-
lution. On the other hand, the new generation of data assimilation methods used
at operational centres work on the assumption of an interval, or time window, over
which spatially separated observations are tted, using a dynamical model for state
evolution. An obvious question is whether this four-dimensional viewpoint can be
naturally extended into the philosophy of displacement assmilation while preserv-
ing some notion of the rearrangement condition of Section 3.1.2. In this chapter
we demonstrate that it can, at the notable disadvantage of linearizing the velocity
elds which generate the displacements with respect to the model time step.

5.1.1 AN OBSERVATIONMEMORY TIME

Consider a general dynamical system, evolving a state vectp x, over a set of

Provided that the evolution functional F (t,) is not a totally random process at any
time level, it has some memory of all its previous states. Tha is, denoting the
a priori probability distribution of state x[t,] by P(x[t,]) and the resulting condi-
tional probability distribution of state X [t,] given the statex is known at time t, by
P (X[tn]] X[tm]), there exists a relation

P (x[ta]ix[tm]) & P (X[tn]) :

This relation holds, through symmetry, regardless of whether t,, lies to the future or
past of t,,. In light of the Bayesian assumption of Section 1.3.1 this mans that the

1We have assumed causality in the development of the system. fis does not affect the eventual
dependence of state estimates on observations which lie inhe relative future however.
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posterior estimate of the distribution of the state x|[t,] is therefore dependent, not
only on observations taken at time t,,, but also on observations of the states lying
in the past and future. In general if the combined system and doservations are
not entirely deterministic, as has been assumed in any formuation of statistically

optimal data assimilation methods, then there will exist a ‘'memory' timescale, T,

over which the utility of observations will fade. This prope rty is illustrated for a

simple three state system in Figure 5.1.

The magnitude of this timescale depends on the precise strutire of the dynam-
ics of F and on the predictability of the stochastic part of the system. Typically
there will exist markedly different time-scales for differ ent modes in the state, for
example the fast and slow modes (labelled inertial gravity and Rossby waves re-
spectively) excited in a geophysical uid under perturbati on.

In a famous paper, which later formed the basis for the develgoment of much
of modern chaos theory, Lorenz (1963) posited the existenceof a timescale after
which two different climate conditions end up statisticall y as similar to a randomly
chosen third state of the system as to each other, regardlesef how small the initial
anomaly between them was. This timescale, derived in Lorenz analysis from a
numerical implementation of a heavily simpli ed model of at mospheric convection
in a box, represents one method for obtaining an estimate of T for the climate
system. Further estimates for this parameter have since bee derived by studying
the behaviour of perturbed trajectories of more advanced ard realistic GCMs. The
precise values vary from the widely quoted gure of two weeks (actually 19 days)
from Charney et al. (1966) from a selection of then current atmospheric GCMs to
5 months for the doubling time in the growth of fast mode of err ors in a large-scale
coupled ocean-atmosphere model (Goswami and Shukla, 1991)

Notwithstanding the variability in such estimates, these gures are, for both
the atmosphere and ocean, comparable with the longest scale on which numerical
forecasts are currently made. They are moreover far longer han the time-scales
at which the models themselves operate and over which new obsrvations become
available. Equally importantly in the context of displacement theory, the obser-
vation memory scales are shorter than the time-scales over Wwich mixing effects
dominate, both in the real ocean (see Section 2.1) and for the QG model used
here (see Section 3.2). This means there is information on dsplacement error con-
tained in both past and present observations of the ocean. Tis information can be
extracted, given a proper understanding of the relevant dynamics.
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Figure 5.1: Example of observation memory for a simplersyste

Consider a system with three possible states, controlleddyple discrete
Markov process with an evolution matrix given by

0 1
A=0@ A

ENTENITENTE
[@ RN

ENTEINE NI

so that the evolution of the probability distributioth+; = Pnh+1 (X = X)
depends o, (X = x) through the relation

Xn+1 = Axn:

The long-term probabilities of such a model existing in eddls states is
shown in the left hand plot above. These represent the besapilities for
a guess for the state of the system when no other informasi@vailable.
The right hand plot shows the probabilistic evolution of siystem after a

(perfect) observation,
T

Xo= 100
This is the PDF given in black. Succeeding PDFs in red, grgsiow,
magenta and blue converge back towards the mean state asystens
“forgets' the information contained in the observation.
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5.1.2 ASSIMILATIONUNDER ATIME WINDOW

Of the assimilation methods which make use of observations amultiple times,
including the previously introduced Kalman Smoother (Li and Navon, 2001), as
well as the "Timely' Optimal Interpolation method in use for ocean data assimilation
at the UK Met Of ce?, perhaps the simplest in form is four dimensional variational
data assimilation (4D-VAR). This is also among the most comnonly used, being the
form of assimilation algorithm used operationally at the ECMWEF for ocean data
assimilation of most in situ data (Weaver et al., 2003; Vialard et al., 2003), as well
as at both the UK Met Of ce and ECMWF for atmospheric data assnilation. The
method is described in some detail here, using the discrete de notation of section
1.3.1 and letting x[t,] denote a system state valid at model timet,,.

Problem 5.1 (Strong Formulation 4D-VAR)  Given vectors of observationdt,], t, 2

state vectorx 4[t,] which minimizes a cost function,) (X [to];y;Xy) de ned over a time
interval [to; t; ] by

J(X;¥;Xp)=Jdp+ Jo;

Jo= 5 (xltd X0 B N(xlte] xo);

Mt
Jo=% (yIt] hx[tlt)" R "tI(yI]  h(x[tlt)) ;

ti=to

(5.1)

whereB andR are, as in Chapter 1, the background and observation erron@riance
matrices, subject to a strong constraint that the individuastates satisfy the prescribed
discretized nonlinear model equations exactly,

X[th+1] = M (X[tn]; th): (5.2)

In the weak formulation the condition (5.2) is relaxed by all owing for a small
discrepancy between the derived analysis state at times grater than t, and the state
calculated from the model trajectory. This extra parameter is assumed to be able to
correct for model errors between the prescribed numerical nodel, M , and the evo-
lution operator for the true state vector. In both weak and strong formulations the
model condition may be enforced using a Lagrange multiplier approach, including

2the TOI scheme combines the speed of 3D data assimilation wit the maximal use of data of 4D
methods. Observations are assimilated in a 3D sense, but atsevolved with the model and weighted
depending on their closeness to the validation time of the rdevant analysis (Davey, 2005).
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an extra penalty term in the cost function to be minimized,

W
Strong Formulation:  Jy = [ [t] (X[tisa] M (X[G]6))]
t;gfto
Weak Formulation : Ju = [ti] (X[tisa] M (X[ti];t) + d[ti]) + kd[ti]k? :

ti=to

Extremizing the cost function with respect to the adjoint variable, , thus enforces
(5.2), up to the minimal discrepancy, d, in the weak case.

The minimization problem is typically solved by using an adjoint to the lin-
earized model equations,M , to calculate the local gradient of the cost function
with respect to variations in the initial conditions,

M@ +JIn)=b *(Xo Xp)+ [to];

where the adjoint variable satis es the equations
[t1=M ( [tisalitivn) + HR OGIYIG] DXL 6); 02 [to;::ts 4

[t:]= HR ‘[tel(ylte]  h(x[te] te);

where H is the local linearization of the non-linear observation operator. The
calculated gradient is used as a search direction in a suitalke descent algorithm.

Under this approach analysis (and of course forecast) state at times greater
than to are always calculated directly from the model, M , so that the contribution
from the Jy term is implicitly set to vanish. The values of the are calculated
by backwards integration of the adjoint model from the termi nal condition under
the necessary forcings from the observed innovation vectos,y  h(x). This cycling
between backwards integration of the adjoint model to obtain a descent path, fol-
lowed by forward integration of the model equations to nd a n ew approximation
to the state trajectory corresponds to the backwards and fowards sweeps of the
Kalman Smoother algorithm in that information in the mismat ch between obser-
vations and background is carried in the positive and negatve directions of model
time respectively.

When the 4D-VAR scheme is applied operationally approximag¢ or linearized
forms of the cost function or adjoint are frequently used to reduce the computa-
tional expense of the full algorithm or to speed convergencetowards a limiting
solution, at the cost of a possibly sub-optimal nal analysis state. For example the
ECMWF NWP assimilation system operates at half the model redution of the full
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deterministic forecast when assimilating data. The nal mo del trajectory generated
can be evolved using the model operator to times greater thanthe nal time of
the time window in order to generate a new forecast state. The conceptual differ-
ence between using a four dimensional (4D-VAR) and three dinensional (3D-VAR)
algorithm to assimilate observations over a short time window in a simple model
is illustrated in Figure 5.2. This does not show clearly the advantages of the al-
gorithm though, since in general 4D-VAR algorithms are moresuited to problems
with limited or noisy observational data. This is because olservations valid over
a wide range of veri cation times may be assimilated and the analysis trajectory
is constrained to lie on (in the case of strong formulation 4D-VAR) or near (in the
case of the weak formulation) a model trajectory.

5.2 A 4D DISPLACEMENTASSIMILATION TECHNIQUE

5.2.1 TIME WINDOWS AND REARRANGEMENTS

The question remains as to how to combine the advantages of m#ods based on
the “time window' and ‘rearrangement’ interpretations of the data assimilation prob-
lem consistently. One hypothetical approach would be to cowple the increments to
the model initial conditions to the three dimensional rearr angement techniques of
Chapter 4, constraining the actual applied correction to be in the form of a rear-
rangement. The method would require both calculation of a 4D-VAR analysis and a
rearrangement of the background state that was closest to if while hoping that the
rearrangement state calculated actually represented a beer t to observations than
the initial background. Such an approach would be both computationally compli-
cated and inef cient, with no guarantee that the method woul d actually reduce any
objective function.

These issues may be resolved if we remember that the rearrargment condition
applies at a single time, whereas the time-dependent natureof algorithms (such as
4D-VAR) is inherited from the form of the cost function to be minimized. By re-
laxing the rearrangement condition to allow the limit of rea rrangements generated
by in nitesimal displacements the advective step of the previous chapter may be
assumed to occur in model (rather than pseudo) time and the asimilation forcing
can thus be represented as an additional advective term in tke evolution equation
of all material variables of the system.

Under this assumption the evolution equation for an arbitrary model tracer vari-
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Application of a quasi 3d assimilation method
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Figure 5.2: Cartoon showing 3D and 4D data assimilation ousth

The top plot shows the result of repeated data assimilationdata along a
single spatial dimension in a simple model. At each obsenviiine the model
is corrected towards the observed value, however none ahtbenation in
observations at other times is used at each individual @eyre The bottom
plot shows the result of a method equivalent to 4D-VAR, dtinot only in the
function value, but also across a time window. A singlenmeng is found at the
start time, which matches the observations, but is not fanfrthe initial value
of the background trajectory. This means that the entirehpat assimilated
run is one model trajectory (the “strong' formulation) kelin the case above.
For this particular data set the 3D method shows a terminaewushoot, the 4D
method an overshoot. The mean residual over the entire winsldoetter for
the 4D case. This is partly due to the large model sensitingrt = 0:0.
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able (x;y;z;t) in the domain of interest, D, becomes

2#uru) 1 =F() 53)
where u is the standard velocity eld derived from the model momentu m equation,
U, is the new additional assimilation velocity and F( ) denotes the diabatic pro-
cesses affecting , which are assumed small, but non-zero. This is a generalizgon
of the concept of displacement assimilation in what is essetially a nudging of the
model, or weak model formulation, while retaining the conce ption that adiabatic
rearrangements through advection dominate the problem.

As suggested previously the new variable,u,, is chosen to minimize a time-
windowed observation cost functional,

zZ,Z
J(@y; )= (y hl[ ]2Vt (5.4)
to Dn

where the evolution of (t; x) is governed exactly by equation (5.3), y(t; x) are
the observations on the domain|tg;t;] D y to be tted and h[ ;t]is as before the
observation operator mapping a model state to the quantity that it is expected
would be observed. The key advantage of this formulation is n its simplicity; the
minimization process is for a single function only, guaranteeing that the t with
data, as measured by the cost functional, improves, and remwaing the “two-step”
structure of the hypothetical 4D-VAR plus 3D rearrangemens idea suggested above.

5.2.2 CONDITIONS ON THEASSIMILATION VELOCITY

The minimization problem, as presented thus far is seriousy ill-posed due to
the lack of constraints and the large number of degrees of fredom of even the
discretized problem. To alleviate this issue and to reduce he dimension of the space
over which the minimization must take place it is possible to list some physically
necessary constraints on the chosen form ot .

(). The assimilation velocity is assumed incompressible,
r u,=0:

Firstly this means in the adiabatic limit, where F( ) =0, the assimilated
model continues to satisfy the rearrangement condition for the entire time-
window. Secondly, given that the displacements of interestare slow (by as-
sumption comparable with the timescale on which the model states them-
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selves evolve) and of large-scale (again comparable with tle model), the as-
similation ow itself satis es the conditions required for the ow velocity eld
to be assumed solenoidal (Batchelor, 1967, section 3.6). Tls follows from an
assumption that high frequency oscillations, whether in time or space, in the
position of a feature can be ascribed to noise in the observabns and model.

(ii). The rearrangement assumption requires that the net mass transfer through
material boundaries must be zero,

Z
u, ds =0;
D

with D the boundary of the domain. A consideration of the effects of the
displacements at material surfaces (Batchelor, 1967, sedbn 3.3) suggests
that this may be achieved through the normal condition of no-normal ow on
material boundaries,

u, n=0on D;

with n any vector normalto D. In principle other choices for the ow bound-
ary condition are possible, for example a sponge condition wth in ow along
one section of D balanced by out ow of uid with identical water mass prop-
erties along another section. Whether such a process, for eémple the removal
of excess warm water from the Gulf Stream and its re-introdudion near the
Mediterranean, has any physical meaning in a data assimilaibn context for a
real ocean model seems unlikely howevet.

(ii). There is no direct physical argument concerning the choice of lateral bound-
ary conditions to apply to u,. Probably the most suitable choice is to apply the
same lateral conditions in the data assimilation scheme as ee applied to u in
the forward ocean model, since it may be argued that the same ysics are
assumed to apply and this should limit the possible number ofextra modes of

variability that the assimilation scheme may excite.
There is also the question of what behaviour is to be expectedvhen the obser-

vations alone do not contain enough information to make the minimising velocity
eld unique, as will generally be the case considering the observational data pre-
sented in Section 1.4 . In fact, even in the case of full obserations of a single tracer
eld there may exist displacements which leave the cost fundion (5.4) unchanged,

3This is certainly obvious for cases with closed boundarieslt could be argued that such a process
would represent the required behaviour on open boundaries d a regional model. Nevertheless we
would not expect the information present in the out ow regio n of a regional model to match the
information in the in ow region with respect to the existenc e of eddies, etc.
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Figure 5.3: Example of a cost-function preserving reaenaegt

The eld on the right represents the eld on the left rotatedteclockwise about
its centre by90 , as indicated by the motion of the symbols representingetrac
particles. This rearrangement generates no change in atmnicroe the observed
variable, however metrics on patrticle displacement wollvsh large signal. It
is important that any displacement assimilation method gerterate such large
scale displacements when not evidenced in data.

for example rearrangements of level sets of the tracer (see igure 5.3 for an exam-
ple). This issue cannot be resolved by use of a background ten in the manner of

the J, term of 4D-VAR since this would restrict the ability of the scheme to match
with observations without preventing displacements along combined level sets of
the background and observations. Similarly, a normalization term, as in Section
4.3.1, would unfairly penalise large displacements in those situations when they
are necessary. Instead the problem may be alleviated by initlizing the descent
routine in a state with zero displacements everywhere and aming to minimize the

excitation of modes orthogonal to the descent direction while gradient sliding.

5.2.3 THE SOLUTION ALGORITHM

By exact analogy with the solution of the 4D-VAR algorithm we couple the evo-
lution constraint, (5.3), to the minimization problem usin g a Lagrange multiplier
approach. Introducing adjoint variables (t;r) and an extended cost function,

2 3
Z ., g2 v
J (Uayy) = (y h(g)*+ £@[q;U] M [g;u;ua] dedt: (5.5)
to % Dy EZ 1|2 @ J{Z )

Where here M denotes the extended non-linear model evolving the state ofthe
system with time, that is to say the standard model together with the extra forced
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advective term containing the assimilation velocity. This requires the speci cation
of an initial condition on gand u at some point in the time window,

Aty X) = by tp 2 [toste];

u = Up.

The effects of this choice are discussed in section 5.2.5. Tie method in fact repre-
sents a particular form of weak 4D-VAR, in which the form of the discrepancy term
is forced to be equal tou, r g for some vector eld, u,. In this way the method
can be thought of as correcting for the adiabatic part of the model error term in the
tracer equations, though not transferring any additional m omentum to the system.

5.2.4 BASISFUNCTIONS

The continuous formulation of the four dimensional displacement assimilation
(4DDA) algorithm should in theory nd instantaneous veloci ty elds of any mag-
nitude (in the energy norm of Chapter 4) that are suf ciently continuous to satisfy
the variational principle of section 5.2.3, so long as they act to extremize the cost
function, J . This means that the algorithm is in turn free to generate displacements
of multiple different frequencies, including very high one s. This contradicts one of
the original assumptions made in the formulation of the incompressible advection
term approach, namely that all the assimilation displacements are large-scale and
slow, at least in comparison to the standard model dynamics.

In fact in the continuous limit with temporally discrete obs ervations 4 and van-
ishing diabatic forcings there will exist multiple differe nt choices for the assimila-
tion velocity which will all produce the same nal tto the av ailable observations,
but of varying energies. The locally most energetic states orrespond in the limit
to repeated application of the three dimensional method of Chapter 4, assimilating
only at those time levels when observations are available. h this sense the four
dimensional algorithm acting in the 'no model' case, when bah the forward model
velocity and diabatic forcings vanish, and with observations available only at the
end of the time window represents a Benemou & Brenier spaceitne style approach
to the case of the three dimensional assimilation problem.

To a certain extent the discontinuity problem vanishes whenthe problem is dis-
cretized for numerical calculation, since the representaion then has no dichotomy
between a continuous model and discrete data, while the numeical scheme em-
ployed makes some sort of assumption about the continuity ofthe imposed elds.

4That is the point observations in time, as well as space, as irsitu observations often are.
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Nevertheless the issues surrounding the time-level of the asimilation velocity do
not disappear. Instead a new dif culty arises concerning the dimension of the elds
to be stored. Under the time window approach the assimilation velocity eld to be
applied must be available over the entire time window, but cannot be calculated in
the forward model step. Instead the result of the adjoint model must be stored at
each intervening time level.

This data storage issue may rapidly exceed available compuwr capacity, espe-
cially in the high resolution, short time-step models for which the adiabatic assimi-
lation routines are most appropriate. In the case of the two layer QG model a single
assimilation run at 10km resolution and a one hour time-step to assimilate the data
available over a 10 day time-window requires storage for an aray of approximately
224 oating point numbers for both the current assimilation str eamfunction and its
search direction. This represents an over a hundredfold incease on the 216 ele-
ments required in storage for the initial value increments generated from the weak
4D-VAR formulation.

Fortunately, a method exists which obviates both the theordical inconsistency of
the continuous model and the practical handicap of the numerical method. Regard-
less of the physical model chosen the momentum equations in lhe extended cost
function contain no dependence on the rate of change of the asimilation stream-
function with time, i.e. that terms in @ 2=@tever appear inM . If we consider, for
example, a Fourier expansion of the assimilation streamfurction,

2
a(t; x) = Zi "a(k; x ) ekt dk: (5.6)

1

It will be noticed that the new de nition of the cost function ,J = J ("), is purely
linear in terms of the Fourier modes of the streamfunction, ”, and, by considering
a variational principle for those terms and reversing the order of the integrations in
t and s, we obtain the new search direction,

Z
“a; ) @ akt -
w  @xy)  @x '

I ad =

This linear dependence onk implies that the gradients of the different modes can

be calculated separately. Moreover, the cost function may fe further extended by

adding an explicit term penalizing the energy contained in the various frequencies,
Z 7,

sz:—L F(r ™ r ,dkdsS:
2
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The magnitude of the weighting term F (k) then determines the relative magnitude
to which modes at different frequencies are allowed to grow. The most severe
possible function is a strict cut-off above some critical frequency,K ,

0 jkji K

F(k) =
(9 1 jk>K:

(5.7)
This prohibits the existence of valid solutions with energies at frequencies above K.
Alternatively some other monotonic function in jkj could be envisioned, with the
growth of some modes unconstrained, some penalised and somé&rbidden so that

8 ey =
2 0 Jjki K,
F (k) = S 9 Ky < jkj<K, (5.8)
1 j kKj>K

with g an increasing function of jkj which satis es
9(K1) =0; g(Kz)=1:

If gis chosen so thatF is smooth in K, then this would be expected to generate
solutions which demonstrate less sinusoidal behaviour neahigh frequency signals.

Under discretization the Fourier integrals become summatons. Expressing these
for some generalized basis functionsf; (t), by means of the equation

A
x)= (1) 7))

i=1
we see that the spatial gradients of the cost function are catulated by the discretiza-

tion of Z, @) @
r JaJ = . @X’, y) @X fJ(t) dt:

The constraint (5.7) is equivalent to truncating the set of basis functions to operate

only at certain frequencies,

X
wx)= ) 7

=1

and then solving using the general method. Under the alternaive constraint (5.8)
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then the basis functions are again truncated,

X1 X2
‘x)= fit) F(x)+ fi (1) 77 (x):

j=l k= K1
The gradient of the cost function with respect to the penalized modes, 2, is then

Z
) @ ! ) @ a.
t @X, y) @X f (t) dt + gr 2 j- (59)

r-.J =
J

Since most minimization schemes which use gradient informdion work on the basis
that the new guess ,+; is given by an equation similar to

n+tl = n r.J;

the extra linear term in (5.9) acts like a linear friction ter m, damping the energy
contained in all those modes which are not excited by the forang from the Jacobian
term between the adjoint variable and vorticity.

5.2.5 TIME PIVOTING AND INITIAL CONDITION ERRORS

As discussed above the solution algorithm requires a choicef initial condition
to be de ned at some point in the time window, from which the sy stem may be
integrated, forwards or backwards. Typically, due to the numerical constraints of
the models which are used, this point will be the starting time of the window, t,.
Since the assimilation forcing term appears in the evolution equation for the tracer
rather than as a step change in its value the variable is constined locally to remain
close to the background trajectory (see Figure 5.4). This mans that in cases of
large initial condition error the method cannotcorrect the error fully, even if totally
adiabatic and will instead tend to create large, numerically unstable, signals around
the initial part of the window. This issue can be avoided by coupling the 4DDA
method to a 3D method, which is run to correct initial conditi on errors before the
time window is tted, or by coupling to another 4D method whic h corrects initial
condition errors, such as the 4D-VAR method itsellf.

Coupling the method directly, with a 4D-VAR algorithm throu gh the use of twin
control variables, xo and u, represents the approach of Hoffman and Grassotti
(1996) and Ravela et al. (2004) in four dimensions. As such, it requires assump-
tions about the magnitudes of the phase and amplitude errorsin the data, in the

5The forward model is typically only stable integrated forwards, due to diffusion terms. Similarly
the adjoint model may be unstable forwards in time, but stable when integrating backwards.
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case when both approaches can explain the observed discrepay. Provided the
background conditions are close, in the sense of the rearragement metrics intro-
duced previously, to the true system state, then this shouldnot be a great issue.
When the background and truth differ greatly then the origin al assumptions used
in justifying the use of rearrangement theory are broken andit is justi able in using
methods which only correct for amplitude error.

5.3 ADJOINT MODELS

5.3.1 DISCRETEVERSUSCONTINUOUSADJOINTS

There currently exist two extremely distinct philosophies among modellers for
dealing with the question of numerical calculation of the ad joints to systems based
on geophysical uid ow. The rst approach asserts that the ¢ ontinuous equations
must be discretized in order to be solved, so that it is the adpint to the discretization
to the tangent linear model, M which must be calculated. This can be achieved by
replacing line by line the linearized forward operators by t heir adjoint equivalent,
for example transposing the arrays used in matrix multiplication. This is naturally
the approach followed by the various modern automated systens for calculating
adjoint codes, such as that of the Tangent linear and AdjointModel Compiler, or
TAMC (Giering and Kaminski).

The major advantage of this method is that the nal gradient t hus calculated
is the best possible representation of the rate of change of he implemented nu-
merical model around the linearization state. Provided the linearization is a good
representation of the non-linear dynamics then this maximizes the magnitude of the
descent possible on each iteration of the descent step. Thiapproach also allows for
the transparent treatment of discontinuous behaviour caused by conditional state-
ments and switches within the forward model, see for example the discussion in
Akella and Navon (2006).

The second approach is to consider the implementation of thetangent linear
model as an approximation to the genuine continuous tangentlinear model which,
provided sensible numerics are used, will be re-obtained inthe limit of in nitely
ne resolution. In this case the discrete adjoint is calculated by rst generating the
continuous adjoint of the continuous linear model and then discretizing the result
using some appropriate technique. For simple model dynamis or small problems
this produces easily comprehensible and ef cient code and dlows the use of differ-
ing approximations in the adjoint model from those that are u sed in the forward
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Figure 5.4: Cartoon showing e ect of 4DDA on model trajee®r

Data is assimilated into a simple one-dimensional modeldaelimg the evolu-
tion equation, in this case through a simple additionaklirfercing,

with  chosen to minimize the r.m.s. error compared to observatitirwill be
noted that the correction due to forcing is most accuratelia tentre of the
window. The lack of correction near the beginning of the timedow is typical
of approaches based on modifying solely the evolution iegsat
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model when appropriate. More iterations of the chosen descet algorithm may be
required than in cases using the rst technique to achieve a gven reduction in cost
function, but with each iteration cheaper to perform the na | result may be com-
putationally more ef cient. A study by Schiller (1995) foun d that the accuracy of
calculated gradients was relatively unimportant when attempting state estimation
in the North Atlantic using the steady state version of an ocean GCM. Sirkes and
Tziperman (1997) nd that, while both approaches are approp riate for the gener-
ation of gradient information, the “adjoint of nite differ ences” approach shows a
large, strongly non-physical computational mode over intermediate timesteps.

In what follows it is thus the “ nite difference of adjoint” a pproach which is
taken. The precise numerical implementation of the adjoint models used here are
described in detail in section C of the appendix. However for comprehension it
should be noted that the code steps four adjoint model variades, 1; ,; 1; 2 back-
wards in time from an initial zero state. These variables corespond to the four
Lagrange multipliers applied to maintain the evolution of t he forward model quan-
tities, 1; »; 1; 2inthe QG two layer equations,

d3 1
1t d—t[l"' y] ole r* 1=0;
ﬁ[ 4 .=0
2 dt! 2 y] r-2=u;
f2
1 1 r % gq?l (1 2)=0;
1
f2
1 21 2 gqu( > 1)=0;
as described in Chapter 3. The resulting adjoint optimality equations are
da
1 é—tl"‘ 1+ Hi(y h[ 1 2])=0;
d
2 St 2t Hily hlu)=0;
¢ 8 L @uaty)
: 2 + 0 0 + 1, 1 + 4 .
1 r 1 gq'2|1 1 gq_2|2 2 ax.y) r-i1 a,
) fé fg +@2;2+Y)+r42 o

T +
? 2" gH, 2 gHy ! axy)

plus boundary conditions, discussed in more detail in the Agpendix, Section C. Ex-
actly as with the forward model these form a pair of evolution equations and a
pair of elliptic equations and similarly these four equations in fact represent the
evolution of two variables, nominally the adjoint vorticit y variables, ;, ,. The
solution algorithm is also very similar to that for the forwa rd model. The adjoint
vorticities are back-stepped using spatially and temporaly centrally differenced -
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nite difference methods, making use of a co-ordinate transbrmation to solve the
elliptic equations for two uncoupled modes, analogous to the barotropic and baro-
clinic modes of the two layer forward model. The linearizati on state in the forward

variables at each time level is calculated using linear intepolation between values
stored at regular intervals larger than the timestep of either the forward or adjoint

models (one hour in each case) to save on storage requiremerstfor data, which can
otherwise prove excessive, while avoiding the necessity ofecalculating intermedi-

ate values using the forward model. This represents anothemajor approximation

in the system, particularly when the time interval between storage steps is long.
Experimentally the effect on accuracy of this approximation over shorter storage
intervals of 4—6 hours seems small however, see Section 6.1.

5.3.2 THE OBSERVATIONOPERATOR

The forcing provided by the observations depends on what varables are ob-
served and on how the measurements are chosen to represent da within the
model®. The observation method that produces the simplest problemis to as-
sume that observations are available of the vorticity eld over a set of continuous
connected domains at a scale larger than the discretized modl| resolution. The
observation operator can then be represented in continuousspace as the identity
operator over the observation domain. This means the obseration penalty function
of equation(C.4) can be replaced by an identically valued function

1 X VANVA ,
Jons = 5 Hilr;t](y?* )" dSdt (5.10)

i=1;2 to
where H[r;t] is a step function with

1 observations of ; are available
Hilr;t] = . . (5.11)
0 no observations of ; are available

and y®[r ; t] is any extension of the eld of observations to the entire domain, i.e.
any function that satis es the condition

YUt = yr;t] 8r 2 ops (5.12)

6A measurement in a grid box may be assumed to represent the awage value of the variable
across the whole box, or the value of a interpolating values 4 the grid points.
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Under these conditions the evolution equations for ;; , become

d2 4
W: 1+ Hi(y h[a 2));
d3
WZ 2+ Hao(y h[q; 2]):

An obvious alternative linear function that may be observedis the streamfunc-
tion. The top level streamfunction under the model assumptions, speci cally the
rigid lid assumption, is almost exactly equivalent to the observed sea surface height
of the real ocean multiplied by a constant conversion factor This variable may
observed by satellite altimetry as described in Section 1.43. Under the same as-
sumptions as for vorticity this means that the observation may be written as

1 X Z,Z ,
Joons = 5 Hilr;t](y?* )" dSdt (5.13)

i=1;2 to

this gives a revised elliptic set of equations,

1 1 @ 1; 1)

2 — 4 ext .
r<1 —1+-— 2= ———+ r°d a+ Hy(y 1)
Lf L5 @x;y) !

1 1 ;
r2,+ CE: 2)"‘ r d, t’ﬂlz"‘l'iz(yiext 2)

=, = = —=Z
L~ L3 @x;y)
since the observation operator appears only acting on the imovation vector, these
may be solved in the same way as previous sections.

5.4 CHAPTERSUMMARY

Due to the limited ocean data available over short validation windows tech-
niques for spreading data in time are required. Previously sich techniques have not
been combined with the rearrangement type theory due to possble issues with val-
idation times. Here one method has been documented for applyng such a scheme
in model time by modifying the original model equations to in clude an assimilation
term. A 4D-VAR style adjoint method is used to choose this tem optimally so as to
minimise an observation cost-function.
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CHAPTERG

TIME WINDOW EXPERIMENTS

“All life is an experiment. The more experiments you make thetter.”

Ralph Waldo Emerson
(Attributed)

The behaviour of the four dimensional displacement assiatibn scheme is investi-
gated by running it over a series of test cases and comparihgge with the results of
a traditional 4D-VAR algorithm . Firstly the numerical impementation is investigated
by using a series of adjoint tests to test the scheme for basievergence properties and
to check that the various approximations made hold.

6.1 ADJOINTMODELVERIFICATIONTESTS

As discussed in Chapter 5, at the heart of both the 4D-VAR metbd and the new
four dimensional displacement assimilation scheme lies a nodel adjoint code used
to calculate a search path for the gradient descent routine tsed to minimise the tar-
get cost function. To test whether the two adjoint models, coded as in the Appendix
C, successfully generated (an approximation to) the gradient of the discretized cost
function with respect to changes in initial conditions (for the standard 4D-VAR rou-
tine) or assimilation streamfunction (for the displacement method technique) a
suite of tests were carried out using a simple nite differen ce gradient approxima-
tion.

6.1.1 THE GRADIENTTEST

Consider the general Taylor series expansion of the perturtion of the observa-
tion part of the cost functional,

Z
1
(o )ZdV;

D

J()=

NI

145



TIME WINDOW EXPERIMENTS CHAPTERG

about a state due to a perturbation g, where is a small parameter andg is an
arbitrary (steady) eld on D. The leading order terms in the expansion in are

Z
J(+g)=J()+ r JgdV+ O(?);
D
where r J denotes the local variation of the functional with respect to variation
in , equivalent to the 4D-VAR gradient of the cost functional,

2
r J=@@7(°2 ) - (o )
If the arbitrary eld is now chosen so that g = r J then it follows that the func-
tional, G, de ned by
2349 I (),
2
. ) g-dv
r JgdVv
=-Z  +0();
g’dV
D
will converge to unity as vanishes. More generally any approximation to the rst
order variation of a cost function with respect to a given parameter may be tested by
plotting Gagainstlog( ) and checking for convergence. A logarithmic axis is chosen

for since it clearly demonstrates the behaviour over several oders of magnitude.

&)

(6.1)

For any numerical implementation of this test there are typically four phases of
behaviour:

(). Forvery large the leading order truncation of the Taylor series is a very poor
approximation. The behaviour of the function appears essetially random,
governed by the coef cients of the higher order terms in the expansion.

(i). As vanishes the function rapidly converges towards its limiting value. Unless
the adjoint model is perfect and the forward model is linear, discretized over
only a single time-step, or the length of the model time step is allowed to tend
to zero, then this will not be precisely unity, but should lie close to it, with
methods which give a smaller difference preferred.

(ii). There will be an interval of  over which the curve is essentially at. This
is the range of linearization over which the numerical approximation to the
gradient of the cost functional has converged towards the aralytic solution.
Ideally the range of this plateau will be large, allowing for large stepping in
the gradient sliding method to be used to minimize J .
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(iv). Finally, once drops below a critical value dependent on the model the curve
will produce another series of essentially random oscillaions about unity. The
critical value depends on the choice of numerics and the oating point rep-
resentations used in the underlying computer architecture. This uctuation
is due to the accumulation of truncation errors in the forwar d and adjoint
models, as well as in the calculation of G itself.

Plotting the relevant functions for the 4D-VAR and displacement adjoints to the QG
model for various choices of data and parameters produces tk graphs shown in
Figure 6.2.

6.1.2 REsSuULTS FORAD-VAR METHOD

Application of the gradient test to the 4D-VAR code embeddedwithin the 4DDA
method showed accurate generation of the correct gradient wth respect to varia-
tions in initial condition over almost ve orders of magnitu de, with typical errors in
G( ) of order 0.01 relative to unity. The range of demonstrating convergence was

log,, =7:5 125, with divergence of the gradient, shown by a tendency to-
wards large negative values ofG( ) for larger values of and the oscillations typical
of numerical truncation errors for smaller values.

Compared with the behaviour found for 4D-VAR codes in operatonal numerical
weather prediction models this represents a relatively smadl range of convergence,
a factor of the use of discretized versions of the continuousadjoint rather than the
true discrete adjoint code, coupled with the relatively noisy linear interpolations
used to nd values for the forward model vorticity in between stored values. Since
however the code was developed towards the 4DDA method and wa only to be
used for generating an initial search direction it was felt that this de cit would be
of little relevance.

6.1.3 REsSuULTS FORADDA METHOD

Compared with the results for the 4D-VAR method the 4DDA gradent tests show
a larger domain of convergence, but worse achievement of unty, with convergence
for log,, = 6-13 but a consistent low bias of 0.1 in the value of G( ). Since
the 4D-VAR code appears relatively accurate we ascribe thio inaccuracies in the
temporal part of the problem, possibly in part the basis function representation of
the continuous gradient, which has not been optimised, but is instead chosen for
ease of application. It is possible it may also partly repregnt the larger dimension
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Figure 6.1: Gradient Test for 4D-VAR adjoint code
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Figure 6.2: Gradient Test for 4DDA adjoint code

The gures show the result of plotting the nite-di erenceagient testG given
by (6.1) against step size, for the 4D-VAR and 4DDA methods. Both plots
show the typical band of convergence bounded for smafl truncation error

and for large by the behaviour of higher order terms. Note that the rang® o
whichGis is constant is actually larger for the 4DDA code, althotinghmethod

only generates an approximate gradient and thus does na\echnity.
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of the 4DDA problem and thus the increase in the number of smal truncation er-
rors in the numerics, which accumulate under the summationsimplicit in the code
integration. Assimilation experiments later in this section show the method is still
capable of generating a useful descent direction, and showsot clear bias in the
form of the solution produced, hence we accept the code as praticable, while not-
ing that any inef ciency in the 4DDA descent routine as compared to the 4D-VAR
method may be partly ascribed to this cause.

6.1.4 RELATIVECOMPUTATIONALCOSTS

As in Section 4.2.2 we brie y discuss the cost of the new 4DDA rnrethod in terms
of physical computational resources and CPU time. We choosér comparison 4D-
VAR, as the obvious choice of another method using data at mulple times. We also
brie y discuss the hypothetical method introduced in Section 5.2.1.

As was shown in the development of the 4DDA method in Chapter 5 the 4DDA
algorithm generates both the assimilation streamfunction and the 4D-VAR gradient,
with only one additional matrix calculation required at eac h model timestep during
the adjoint run, of a cost equivalent to one application of a derivative operator in the
forward model. As such, and since there will be many such opeations in a single
step of the adjoint code, the two methods are effectively equal in computational
cost for a single calculation of the descent direction. The typothetical quasi-3D
rearrangement code, however requires one full run of one of the 3D methods of
Chapter 4. For a typical situation, in which the number of assmilation steps was of
order the number of model timesteps in the assimilation timewindow, this would
effectively double the CPU time required in a single iteration of the assimilation
code.

In terms of memory usage, the requirement to store the increnents from the as-
similation streamfunction on multiple timelevels leads to potentially much greater
requirements for the 4DDA, than for traditional variationa | assimilation methods.
For a ten day timewindow with a model timestep of an hour, this would be a massive
240-fold increase in memory usage, compared with the requiement for univariate
4D-VAR data assimilation. Following the Fourier series rediction method of Sec-
tion 5.2.4 we reduce this to a ve-fold increase, when storin g data on the constant
mode and the rst two leading order sine and cosine coef cien ts in the Fourier se-
ries representation. This makes the code roughly as memory £cient as 4D-VAR for
multivariate assimilation, assuming the number of physical quantities in the model
is likely to be of order ten. Since the hypothetical quasi-3D assimilation code re-
quires both the increment retrieved from the adjoint code and the result of the 3D
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displacement step, it would represent a tripling of the memory requirements of the
forward model.

Since the two methods, 4DDA and 4D-VAR are similar in computng require-
ments for the process of generating a single line search alog a descent direction,
we will use the iteration count of these searches in examining the ef ciency of the
two methods in the test-cases which follow. The codes are rununtil the length
of the normalized line search, drops below a level,1 10°, where we expect the
numerical truncation errors to dominate.

6.2 TRACERFIELD EXPERIMENTS

Identical twin experiments were performed using both the 4D-VAR and 4DDA
methods to attempt to assimilate errors due to

Adiabatic model errors,
Adiabatic errors in initial conditions,
Non-adiabatic (amplitude) errors in initial conditions,

Different model resolution (model errors).

6.2.1 A TRIVIAL EXAMPLE: PSEUDO-CURRENTS

The most trivial test case for inter-comparison of the 4DDA and 4D-VAR methods
is to assimilate full data from a run which has been forced by asimilar pseudo-wind
eld to that which the 4D-VAR method introduces, that is to say we consider as the
true state the entire data eld from a run of a model, with equa tions

dg
+Uur rg=F:
dt f q |
The g, i = 1;2 are the relevant layer vorticities, us is the applied pseudo wind

forcing and d=dt and F; denote the standard model total advection operator and
forcings, so that the standard model is denoted in this shorhand notation by

dﬁ': @+
dt = @t

This is the problem to which the adiabatic assimilation method is naturally most

Uj I’q:Fi:

suited, and the 4D-VAR method least, in that we are actually atempting to retrieve
a model error parameterized as an advection, violating someof the assumptions
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for success of the 4D-VAR algorithm. For such problems the 4B/AR algorithm will
produce an analysis state for the initial condition at the start of the time window
that differs from the truth, while 4DDA will attempt to conve rge towards the model
bias.

For the results presented here the forcing eld was determined by a relation,

usr =r tk; k=(0:01)";
so that the additional current was given by a forcing stream function de ned as

(yi= A5 B+ H[? B i=1

where r2(x;y) = (X  X)?+(y VYo)?), with H the Heaviside function as before
and the parameters chosen asx. = y. = 1280km, B = 250km? and A = 1
10 12m s 1. The resulting "hump' streamfunction generates rotation aound the
point (Xc;Yc) in the region r B without causing discontinuities at the edge or
centre of the rotation.

The streamfunction is plot (1) of Figure 6.3, with the second plot showing the
mean top vorticity layer vorticity eld in the unforced cont rol eld used to provide
the background rst guess of the model trajectory, and the third and fourth show
respectively the difference between the forced “true' and nforced "background' top
layer vorticity elds at the end of the time window in the expe riment, T = 24 hours,
and the variance in the same eld over the entire window. Both these plots show
that the effect of the forcing is predominantly concentrated over the area of forcing,
r < B and the variance eld shows that the dominant effect is in the position of the
divide between the high and low vorticity gyres.

Observations at 6 hourly intervals of the resultant vorticity eld over the time
window of one day were then presented to both the implementations of the 4DDA
and 4D-VAR methods. The goal was to achieve the best possiblé to the model
trajectory, as measured by the (observation) cost function

x Z
Jo= (@™ ™ It)* + (g™l g™{t)dS; T=[0;6;12 18 24]hours:

t2T D

The growth with time in the individual terms in this summatio nis shown as plot (1)
of Figure 6.4. As may be expected the graph initially shows eponential growth as
small errors are ampli ed. However, the sharp downturn at th e end of the window
shows that the time window is long enough that small errors have saturated and
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are now interacting with the large-scale ow.

As may be expected, given the nature of the error being assimated (model error
directly ascribable to an advective term), the 4DDA method is much the better of
the two methods for retrieving the original solution. After only one iteration the
method returns an assimilation streamfunction which represents a 70% reduction
in Jo. Further gains are however small (see plot (3) in Figure 6.4). In contrast
the 4D-VAR Algorithm stagnates immediately, with a neglible reduction in the cost
function (1 10 “%), see plot (4) of Figure 6.4.

The returned assimilation streamfunction (plots (5)—(6) o f Figure 6.3) is no-
ticeably different from the forcing applied; there is a trip ole rather than mono-pole
structure to the function in the top layer, which appears on all four frequencies
for which basis functions are prescribed on this run, as wellas an induced dipole
signal in the bottom layer, which is unforced in the run designated as truth. This
demonstrates both the non-linear nature of the induced errors, which induces the
bottom layer signal, and the non-uniqueness inherent in the problem, since neither
of these two signi cant differences in streamfunction severely affects the initial re-
duction in cost function. The induced 4D-VAR increment to the streamfunction also
has a multipole structure, but here it appears to contain a sharp wavelike signal
(plot (2) in Figure 6.4). The wave structure arises from the i nversion of the elliptic
operator in the adjoint model. This form of increment is hard to correlate with ei-
ther the induced forcing or the resultant anomaly. This illu strates how unsuited the
strong formulation 4D-VAR system is to problems with an incarect model, where
the assumptions of the assimilation method are invalid.

As stated at the beginning of this section, this test case regesents the most triv-
ial problem to which this method may be applied; a well observed system acting
under a forcing which is perfectly represented by an advecton term. The short-
comings of the method in this situation, failing to retrieve the forcing perfectly and
generating signals in locations and on frequencies which ae unforced, represent an
important limit on the skill of the method in the more realist ic cases which follow.
In this respect this is a recursive realization of the ideal win philosophy discussed
in Section 2.2. We investigate this further by examining the behaviour of the al-
gorithm over a series of similar test problems in which a forcing streamfunction of
a similar form, but of varying amplitude, are used to generate observation states.
More precisely we setA = 10 12m !s 1, with a scaling parameter.

Plotting the nal fractional reduction in cost-function th e method achieves against
the magnitude of the forcing streamfunction produces plot (1) in Figure 6.5. We
see that for large amplitude signals the reduction is marginal, while it reaches lev-
els of an 80% reduction, as is reduced and the effect of the forcing becomes more
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linear, in terms of the form of the displacements imparted to features. Once drops
below a critical level, however the method no longer converges and no reduction is
possible, as numerical errors once again dominate. This beaviour is familiar from

the experiments with very close displacements shown in Seagbn 4.2.4 and Figure
4.6 in particular. Examining the form of the returned assimi lation streamfunction

at the value of which maximizes the costfunction reduction (plots (2) — (3) in
Figure 6.5) we see that the tripole structure shown in plot (5) of Figure 6.3 is re-
tained in the top layer streamfunction, with only a slight in crease in the strength of
the centre pole suggesting a better t to the imposed forcing. In the bottom layer

streamfunction however the magnitude of the observed signd is much reduced,
and a new 4-pole structure is seen. This is a visible represegation of the simpli-

cation of the assimilation problem with smaller magnitude f orcing. The existance
of this window over which the 4DDA method works well to assimilate the trivial

forcing problem gives jusi cation for testing the behaviou r in the more complicated
assimilation problems to which we will now apply it.

6.2.2 ADIABATICINITIAL CONDITION ERROR

The second test case considered is the one in which the perféanodel assump-
tion is assumed to hold, but the true run differs from the background run in the
initial conditions used, which are assumed to differ in such a manner as to approx-
imately satisfy the rearrangement condition on all material tracer variables.

This difference between truth and models is generated usingthe methods dis-
cussed section 2.5, i.e. the (perfect) model itself is used b create data so that truth
and background come from the same model trajectory but at different validation
times (in fact, strictly speaking over different time windo ws, since we are now as-
similating temporal information). This is a case to which th e 4D-VAR algorithm is
ideally suited, while it is one for which the 4DDA technique may easily fail com-
pletely, for the reasons discussed in section 5.2.5. The caect modi cation to initial
conditions will give a perfect t with the true model traject ory, but this modi cation
may be poorly approximated by boosts to the model velocity eld. This makes the
results for the 4DDA method highly dependent on the form of the basis functions to
be tted, particularly the maximum frequency on which the as similation velocity is
allowed to vary, and on the relative magnitude of the phase shft between truth and
background compared to the time window over which the observations are to be
tted. Counter-intuitively, small shifts in validation ti me may lead, over medium-
length time windows, to the more dif cult assimilation prob lems than larger shifts.
Here dif culty of observation is measured in terms of the fra ctional reduction in
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1) (2)
3) (4)
(5) (6)

Figure 6.3: Results for trivial forcing problem

(1) Forcing eld applied to generate discrepancy. (2) Meam layer background
vorticity. (3) Mean top layer anomaly with observations) ariance of anomaly
with observations. (5) Mean top layer assimilation stremofion. (6) Mean
bottom layer assimilation streamfunction.

If the scheme worked perfectly then (1) and (5) would be idahtand (6)
would be zero everywhere. The actual zonal pattern showd) iappears to be
inherited from the vorticity eld, (2) with the stronger dgasn signal appearing
in both the mean and variance of the anomaly (3){(4).
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Figure 6.4: Results for trivial forcing problem

(1) Growth with time of the discrepancy between the unforgedkground) and
forced (observed) elds. (2) Retrieved gradient/sengitistreamfunction eld
for the 4D-VAR method. (3) Reduction in cost function undee aassimilation
4ADDA method, (4) Reduction in cost function under the 4D-VAd&imilation
method.

Plot (1) shows that the growth in errors due to the forcingusates in approx-
imately 22 hours, very near the end of the time window. Comp4PR) to the
mean and variance of the anomaly between the elds, plot§4Bpf Figure
6.3 shows a wave pattern, inherited from the inversion ofethptic operator
required in the adjoint equations, see Section 5.3. Plos{®ws both that the
4DDA method rapidly nds a good approximation to the constamncing eld
and that the code stagnates at a local minimum after one sidpt (4) shows
simply how unsuited the strong 4D-VAR method is to this tyjferaing problem
as the cost function refuses to descend.
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Cost function reduction against forcing magnitude
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Figure 6.5: Results for trivial forcing limit tests

(1) Analysis reduction in cost function against magnitufléoecing (2) Mean
top layer assimilation streamfunction in most reducedt.lif8) Mean bottom
layer assimilation streamfunction in most reduced limit.

(1) shows that there exists a middle-scale of forcing probler which the 4DDA
method can obtain a good t to observations. For large magtetand small
magnitude problems the method fails for numerical reasdme form of the
returned streamfunction in the top layer, (2) remains xemass this window
(compare with Figure 6.3) while form of streamfunction ia tottom layer, (3)
shows an increase in the number of extreme points, coupladréduction in
the relative magnitude of the signal.
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cost function achieved. This appears to be due precisely tohe issues of divergence
in model trajectories discussed in section 2.5, coupled to he small denominator
in the function Jo=J § given by the initial difference from truth in this case. Over
longer time windows there is less need found for very large initial assimilation ve-
locities, cf. Figure 5.4 and these problems are alleviated.

The results of an example of this form of experiment is summaized in Figure
6.6. The rst plot shows an example of the initial discrepancy in the vorticity elds,
Chackgroundlto] ~ Ghuth [to]. Plot (2) shows the reduction in cost function, de ned as
in the previous section. In none of our experiments did the method achieve a 1%
reduction in streamfunction, despite the presence of full observations. The third
and fourth plots show respectively the assimilation streanfunctions obtained for
the constant part of the basis functions. Both elds are heavly dominated by the
location and direction of the jet separation, with the top-l ayer setting up an across
jet ow and the lower layer a ow increasing the strength of th e jet. Considering
the effectiveness of the 3D schemes when applied to similar ppblems it appears
the issue is with the non-linear nature of the ideal paths of uid parcels which lead
to the ideal displacements. This is supported by plot (5) in the gure, a histogram
showing the integrated kinetic energy equivalent,

e Zy, Z

K = ir  2dxdydt;

i=1 to D
stored in each of the three modes in question. These modes, armne-constant eld,
a eld varying as a period one sine function over the course of the time window
and a eld varying like a period one cosine function, are the ones used as temporal
basis functions in the assimilation experiment. While overtwo thirds of the energy
lies in the constant mode the sine mode is non-negligible espcially compared with
the results in the experiments with diabatic error, below. This is an example of
failure precisely analogous to Figure 5.4, where attempting to t to observations
across the time window leads to overshoots. There is signi @antly less energy in
the cosine wave eld, than in the sine wave even though the periods are the same.
This suggests that it is the behaviour in the middle of the time window which is
being controlled most closely. This again ties to the impresion that the model
trajectory has “overshot' the ideal analysis path at the endof the window and is
thus insensitive to variation at the ends of the time window.
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Figure 6.6: Results for adiabatic initial condition error

(1) Initial anomaly in the top layer vorticity eld. (2) Redtion in cost function
under the 4DDA method, (3) Mean top layer assimilation strieenction. (4)
Mean bottom layer assimilation streamfunction. (5) Enarngihe various modes
of the assimilation basis functions.

From the time stepping method used to generate the trajextathe anomaly
shows the phase error in westward propagating waves. Thanstinctions
returned, (3){(4) are predominantly organized around tlwesigon of the jet on
the western boundary with the energy almost exclusivelyentime-constant
mode (see (5)). This sensitivity to the jet means the costcfiom, (2), does
not descend signi cantly.
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6.2.3 DIABATIC INITIAL CONDITION ERROR

The third case considered consists of true and background ras from differing
initial conditions with a large diabatic component to the er ror. This was achieved
by using as initial conditions the two differently forced ru ns of Section 3.2.3. This is
the problem to which the 4DDA algorithm is least suited and conversely one which
satis es all the conditions for which the strong-formulati on 4D-VAR technique was
designed. Errors are large and predominantly in the existerce and amplitude of
features, rather than in the displacement of their location. The results are shown
in Figure 6.7. Plot (1) shows the initial vorticity differen ce for the experiment. The
second shows the reduction in cost function obtained by the dsplacement assimi-
lation. Although the reduction is greater than in the adiabatic case, it is still small,
bearing in mind the quadratic nature of the cost function in q uestion and that for
this case the denominator, the initial cost-function, Jo = J [Ohackground]-

Plotting the constant part of the obtained top-layer assimilation stream function
gives (3), with contours from the mean of the background top-layer streamfunc-
tion superimposed for reference. This shows that the assimation, or at least the
assimilation velocity, is still dominated by features around the jet, although now
principally forced by a large meander roughly 400km east of the jet separation
point. This feature is also obvious in the vorticity anomaly eld. The streamfunc-
tion shows a dipole ow, attempting to reduce the meander and move it south.

For this problem the 4D-VAR algorithm rapidly reduces the oljective cost func-
tion to a level less than 20% of its inital value, as show in plot (5). This rapid
reduction is unsurprising. Since the test case is run over aelatively short time win-
dow, while the background errors are large and diabatic, the observed difference
between background and observations at the points, within the time window, when
observations are taken are very similar to the differences letween background and
truth at the beginning of the window, namely the eld the assi milation method is
trying to nd. This can be observed by studying the form of the gradient search
direction supplied by the 4D-VAR algorithm and comparing it with the vorticity
anomaly in plot (1). It will be readily observed that many fea tures around the
middle left of the box appear prominantly in both plots, with only the ner scale
structures absent in some places. The excellent behaviourfathe 4D-VAR algorithm
is to be expected for what is in many respects a trivial problam for this method.
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Figure 6.7: Results for diabatic IC error

(1) Initial top layer vorticity anomaly, (2) 4DDA Reductiam cost function, (3)

Top layer assimilation streamfunction (colour plot) witlean background top
layer streamfunction (contours) (4) 4D-VAR reduction istdoinction, (5) Initial

4D-VAR vorticity increment eld .
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6.2.4 IMPERFECTMODEL EXPERIMENTS

As a nal test case dealing with direct observations of tracers themselves we
consider the case of more general model errors, which may intude an explicit di-
abatic component. To generate these errors we consider thease of two runs from
models based on different discretizations, initialized from the same initial condi-
tions. In this experiment the truth is assumed to be the discrete model based on a
10km grid-point separation distance, X, as used in the other sections of this chap-
ter. The background run is from an otherwise identical model with a 20km value for

X, a value which means that both the westward boundary currents and mesoscale
eddies in the system are poorly resolved, but below the Rossp radius of deforma-
tion for each layer in the interior of the basin, the scenario commonly termed “eddy
permitting’. The coarse scale model is initialized so that each grid point holds the
value of the equivalent ne-scale “truth' run. This means that gradient information
is lost and the interpolation of the coarse-scale grid onto the ne scale no longer
satis es the discretized version of the rearrangement condtion. The approach of
viewing a ne-scale model as truth in forcing a coarse run has a long history, par-
ticularly in studies concentrating on methods for increasing the variability between
members of ensemble forecast predictions, in order to bette give a larger spread
to the model trajectories and cover a wider selection of possble model trajectories
near bifurcation paths.

Figure 6.8 shows the results of an experiment assimilating till observations at
6 hourly intervals over a 72 hour time window, tting in the 4D DA experiment to 7
basis functions, one constant function, 3 sine functions ard 3 cosine functions over
the time window. Plots (1) and (2) show the initial anomaly, Gy [ti] Obackgroundlts ],
andthe nal analysis anomaly, G [tr] Ohackground[tt ] fOllowing an application of the
4DDA algorithm. The initial anomaly between the two runs rep resents primarily the
difference in the magnitude of the frictional term, r  ;, caused by the smoothing
of sharp gradients. This is shown by the large-scale, lamenary, structure of the
signal, which is concentrated along the western boundary ard, in particular, around
the cut-off eddy and meander visible in the top-layer vorticity, plot (8). Plots (3)—
(4) show the time-constant mode of returned assimilation streamfunction in colour,
with superimposed contour lines from the model streamfunction. In the top layer
this shows the assimilation forcing acting to reduce and shit north the strength of
the jet, shown by the large positive signal along the jet contour, and to encourage
the eddy to move south and roll up, shown by the dipole structure over the centre
of the eddy.

Returning to the analysis anomaly, plot (1), we see this approach is successful
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in reducing the magnitude of the difference from the ne run, but retains almost
exactly the same structure, not introducing any obvious noise. Looking once more
at the energy stored in the various modes, plot (6), we see thd the time-constant
mode contains more than three times the energy of the next lagest mode, the
period one sine function. This energetic time-constant mock is typical of situations
in which the method has converged successfully to an improve analysis solution,
as shown by the cost function convergence, (5). Here the cosie modes contain
almost as much energy as the sine functions of the same periodThis is a signal of
a problem for which the code has avoided the overshooting so ain in the previous
problem.

For this class of problem the 4D-VAR algorithm fails to desced to an improved
analysis. The increment eld, plot (7) of Figure 6.8, has a sharp dipole structure
centered over the cut off-eddy. Unfortunately, it seems to be too smooth for the
gradient descent algorithm to operate successfully, sinceghe maximum step allowed
before the increment eld is no longer a descent direction is too small.

6.2.5 ASSIMILATING NON-MODEL VARIABLES

We conclude this section of this thesis by returning to the question of the realistic
case of assimilating limited, noisy observations. More paticularly to the question
of assimilation of the satellite altimetry proxy of upper la yer sea surface height. As
discussed in section 5.3.2, assimilating this form of obsevation, although linear in
the model variables, introduces another pair of elliptic operators into the calcula-
tion of the adjoint model. In particular the near singular di screte operatorr 2,
arising from solving for the baroclinic mode, adds appreciably to the run time of
the code. In fact we nd that generally the code refuses to descend more than min-
imally in either 4DDA or 4D-VAR formulation. This is disappointing, but suggests
there may be insuf cient information in such surface observations to perform dis-
placement assimilation without additional regularizatio n terms. This is a possible

topic for future study.

6.3 CHAPTERSUMMARY

The validity of the model adjoint codes used in the presented4D-VAR and 4DDA
technique has been tested through comparison with a nite-difference gradient test.
The 4DDA code is found to generate a less accurate, but more ftoust search direc-
tion than the same routine in 4D-VAR mode which, it is argued, is due to the rep-
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Figure 6.8: Results for model error

(1) Background & (2) Analysis vorticity anomalies. (3) Teyér & (4) Bottom
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resentation of the temporal variation of the assimilation streamfunction allowed
through the basis function approach.

Both algorithms were then applied to a series of test problens and the behaviour
compared. The 4DDA algorithm was found superior in the casesof model and
forcing error, while failing for errors in initial conditio ns, with broadly the opposite
behaviour for the 4D-VAR algorithm. This is understandablegiven the motivations
behind the different formulations, but it is unfortunate th at the 4ADDA method was
relatively poor in the case of adiabatic initial condition e rror for which it might be
considered suitable.
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CHAPTERY

CONCLUSIONS

“Now this is not the end. It is not even the beginning of the endBut it is,
perhaps, the end of the beginning.”

Winston Churchill
Speech following 2" Battle of El Alamain
10" November 1942

Conservation properties and phase error are closely relatd areas in which stan-
dard data assimilation algorithms may fail. There are seveal approaches which
can act to alleviate this problem. The aim of this thesis has een to understand the
bene ts and issues involved in using phase error correctionmethods in a general,
mathematically rigorous and physically consistent ocean brecasting system.

Most previous development in this area has been based in the @ntext of ex-
tremely well observed systems. Here the approach has been textend towards
problems with limited observations and to examine destructively under what con-
ditions such approaches fail. This is rst performed for an algorithm based on the
descent of a spatial cost-function analogous to 3D-VAR.

A novel approach based on a four dimensional algorithm equialent to a mod-
i ed version of the weak constraint 4D-VAR algorithm was developed and applied
in the context of a quasi-geostrophic two-layer ocean model This included the
development of the forwards and adjoint models as well as erior visualisation tech-
nigues.

This concluding chapter reviews the content of the thesis asa whole, summa-
rizes the response to the key questions posed in Chapter 1, dcusses the potential
for the application of these results in operational ocean forecasting and nishes
with an enumeration of possible directions for future work.
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7.1 SUMMARY OF THETHESISCONTENT

In Chapter 2 we have identi ed a methodology, based on the identical twin phi-
losophy and using trajectories of a simple two layer quasi-gostrophic model, to
investigate the behaviour of data assimilation methods which remove phase error
from ocean models. In Chapter 3 it was demonstrated that tradtional data assim-
ilation techniques can fail in the presence of phase error. V& reviewed methods
based on the concept of rearrangements and showed that one paicular technique,
the Cooper & Haines method, which has been implemented oper#ionally, is not
of itself suf cient to remove phase error from models once initiated. Chapter 4
instead develops an assimilation approach which can corretfor phase error even
with limited observations and includes rearrangements exduded from the Cooper
& Haines approach. This method is based on adiabatic rearragements through an
advective operator. We nd that the technique returns quali tatively representative
analyses for a number of semi-idealised problems, providedhe number of observa-
tions allows suitable features to be identi ed. Chapter 5 extends the approach into
a method we identify with a 4D-VAR type analysis, which allows for information
from more observations to be assimilated. This is a novel corbination of standard
techniques from data assimilation and rearrangement theor. In Chapter 6 we show
that the method can be used for assimilation successfully foa number of problems,
involving both phase and amplitude errors. However, the technique is limited by
the volume of observations available over the time window.

7.2 REVIEW OFKEY QUESTIONS

We now return to considering the questions rst posed in section 1.7.2, restate
the work presented in this thesis in relation to each, examine the extent to which
these key issues have been successfully answered in the cae of this thesis and
the possible methods of further inquiry which are suggested

7.2.1 QUESTIONL1

To what extent is it feasible to decouple the observed errignsl in ocean analyses
consistently into signals due to pure phase error and ampide error?

The rearrangement theory discussed in Chapter 2 and resultat metrics of Chap-
ter 3 present one method for separating the two signals, however this approach is
only feasible in the presence of full observations. As suchtimay be used in compar-
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isons of forecast outputs and analyses or retrievals, but canot be compared directly
against data. The iterative approaches of Chapters 4 and 5 rpresent an attempt to
alleviate this requirement, but do not directly generate a measure for the relative
phase and amplitude errors in the system. Experiments with oth schemes show a
general failure to achieve global minima in solving the phase error problem. This
suggests that the signals cannot be truly decoupled using tke present approach. In
this situation it is possible that the simultaneous approac of Hoffman et al. (1995)
and Ravela et al. (2004) may be more appropriate.

7.2.2 QUESTION2

Given that real oceanographic observations are noisy anahited in scope and num-
ber, can a study of novel phase correction algorithms give @agptitative understanding
of how observations relate to model data in such methods antiat constraints on ob-
servations?

The experiments of Chapter 4 show that the form and type of ob®rvations as-
similated have a very large controlling effect on the adiabatic assimilation method
used. The method effectively attempts to match the gradientof the background to
the gradients of the observation, provided that the observaional data was differen-
tiable on the model grid. In this sense with full observations the gradient patterns
of observation and background represent the “shapes' of theelds to be matched.
With incomplete observations the behaviour is different. Observations are matched
for their values, with the dif culty becoming lling the uno bserved region. Even
with very limited data surprisingly successful assimilations are possible, in terms of
the location and shape of oceanographic features.

7.2.3 QUESTION3

Is it possible to develop ef cient algorithms which maximesthe utility of displace-
ment assimilation techniques, for example in terms of theaif the information con-
tained within observations, in the same way that 4D-VAR mails allow the use of
multiple nonlinear observations taken at different times?

Which of the presented methods is best used to correct for adabatic error when
assimilating data into a system depends primarily on the form of error which is
assumed to be present, as well as on the data themselves. Whefull observations
of model variables are available the calculation of the polar factorization necessary
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to minimize phase error directly is trivial and computation ally inexpensivel. The
coupled Monge-Kantorovich problem can be solved approximéely with the same
computational cost as a 4D-VAR assimilation problem using he methods of Ben-
amou and Brenier (2001). This may however still be excessiveconsidering many
operational centres still use sequential or 3D-VAR methoddor ocean data assimila-
tion.

When observations are concentrated but not full, or are given in terms of non-
model variables with an observation operator whose inversbn is non-trivial (at
least, one for which the adjoint operator is of less complexty than inversion) then
the descent correction methods of Chapter 4 may be used to caect for background
errors in states at a single veri cation time. Experiments have shown that the
code is best run using an energy form for the normalization on the assimilation
velocity and by choosing a multiscale approach to the assimation, assimilating the
large scale errors in the data faster than those on the smalle scale. For limited
observations the multiscale routine approach can be used tot to the natural scale
of the observations themselves and thus reduce "phantom' adllation induced by
the descent method.

When observations are very limited a four-dimensional appoach may be used,
so that the information contained in the observations is assmilated at the cor-
rect veri cation time. Introducing an explicit, smooth, as similation velocity as in
Chapter 5 allows for the correction of that portion of the adi abatic error which it
is possible to ascribe to errors in the model. This approach $ found to be poor
at tting to initial condition errors, for which the 3D appro ach is more suitable.
An ideal adiabatic error correction system will combine the two approaches, both
three and four dimensional, using the second approach to corect for model error
and to distribute the observational information correctly in time, while using the
rst to correct for initial condition errors at the beginnin g of the time window. Such
an approach is currently too computationally expensive to be considered generally
feasible, but this may change with time.

7.3 |IMPLICATIONS FOROPERATIONALMODELS

As previously discussed no operational centre currently uss a direct phase error
approach for data assimilation purposes, either in NWP or oean forecasting. The
CH algorithm, however, is currently implemented to assimilate satellite altimetry
data. The experiments in this thesis are performed using a hghly idealized system.

1The principal costs are the sorting algorithms, plus any coss based on quadrature.
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The layer QG model is much simpler than the level based primitve equation models
in use for ocean forecasting, and the twin philosophy used intesting ignores many
of the degrees of freedom available in the error signal of numerical models when
compared to observational data.

Unfortunately most current ocean modes do not include potential vorticity as a
prognostic variable. This increases the dif culty of consistently applying the uid
parcel rearrangement idea, since PV represents an importanmaterially conserved
quantity which is dynamically active and has a large control over currents through
the momentum equation. Regarding other tracer quantities the necessary rear-
rangements are most sensibly accomplished in 2D on isentroj surfaces. As stated
in Section 2.1, these may be approximated by surfaces of cortant neutral density,
but these density values are themselves dependent on the dyamic tracers of tem-
perature and salinity. One method is thus to calculate increments to tracer values
on isopycnal surfaces and iterating with calculation of the change to the density
elds.

7.4 FUTUREWORK

Having discussed the extent to which the initial key questions tested during
this thesis have been answered we conclude by posing some opequestions which
remain:

(). Alternative Cost Functions in the Minimization Problem

Throughout the nal four chapters of this thesis, and indeed in the methods
discussed in Chapter 3, the tting to observations is measued by a quadratic cost
function. This is in part because such functions are a standad in statistical data
assimilation methods, due to the results in the derivation of the BLUE equation of
Section 1.3.1. In this case the background term is weighted ly the background
covariance matrix, usually assumed full, while the observaion term is habitually
weighted only by the error variances of the instrument in question. In principle the
weighting on the observation term for adiabatic methods may be any function of
the observed differences with the predictions of the obsenation operator,

J =F (y hx]jy:;x;h;r;t):

Terms of order other than a quadratic one give different weighting to the local t-
ting of the gradient in assimilation velocities to large and small magnitude errors
compared to observations in both the three and four dimensianal cases. Moreover
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the freedom to vary weighting with location, observation ty pe and time allows the
method to be selective, depending on background conditions Such an approach is
not implemented here, but may alleviate some of the sensitiuty issues both meth-
ods have regarding the separation point of the jet. One could for example use
a normalization factor based on the local magnitude of the average background
signal, in the same manner the observation error covariancematrix is used in the
BLUE equation.
(ii). Best Methods of Combining Phase and Amplitude Assintitan

This thesis has concentrated on the goal of separating signia in data from phase
and amplitude error, in order to understand the differences in behaviour of the two
sources and thus obtain a clearer idea of the best method of coecting each. In
practice though both forms of error pollute model analyses and both must be cor-
rected. Considering the implementations of phase error corection techniques pre-
sented in Section 3.3.1, all techniques (with the exception of the Cooper & Haines)
also include terms to explicitly correct amplitude error. 1 n each case this requires
an a priori estimate of the relative magnitudes of the two forms of error, in order
to decide the size of the penalization applied to each. To acarately tune such pa-
rameters would require a large-scale statistical survey ofthe presence of each form
of error in analysis. This could perhaps be performed by obseving the differences
between successive analysis valid at a single validi cation time, as is sometimes
used to tune background error covariance matrices. The new netrics introduced in
Chapter 2 might be a useful tool in such a survey.

(ii). Assimilating Lagrangian Positional Data

As stated in Chapter 1, there has been a massive effort to redece the under-
observation of the ocean interior through the use of passive oats and drifters.
The returns of probe position with time that these probes gererate represent in-
formation on model phase error, errors in the large scale curents and the effects
of sub-gridscale processes. This seems like an appropriatéata set for the use of
adiabatic assimilation methods. It is possible to model thebehaviour of a collection
of m probes by considering the evolution of the conditional probability of probe
location for a given set of observations,

P(r;t):= P(x(t) =rjy =ry);

where r 2 R® is a vector of probe location co-ordinates, x is the true probe po-
sition and y is the usual vector of observations. Consider the followingset of as-
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sumptions:

i. Each probe is an independent observation (likely to apply when probes are
well separated).

ii. The small scale mixing processes which act to spread the pbability density
are broadly the same as those which mix material properties é uid parcels.
This will obviously fail for processes such as convection.

The individual probability densities,
Pi(r;t) .= P(Xi(t) = rjy = ry);

will then, in the absence of observations of the ith probe, satisfy the true system
tracer evolution equation,

@.

6't+ u, rP ;= F(P)):
The probability densities may thus be treated like any other model tracer and as-
similated adiabatically using the same techniques, given amodel for observation
error,

Py = Y(ry):

In this manner any of the presented adiabatic assimilation techniques may be used.
Note that since, moreover, a single observation of a probe lgation is enough to
give P, everywhere, these data are uniquely suited to the polar facbrization plus
transport problem approach. Using the direct minimization approach of the second
half of the thesis would require an extension of the algorithms and codes developed
in Chapters 5 and 6 to accept input from the probability functions.

Further research in any of these topics may prove fruitful. Considering the
proportion of in situ observations which are now being obtained from oats the
third in particular holds interest.
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APPENDIXA

MODEL NUMERICS

A.1 NUMERICALSCHEME

Except for trivial cases, it is impossible to solve the equaibns governing the evo-
lution of the ocean analytically, even at the level of simpli cation of the continuous
QG equations. In order to compute approximate solutions to the equations numeri-
cally the in nite dimensional spatial and temporal domain m ust be discretized into
equations suitable for computers of nite capacity. Posside discretization methods
include using truncated spectral functions, truncated integral solutions using nite
elements or further approximating the model equations themselves using nite dif-
ferences. Spectral models are little used in ocean circulabn modelling; the com-
plicated geometry of real ocean basins means there is no simp set of orthogonal
basis functions to use, unlike compared to the simple sphertal harmonics used in
atmospheric modelling. Several 'next generation' ocean malels, such as the ICOM
project (Ford et al., 2004) are now using nite element techn iques, primarily due
to the relative simplicity of application of asymmetric or a daptive meshes, but the
majority of ocean models, including the operational ocean models at both the UK
Met Of ce and the ECMWF use a nite difference modelling appr oach and it is that
methodology which is followed here.

The derivation of the two layer quasi-geostrophic equations is discussed in Sec-
tion 2.3, so here we will simply present the PDEs to be discreized for easy refer-
ence. For a two dimensional domain, D(x;y), using a choice of principal variables
of potential vorticities, ¢ ; g, with equivalent streamfunctions, 1; , ,the QG equa-
tions are

dg . @ @@ @@ 1 @Y @W ;

i - @t ex@y a@yex "Y1 T ex ey T ¢
(A.1)

o . @,@.@ @:@

— 4 .
@ @ @@y eyox YT TE A2
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f2
2 0
i =T 1 gq_ll( 1 2)1 (A3)
y=r2, S0,y (A4)
gH:

The other free parameters are the layer densities, ;; », average layer depth,H; Ho,
the wind stress, ( ®; ®), Coriolis parameter, f, parameter and viscosity,
These equations are discretized using central nite differencing in both time and
space for all derivatives, apart from the friction term, whi ch uses the forward Euler
method. This is necessary for stability. This discretizaton method is applied to vari-
ables stored on a regular square grid, denoted the Arakawa A gd in the standard
notation of Arakawa and Lamb (1977), see Figure A.1 for a schenatic of the stencil.
The A grid is chosen, since under central differencing the naural locations off the
nite difference approximation to the QG vorticity coincid es with the nodal points
for streamfunction, which is equivalent to a pressure term. This both obviates the
need for extra smoothing operators and allows the use of an errgy and enstrophy
conserving formulation for the advective Jacobian term in the evolution equations.
At nodal points the continuous and discretized forms of variables are assumed to
coincide;

xyst)= (i xj y;n )= §;

axy;t)=ali x;j yin t)=dj:

Under central differencing the partial derivative with res pect to time becomes

1 1
@ _ i b
@t i yin o 2t

with the Laplacian operator represented by

n n n n n n
) i1 20t g o1 2t i

(i xj yn t) ( x)2 ( y)2

The biharmonic operator deriving from isopycnal vorticity diffusion is evaluated
assumingr 4f = r 2[r 2[f]] for any arbitrary scalar eld. The Jacobian terms are
calculated using the so called Arakawa Jacobian (Arakawa ad Lamb, 1981). This
is the stencil given by taking equal weightings in an averageof the discretizations
of the three equivalent continuous forms
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Figure A.1: The stencil for the Arakawa A and C grids
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This particular formulation is a common choice in numerical studies since it is
possible to show that it conserves the domain integrals boththe system kinetic en-
ergy, k r ? k;=2, and the enstrophy, kr 2 k2. Itis argued that this then prevents
growth of nonlinear instabilities. The nal discretizatio n for this term is

(57 3 B+ D
(8+ 8 & B(E* B
f(E+ 2 B DR+ D
, @@ @@ "_  ([+ P & B2+ D)
P @y @ex. T w(p pee D) A9
(5 B(E+ Y
S DR+ D)
(2 Der D

where the subscripts denote the locations on the stencil cetering on point E in
gure A.1.
The solution algorithm for "*1; "*proceeds in the following fashion:

i. If jand ; are known at both current and previous time levels then equations
(A.1-A.2) give explicit equations for ** in terms of known variables.

il. The potential vorticity elds are then inverted to give t he streamfunction (and
hence column velocities) by transforming variables in equdions (A.3-A.4) to
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obtain the equations for the (uncoupled) barotropic and bar oclinic modes,

fé(H1+ Hy)

r2
( 1 2) gq_|]_H2

(1 2)= 1 2 (A.6)

r2(Hy 1+ Hy 2)=Hy 1+ Hy 2 (A.7)

These two resulting block tridiagonal elliptic equations are then solved to
machine precision using the NAG multigrid elliptic 2d solver nag pde_ell _mg
(Numerical Algorithms Group Ltd., 1998).

The boundary condition for the baroclinic part is simply that it is spatially
constant on the boundary,

Hi 1+ Hz 2= K(t):

K may be taken to vanish without modifying the resultant velocity eld. The
boundary condition for the barotropic mode is solved by decomposing the
problem into two parts; Firstly the particular integral pro blem,
;2 fg(Hi+ Ho) _ .
gHH, ’
is solved with = 0 on the boundary, then a scalar multiple of ¢, the solution
to the homogeneous equation

(2 fé(HL+ Hy)

:O;
gHH,

which has unit value on the boundary, is added. The required for
1 2= + (1Yo

is calculated using the mass conservation equation,

z
dS =0
D

which implies in turn that
(t)dS .
D odS

Note that o need only be calculated once, when the code is initialized.
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A.2 THE PASSIVETRACERADVECTIONSYSTEM

An arbitrary number, N of (column integrated) passive tracer concentration
elds, 1(X;y)12,j 2f1,:::;N g, 0 1 are assumed to obey the layer tracer

p/_ @ @, @ ;._ -
ﬁ — @t‘l‘ U|@y+ V| @y i = r H ( r i)a (A8)

where i 2 1;2 as before denotes the layer number andu; and v; are the constant
geostrophic velocities in each layer given by

u = @
| @ys
| @X

The along-isopyncal diffusivities, , of the tracer elds are assumed spatially ho-
mogeneous and equal to the along-isopycnal dynamic viscosy of the system,
This means that bottom layer total vorticity satis es its ow n tracer equation and
that in the unforced limit the initial o relation is exactly conserved over the
course of an integration run. The lateral boundary conditio n for the diffusion oper-
ator,r :n =0, is assumed forn a unit normal to D. This follows naturally from
integrating acrossD and demanding conservation of total ,

The equation set (A.8) is discretized on an Arakawa C grid, se Figure A.1, for
its conservation properties in ux form and the ease of calculation of edge uxes for
the control volumes. Discretization of the volume ux terms is through the QUICK
upwinding form (Leonard, 1979),

(

1
u ct E 5 W forus> 0
(U )e= ¢ . 8 © etc

3
8
3
8

DD x|

c 1 EE for Ue 0

Ue 8

E

for its third order truncation accuracy and tendency to avoid oscillation and spuri-
ous introduction of unphysical negative values for concentation elds. The diffu-
sion term is discretized using a nine point stencil in an attempt to avoid signi cant
computational modes.

Temporal discretization is chosen to be through the standad 4™ order Runga
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Kutta algorithm,

tf (t,;
N SIS
t t,+ t
Ez(tn)‘*?f n2 1
t t

n

t
4 = (tn)"'?f (th+ t 3);

e _ (1 23 23+ ),
6
This method is chosen primarily for its well-known area of convergence with re-
spect to stability, since it is to be noted that stability criteria are extremely strict
around the point of jet separation and it has been shown that the QUICK algo-
rithm is unstable under implementation of a central differe nce (leapfrog) temporal
discretization (Webb et al., 1998).

A.3 NUMERICALROUTINES FORM ,J ANDJ

The integrals in the de nitions of the three metrics on funct ionsf;g : ! R,
Z
J(fg)= (f g?dv;
Z
3 (fg) = inf (" gdv;
f
zZ,Z7Z
M (f;g) = j&¢ )R ) (9 )H(g )dvd

1
must be discretized if these operators are to be applied to numerical data. Of the
three the rst is the simplest to approximate. Any quadratur e may be chosen, with
the associated errors easily calculated. For the results msented in Chapter 3 a
piecewise at approach was taken, with f and g assumed equal to their nearest
grid-point values. This leads to a discretization convenietly expressed as

ny Ny
J = fi @)® x y;

i=1
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where f; etc. are grid point values under some unique ordering. The truncation
error under this approach is of order
V4
(I (F9) = (kr fk+kr gk)jf gjdV;

provided r f,r gare small.

The second function, J , is calculated following the polar factorization ap-
proach of Section 3.1.2. Once again, an initial nearest grid point assumption is
made as to the value of non-nodal points, in keeping with the area averaged value
approach of the control volume discretizations of the QG mocel presented above.
This assumption also produces simple, fast code, since undehis approach the po-
lar factorization algorithm reduces to a reordering of discrete units, or in terms of
equations,

fi=1u,

g =19 ,i),
where ﬁ is a rearrangement of f with 3 > Dl fa, n,- The invertible
mapping, ¢ : [L;::5;ne ny] ! [L;ne  ny], is chosen so the equation above

holds. The function g and mapping 4 are de ned similarly. The analysis step
which minimises J (1 g) over rearrangements off is then de ned as

=y

The algorithm thus requires one application of a sorting algorithm to each f; of g;,
storing the index of the reordering, to generate f;. The sameJ algorithm as above
is then applied to calculate a value forJ . The local dependence of the error bound
given above is replaced by a global one,

4
(J (f;9))=  (suptkr fkg+ kr gk)jf gjdV:
f

To calculate M two integrals must be evaluated. To reduce the errors in the
integralsin  a piecewise linear interpolation assumption must be used, ather than
the at approach used above, since this makes the inner integal more continuous
in , in turn making quadrature more accurate. Calculating the inner integral for
xed then requires (for two dimensional functions) calculation s of the volumes of
polygons with regular rectangular or triangular cross section. A routine to calculate
this is combined with simple one dimensional numerical integration in
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APPENDIXB

DISPLACEMENTMETHOD NUMERICS

B.1 Two DIMENSIONALDISPLACEMENTMETHOD
NUMERICS

B.1.1 SPATIAL DISCRETIZATIONS

As a proof of concept a discretized form of the continuous mehod was applied
to a full set of point observations of an adiabatically perturbed system. A regular
Arakawa C grid (as in the passive tracer advection scheme oftte previous section,
see gure A.1) was used with equal grid spacings to discretiz the interval [0; 1]

[0; 1], with boundaries passing through points. A system of discretized equations
were created with

=% X (B.1)
Ufjo= & (B.2)
Wiko;j = )lj; (B.3)
(B.4)
where (i x;j z;k t)etc,i®= i+ ;j%=j + I and we have two sets of
linear operators,
o o o o
.= 1Y) Xl 1 , , = i5j Xl,] l; (BS)
—x _ gt oqoqy . —x _ ot jjo
= : = : B.6
> > (B.6)
representing discretizations of partial differentiation and smoothing respectively.
The lateral boundary condition is applied explicitly by setting ;; =0 on boundary
points. The evolution of the eld itself through the transport equation,
@
—+r Ua);
@t ( a)
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was again achieved using the QUICK formulation described insection A.2 for the
ux terms in the discretization,

K ij :(uk )x+(Wk )z:

New values for the eld were calculated whenever the cost function J ceased to
descend. The cost function itself was evaluated as in sectio A.3 by

J(;y)= 5 W( iojo  oj0)°+( iojo  Yigjo)®  Xiojo Ziojo: (B.7)
i%0
This formulation is consistent with the assumption that values represent volume
averaged quantities and as such ts the ux formulation of eq uation (B.6). Here w
represents a weighing towards the background term, i.e. theinitial condition for
the integration. This was actually found to be unnecessary n the work presented
in Chapter 4 where w = 0 is assumed throughout.

B.1.2 TEMPORALDISCRETIZATIONS ANDTIME STEPS

Time discretization was by the same Runge-Kutta & order method as used
in section A.2. The question remains as to how to choose t, the length of the
integration step. Since this de nes both the length of the ti me integration and the
length of the step along the descent path there are con icting pressures upon it.
On the one hand we would like it to be as large as possible to minmise the number
of iterations required for convergence. On the other hand we do not want the step
size so large that the numerical integration technique for the transport equation
becomes unstable. This leads naturally to the decision thatthe step length will be
the minimum of

(). The step size giving maximum descent inJ( )

(i). The maximum step size derived from a CFL condition for numerical stability
of the integration,

X
t<C ——; B.8
Juja (B8

where C < 1is some positive constant.

For a linear descent method applied to a quadratic form,

K(x) = %XTAX b'x;
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an exact form for the maximum descent step size can be found byapplying the
relation
Xk+l = Xk tdk

and assuming that the point at which dy is orthogonal to the local gradient of the
guadratic form then di is no longer a descent direction. Solving for t this gives

(= di (Ax b)
d'd

The minimization in question can be evaluated as a quadraticfunctionin . un-
fortunately the non-linearity of the transport equation an d the Runge-Kutta method
mean that the equations generated can no longer be solved diectly to obtain an op-
timal t. Linearizations are possible to generate an upper bound forthe optimal
step size. In practice, however, it is usually easier to calalate the limit from CFL
condition, (B.8) and reduce the step size if necessary to ob&in descent.

B.2 THE MULTISCALINGMETHOD

In both methods a new, larger-scale, Arakawa C grid is introcuced, with

where capital letters denote properties on the new grid and amall letters properties
of the old. There are assumed to exist smoothing and coarsemig functions mapping
elds between the two grids. For most functions the coarsening function represents
a volume average of the eld value on the ne grid,

P
Fy = —3 fin X; i ;

where the summation is over all ne cells contained in the new coarse cell. The
sole exception is for observational data, where the cell vaue is the arithmetic mean
of all observations in the cell for those containing at least one observation and zero
otherwise, (

=9 v’ N.> O
Yo = No ? ’
0 No =0;
where y'J is the vector of observations in the coarse cell, of lengthN,. In both
methods a coarse streamfunction is then generated,
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h [

—XZ =Z—
= RO RAYZ
where the smoothing and differential operators of the previous section have been
extended to the new grid.

B.2.1 THE STREAMFUNCTIONFORMULATION

Under the streamfunction formulation the coarse stream function is immedi-
ately smoothed down to the ne grid, using a two-dimensional spline- tting ap-
proach for smoothness. This approach is necessary since a iv& approach using
linear interpolation would ensure that maxima of the smooth , which represent
the centres of local rotation of the uid, could only lie at th e points which co-
incide on the ne and coarse grids. Having calculated a smoohed streamfunction
eld the assimilation proceeds exactly as in the single-grid case.

In this case only the streamfunction calculation is carried out on the ne grid,
so that the multigridding code represents an additional overhead on each iteration.
Advantages arrive through the longer integration times which are possible for a
given search direction in the descent routine.

B.2.2 THE FLUX FORMULATION

Under the ux formulation the coarse streamfunction eld is used directly to
calculate a coarse velocity eld through equations

k — k.
Uyo=  zi

k — k.
W|0;J— X -

These coarse velocities are then used to evolve the coarse dsity eld using the
same discretizations as in the single grid case, but now appéd on the coarse grid.
The total net ux into each cell,

Ry = RS R
is then divided equally across the relevant cells of the ne grid,

ktl = k4 % 4 R
1) 1) X Z
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This represents an implicit transport between the subcellscontained in the coarse
cell to achieve this distribution under the given large-scae velocity eld. In general
this process, while preserving the global integral of the tracer being transported,
will be numerically unstable and highly diffusive. Since in this case the veloc-
ity eld is chosen to smooth the differences between background and observation
these problems are obviated to some degree. Since in this casthe majority of
calculations are carried out on the smooth grid the saving in terms of number of
operations is signi cantly larger. The sole calculation which must be performed on
the ne grid is the calculation of the cost function, since th is ensures stability by
ensuring convergence of the algorithm.
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APPENDIXC

ADJOINT MODEL FORMULATIONS

C.1 THE4D-VAR ADJOINT MODEL

In this formulation the (non-linear) forward model, M (q(to);t), found by inte-
grating the layer model equations,

@ @@ @@
@t @x@y @y@x

@ @.@ @, @
@t @x@y @y@x

1
[+ y]= Er + g

[+ y]= 17 2

Gh=r?2, Bl(l 2)+ Y,
gH.
—r 2 fo .

=r1">2 pg—( 2 )+ Y,
is assumed to evolve a state vectorg(to) = [ du(to); ®(to); 1(to); 2(to)], consisting
of the entire elds of vorticity and streamfunction in the tw o layers, from an initial
point in time, tp to a new model time, t. The goal is once again to to match obser-
vations, y (t), as in section 5.1.2, with the t measured by a cost function, J , which
we will later de ne explicitly. Introducing the augmented L agrangian,

Z,Z
J =J+ (@ M (q(to);)dv dt;
to

where =1 1; 2; 1; 2] is the vector of Lagrange multipliers which will become
our adjoint variables, we obtain formal optimality conditi ons for the constrained

minimization of J of

q(to) = M (q(to);t); Forward model
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9
d h
e AL %
d @h
e L RO 2
f2 f2 7 : Adjoint model
2 o+ 0 2:@1’1) r‘. a
gH: gH2 @x;y) %
2 f2 fé = @20 .
gH: © oH: T @xy)
with boundary conditions (tg) = (tf) = 0. Sincerd = (to) the approach of

Chapter 4 is followed, the adjoint equations are discretized and stepped backwards
from the zero boundary condition at t¢ . The calculated is then used in a conjugate
gradients descent method until J is minimized with respect to variations in q(to.
The numerics are the same as those described below for the 4DB algorithm.

C.2 THE DISPLACEMENTADJOINT MODEL

C.2.1 THE ASSIMILATION METHOD

In the examples presented in the main body of this thesis the naterial quantities
being assimilated are the potential vorticity anomalies themselves. Since the ow
is being advected in a two dimensional-sense we may introdue an “assimilation'
stream-function, 2, such that

_ @°
Uy = ay (C.1)
_@°,
Va = ax (C.2)

Using (C.1-C.2) and (5.3) to modify (2.17) the continuous ev olution equations for
the extended system become

@@1@@1@@@@@[+y]:1 .
@t @x@y @y@x @x@y @y@x -

@ @,@ @ @ @@ 0@
@t @x@y @y@x @x@y @y@x
Let us introduce the notations

@ )_ @@ @@
axy) @@y @y@x

[2+ y]= 17 3
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O _ @), @i+ 50).
dt @t axy)

where Li; L, are the Rossby deformation radii within each layer, and including
separate Lagrange multipliers for the evolution equation and PV equation we obtain
the extended cost function in this case

J =] +JM +‘]M +ch+\]ic (C3)
242
J == (y h[q)?dSdt; (C.4)
2 to obs
J ot 1 ! 4 2 2 4 | dSdt; (C5
= + . .
M w b 1 dt lle r-a 2 at r 1 ; (C.5)
Z. Z
t , 1 , 1
Im = 1“1 —(1 20 1+ 21r°2 —(2 1) 2 dSdt
to D Ll L2 C6
¥ 2,2 N (C.6)
Jpe = [6xICi k)+ r 2 ddt+ a (i i0) dS; (C.7)
i to D to D
Z
Jic= Hilx]( i(to;x) io[x]) dS; (C.8)
D

where the J ¢, Jic are the explicit form of the penalty terms enforcing the boundary
conditions and initial conditions of the model equation and D is as usual the model
domain. The boundary and initial condition penalty terms in troduce extra Lagrange
multipliers, i, i, & and!.
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The formal optimality conditions can then be calculated as

9
a
dig _ 1 r + r4y
dt ziLHl
2% _ 4
= 7 1 =
‘th 1 Forward model (C.9)
GQ=1"1 F( 1 2) g
11
=172, F( 2 1)
2
9
a
11_ @h .
a - @g(y ho; cp])
5 2 @h
= 2t = (v himal) =
dt @g .-
1 1 @ 1) Adjoint model  (C.10)
r2, S5 a+ 5 25—+ 1t oa
Lll L12 @@X’Y))
- 2:
et T gay) 5
@ia)_ @ 3
Qax:y) @x : a.
@2;qz): @ » Gradientw.rt. 7. (C.11)
axy) @x’
Thus, given values forq; i, it is possible to calculate the gradient of J with

respect to the free variable 2. This can then be used in a gradient search method
to minimise the cost function. The complete algorithm is

(). Integrate (C.9) forward in time over the time window, [to; tf ], with an initial
condition (to;x) =  o(X), (to;X) = (x) and assimilation forcing, @ =

a;i

(ii). Integrate (C.10) backwards in time over the time windo w, with an initial
condition, (tf;x)=0; (t;;x)=0.

(iii). Calculate - using (C.11), use to calculate new "1,

(iv). Repeat.

C.2.2 BOUNDARYCONDITIONS

Using a calculus of variations approach and considering a peameterized pertur-
bation [t;; x], arbitrary beyond a smoothness condition and the spatial baindary
conditions, applied to the nal state of the system gives an optimality condition

i[ti; x]=0 x 2D (C.12)
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Note that the same process applied at, generates the equation

ilto;x]= !i[x] x2D (C.13)
and since optimality in ! requires merely

i(to;x) = jo[x] x 2D (C.14)

we can choose (C.13) as our de nition of ! ; and we are free to impose (C.12) as
an initial condition at time t; for the evolution equation for ; and then integrate
backwards in time.

Collecting together the spatial surface terms in the lineanzed equation gives the
integral in each layer

Zt Z 2 0 . 0
f i@ - @ r 2 i0+ T 2i @
o b @n o @n o @n @ .
o 2 @a o @it T oog gt
@n|+ r i I+I@S i @S Qddt
(C.15)
Since it is possible to de ne two different functions with, f or example,
9
1= 2 g
@n  @n on D; (C.16)
r<.1=r°y %
@2.,Q@%,
@n @n'’

considering a calculus of variations approach for suf ciently smooth functions gives
us four optimality equations

i = Oon D; (C.17)
%n - ,on D: (C.18)
i+ r2, = 0on D; (C.19)
@@n i+ r?, = on D; (C.20)
where we have simpli ed using knowledge from the boundary conditions
%s: 0 on D;
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%g: 0 on D:

Using the free parameter, , to solve for equation (C.18) we see that under free
slip constraints we have two new boundary conditions on ; , equations (C.19)
and (C.17). The optimality condition on k gives that

Z

= O’
D
hence we cannot treat as a free parameter to solve equation (C.20), instead we
get a third condition, 7
@ 2
—— it T
p @n

It is this nal equation which determines the last free param eters in the system,

. d =0: (C.21)

the constantsa which appear in the elliptic equations,

1 @ 1;%)
r2 b + — = — — " + r4 ai:
1 L% 1 L% 2 @X,y) 1 1
1 .
r22+ 1 _@Z!qZ)_i_r42 a:

L2 L2 27 a@xy)
C.2.3 NUMERICS

The new forward model is identical to that given in section A.1, except that
there is now an additional term,

Da . @ & q)
Dt ax;y)

Since this additional term represents advection of vorticity by a velocity indepen-
dent of the model velocities there is no reason for it to be staed or calculated on
the same model grid. In fact for conservation purposes it is cesirable to use a con-
trol volumes approach and calculate uxes on an Arakawa C grid of gure A.1, that
is discretizing by central differences the term in the form

@*) @ @° @ @°

ax;y) @y @x @x @y
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(& e+ D=
, () "L (P O D=2

CV G T s e p= 22
(§ O+ D=

Since the boundary value for the initial forward problem is g iven by
(to;x) = o(x)

it is impossible to obtain optimality by imposing a boundary condition on (tpx),
hence the requirement that the adjoint equation set be integrated backwards from
the speci ed nal boundary value

(ts;x) = O:

The actual equation set to be solved is very similar to that fa the forward model
and the solution algorithm is almost the same. The equationsare discretized with

and values stored on the same grid as and (see gure A.1l). Again central
differences are used withr #f discretized asr 2[r 2f]. Jacobian terms involving
properties stored on the A grid are discretized using the Ar&kawa Jacobian and
those involving 2 using the form given in (C.22). The gradient information used
to update 2 requires evaluating

a— @ i i) @

| @xy)  @x
Since this information must be stored on the staggered C gridshown in gure A.1
the equation is discretized as

(e o0)=2+(c )]
(o &)2+(e w)=2]
()% 8= +[(o &)2+(e )2 (C.23)
[(e 0)=2+(c w)=2]
(e o)=22+(c n)=2]

This represents a necessary smoothing of the assimilationdrcing eld, but is
ux preserving. Higher order discretizations could be used, but there is unlikely to
be major differences to the result. The numerical version ofthe solution algorithm
introduced in the previous section proceeds as follows
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(). Given and atthe current and future time levels the evolution equation s

@: @ i i) ia; i) ) Q obs
@t axy axy i'ly hLD

can be integrated backwards in time to give at the previous time level.

(ii). The elliptic equationsin  can be rearranged to give

_ @4 1) @ 2) 4
EHE ax:y) + ax.y) + r (1t 2)
) G (97t mGES e i)

where ;= 1+ 5, >,=H;, 1 H; , Thetwo elliptic problems for atthe
previous time level are then solved using the NAG multigridded elliptic solver
routine as in the forward model code.

(iif). Calculate modi cations to the coef cients of the bas is functions from the gra-
dient terms using (C.23) and

o

= (Of)

(iv). Repeat until the beginning of the time window is reache d.
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GLOSSARY OFSYMBOLS ANDACRONYMS

“I am a Bear of Very Little Brain, and long words Bother me.”

A.A. Milne
Winnie the Pooh, 1926

TRADITIONAL DATA ASSIMILATIONNOTATION

Xt, Xt True state vector/vector eld, true scalar eld
X by Xp Background/forecast state vector/vector eld, backgroun d sc
Xa, Xa Final analysis state vector/vector eld, analysis scalar eld
Y,y Vector of observations, observation eld
H,h,h Observation operator matrix, vector, scalar observation eld
B Background error covariance matrix
R Observation error covariance matrix
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QUASI-GEOSTROPHIGMODEL NOTATION

X
H;
i
f,f()
—((X)- (y))
i
- @i
u .= @y
vi= S
.= @y @u
! @x y
G
K
A
Q
B

Horizontal distance in the zonal direction
Horizontal distance in the meridional direction
Thickness of thei'" layer

Density of the i™ layer

Coriolis parameter

Beta parameter

Eddy viscosity

wind stress

Geostrophic streamfunction for the it" layer
Zonal velocity for the i™" layer

Meridional velocity for the i layer

Relative vorticity in the i layer
Quasi-Geostrophic potential vorticity in the i layer
Total kinetic energy

Total available potential energy

Relative enstrophy

Baroclinic kinetic energy

DISPLACEMENTASSIMILATION NOTATION

u?, u?, va

a

—h|-U§L|,_..m

Assimilation velocity

Assimilation streamfunction

Timelike assimilation variable (for 3D method)
Model time (for 4D method)

Discrepancy cost function (3D or 4D)
Displacement metric cost function

Particle in particle scheme

Low pass lter applied to function f
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ACRONYMS
3D-VAR Three Dimensional Variational assimilation
4D-VAR Four Dimensional Variational assimilation
4ADDA Four Dimensional Displacement Assimilation
ACM Analysis Correction Model
BLUE Best Linear Unbiased Estimator
CH Cooper and Haines
CTD Conductivity, Temperature and Depth probe
DA Data Assimilation
DBCP Data Buoy Cooperation Panel
ECMWF The European Centre for Medium Range
Weather Forecasting
ERA40 The ECMWEF 40 year Reanalysis dataset
FFT Fast Fourier Transform
FOAM Forecasting Ocean Assimilation Model
GCM General Circulation Model
GOOS Global Ocean Observing System
NWP Numerical Weather Prediction
PV Potential Vorticity
QG Quasi-geostrophic
SOOP Ship of Opportunity
SSS Sea Surface Salinity
SST Sea Surface Temperature
SV Singular Vector
TS Temperature — Salinity
TAO The Tropical Atmosphere Ocean project
VOS Voluntary Observing Ships
WOCE World Ocean Circulation Experiment
XBT eXpendable BathyThermograph

194



REFERENCES

REFERENCES

“| always have a quotation for everything — it saves originahinking.”

Dorothy L. Sayers
Lord Peter Wimsey, Have His Carcase, 1932

S. Akella and I. M. Navon. A comparative study of high resoluion advection
schemes in the context of data assimilation. International Journal for Numeri-

cal Methods in Fluids51:719-748, 2006.

A. Arakawa and V. R. Lamb. A potential enstrophy and energy caserving scheme
for the shallow water equations. Monthly Weather Review109:18-36, January

1981.

A. Arakawa and V. R. Lamb. Computational design of the basic gnamical processes
of the UCLA general circulation model. Methods in Computational Physi¢sl7:

173-265, 1977.
N. Ayoub. Estimation of boundary values in a North Atlantic circulation model
using an adjoint method. Ocean Modelling12(3—4):319-347, 2006.

I. J. Barton. Satellite-derived sea surface temperatures:Current status. Journal of
Geophysical Research00(C5):8777-8790, May 1995.

G. K. Batchelor. An Introduction to Fluid Dynamics Cambridge University Press,

1967.
M. J. Bell. Momentum uxes in the Bryan/Cox ocean circulatio n model. Journal of
Atmospheric and Oceanic Technologls(6):1400-1413, December 1998.

J.-D. Benamou and Y. Brenier. A Computational Fluid Mechants solution to the
Monge-Kantorovich mass transfer problem.Numerische Mathematik84(3):375—

393, 2001.

J.-D. Benamou, Y. Brenier, and K. Guittet. The Monge-Kantasvitch mass trans-
fer and its Computational Fluid Mechanics formulation. International Journal of

Numerical Methods in Fluids40(1-2):21-30, 2000.

A. F. Bennett. Inverse Methods in Physical OceanographyCambridge University
Press, Cambridge, UK, 1992.

195




REFERENCES

P. Berloff and S. P. Meacham. The dynamics of a simple baroclic model of
the wind-driven circulation. Journal of Physical Oceanography28(2):361-388,
February 1998.

P. S. Berloff and J. C. McWilliams. Large-scale, low-frequicy variability in wind-
driven ocean gyres. Journal of Physical Oceanography9:1925-1949, 1999.

C. W. Bdning, R. Ddscher, and H.-J. Isemer. Monthly mean wind stress and Sverdrup
transports in the North Atlantic: A comparison of the Heller man—Rosenstein and
Isemer—Hasse climatologies.Journal of Physical Oceanography21(2):221-235,
February 1991.

C. W. Bdning, W. R. Holland, F. O. Bryan, G. Danabasoglu, and]. C. McWilliams.
An overlooked problem in model simulations of the thermohaline circulation and
heat transport in the Atlantic Ocean. Journal of Climate 8:515-523, 1995.

Y. Brenier. Polar factorization and monotone rearrangemert of vector-valued func-
tions. Communications on Pure and Applied Mathematicd4(4):375-483, June
1991.

Y. Brenier and W. Gangbo.L” approximation of maps by diffeomorphisms. Calculus
of Variations, 16:147-164, 2003.

K. A. Brewster. Phase-correcting data assimilation and aplication to storm-scale
Numerical Weather Prediction. Part i: Method description and simulation testing.
Monthly Weather Review131:480-492, 2002a.

K. A. Brewster. Phase-correcting data assimilation and aplication to storm-scale
Numerical Weather Prediction. Part II: Application to a severe storm outbreak.
Monthly Weather Review131:493-507, 2002b.

K. Bryan. A numerical investigation of a nonlinear model of a wind-driven ocean
gyre. Journal of the Atmospheric Sciences594:594-606, 1963.

R. Buizza and T. N. Palmer. The singular-vector structure othe atmospheric global
circulation. Journal of Atmospheric Scien¢®2(9):1434-1456, May 1995.

J. G. Charney, R. G. Feagle, H. Riehl, V. E. Lally, and D. Q. Whr The feasibility of a
global observation and analysis experiment. Bulletin of the American Meteorolog-
ical Society 47:200-220, 1966.

S. E. Cohn, N. S. Sivakumaran, and R. Todling. A xed-lag kalnan smoother for
retrospective data assimilation. Monthly Weather Review 122(12):2838-2867,
December 1994.

M. Cooper and K. Haines. Altimetric assimilation with water property conservation.
Journal of Geophysical Research01(C1):1059-1077, 1996.

M. J. P. Cullen. New mathematical developments in atmosphee and ocean dynam-
ics, and their application to computer simulations. In J. Norbury and I. Roulstone,
editors, Large-Scale Atmosphere-Ocean Dynamics |, Analytical Meth and numer-
ical models pages 202—-287. Cambridge University Press, 2002.

196




REFERENCES

R. Daley. Atmospheric Data AnalysisCambridge University Press, 1991.

G. Danabasoglu, J. C. McWilliams, and P. R. Gent. The role of esoscale tracer
transports in the global ocean circulation. Science264:1123-1126, 1994.

M. Davey. ENACT enhanced ocean data assimilation and climat prediction, 2005.
URL "www.ecmwf.int/research/EU _projects/ENACT/" .

R. Douglas. Rearrangements of functions with applicationsto meteorology and
ideal uid ow. In J. Norbury and I. Roulstone, editors, Large-Scale Atmosphere-
Ocean Dynamics |, Analytical Methods and numerical modelgsages 288-341.
Cambridge University Press, 2002.

V. W. Ekman. On the in uence of the Earth's rotation on ocean-currents. Arkiv FOr
Mathematik, Astronomi och Fysik2:1-52, 1905.

H. C. Elman. Multigrid and Krylov subspace methods for the dscrete Stokes equa-
tions. Technical Report UMIACS-TR-94-76, University of Mayland, Computer
Science Department, October 1998.

G. Evensen. Inverse methods and data assimilation in nonliear ocean models.
Physica D 77:108-129, 1994.

D. Ferreira, J. Marshall, and P. Heimbach. Estimating eddy sesses by tting dy-
namics to observations using a residual-mean ocean circubon model and its
adjoint. Journal of Physical Oceanography5(10):1891-1910, October 2005.

A. Fitzroy. Outline sketch of the principal varieties and early migrations of the
human race. Transactions of the Ethnological Society of Londoir1-11, 1861.

R. Ford, C. C. Pain, M. D. Piggott, A. J. H. Goddard, C. R. E. de l@eira, and A. P.
Umpleby. A nonhydrostatic nite-element model for three-d imensional strati ed
oceanic ows. part i: Model formulation. Monthly Weather Review 132(12):
2816-2831, 2004.

W. Gangbo and R. J. McCann. The geometry of optimal transportion. Acta Math-
ematica 177:113-161, 1996.

P. R. Gent and J. R. McWilliams. Isopycnal mixing in ocean ciculation models.
Journal of Physical Oceanography0:150-155, 1990.

M. Ghil and P. Malanotte-Rizzoli. Data assimilation in meteorology and oceanogra-
phy. Advances in Geophysic33:141-266, 1991.

R. Giering and T. Kaminski. Using TAMC to generate ef cient aljoint code:
Comparison of automatically generated code for evaluationof rst and second
order derivatives to hand written code from the Minpack-2 collection. URL
citeseer.ist.psu.edu/496004.html

P. E. Gill, W. Murray, and M. H. Wright. Practical Optimization. Academic Press,
1981.

197




REFERENCES

B. N. Goswami and J. Shukla. The predictability of a coupled @wean-atmosphere
model. Journal of Climate 4(1):3-22, January 1991.

W. J. Gould and J. Turton. Argo - sounding the oceans. Weather, 61(1):17-21,
January 2006.

K. Haines. A direct method for assimilating sea surface heigt data into ocean mod-
els with adjustments to the deep circulation. Journal of Physical Oceanography
21:843-868, 1991.

K. Haines, R. E. Y. P. Malanotte-Rizzoli, and W. R. Holland. Acomparison of two
methods for the assimilation of altimeter data into a shallow water model. Dy-
namics of Atmospheres and Ocearis’:89-133, 1993.

K. Haines, D. Blower, J.-P. Drecourt, C. Liu, A. Vidard, I. Agsn, and X. Zhou. Salinity
assimilation using S(T): Covariance relationships. Monthly Weather Review134:
759—771, March 2006.

R. N. Hoffman and C. Grassotti. A technique for assimilatingSSM/I observations
of marine atmospheric storms: Tests with ECMWF analyses.Journal of Applied
Meteorology 35:1177-1188, 1996.

R. N. Hoffman, Z. Liu, J.-F. Louis, and C. Grassotti. Distoribn representation of
forecast errors. Monthly Weather Review123:2758-2770, 1995.

W. Holland. The role of mesoscale eddies in the general circlation of the ocean.
numerical experiments using a wind-driven quasigeostrophtic model. Journal of
Physical Oceanography8:363—392, 1978.

H. E. Hurlbert, D. N. Fox, and E. J. Metzger. Statistical infeence of weakly corre-
lated subthermocline elds elds from satellite observati ons. Journal of Geophys-
ical Research95:2372-2400, 1990.

K. Ide, P. Courtier, and M. Ghil. Uni ed notation for data assimilation: Operational,
sequential and variational. Journal of the Meteorological Society of Japai5:189—
189, 1997.

D. R. Jackett and T. J. McDougall. A neutral density variablefor the world's oceans.
Journal of Physical Oceanography7:237-263, February 1997.

E. Kalnay. Atmospheric Modelling, Data Assimilation and Predictabiyi. Cambridge
University Press, 2002.

M. Kamachi and J. O'Brien. Continuous data assimilation of difting buoy tra-
jectories into an equatorial Paci c Ocean model. Journal of Marine Systems®6:
159-178, 1995.

K. B. Katsaros. The aqueous thermal boundary layerBoundary-Layer Meteorology
18:107-127, 1980.

198




REFERENCES

E. C. Kent, P. G. Challenor, and P. K. Taylor. A statistical dermination of the
random observational errors present in voluntary observing ships meteorological
reports. Journal of Atmospheric and Oceanic Technolqdy6(7):905-914, 1999.

C. J. Koblinsky, P. Hildebrand, D. LeVine, F. Pellerano, Y. Rao, W. Wilson, S. Yuch,
and G. Lagerloef. Sea surface salinity from space: Scienceogls and measurement
approach. Radio Science38(4), 2003.

W. Krauss. Comments on the development of our knowledge of tle general circu-
lation of the north atlantic ocean. In W. Krauss, editor, The Warmwatersphere of
the North Atlantic Ocean Gerbrider Borntraeger, Berlin, 1996.

L. Kuznetsoy, K. Ide, and C. K. R. T. Jones. A method for assittaition of Lagrangian
data. Monthly Weather Review131:2247—-2260, October 2003.

S. J. Lavender and S. B. Groom. The SeaWiFS automatic data pcessing system.
International Journal of Remote Sensing20(6):1051-1056, 1999.

J. R. Ledwell, A. J. Watson, and C. S. Law. Evidence for slow nxing across the
pycnocline from an open-ocean tracer release experimentNature, 364.701-703,
1993.

P. M. Lee. Bayesian Statistics, An Introduction. Second Editio\rnold, 1989.

B. P. Leonard. A stable and accurate convective modelling pcedure based on
guadratic upstream interpolation. Computational Methods in Applied Mechanical
Engineering 19:59-98, 1979.

X. Li, W. Pichel, E. Maturi, P. Clemente-cobbn, and J. Sappe Deriving the opera-
tional nonlinear multichannel sea surface temperature algorithm coef cients for
NOAA-15 AVHRR/3. International Journal of Remote Sensing22(4):699-704,
2001.

Z. Li and I. Navon. Optimality of variational data assimilation and its relationship
with the kalman Iter and smoother. Quarterly Journal of the Royal Meteorological
Society 127(572):661-683, January 2001.

A. Lorenc, R. Bell, and B. MacPherson. The meteorological ofe analysis correction
data assimilation scheme. Quarterly Journal of the Royal Meteorological Society
117:59-89, 1991.

E. N. Lorenz. Deterministic nonperiodic ow. Journal of the Atmospheric Sciences
20:130-141, March 1963.

P. Lynch. The Dolph-Chebyshev window: A simple optimal Iter. Monthly Weather
Review 125(4):655—-660, April 1997.

A. J. Mariano. Contour analysis: A new approach for melding geophysical elds.
Journal of Atmospheric and Oceanic Technolqgg.285-295, April 1990.

J. Marotzke and J. Willebrand. The North Atlantic Mean Circulation Gerbrider
Borntraeger, Berlin, 1996.

199




REFERENCES

J. E. Marsden and M. J. Hoffman. Elementary Classical AnalysisW. H. Freeman,
2nd edition, 1999.

J. Marshall, A. Adcroft, C. Hill, L. Perelman, and C. Heisey.A nite-volume, incom-
pressible Navier Stokes model for studies of the ocean on pallel computers.
Journal of Geophysical Research02(C3):5753-5766, March 1997.

F. Martel and C. Wunsch. The North Atlantic circulation in the early 1980s — an
estimate from inversion of a nite-difference model. Journal of Physical Oceanog-
raphy, 23:898-924, 1992.

A. Molcard, L. I. Piterbarg, A. Griffa, T. M. Ozgskmen, and A. J. Mariano. Assim-
ilation of drifter observations for the reconstruction of t he Eulerian circulation
eld. Journal of Geophysical Research08(C3):3056—3076, 2003.

F. Molteni, R. Buizza, T. N. Palmer, and T. Petroliagis. The EMWF ensemble predic-
tion system: Methodology and validation. Quarterly Journal of the Royal Society
for Meteorology 122:73-119, 1996.

E. C. Monahan and E. A. Monahan. Trends in drogue design. Limnology and
Oceanography18(6):981-985, November 1973.

W. Munk. Abyssal recipes.Deep-Sea Research3:707-730, 1966.

W. Munk and C. Wunsch. Abyssal recipes Il: energetics of tidhand wind mixing.
Deep-Sea Research. Part 1. Oceanographic research paps($2):1977-2010, De-
cember 1998.

W. H. Munk. On the wind-driven ocean circulation. Journal of Meteorology 7(2):
79-93, 1950.

F. Nanson. On North Polar problems. The Gegraphical Journal 30(5):469-487,
November 1907.

M. Nodet. Variational assimilation of lagrangian data in oceanography. Inverse
Problems 22:245-263, 2006.

Numerical Algorithms Group Ltd. The NAG F90 Library Manual, Mark 19 chapter
Module 13.2. Oxford, 1998.

D. Olbers and J. Willbrand. The inference of North Atlantic circulation patterns
from climatological hydrographic data. Reviews of Geophysic23:313—-356, 1985.

A. Oschlies and J. Willebrand. Assimilation of Geosat altineter data into an eddy-
resolving primitive equation model of the North Atlantic Oc ean. Journal of Geo-
physical Researchl01(C6):14175-14190, June 1996.

T. M. Ozgokmen, A. Molcard, T. M. Chin, L. I. Piterbarg, and A. Griffa. Assimilation
of drifter observations in primitive equation models of mid latitude circulation.
Journal of Geophysical Research08(C7):3238-3254, 2003.

200




REFERENCES

B. B. Parker. Ocean currents: Not really like rivers in the s&a. Mariner's Weather
Log 42(1):31-36, April 1998.

J. Pedlosky. Geophysical Fluid DynamicsSpringer-Verlag, 2nd edition, 1987.

K. L. Polzin, J. M. Toole, J. R. Ledwell, and R. W. Schmitt. Spaal variability of
turbulent mixing in the Abyssal Ocean. Science276:93-96, 1997.

R. W. Ramirez. The FFT: fundamentals and conceptBrentice-Hall, 1985.

S. Ravela, K. Emmanuel, and D. McLaughlin. Multivariate eld alignment for data
assimilation. Geophysical Research Abstrac6393, 2004.

A. R. Robinson, M. A. Spall, and N. Pinardi. Gulf stream and tle dynamics of
ring and meander processes.Journal of Physical Oceanographyl8:1811-1853,
December 1988.

A. Schiller. Journal of marine research. The mean circulation of the Atlantic Ocean
north of 30S determined by the adjoint methods3:453-497, 1995.

Z. Sirkes and E. Tziperman. Finite difference of adjoint or ajoint of nite differ-
ence? Monthly Weather Review125:3373-3378, December 1997.

T. M. Smith and R. W. Reynolds. Bias correction for historicd sea surface temper-
atures based on marine mean air temperatures.Journal of Climate 15:73 — 87,
January 2002.

H. W. Sorenson. Least-squares estimation from Gauss to kalen. IEEE Spectrum?:
63—68, July 1970.

D. Stammer. Adjusting internal model errors through ocean date estimation. Jour-
nal of Physical Oceanographyd5:1143-1153, June 2005.

D. Stammer, C. Wunsch, R. Giering, P. Heimbach, J. MarotzkeA. Adcroft, C. N.
Hill, and J. Marshall. Global ocean circulation during 1992-1997, estimated
from ocean observations and a general circulation model.Journal of Geophysical
Research107(c9):1-27, 2002.

R. A. Stephen and S. T. Bolmer. Notes for Geoacousti€DFD. Technical report,
Woods Hole Oceanographic Institution, February 2006.

H. Stommel and F. Schott. The beta spiral and the determinaton of the absolute
velocity eld from hydrographic station data. Deep Sea ResearcB4:325-329,
1977.

H. U. Sverdrup. Wind-driven currents in a baroclinic ocean; with application to the
equatorial currents of the eastern Paci c. Proceedings of the National Academy of
Sciences33(11):318-326, 1947.

V. Taillandier, A. Griffa, P.-M. Poulain, and K. Branger. Asimilation of Argo oat po-
sitions in the north western Mediterranean Sea and impact onocean circulation
simulations. Geophysical Research Lette83:0.11604, 2006.

201




REFERENCES

A. Troccoli and K. Haines. Use of the temperature-salinity elation in a data assim-
ilation context. Journal of Atmospheric and Oceanic Technolqg}6:2011-2025,
1999.

A. Troccoli, M. Alonso Balmaseda, J. Segschneider, D. L. T.derson, K. Haines,
T. Stockdale, F. Vitart, and A. D. Fox. Salinity adjustmentsin the presence of
temperature data assimilation. Monthly Weather Review 130:89-102, January
2002.

E. Tziperman, W. C. Thacker, R. B. Long, and S.-M. Hwang. Oceac data anal-
ysis using a general circulation model. Part I: Simulations Journal of Physical
Oceanography22:1434-1454, December 1992a.

E. Tziperman, W. C. Thacker, R. B. Long, S.-M. Hwang, and S. RRintoul. Oceanic
data analysis using a general circulation model. Part 1I: A North Atlantic model.
Journal of Physical Oceanography2:1458-1485, December 1992b.

M. J. Uddstrom, W. R. Gray, R. Murphy, N. A. Oien, and T. Murray A baysian cloud
mask for sea surface temperature retrieval. Journal of Atmospheric and Oceanic
Technology 16:117-132, January 1999.

J. Vialard, A. T. Weaver, D. L. T. Anderson, and P. DelecluseThree- and four- di-
mensional variational assimilation with a general circulation model of the trop-
ical Paci ¢ Ocean. part ii: Physical validation. Monthly Weather Review131(7):
1379-1395, July 2003.

F. C. Vossepoel and D. W. Behringer. Impact on sea level assitation on salinity
variability in the western equatorial pacic. Journal of Physical Oceanography
30:1706-1721, 2000.

F. C. Vossepoel, R. W. Reynolds, and L. Miller. Use of sea leiebservations to
estimate salinity variability in the tropical Pacic. Journal of Atmospheric and
Oceanic Technologyl6:1401-1415, October 1999.

G. Walin. On the relation between sea-surface heat ow and thermal circulation in
the ocean. Tellug 34:187-195, 1982.

A. T. Weaver, J. Vialard, and D. L. T. Anderson. Three- and fot dimensional
variational assimilation with a general circulation model of the tropical Pacic
Ocean. part i: Formulation, internal diagnostics and consistency checks.Monthly
Weather Review131(7):1360-1378, July 2003.

D. J. Webb, B. A. De Cuevas, and C. S. Richmond. Improved advion schemes for
ocean models.Journal of Atmospheric and Oceanic Technolggeages 1171-1187,
October 1998.

J. Wu. Dissipative quasi-geostrophic equations withl? data. Electronic Journal of
Differential Equations 56:1-13, 2001.

L. Wu. A parameter choice method for Tikhonov regularization. Electronic Transac-
tions on Numerical Analysis16:107-128, 2003.

202




REFERENCES

C. Wunsch. The Ocean Circulation Inverse ProblemCambridge University Press,
1996.

C. Wunsch. Determining the general circulation of the ocears: A preliminary dis-
cussion. Sciencel196(4292):871-875, May 1977.

C. Wunsch and P. Heimbach. Practical global oceanic state émation. Physica D
230:197-208, 2007.

C. Wunsch and D. Stammer. Global ocean data assimilation andyeoid measure-
ments. Annual Review of Earth and Planetary Scienc26:219-253, 1998.

203



