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Abstract

The problem of heat conduction in one-dimensional piecewise homogeneous composite ma-
terials is examined by providing an explicit solution of the one-dimensional heat equation in
each domain. The location of the interfaces is known, but neither temperature nor heat flux are
prescribed there. Instead, the physical assumptions of their continuity at the interfaces are the
only conditions imposed. The problem of two semi-infinite domains and that of two finite-sized
domains are examined in detail. We indicate also how to extend the solution method to the
setting of one finite-sized domain surrounded on both sides by semi-infinite domains, and on
that of three finite-sized domains.

1 Introduction

The problem of heat conduction in a composite wall is a classical problem in design and construction.
It is usual to restrict to the case of walls whose constitutive parts are in perfect thermal contact
and have physical properties that are constant throughout the material and that are considered to
be of infinite extent in the directions parallel to the wall. Further, we assume that temperature and
heat flux do not vary in these directions. In that case, the mathematical model for heat conduction
in each wall layer is given by [8, Chapter 10]:

u
(j)
t = κju

(j)
xx , x ∈ (aj , bj), (1a)

u(j)(x, t = 0) = u
(j)
0 (x), x ∈ (aj , bj), (1b)

where u(j)(x, t) denotes the temperature in the wall layer indexed by (j), κj > 0 is the heat-
conduction coefficient of the j-th layer (the inverse of its thermal diffusivity), x = aj is the left
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extent of the layer, and x = bj is its right extent. The sub-indices denote derivatives with respect

to the one-dimensional spatial variable x and the temporal variable t. The function u
(j)
0 (x) is

the prescribed initial condition of the system. The continuity of the temperature u(j) and of its

associated heat flux κju
(j)
x are imposed across the interface between layers. In what follows it is

convenient to use the quantity σj , defined as the positive square root of κj : σj =
√
κj .

If the layer is either at the far left or far right of the wall, Dirichlet, Neumann, or Robin boundary
conditions can be imposed on its far left or right boundary respectively, corresponding to prescribing
“outside” temperature, heat flux, or a combination of these. A derivation of the interface boundary
conditions is found in [8, Chapter 1]. It should be noted that the set-up presented in (1a) also
applies to the case of one-dimensional rods in thermal contact.

In this paper, we use the Fokas Method [3, 5, 6] to provide explicit solution formulae for different
heat transport interface problems of the type described above. We investigate problems in both
finite and infinite domains and we compare our method with classical solution approaches that can
be found in the literature. Throughout, our emphasis is on non-steady state solutions. Even for the
simplest of the problems we consider (Section 3, two finite walls in thermal contact), the classical
approach using separation of variables [8] can provide an explicit answer only implicitly. Indeed, the
solution obtained in [8] depends on certain eigenvalues defined through a transcendental equation
that can be solved only numerically. In contrast, the Fokas Method produces an explicit solution
formula involving only known quantities. For other problems we consider, to our knowledge no
solution has been derived using classical methods, and we believe the solution formulae presented
here are new.

The representation formulae for the solution can be evaluated numerically, hence the problem
can be solved in practice using hybrid analytical-numerical approaches [4] or asymptotic approxi-
mations for them may be obtained using standard techniques [5]. The result of such a numerical
calculation is shown at the end of Section 2.

The problem of heat conduction through composite walls is discussed in many excellent texts,
see for instance [2, 8]. References to the treatment of specific problems are given in the sections
below where these problems are investigated. In Section 2 we investigate the problem of two semi-
infinite walls. Section 3 discusses the interface problem with two finite walls. Following that, we
consider first the problem of one finite wall between two semi-infinite ones, and the problem of
three finite walls. Both of these are briefly sketched in Section 4 and full solutions are presented in
the electronic supplementary material.

2 Two semi-infinite domains

In this section, we consider the problem of heat flow through two walls of semi-infinite width, or of
two semi-infinite rods.

We seek two functions

uL(x, t), x ∈ (−∞, 0), t ≥ 0, uR(x, t), x ∈ (0,∞), t ≥ 0,

satisfying the equations

uLt (x, t) = σ2Lu
L
xx(x, t), x ∈ (−∞, 0), t > 0, (2a)

uRt (x, t) = σ2Ru
R
xx(x, t), x ∈ (0,∞), t > 0, (2b)
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the initial conditions

uL(x, 0) = uL0 (x), x ∈ (−∞, 0), (3a)

uR(x, 0) = uR0 (x), x ∈ (0,∞), (3b)

the asymptotic conditions

lim
x→−∞

uL(x, t) = γL, t ≥ 0, (4a)

lim
x→∞

uR(x, t) = γR, t ≥ 0, (4b)

and the continuity interface conditions

uL(0, t) = uR(0, t), t > 0, (5a)

σ2Lu
L
x (0, t) = σ2Ru

R
x (0, t), t > 0. (5b)

The sub- and super-indices L and R denote the left and right rod, respectively. A special case
of this problem is discussed in Chapter 10 of [8], but only for a specific initial condition. Further,
for the problem treated there both limx→∞ u

R(x, t) and limx→−∞ u
L(x, t) are assumed to be zero.

This assumption is made for mathematical convenience and no physical reason exists to impose it.
If constant (in time) limit values are assumed, a simple translation allows one of the limit values
to be equated to zero, but not both. Since no great advantage is obtained by assuming a zero limit
using our approach, we make the more general assumption (4)

We define vL(x, t) = uL(x, t) − γL and vR(x, t) = uR(x, t) − γR. Then vL(x, t) and vR(x, t)
satisfy

vLt (x, t) = σ2Lv
L
xx(x, t), x ∈ (−∞, 0) t ≥ 0, (6a)

vRt (x, t) = σ2Rv
R
xx(x, t), x ∈ (0,∞) t ≥ 0, (6b)

lim
x→−∞

vL(x, t) = 0, t ≥ 0, (6c)

lim
x→∞

vR(x, t) = 0, t ≥ 0, (6d)

vL(0, t) + γL = vR(0, t) + γR, t ≥ 0, (6e)

σ2Lv
L
x (0, t) = σ2Rv

R
x (0, t), t ≥ 0. (6f)

At this point, we start by following the standard steps in the application of the Fokas Method [3,
5, 6]. We begin with the so-called “local relations” [3]

(e−ikx+(σLk)
2tvL(x, t))t = (σ2Le

−ikx+(σLk)
2t(vLx (x, t) + ikvL(x, t)))x, (7a)

(e−ikx+(σRk)
2tvR(x, t))t = (σ2Re

−ikx+(σRk)
2t(vRx (x, t) + ikvR(x, t)))x. (7b)

These relations are a one-parameter family obtained by rewriting (6a) and (6b).
Applying Green’s formula [1] in the strip (−∞, 0) × (0, t) in the left-half plane (see Figure 1)

we find
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x

Figure 1: Domains for the application of Green’s formula for vL(x, t) and vR(x, t).

∫ t

0

∫ 0

−∞
(e−ikx+(σLk)

2svL(x, t))s − (σ2Le
−ikx+(σLk)

2s(vLx (x, s) + ikvL(x, s)))x dx ds = 0

⇒
∫ 0

−∞
e−ikxvL0 (x) dx−

∫ 0

−∞
e−ikx+(σLk)

2tvL(x, t) dx+

∫ t

0
σ2Le

(σLk)
2s(vLx (0, s) + ikvL(0, s)) ds = 0.

(8)

Since |x| can become arbitrarily large, we require k ∈ C+ in (8) in order to guarantee that the
first two integrals are well defined. Let D = {k ∈ C : <(k2) < 0} = D+ ∪ D−. The region D is
shown in Figure 2.

For k ∈ C we define the following transforms:

g0(ω, t) =

∫ t

0
eωsvL(0, s) ds =

∫ t

0
eωs(vR(0, s) + γR − γL) ds

=
(γR − γL)(eωt − 1)

ω
+

∫ t

0
eωsvR(0, s) ds,

g1(ω, t) =

∫ t

0
eωsvLx (0, s) ds =

σ2R
σ2L

∫ t

0
eωsvRx (0, s) ds,

v̂L(k, t) =

∫ 0

−∞
e−ikxvL(x, t) dx, v̂L0 (k) =

∫ 0

−∞
e−ikxvL0 (x) dx,

v̂R(k, t) =

∫ ∞
0

e−ikxvR(x, t) dx, v̂R0 (k) =

∫ ∞
0

e−ikxvR0 (x) dx.

Using these definitions, the global relation (8) is rewritten as

v̂L0 (k)− e(σLk)2tv̂L(k, t) + ikσ2Lg0((σLk)2, t) + σ2Lg1((σLk)2, t) = 0, k ∈ C+. (9)

Since the dispersion relation ωL(k) = (σLk)2 is invariant under k → −k, so are g0((σLk)2, t)
and g1((σLk)2, t). Thus we can supplement (9) with its evaluation at −k, namely

v̂L0 (−k)− e(σLk)2tv̂L(−k, t)− ikσ2Lg0((σLk)2, t) + σ2Lg1((σLk)2, t) = 0. (10)
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Figure 2: The Domains D+ and D− for the heat equation.

This relation is valid on k ∈ C−. Using Green’s Formula on (0,∞)× (0, t) (see Figure 1), the global
relation for vR(x, t) is

v̂R0 (k)−e(σRk)2tv̂R(k, t)− ikσ2R

(
g0((σRk)2, t)+

(γL − γR)(e(σRk)
2t − 1)

(σRk)2

)
−σ2Lg1((σRk)2, t)=0, (11)

valid in k ∈ C−.
As above, using the invariance of ωR(k) = (σRk)2, g0((σRk)2, t), and g1((σRk)2, t) under k →

−k, we supplement (11) with

v̂R0 (−k)− e(σRk)2tv̂R(−k, t)+ikσ2R

(
g0((σRk)2, t) +

(γL − γR)(e(σRk)
2t − 1)

(σRk)2

)
+

− σ2Lg1((σRk)2, t) = 0,

(12)

for k ∈ C+.
Inverting the Fourier transforms in (9) we have

vL(x, t) =
1

2π

∫ ∞
−∞

eikx−(σLk)
2tv̂L0 (k) dk +

σ2L
2π

∫ ∞
−∞

eikx−(σLk)
2t(ikg0((σLk)2, t) + g1((σLk)2, t)) dk

(13)
for x ∈ (−∞, 0) and t > 0. The integrand of the second integral in (13) is entire and decays as
k →∞ for k ∈ C− \D−. Using the analyticity of the integrand and applying Jordan’s Lemma [1]
we can replace the contour of integration of the second integral by −

∫
∂D− :
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vL(x, t) =
1

2π

∫ ∞
−∞

eikx−(σLk)
2tv̂L0 (k) dk − σ2L

2π

∫
∂D−

eikx−(σLk)
2t(ikg0((σLk)2, t) + g1((σLk)2, t)) dk.

(14)
Proceeding similarly on the right, starting from (11), we have

vR(x, t) =
1

2π

∫ ∞
−∞

eikx−(σRk)
2tv̂R0 (k) dk−

− 1

2π

∫ ∞
−∞

eikx−(σRk)
2t

(
ikσ2R

(
g0((σRk)2, t) +

(γL − γR)(e(σRk)
2t − 1)

(σRk)2

)
+ σ2Lg1((σRk)2, t)

)
dk,

=
γL − γR

2

1− erf

 x

2
√
σ2Rt

+
1

2π

∫ ∞
−∞

eikx−(σRk)
2tv̂R0 (k) dk+

− 1

2π

∫ ∞
−∞

eikx−(σRk)
2t(ikσ2Rg0((σRk)2, t) + σ2Lg1((σRk)2, t)) dk,

=
γL − γR

2

1− erf

 x

2
√
σ2Rt

+
1

2π

∫ ∞
−∞

eikx−(σRk)
2tv̂R0 (k) dk+

− 1

2π

∫
∂D+

eikx−(σRk)
2t(ikσ2Rg0((σRk)2, t) + σ2Lg1((σRk)2, t)) dk. (15)

for x ∈ (0,∞) and t > 0. Here erf(·) denotes the error function: erf(z) = 2√
π

∫ z
0 exp(−y2) dy.

The expressions (14) and (15) for vL(x, t) and vR(x, t) depend on the unknown functions g0
and g1, evaluated at different arguments. These functions need to be expressed in terms of known
quantities. To obtain a system of two equations for the two unknown functions we use (10) and (11)
for g0((σLk)2, t), and g1((σLk)2, t). This requires the transformation k → −σLk/σR in (11). The
− sign is required to ensure that both equations are valid on C−, allowing for their simultaneous
solution. We find

g0((σLk)2, t) =
i

kσL(σL + σR)
(e(σLk)

2t(v̂L(−k, t) + v̂R(kσL/σR, t))− v̂L0 (−k)− v̂R0 (kσL/σR))+

+
(γL − γR)(1− e(σLk)2t)

(σLk)2(σL + σR)
, (16)

g1((σLk)2, t) =
1

σ2L(σL + σR)
(e(σLk)

2t(σRv̂
L(−k, t)− σLv̂R(kσL/σR, t)) + σLv̂

R
0 (kσL/σR)+

− σRv̂L0 (−k)) +
i(γL − γR)(1− e(σLk)2t)

kσ2L(σL + σR)
, (17)

valid for k ∈ C−. These expressions are substituted into (14) and (15). This results in expressions
for vL(x, t) and vR(x, t) that appear to depend on vL and vR themselves. We examine the contri-
bution of the terms involving v̂L and v̂R. Starting with (14) we obtain for vL(x, t) the following
expression:
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Figure 3: The countour L− is shown in green. An application of Cauchy’s Integral Theorem [1] us-
ing this contour allows elimination of the contribution of v̂L(−k, t) from the integral expression (18).
Similarly, the contour L+ is shown in red and application of Cauchy’s Integral Theorem using this
contour allows elimination of the contribution of ûR(−k, t) from the integral expression (20).

vL(x, t) =
σR(γR − γL)

σL + σR

1 + erf

 x

2
√
σ2Lt

+
1

2π

∫ ∞
−∞

eikx−(σLk)
2tv̂L0 (k) dk+

+

∫
∂D−

σR − σL
2π(σL + σR)

eikx−(σLk)
2tv̂L0 (−k) dk −

∫
∂D−

σL
π(σL + σR)

eikx−(σLk)
2tv̂R0 (kσL/σR) dk+

+

∫
∂D−

σL − σR
2π(σL + σR)

eikxv̂L(−k, t) dk +

∫
∂D−

σL
π(σL + σR)

eikxv̂R(kσL/σR, t) dk, (18)

for x ∈ (−∞, 0), t > 0. The first four terms depend only on known functions. To examine the
second-to-last term we notice that the integrand is analytic for all k ∈ C− and that v̂L(−k, t) decays
for k →∞ for k ∈ C−. Thus, by Jordan’s Lemma, the integral of exp(ikx)v̂L(−k, t) along a closed,
bounded curve in C− vanishes. In particular we consider the closed curve L− = L∂D− ∪ L−C where
L∂D− = ∂D− ∩ {k : |k| < C} and L−C = {k ∈ D− : |k| = C}, see Figure 3.

Since the integral along L−C vanishes for large C, the fourth integral on the right-hand side of
(18) must vanish since the contour L∂D− becomes ∂D− as C →∞. The uniform decay of v̂L(−k, t)
for large k is exactly the condition required for the integral to vanish, using Jordan’s Lemma. For
the final integral in Equation (18) we use the fact that ûR(kσL/σR, t) is analytic and bounded for
k ∈ C−. Using the same argument as above, the fifth integral in (18) vanishes and we have an
explicit representation for vL(x, t) in terms of initial conditions:
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vL(x, t) =
σR(γR − γL)

σL + σR

1 + erf

 x

2
√
σ2Lt

+
1

2π

∫ ∞
−∞

eikx−(σLk)
2tv̂L0 (k) dk+

+

∫
∂D−

σR − σL
2π(σL + σR)

eikx−(σLk)
2tv̂L0 (−k) dk −

∫
∂D−

σL
π(σL + σR)

eikx−(σLk)
2tv̂R0 (kσL/σR) dk.

(19)

To find an explicit expression for vR(x, t) we need to evaluate g0 and g1 at different arguments,
also ensuring that the expressions are valid for k ∈ C+ \D+. From (16) and (17), we find

g0((σRk)2, t) =
−i

kσR(σL + σR)
(e(σRk)

2t(v̂L(kσR/σL, t) + v̂R(−k, t))− v̂L0 (kσR/σL)− v̂R0 (−k)) +

+
(γL − γR)(1− e(σRk)2t)

k2σR(σL + σR)
,

g1((σRk)2, t) =
1

σ2L(σL + σR)
(e(σRk)

2t(σRv̂
L(kσR/σL, t)− σLv̂R(−k, t)) + σLv̂

R
0 (−k) +

−σRv̂L0 (kσR/σL))− i(γL − γR)(1− e(σRk)2t)
kσ2L(σL + σR)

.

Substituting these into equation (15), we obtain

vR(x, t) =
σL(γL − γR)

σL + σR

1− erf

 x

2
√
σ2Rt

+
1

2π

∫ ∞
−∞

eikx−(σRk)
2tv̂R0 (k) dk+

+

∫
∂D+

σR − σL
2π(σL + σR)

eikx−(σRk)
2tv̂R0 (−k) dk +

∫
∂D+

σR
π(σL + σR)

eikx−(σRk)
2tv̂L0 (kσR/σL, t) dk+

+

∫
∂D+

σL − σR
2π(σL + σR)

eikxv̂R(−k, t) dk −
∫
∂D+

σR
π(σL + σR)

eikxv̂L(kσR/σL, t) dk. (20)

for x ∈ (0,∞), t > 0. As before, everything about the first three integrals is known. To compute
the fourth integral we proceed as we did before for vL(x, t) and eliminate integrals that decay in
the regions over which we are integrating. The final solution is

vR(x, t) =
σL(γL − γR)

σL + σR

1− erf

 x

2
√
σ2Rt

+
1

2π

∫ ∞
−∞

eikx−(σRk)
2tv̂R0 (k) dk+

+

∫
∂D+

σR − σL
2π(σL + σR)

eikx−(σRk)
2tvR0 (−k) dk +

∫
∂D+

σR
π(σL + σR)

eikx−(σRk)
2tvL0 (kσR/σL) dk.

(21)

Returning to the original variables we have the following proposition which determines uR and
uL fully explicitly in terms of the given initial conditions and the prescribed boundary conditions
as |x| → ∞.
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Proposition 1 The solution of the heat transfer problem (2)-(5) is given by

uL(x, t) = γL +
σR(γR − γL)

σL + σR

1− erf

 x

2
√
σ2Lt

+
1

2π

∫ ∞
−∞

eikx−(σLk)
2tv̂L0 (k) dk+

+

∫
∂D−

σR − σL
2π(σL + σR)

eikx−(σLk)
2tv̂L0 (−k) dk −

∫
∂D−

σL
π(σL + σR)

eikx−(σLk)
2tv̂R0 (kσL/σR) dk,

(22a)

uR(x, t) = γR +
σL(γL − γR)

σL + σR

1− erf

 x

2
√
σ2Rt

+
1

2π

∫ ∞
−∞

eikx−(σRk)
2tv̂R0 (k) dk+

+

∫
∂D+

σR − σL
2π(σL + σR)

eikx−(σRk)
2tvR0 (−k) dk +

∫
∂D+

σR
π(σL + σR)

eikx−(σRk)
2tvL0 (kσR/σL) dk.

(22b)

Remarks.

• The use of the discrete symmetries of the dispersion relation is an important aspect of the
Fokas Method [3, 5, 6]. When solving the heat equation in a single medium, the only discrete
symmetry required is k → −k, which was used here as well to obtain (10) and (12). Due to the
two media, there are two dispersion relations in the present problem: ω1 = (σLk)2 and ω2 =
(σRk)2. The collection of both dispersion relations {ω1, ω2} retains the discrete symmetry
k → −k, but admits two additional ones, namely: k → (σR/σL)k and k → (σL/σR)k, which
transform the two dispersion relations to each other. All nontrivial discrete symmetries of
{ω1, ω2} are needed to derive the final solution representation, and indeed they are used e.g.
to obtain the relations (16) and (17).

• With σL = σR and γL = γR = 0, the solution formulae (22) in their proper x-domain of
definition reduce to the solution of the whole line problem as given in [5].

• Classical approaches to the problem presented in this section can be found in the literature,
for the case γL = 0 = γR. For instance, for one special pair of initial conditions, a solution
is presented in [8]. No explicit solution formulae using classical methods with general initial
conditions exist to our knowledge. At best, one is left with having to find the solution of
an equation involving inverse Laplace transforms, where the unknowns are embedded within
these inverse transforms.

• The steady-state solution to (2) with initial conditions which decay sufficiently fast to the
boundary values (4) at ±∞ is easily obtained by letting t → ∞ in (22). This gives
limt→∞ u

R(x, t) = limt→∞ u
L(x, t) = (γLσL+γRσR)/(σL+σR). This is the weighted average

of the boundary conditions at infinity with weights given by σL and σR. To our knowledge
this is a new result. It is consistent with the steady state limit (γL +γR)/2 for the whole-line
problem with initial conditions that limit to different values γL and γR as x → ±∞. This
result is easily obtained from the solution of the heat equation defined on the whole line
using the Fokas Method, but it can also be observed by employing piecewise-constant initial
data in the classical Green’s function solution, as described in Theorem 4-1 on page 171 (and
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comments thereafter) of [7]. It should be emphasized that the steady state problem for (2-5)
or even for the heat equation defined on the whole line with different boundary conditions at
+∞ and −∞ is ill posed in the sense that the steady solution cannot satisfy the boundary
conditions.

Using a slight variation on the method presented in [4] one can compute the solutions (22)
numerically with specified initial conditions. We plot solutions for the case of vanishing boundary
conditions (γL = γR = 0) with

uL0 (x) = x2eα
2
Lx,

uR0 (x) = x2e−α
2
Rx,

with αL = 25 and αR = 30. The Fourier transforms of these initial conditions may be computed
explicitly. We choose σL = .02 and σR = .06. The initial conditions are chosen so as to satisfy the
interface boundary conditions (5) at t = 0. The results clearly illustrate the discontinuity in the
first derivative of the temperature at the interface x = 0.

3 Two finite domains

Next, we consider the problem of heat conduction through two walls of finite width (or of two finite
rods) with Robin boundary conditions:

we seek two functions

uL(x, t), x ∈ (−a, 0), t ≥ 0, uR(x, t), x ∈ (0, b), t ≥ 0,

satisfying the equations

uLt (x, t) = σ2Lu
L
xx(x, t), −a < x < 0, t > 0, (23a)

uRt (x, t) = σ2Ru
R
xx(x, t), 0 < x < b, t > 0, (23b)

the initial conditions

uLt (x, 0) = uL0 (x), −a < x < 0, (24a)

uRt (x, 0) = uR0 (x), 0 < x < b, (24b)

the boundary conditions

fL(t) = α1u
L(−a, t) + α2u

L
x (−a, t), t > 0, (25a)

fR(t) = α3u
R(b, t) + α4u

R
x (b, t), t > 0, (25b)

and the continuity conditions

uL(0, t) = uR(0, t), t > 0, (26a)

σ2Lu
L
x (0, t) = σ2Ru

R
x (0, t), t > 0, (26b)

as illustrated in Figure 5, where a > 0, b > 0 and αi, 1 ≤ i ≤ 4 constant.
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Figure 4: Results for the solution (19) and (21) with uL0 (x) = x2e(25)
2x, uR0 (x) = x2e−(30)

2x and
σL = .02, σR = .06, γL = γR = 0, t ∈ [0, 0.02] using the hybrid analytical-numerical method of [4].
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 uL
t = �2

LuL
xx uR

t = �2
RuR

xx

Figure 5: The heat equation for two finite rods.

If α1 = α3 = 0 then Neumann boundary conditions are prescribed, whereas if α2 = α4 = 0 then
Dirichlet conditions are given.

As before we have the local relations

(e−ikx+(σLk)
2tuL(x, t))t = (σ2Le

−ikx+(σLk)
2t(uLx (x, t) + ikuL(x, t)))x, (27a)

(e−ikx+(σRk)
2tuR(x, t))t = (σ2Re

−ikx+(σRk)
2t(uRx (x, t) + ikuR(x, t)))x. (27b)

We define the time transforms of the initial and boundary data and the spatial transforms of u
for k ∈ C as follows:

ûL0 (k) =

∫ 0

−a
e−ikxuL0 (x) dx, ûL(k, t) =

∫ 0

−a
e−ikxuL(x, t) dx,

ûR0 (k) =

∫ b

0
e−ikxuR0 (x) dx, ûR(k, t) =

∫ b

0
e−ikxuR(x, t) dx,

f̂L(ω, t) =

∫ t

0
eωsfL(s) ds, f̂R(ω, t) =

∫ t

0
eωsfR(s) ds,

hL1 (ω, t) =

∫ t

0
eωsuLx (−a, s) ds, hL0 (ω, t) =

∫ t

0
eωsuL(−a, s) ds,

hR1 (ω, t) =

∫ t

0
eωsuRx (b, s) ds, hR0 (ω, t) =

∫ t

0
eωsuR(b, s) ds,

g1(ω, t) =

∫ t

0
eωsuLx (0, s) ds =

σ2R
σ2L

∫ t

0
eωsuRx (0, s) ds,

g0(ω, t) =

∫ t

0
eωsuL(0, s) ds =

∫ t

0
eωsuR(0, s) ds.

Using Green’s Theorem on the domains [−a, 0]× [0, t] and [0, b]× [0, t] respectively, we have the
global relations

e(σLk)
2tûL(k, t) = σ2L(g1((σLk)2, t) + ikg0((σLk)2, t))− eikaσ2L(hL1 ((σLk)2, t)+

+ ikhL0 ((σLk)2, t)) + ûL0 (k), (28a)

e(σRk)
2tûR(k, t) = e−ikbσ2R(hR1 ((σRk)2, t) + ikhR0 ((σRk)2), t)− σ2Lg1((σRk)2, t)+

− ikσ2Rg0((σRk)2, t) + ûR0 (k), (28b)

Both equations are valid for all k ∈ C, in contrast to (9) and (11). Using the invariance of
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ωL(k) = (σLk)2 and ωR(k) = (σRk)2 under k → −k we obtain

e(σLk)
2tûL(−k, t) =σ2L(g1((σLk)2, t)− ikg0((σLk)2, t))+

− e−ikaσ2L(hL1 ((σLk)2, t)− ikhL0 ((σLk)2, t)) + ûL0 (−k), (29a)

e(σRk)
2tûR(−k, t) =eikbσ2R(hR1 ((σRk)2, t)− ikhR0 ((σRk)2), t)+

− σ2Lg1((σRk)2, t) + ikσ2Rg0((σRk)2, t) + ûR0 (−k), (29b)

Inverting the Fourier transform in (28a),

uL(x, t) =
1

2π

∫ ∞
−∞

eikx−(σLk)
2tσ2L(g1((σLk)2, t) + ikg0((σLk)2, t)) dk+

− 1

2π

∫ ∞
−∞

eik(a+x)−(σLk)
2tσ2L(hL1 ((σLk)2, t) + ikhL0 ((σLk)2, t)) dk+

+
1

2π

∫ ∞
−∞

eikx−(σLk)
2tûL0 (k) dk. (30)

The integrand of the first integral is entire and decays as k →∞ for k ∈ C− \D−. The second
integral has an integrand that is entire and decays as k →∞ for k ∈ C+ \D+. It is convenient to
deform both contours away from k = 0 to avoid singularities in the integrands that become apparent
in what follows. Initially, these singularities are removable, since the integrands are entire. Writing
integrals of sums as sums of integrals, the singularities may cease to be removable. With the
deformations away from k = 0, the apparent singularities are no cause for concern. In other words,
we deform D+ to D+

0 and D− to D−0 as show in Figure 6. Thus

uL(x, t) =
−1

2π

∫
∂D−

0

eikx−(σLk)
2tσ2L(g1((σLk)2, t) + ikg0((σLk)2, t)) dk+

− 1

2π

∫
∂D+

0

eik(a+x)−(σLk)
2tσ2L(hL1 ((σLk)2, t) + ikhL0 ((σLk)2, t)) dk+

+
1

2π

∫ ∞
−∞

eikx−(σLk)
2tûL0 (k) dk. (31)

To obtain the solution on the right we apply the inverse Fourier transform to (28b):

uR(x, t) =
1

2π

∫ ∞
−∞

eik(x−b)−(σRk)
2tσ2R(hR1 ((σRk)2, t) + ikhR0 ((σRk)2, t)) dk+

− 1

2π

∫ ∞
−∞

eikx−(σRk)
2t(ikσ2Rg0((σRk)2, t) + σ2Lg1((σRk)2, t)) dk+

+
1

2π

∫ ∞
−∞

eikx−(σRk)
2tûR0 (k) dk. (32)

The integrand of the first integral is entire and decays as k →∞ for k ∈ C− \D−. The second
integral has an integrand that is entire and decays as k → ∞ for k ∈ C+ \ D+. We deform the
contours as above to obtain
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D+
0

D�
0

Figure 6: The deformed domains D+
0 and D−0 , used to avoid the origin.

uR(x, t) =
−1

2π

∫
∂D−

0

eik(x−b)−(σRk)
2tσ2R(hR1 ((σRk)2, t) + ikhR0 ((σRk)2, t)) dk+

− 1

2π

∫
∂D+

0

eikx−(σRk)
2t(ikσ2Rg0((σRk)2, t) + σ2Lg1((σRk)2, t)) dk+

+
1

2π

∫ ∞
−∞

eikx−(σRk)
2tûR0 (k) dk. (33)

Taking the time transform of the boundary conditions results in

f̂L(ω, s) = α1h
L
0 (ω, t) + α2h

L
1 (ω, t),

and

f̂R(ω, s) = α3h
R
0 (ω, t) + α4h

R
1 (ω, t).

These two equations together with (29a) and (29b) are four equations to be solved for the four
unknowns hL0 (ω, t), hR0 (ω, t), hL1 (ω, t), hR1 (ω, t). The resulting expressions are substituted in (31)
and (33).

Although we could solve this problem in its full generality, we restrict to the case of Dirichlet
boundary conditions (α2 = α4 = 0), to simplify the already cumbersome formulae below. Then
hL0 (ω, t) and hR0 (ω, t) are determined, and we solve two equations for two unknowns. The system
(29a)-(29b) is not solvable for hL1 (ω, t) and hR1 (ω, t) if ∆L(k) = 0, where

∆L(k) = π(σL(e2iak + 1)(e2ibkσL/σR − 1) + σR(e2iak − 1)(e2ibkσL/σR + 1))

= iπ(e2iak + 1)(e2ibkσL/σR + 1)(σL tan(bkσL/σR) + σR tan(ak)).
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It is easily seen that all values of k satisfying this (including k = 0) are on the real line. Thus
on the contours, the equations are solved without problem, resulting in the expressions below. As
before, the right-hand sides of these expressions involve ûL(k, t) and ûL(k, t), evaluated at a variety
of arguments. All terms with such dependence are written out explicitly below. Terms that depend
on known quantities only are contained in KL and KR, the expressions for which are given later.

uL(x, t) = KL +

∫
∂D−

0

eikx(σL + σR) + eik(x+2bσL/σR)(σR − σL)

2∆L(k)
ûL(k, t) dk+

+

∫
∂D−

0

−eik(x+2a)(σL + σR) + eik(x+2a+2bσL/σR)(σL − σR)

2∆L(k)
ûL(−k, t) dk+

+

∫
∂D−

0

σLe
ik(x+2a+2bσL/σR)

∆L(k)
ûR(kσL/σR, t) dk +

∫
∂D−

0

−σLeik(x+2a)

∆L(k)
ûR(−kσL/σR, t) dk+

+

∫
∂D+

0

eik(x+2a)(σR − σL) + eik(x+2a+2bσL/σR)(σL + σR)

2∆L(k)
ûL(k, t) dk+

+

∫
∂D+

0

−eik(x+2a)(σL + σR) + eik(x+2a+2bσL/σR)(σL − σR)

2∆L(k)
ûL(−k, t) dk+

+

∫
∂D+

0

σLe
ik(x+2a+2bσL/σR)

∆L(k)
ûR(kσL/σR, t) dk +

∫
∂D+

0

−σLeik(x+2a)

∆L(k)
ûR(−kσL/σR, t) dk,

(34)

and

uR(x, t) = KR +

∫
∂D+

0

eikxσR
∆R(k)

ûL(kσR/σL, t) dk +

∫
∂D+

0

−σReik(x+2aσR/σL)

∆R(k)
ûL(−kσR/σL, t) dk+

+

∫
∂D+

0

eik(2b+x)(σL − σR) + eik(x+2b+2aσR/σL)(σL + σR)

2∆R(k)
ûR(k, t) dk+

+

∫
∂D+

0

eikx(σR − σL)− eik(x+2aσR/σL)(σL + σR)

2∆R(k)
ûR(−k, t) dk+

+

∫
∂D−

0

σRe
ikx

∆R(k)
ûL(kσR/σL, t) dk +

∫
∂D−

0

−σReik(x+2aσR/σL)

∆R(k)
ûL(−kσR/σL, t) dk+

+

∫
∂D−

0

eikx(σL + σR)− eik(x+2aσR/σL)(σL − σR)

2∆R(k)
ûR(k, t) dk+

+

∫
∂D−

0

eikx(σR − σL)− eik(x+2aσR/σL)(σL + σR)

2∆R(k)
ûR(−k, t) dk, (35)

where

∆R(k) = ∆L(kσR/σL).

The integrands written explicitly in (34) and (35) decay in the regions around whose boundaries
they are integrated. Thus, using Jordan’s Lemma and Cauchy’s Theorem these integrals are shown
to vanish. Thus the final solution is given by KL and KR.
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Proposition 2 The solution of the heat transfer problem (23)-(26) is given by

uL(x, t) = KL

=

∫ ∞
−∞

eikx−(σLk)
2tûL0 (k) dk +

∫
∂D−

0

−2ikσ2LσRe
ik(x+2a+bσL/σR)−(σLk)2t

α3∆L(k)
f̂R((σLk)2, t) dk+

+

∫
∂D−

0

ikσ2Le
ik(x+a)−(σLk)2t(σL + σR)− ikσ2Leik(x+a+2bσL/σR)−(σLk)2t(σL − σR)

α1∆L(k)
f̂L((σLk)2, t) dk+

+

∫
∂D−

0

−eikx−(σLk)2t(σL + σR) + eik(x+2bσL/σR)−(σLk)2t(σL − σR)

2∆L(k)
ûL0 (k) dk+

+

∫
∂D−

0

eik(x+2a)−(σLk)2t(σL + σR) + eik(x+2a+2bσL/σR)−(σLk)2t(σR − σL)

2∆L(k)
ûL0 (−k) dk+

+

∫
∂D−

0

−σLeik(x+2a+2bσL/σR)−(σLk)2t

∆L(k)
ûR0 (kσL/σR) dk +

∫
∂D−

0

σLe
ik(x+2a)−(σLk)2t

∆L(k)
ûR0 (−kσL/σR) dk+

+

∫
∂D+

0

ikσ2Le
ik(x+a)−(σLk)2t(σL + σR)− ikσ2Leik(x+a+2bσL/σR)−(σLk)2t(σL − σR)

α1∆L(k)
f̂L((σLk)2, t) dk+

+

∫
∂D+

0

−2ikσ2LσRe
ik(x+2a+bσL/σR)−(σLk)2t(1 + σLσR)

α3∆L(k)
f̂R((σLk)2, t) dk+

+

∫
∂D+

0

−eik(x+2a)−(σLk)2t(σR − σL)− eik(x+2a+2bσL/σR)−(σLk)2t(σL + σR)

2∆L(k)
ûL0 (k) dk+

+

∫
∂D+

0

eik(x+2a)−(σLk)2t(σL + σR) + eik(x+2a+2bσL/σR)−(σLk)2t(σR − σL)

2∆L(k)
ûL0 (−k) dk+

+

∫
∂D+

0

−σLeik(x+2a+2bσL/σR)−(σLk)2t

∆L(k)
ûR0 (kσL/σR) dk +

∫
∂D+

0

σLe
ik(x+2a)−(σLk)2t

∆L(k)
ûR0 (−kσL/σR) dk,

(36)

for −a < x < 0, and, for 0 < x < b

uR(x, t) = KR

=

∫ ∞
−∞

eikx−(σRk)
2tûR0 (k) dk +

∫
∂D−

0

2ikσLσ
2
Re

ik(x+aσR/σL)−(σRk)2t

α1∆R(k)
f̂L((σRk)2, t) dk+

+

∫
∂D−

0

−ikσ2Reik(x+b)−(σRk)
2t(σL − σR)− ikσ2Reik(x+b+2aσR/σL)−(σRk)2t

α3∆R(k)
f̂R((σRk)2, t) dk+

+

∫
∂D−

0

−σReikx−(σRk)
2t

∆R(k)
ûL0 (kσR/σL) dk +

∫
∂D−

0

σRe
ik(x+2aσR/σL)−(σRk)2t

∆R(k)
ûL0 (−kσR/σL) dk+

+

∫
∂D−

0

−eik(x+2b)−(σRk)2t(σL − σR)− eik(x+2b+2aσR/σL)−(σRk)2t(σL + σR)

2∆R(k)
ûR0 (k) dk+

+

∫
∂D−

0

eikx−(σRk)
2t(σL − σR) + eik(x+2aσR/σL)−(σRk)2t(σL + σR)

2∆R(k)
ûR0 (−k) dk+
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+

∫
∂D+

0

2ikσLσ
2
Re

ik(x+aσR/σL)−(σRk)2t

α1∆R(k)
f̂L((σRk)2, t) dk+

+

∫
∂D+

0

−ikσReik(x+b)−(σRk)
2t(σL − σR)− ikσ2Reik(x+b+2aσR/σL)−(σRk)2t(σL + σR)

α3∆R(k)
f̂R((σRk)2, t) dk+

+

∫
∂D+

0

−σReikx−(σRk)
2t

∆R(k)
ûL0 (kσR/σL) dk +

∫
∂D+

0

σRe
ik(x+2aσR/σL)−(σRk)2t

∆R(k)
ûL0 (−kσR/σL) dk+

+

∫
∂D+

0

−eikx−(σRk)2t(σL + σR) + eik(x+2aσR/σL)−(σRk)2t(σR − σL)

2∆R(k)
ûR0 (k) dk+

+

∫
∂D+

0

eikx−(σRk)
2t(σL − σR) + eik(x+2aσR/σL)−(σRk)2t(σL + σR)

2∆R(k)
ûR0 (−k) dk. (37)

Remarks.

• The solution of the problem posed in (23)-(26) may be obtained using the classical method of
separation of variables and superposition, see [8]. The solutions uL(x, t) and uR(x, t) are given
by series of eigenfunctions with eigenvalues that satisfy a transcendental equation, closely
related to the equation ∆L(k) = 0. This series solution may be obtained from Proposition 2
by deforming the contours along ∂D−0 and ∂D+

0 to the real line, including small semi-circles
around each root of either ∆L(k) or ∆R(k), depending on whether uL(x, t) or uR(x, t) is being
calculated. Indeed, this is allowed since all integrands decay in the wedges between these
contours and the real line, and the zeros of ∆L(k) and ∆R(k) occur only on the real line, as
stated above. Careful calculation of all different contributions, following the examples in [3, 5],
shows that the contributions along the real line cancel, leaving only residue contributions
from the small circles. Each residue contribution corresponds to a term in the classical series
solution. It is not necessarily beneficial to leave the form of the solution in Proposition 2
for the series representation, as the latter depends on the roots of ∆L(k) and ∆R(k), which
are not known explicitly. In contrast, the representation of Proposition 2 depends on known
quantities only and may be readily computed, using one’s favorite parameterization of the
contours ∂D−0 and ∂D+

0 .

• Similarly, the familiar piecewise linear steady-state solution of (23)-(26) with Dirichlet bound-
ary conditions [8] can be observed from (36) and (37) by choosing initial conditions that decay
appropriately and constant boundary conditions fL(t) = γL and fR(t) = γR. It is convenient
to choose zero initial conditions, since the initial conditions do not affect the steady state. As
above, the contours are deformed so that they are along the real line with semi-circular paths
around the zeros of ∆L(k) and ∆R(k), including k = 0. Since one of these deformations arises
from D+

0 while the other comes from D−0 , the contributions along the real line cancel each
other, while the semi-circles add to give full residue contributions from the poles associated
with the zeros of ∆L(k). All such residues vanish as t→∞, except at k = 0. It follows that
the steady state behavior is determined by the residue at the origin. This results in
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uL(x, t) =
σ2R(γR − γL)

bσ2L + aσ2R
x+

bγLσ2L + aγRσ2R
bσ2L + aσ2R

, − a < x < 0,

uR(x, t) =
σ2L(γR − γL)

bσ2L + aσ2R
x+

bγLσ2L + aγRσ2R
bσ2L + aσ2R

, 0 < x < b,

which is piecewise linear and continuous.

• A more direct way to recover only the steady-state solution to (23) with limt→∞ f
L(t) = f

L

and limt→∞ f
R(t) = f

R
constant is to write the solution as the superposition of two parts:

uL(x, t) = uL(x) + ǔL(x, t) and uR(x, t) = uR(x) + ǔR(x, t). The first parts uL and uR satisfy
the boundary conditions as t→∞ and the stationary heat equation. In other words

0 = σ2Lu
L
xx(x), − a < x < 0,

0 = σ2Ru
R
xx(x), 0 < x < b,

f
L

= α1u
L(−a) + α2u

L
x (−a),

f
R

= α3u
R(b) + α4u

R
x (b).

A piecewise linear ansatz with the imposition of the interface conditions results in linear
algebra for the unknown coefficients, see [8]. With the steady state solution in hand, the
second (time-dependent) parts ǔL and ǔR satisfy the initial conditions modified by the steady
state solution and the boundary conditions minus their value as t→∞:

ǔLt (x, t) = σ2Lǔ
L
xx(x, t), a < x < 0, t > 0,

ǔRt (x, t) = σ2Rǔ
R
xx(x, t), 0 < x < b, t > 0,

ǔL(x, 0) = uL(x, 0)− uL(x), − a < x < 0,

ǔR(x, 0) = uR(x, 0)− uR(x), 0 < x < b,

fL(t)− fL = α1ǔ
L(−a, t) + α2ǔ

L
x (−a, t), t > 0,

fR(t)− fR = α3ǔ
R(b, t) + α4ǔ

R
x (b, t), t > 0,

where, as usual, we impose continuity of temperature and heat flux at the interface x = 0.
The dynamics of the solution is described by ǔL and ǔR, both of which decay to zero as
t→∞. Their explicit form is easily found using the method described in this section.

4 Other problems

With the basic principles of the method outlined in the previous two sections, problems with
more layers, both finite and infinite, may be addressed. We state two additional problems below
and include solutions for specific initial conditions. More complete solutions can be found in the
electronic supplementary material.
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Figure 7: The heat conduction problem for a single rod of length 2a between two semi-infinite rods.

4.1 Infinite domain with three layers

In this section we consider the heat equation defined on two semi-infinite rods enclosing a single
rod of length 2a.

We seek three functions

uL(x, t), x ∈ (−∞,−a), t ≥ 0, uM (x, t), x ∈ (−a, b), t ≥ 0, uR(x, t), x ∈ (b,∞), t ≥ 0,

satisfying the equations

uLt (x, t) = σ2Lu
L
xx(x, t), −∞ <x < −a, t > 0, (38a)

uMt(x, t) = σ2Mu
M
xx(x, t), −a <x < a, t > 0, (38b)

uRt (x, t) = σ2Ru
R
xx(x, t), a <x <∞, t > 0, (38c)

the initial conditions

uLt (x, 0) = uL0 (x), −∞ <x < −a, (39a)

uMt(x, 0) = uM 0(x), −a <x < a, (39b)

uRt (x, 0) = uR0 (x), a <x <∞, (39c)

the asymptotic conditions

lim
x→−∞

uLt (x, t) = 0, t ≥ 0, (40a)

lim
x→∞

uRt (x, t) = 0, t ≥ 0, (40b)

and the continuity conditions

uL(−a, t) = uM (−a, t), t ≥ 0, (41a)

uM (a, t) = uR(a, t), t ≥ 0, (41b)

σ2Lu
L
x (−a, t) = σ2Mu

M
x (−a, t), t ≥ 0, (41c)

σ2Mu
M
x (a, t) = σ2Ru

R
x (a, t), t ≥ 0, (41d)

as shown in Figure 7.
The asymptotic conditions (40) are not the most general possible but are used here to simplify

calculations. To our knowledge, no aspect of this problem is addressed in the literature.
To solve this problem, one would proceed with the following steps:

1. Write the local relations in each of the three domains: left, middle, and right.
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2. Use Green’s Theorem to define the three global relations, keeping track of where they are
valid in the complex k plane.

3. Solve the three global relations for uL(x, t), uM (x, t) and uR(x, t) by inverting the Fourier
transforms.

4. Using the k → −k symmetry of the dispersion relationships on the three original global
relations, write down three more global relations. This uses the discrete symmetry of each
individual dispersion relation.

5. Deform the integrals of the solution expressions to D+
0 or D−0 as dictated by the region of

analyticity of the integrand.

6. Use the discrete symmetries of the dispersion relationship to the collection of global relations
for g0(ω, t), g1(ω, t), h0(ω, t), h1(ω, t). Care should be taken that relations can only be solved
simultaneously provided their regions of validity overlap. At this stage, as in the previous
two sections, the discrete symmetries from one dispersion relation to another come into play.

7. Terms containing unknown functions are shown to be zero by examining the regions of ana-
lyticity and decay for the relevant integrands, and the use of Jordan’s Lemma.

For brevity of the presentation, we will assume uM (x, 0) = 0 = uR(x, 0). The solution to the
non-restricted problem can be found in the electronic supplementary material. After defining the
transforms

ûL0 (k) =

∫ −a
−∞

e−ikxuL0 (x) dx, ûL(k, t) =

∫ −a
−∞

e−ikxuL(x, t) dx,

ûM (k) =

∫ a

−a
e−ikxuM (x, t) dx, ûR(k, t) =

∫ ∞
a

e−ikxuR(x, t) dx,

h1(ω, t) =

∫ t

0
eωsuLx (−a, s) ds =

σ2M
σ2L

∫ t

0
eωsuMx (−a, s) ds,

h0(ω, t) =

∫ t

0
eωsuL(−a, s) ds =

∫ t

0
eωsuM (−a, s) ds,

g1(ω, t) =

∫ t

0
eωsuMx (a, s) ds =

σ2R
σ2M

∫ t

0
eωsuRx (a, s) ds,

g0(ω, t) =

∫ t

0
eωsuM (a, s) ds =

∫ t

0
eωsuR(a, s) ds,

we proceed as outlined above. The solution formulae are given in the following proposition:

Proposition 3 The solution of the heat transfer problem (38)-(41) with uM (x, 0) = uR(x, 0) = 0
is

uL(x, t) =
1

2π

∫ ∞
−∞

eikx−(σLk)
2tûL0 (k) dk+

− 1

2

∫
∂D−

0

eik(x+2a)−(σLk)2t

∆L(k)

(
(σL + σM )(σM − σR) + e4ikaσL/σM (σL − σM )(σM + σR)

)
ûL0 (−k) dk,
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for −∞ < x < −a with ∆L(k) = π
(
(σL − σM )(σM − σR) + e4iakσL/σM (σL + σM )(σM + σR)

)
,

uM (x, t) = −σM (σM − σR)

∫
∂D−

0

eik(x+a+aσM/σL)−(σMk)2t

∆L(kσM/σL)
ûL0

(−kσM
σL

)
dk+

+ σM (σM + σR)

∫
∂D+

0

eik(x+a−aσM/σL)−(σMk)2t

∆R(kσM/σR)
ûL0

(
kσM
σL

)
dk,

for −a < x < b with ∆R(k) = π
(
(σL + σM )(σM + σR) + e4iakσR/σM (σL − σM )(σM − σR)

)
. Lastly,

the expression for uR(x, t), valid for x > a, is

uR(x, t) = 2σMσR

∫
∂D+

0

eik(x−a−aσR/σL+2aσR/σM )−(σRk)2t

∆R(k)
ûL0

(
kσR
σL

)
dk.

4.2 Finite domain with three layers

We consider the heat conduction problem in three rods of finite length as shown in Figure 8.
We seek three functions

uL(x, t), x ∈ (−a, 0), t ≥ 0, uM (x, t), x ∈ (0, b), t ≥ 0, uR(x, t), x ∈ (b, c), t ≥ 0,

satisfying the equations

uLt (x, t) = σ2Lu
L
xx(x, t), −a <x < 0, t > 0, (42a)

uMt(x, t) = σ2Mu
M
xx(x, t), 0 <x < b, t > 0, (42b)

uRt (x, t) = σ2Ru
R
xx(x, t), b <x < c, t > 0, (42c)

the initial conditions

uLt (x, 0) = uL0 (x), −∞ <x < −a, (43a)

uMt(x, 0) = uM 0(x), −a <x < a, (43b)

uRt (x, 0) = uR0 (x), a <x <∞, (43c)

the boundary conditions

fL(t) = α1u
L(−a, t) + α2u

L
x (−a, t), t > 0, (44a)

fR(t) = α3u
R(c, t) + α4u

R
x (c, t), t > 0, (44b)

(44c)

and the continuity conditions

uL(0, t) = uM (0, t), t ≥ 0, (45a)

uM (b, t) = uR(b, t), t ≥ 0, (45b)

σ2Lu
L
x (0, t) = σ2Mu

M
x (0, t), t ≥ 0, (45c)

σ2Mu
M
x (b, t) = σ2Ru

R
x (b, t), t ≥ 0. (45d)
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Figure 8: The heat equation for three finite layers.

The solution process is as before, following the steps outlined in the previous section. For
simplicity we assume Neumann boundary data (α1 = α3 = 0), zero boundary conditions (fL(t) =
fR(t) = 0), and uM (x, 0) = 0 = uR(x, 0). The solution with uM (x, 0) 6= 0 and uR(x, 0) 6= 0 is given
in the electronic supplementary material. We define

ûL0 (k) =

∫ 0

−a
e−ikxuL0 (x) dx, ûL(k, t) =

∫ 0

−a
e−ikxuL(x, t) dx,

ûM (k) =

∫ b

0
e−ikxuM (x, t) dx, ûR(k, t) =

∫ c

b
e−ikxuR(x, t) dx,

gL1 (ω, t) =

∫ t

0
eωsuLx (−a, s) ds, gL0 (ω, t) =

∫ t

0
eωsuL(−a, s) ds,

hL1 (ω, t) =

∫ t

0
eωsuLx (0, s) ds =

σ2M
σ2L

∫ t

0
eωsuMx (0, s) ds,

hL0 (ω, t) =

∫ t

0
eωsuL(0, s) ds =

∫ t

0
eωsuM (0, s) ds,

gR1 (ω, t) =

∫ t

0
eωsuMx (b, s) ds =

σ2R
σ2M

∫ t

0
eωsuRx (b, s) ds,

gR0 (ω, t) =

∫ t

0
eωsuM (b, s) ds =

∫ t

0
eωsuR(b, s) ds,

hR1 (ω, t) =

∫ t

0
eωsuRx (c, s) ds, hR0 (ω, t) =

∫ t

0
eωsuR(c, s) ds.

The solution is given by the following proposition.

Proposition 4 The solution to the heat transfer problem (42)-(45) with α1 = α3 = 0, fL(t) =
fR(t) = 0, and uM (x, 0) = uR(x, 0) = 0 is

uL(x, t) =
1

2π

∫ ∞
−∞

eikx−(σLk)
2tûL0 (k) dk+

+

∫
∂D−

0

eikx−(σLk)
2t

2∆L(k)

(
e2ibkσL/σR(σL−σM )(σM−σR) + e2ikσL(c/σR+b/σM )(σL+σM )(σM−σR)+

+ e2ickσL/σR(σL − σM )(σM + σR) + e2ibkσL(1/σR+1/σM )(σL + σM )(σM + σR)
)
ûL0 (k) dk+

+

∫
∂D−

0

eik(x+2a)−(σLk)2t

2∆L(k)

(
e2ibkσL/σR(σL−σM )(σM−σR)+e2ikσL(c/σR+b/σM )(σL+σM )(σM−σR)+
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+ e2ickσL/σR(σL − σM )(σM + σR) + e2ibkσL(1/σR+1/σM )(σL + σM )(σM + σR)
)
ûL0 (−k) dk+

+

∫
∂D+

0

eik(x+2a)−(σLk)2t

2∆L(k)

(
e2ikσL(c/σR+b/σM )(σL−σM )(σM−σR)+e2ibkσL/σR(σL+σM )(σM−σR)+

+ e2ibkσL(1/σR+1/σM )(σL − σM )(σM + σR) + e2ickσL/σR(σL + σM )(σM + σR)
)
ûL0 (k) dk+

+

∫
∂D+

0

eik(x+2a)−(σLk)2t

2∆L(k)

(
e2ibkσL/σR(σL−σM )(σM−σR)+e2ikσL(c/σR+b/σM )(σL+σM )(σM−σR)+

+ e2ickσL/σR(σL − σM )(σM + σR) + e2ibkσL(1/σR+1/σM )(σL + σM )(σM + σR)
)
ûL0 (−k) dk,

for −a < x < 0 with

∆L(k) = π
(
e2ibkσL/σR(σL − σM )(σM − σR) + e2ik(cσL/σR+bσL/σM+a)(σM − σL)(σM − σR)+

+e2ikσL(c/σR+b/σM )(σL + σM )(σM − σR) + e2ik(bσL/σR+a)(σL + σM )(σR − σM ) +

+e2ickσL/σR(σL − σM )(σM + σR) + e2ik(a+bσL/σR+bσL/σM )(σM − σL)(σM + σR) +

+e2ibk(σL/σR+σL/σM )(σL + σM )(σM + σR)− e2ik(cσL/σR+a)(σL + σM )(σM + σR)
)
.

Next,

uM (x, t) =

∫
∂D−

0

−eik(x+b)−(σMk)2tσM
∆M (k)

(
e2ickσM/σR(σM − σR) + e2ibkσM/σR(σM + σR)

)
ûL0 (kσM/σL) dk+

+

∫
∂D−

0

−eik(x+b+2aσM/σL)−(σMk)2tσM
∆M (k)

(
e2ickσM/σR(σM−σR)+e2ibkσM/σR(σM+σR)

)
ûL0 (−σM/σL)dk+

+

∫
∂D+

0

−eik(x+b)−(σMk)2tσM
∆M (k)

(
e2ickσM/σR(σM − σR) + e2ibkσM/σR(σM + σR)

)
ûL0 (kσM/σL) dk+

−
∫
∂D+

0

eik(x+b+2aσM/σL)−(σMk)2tσM
∆M (k)

(
e2ickσM/σR(σM−σR)+e2ibkσM/σR(σM+σR)

)
ûL0 (−kσM/σL)dk,

for 0 < x < b, with

∆M (k) = π
(
eik(aσM/σL+b+cσM/σR)(σL − σM )(σM − σR) + e2bikσM/σR(σM − σL)(σM − σR)+

+e2ikσM (b/σR+a/σL)(σL + σM )(σM − σR) + e2ik(cσM/σR+b)(σL + σM )(σR − σM ) +

+e2ik(aσM/σL+bσM/σR+b)(σL − σM )(σM + σR) + e2ickσM/σR(σM − σL)(σM + σR) +

−e2ibk(σM/σR+1)(σL + σM )(σM + σR) + e2ikσM (c/σR+a/σL)(σL + σM )(σM + σR)
)
,

and
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uR(x, t) =

∫
∂D−

0

−2eik(x+b+bσR/σM )−(σRk)2t

∆R(k)
(σMσR) ûL0 (kσR/σL) dk+

+

∫
∂D−

0

−2eik(x+b+bσR/σM+2aσR/σL)−(σRk)2t

∆R(k)
(σMσR) ûL0 (−kσR/σL) dk+

+

∫
∂D+

0

2eik(x+b+bσR/σM )−(σRk)2t

∆R(k)
(σMσR) ûL0 (kσR/σL) dk+

+

∫
∂D+

0

2eik(x+b+bσR/σM+2aσR/σL)−(σRk)2t

∆R(k)
(σMσR) ûL0 (−kσR/σL) dk,

for b < x < c with

∆R(k) = π
(
e2ibk(σL − σM )(σM − σR) + e2ik(aσR/σL+bσR/σM+c)(σM − σL)(σM − σR)+

+ e2ik(bσR/σM+c)(σL + σM )(σM − σR) + e2ik(aσR/σL+b)(σL + σM )(σR − σM )+

+ e2ick(σL − σM )(σM + σR) + e2ik(a/σL+b+bσR/σM )(σM − σL)(σM + σR)+

+e2ibk(1+σR/σM )(σL + σM )(σM + σR)− e2ik(aσR/σL+c)(σL + σM )(σM + σR)
)
.
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A Electronic Supplementary Material

A.1 Infinite domain with three layers

In this section we consider the heat equation defined on two semi-infinite rods enclosing a single
rod of length 2a as defined in the main paper, (38)-(41) without imposing uM (x, 0) = 0 = uR(x, 0).
That is, we seek three functions

uL(x, t), x ∈ (−∞,−a), t ≥ 0, uM (x, t), x ∈ (−a, b), t ≥ 0, uR(x, t), x ∈ (b,∞), t ≥ 0,

satisfying the equations

uLt (x, t) = σ2Lu
L
xx(x, t), −∞ <x < −a, t > 0, (46a)

uMt(x, t) = σ2Mu
M
xx(x, t), −a <x < a, t > 0, (46b)

uRt (x, t) = σ2Ru
R
xx(x, t), a <x <∞, t > 0, (46c)

the initial conditions

uLt (x, 0) = uL0 (x), −∞ <x < −a, (47a)

uMt(x, 0) = uM 0(x), −a <x < a, (47b)

uRt (x, 0) = uR0 (x), a <x <∞, (47c)

the asymptotic conditions

lim
x→−∞

uLt (x, t) = 0, t ≥ 0, (48a)

lim
x→∞

uRt (x, t) = 0, t ≥ 0, (48b)

and the continuity conditions

uL(−a, t) = uM (−a, t), t ≥ 0, (49a)

uM (a, t) = uR(a, t), t ≥ 0, (49b)

σ2Lu
L
x (−a, t) = σ2Mu

M
x (−a, t), t ≥ 0, (49c)

σ2Mu
M
x (a, t) = σ2Ru

R
x (a, t), t ≥ 0. (49d)

After defining the transforms
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ûL0 (k) =

∫ −a
−∞

e−ikxuL0 (x) dx, ûL(k, t) =

∫ −a
−∞

e−ikxuL(x, t) dx,

ûM0 (k) =

∫ a

−a
e−ikxuM0 (x) dx, ûM (k) =

∫ a

−a
e−ikxuM (x, t) dx,

ûR0 (k) =

∫ ∞
a

e−ikxuR0 (x) dx, ûR(k, t) =

∫ ∞
a

e−ikxuR(x, t) dx,

h1(ω, t) =

∫ t

0
eωsuLx (−a, s) ds =

σ2M
σ2L

∫ t

0
eωsuMx (−a, s) ds,

h0(ω, t) =

∫ t

0
eωsuL(−a, s) ds =

∫ t

0
eωsuM (−a, s) ds,

g1(ω, t) =

∫ t

0
eωsuMx (a, s) ds =

σ2R
σ2M

∫ t

0
eωsuRx (a, s) ds,

g0(ω, t) =

∫ t

0
eωsuM (a, s) ds =

∫ t

0
eωsuR(a, s) ds,

we proceed as outlined in the preceding sections. The solution formulae are given in the following
proposition:

Proposition 5 The solution of the heat transfer problem (46)-(49) is

uL(x, t)=
1

2π

∫ ∞
−∞
eikx−(σLk)

2tûL0 (k) dk−σL(σM + σR)

∫
∂D−

0

eik(x+a+3aσL/σM )−(σLk)2t

∆L(k)
ûM0

(
kσL
σM

)
dk+

− 1

2

∫
∂D−

0

eik(x+2a)−(σLk)2t

∆L(k)

(
(σL + σM )(σM − σR) + e4ikaσL/σM (σL − σM )(σM + σR)

)
ûL0 (−k) dk+

σL(σR−σM )

∫
∂D−

0

eik(x+a+aσL/σM )−(σLk)2t

∆L(k)
ûM0

(−kσL
σM

)
dk−2σLσM

∫
∂D−

0

eik(x+a+aσL/σR+2aσL/σM )−(σLk)2t

∆L(k)
ûR0

(
kσL
σR

)
dk,

for −∞ < x < −a with ∆L(k) = π
(
(σL − σM )(σM − σR) + e4iakσL/σM (σL + σM )(σM + σR)

)
,

uM(x, t)=
1

2

∫ ∞
−∞
eikx−(σMk)2tûM0 (k)−σM (σM−σR)

∫
∂D−

0

eik(x+a+aσM/σL)−(σMk)2t

∆L(kσM/σL)
ûL0

(−kσM
σL

)
dk+

+
(σL−σM )(σM−σR)

2

∫
∂D−

0

eikx−(σMk)2tûM0 (k)

∆L(kσM/σL)
dk+σM (σM+σR)

∫
∂D+

0

eik(x+a−aσM/σL)−(σMk)2t

∆R(kσM/σR)
ûL0

(
kσM
σL

)
dk+

− σM (σL+σM )

∫
∂D−

0

eik(x+3a+aσM/σR)−(σMk)2t

∆L(kσM/σL)
ûR0

(
kσM
σR

)
dk− (σL+σM )(σM−σR)

2

∫
∂D−

0

eik(x+2a)−(σMk)2tûM0 (−k)

∆L(kσM/σL)
dk+

+
(σM−σL)(σM+σR)

2

∫
∂D+

0

eik(x+2a)−(σMk)2tûM0 (k)

∆R(kσM/σR)
dk+

(σM−σL)(σM−σR)

2

∫
∂D+

0

eik(x+4a)−(σMk)2tûM0 (−k)

∆R(kσM/σR)
dk+

+ σM (σM − σL)

∫
∂D+

0

eik(x+3a−aσM/σR)−(σMk)2t

∆R(kσM/σR)
ûR0

(−kσM
σR

)
dk,
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for −a < x < b with ∆R(k) = π
(
(σL + σM )(σM + σR) + e4iakσR/σM (σL − σM )(σM − σR)

)
. Lastly,

the expression for uR(x, t), valid for x > a, is identical to that for uL(x, t) with the replacements
a↔ −a, R↔ L, and ∂D−0 ↔ −∂D+

0 .

A.2 Finite domain with three layers

In this section we consider the heat conduction problem in three rods of finite length as defined
in the main paper by (42)-(45) without assuming uM (x, 0) = 0 = uR(x, 0). That is, we seek three
functions

uL(x, t), x ∈ (−a, 0), t ≥ 0, uM (x, t), x ∈ (0, b), t ≥ 0, uR(x, t), x ∈ (b, c), t ≥ 0,

satisfying the equations

uLt (x, t) = σ2Lu
L
xx(x, t), −a <x < 0, t > 0, (50a)

uMt(x, t) = σ2Mu
M
xx(x, t), 0 <x < b, t > 0, (50b)

uRt (x, t) = σ2Ru
R
xx(x, t), b <x < c, t > 0, (50c)

the initial conditions

uLt (x, 0) = uL0 (x), −∞ <x < −a, (51a)

uMt(x, 0) = uM 0(x), −a <x < a, (51b)

uRt (x, 0) = uR0 (x), a <x <∞, (51c)

the boundary conditions

fL(t) = α1u
L(−a, t) + α2u

L
x (−a, t), t > 0, (52a)

fR(t) = α3u
R(c, t) + α4u

R
x (c, t), t > 0, (52b)

(52c)

and the continuity conditions

uL(0, t) = uM (0, t), t ≥ 0, (53a)

uM (b, t) = uR(b, t), t ≥ 0, (53b)

σ2Lu
L
x (0, t) = σ2Mu

M
x (0, t), t ≥ 0, (53c)

σ2Mu
M
x (b, t) = σ2Ru

R
x (b, t), t ≥ 0. (53d)

The solution process is as before, following the steps outlined in Section sec:3i of the main paper.
For simplicity we assume Neumann boundary data (α1 = α3 = 0) and zero boundary conditions
(fL(t) = fR(t) = 0). We define
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ûL0 (k) =

∫ 0

−a
e−ikxuL0 (x) dx, ûL(k, t) =

∫ 0

−a
e−ikxuL(x, t) dx,

ûM0 (k) =

∫ b

0
e−ikxuM0 (x) dx, ûM (k) =

∫ b

0
e−ikxuM (x, t) dx,

ûR0 (k) =

∫ c

b
e−ikxuR0 (x) dx, ûR(k, t) =

∫ c

b
e−ikxuR(x, t) dx,

gL1 (ω, t) =

∫ t

0
eωsuLx (−a, s) ds, gL0 (ω, t) =

∫ t

0
eωsuL(−a, s) ds,

hL1 (ω, t) =

∫ t

0
eωsuLx (0, s) ds =

σ2M
σ2L

∫ t

0
eωsuMx (0, s) ds,

hL0 (ω, t) =

∫ t

0
eωsuL(0, s) ds =

∫ t

0
eωsuM (0, s) ds,

gR1 (ω, t) =

∫ t

0
eωsuMx (b, s) ds =

σ2R
σ2M

∫ t

0
eωsuRx (b, s) ds,

gR0 (ω, t) =

∫ t

0
eωsuM (b, s) ds =

∫ t

0
eωsuR(b, s) ds,

hR1 (ω, t) =

∫ t

0
eωsuRx (c, s) ds, hR0 (ω, t) =

∫ t

0
eωsuR(c, s) ds.

The solution is given by the following proposition.

Proposition 6 The solution to the heat transfer problem (50)-(53) with α1 = α3 = 0 and fL(t) =
fR(t) = 0 is

uL(x, t) =
1

2π

∫ ∞
−∞

eikx−(σLk)
2tûL0 (k) dk+

+

∫
∂D−

0

eikx−(σLk)
2t

2∆L(k)

(
e2ibkσL/σR(σL−σM )(σM−σR) + e2ikσL(c/σR+b/σM )(σL+σM )(σM−σR)+

+ e2ickσL/σR(σL − σM )(σM + σR) + e2ibkσL(1/σR+1/σM )(σL + σM )(σM + σR)
)
ûL0 (k) dk+

+

∫
∂D−

0

eik(x+2a)−(σLk)2t

2∆L(k)

(
e2ibkσL/σR(σL−σM )(σM−σR)+e2ikσL(c/σR+b/σM )(σL+σM )(σM−σR)+

+ e2ickσL/σR(σL − σM )(σM + σR) + e2ibkσL(1/σR+1/σM )(σL + σM )(σM + σR)
)
ûL0 (−k) dk+

−
∫
∂D−

0

eik(x+2a+bσL/σM )−(σLk)2tσL
∆L(k)

(e2ibkσL/σR(σM−σR)+e2ickσL/σR(σM+σR))ûM0 (kσL/σM )dk+

−
∫
∂D−

0

eik(x+2a+bσL/σM )−(σLk)2tσL
∆L(k)

(e2ickσL/σR(σM−σR)+e2ibkσL/σR(σM+σR))ûM0 (−kσL/σM )dk+

+

∫
∂D−

0

2σLσM
∆L(k)

eik(x+2a+2cσL/σR+bσL/σR+bσL/σM )−(σLk)2tûR0 (kσL/σR) dk+
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+

∫
∂D−

0

2σLσM
∆L(k)

eik(x+2a+bσL/σR+bσL/σM )−(σLk)2tûR0 (−kσL/σR) dk+

+

∫
∂D+

0

eik(x+2a)−(σLk)2t

2∆L(k)

(
e2ikσL(c/σR+b/σM )(σL−σM )(σM−σR)+e2ibkσL/σR(σL+σM )(σM−σR)+

+ e2ibkσL(1/σR+1/σM )(σL − σM )(σM + σR) + e2ickσL/σR(σL + σM )(σM + σR)
)
ûL0 (k) dk+

+

∫
∂D+

0

eik(x+2a)−(σLk)2t

2∆L(k)

(
e2ibkσL/σR(σL−σM )(σM−σR)+e2ikσL(c/σR+b/σM )(σL+σM )(σM−σR)+

+ e2ickσL/σR(σL − σM )(σM + σR) + e2ibkσL(1/σR+1/σM )(σL + σM )(σM + σR)
)
ûL0 (−k) dk+

−
∫
∂D+

0

eik(x+2a+bσL/σM )−(σLk)2tσL
∆L(k)

(
e2ibkσL/σR(σM−σR)+e2ickσL/σR(σM+σR)

)
ûM0 (kσL/σM )dk+

−
∫
∂D+

0

eik(x+2a+bσL/σM )−(σLk)2tσL
∆L(k)

(
e2ickσL/σR(σM−σR)+e2ibkσL/σR(σM+σR)

)
ûM0 (−kσL/σM )dk+

+

∫
∂D+

0

2σLσM
∆L(k)

eik(x+2a+2cσL/σR+bσL(1/σR+1/σM ))−(σLk)2tûR0 (kσL/σR) dk+

+

∫
∂D+

0

2σLσM
∆L(k)

eik(x+2a+bσL(1/σR+1/σM ))−(σLk)2tûR0 (−kσL/σR) dk,

for −a < x < 0 with

∆L(k) = π
(
e2ibkσL/σR(σL − σM )(σM − σR) + e2ik(cσL/σR+bσL/σM+a)(σM − σL)(σM − σR)+

+e2ikσL(c/σR+b/σM )(σL + σM )(σM − σR) + e2ik(bσL/σR+a)(σL + σM )(σR − σM ) +

+e2ickσL/σR(σL − σM )(σM + σR) + e2ik(a+bσL/σR+bσL/σM )(σM − σL)(σM + σR) +

+e2ibk(σL/σR+σL/σM )(σL + σM )(σM + σR)− e2ik(cσL/σR+a)(σL + σM )(σM + σR)
)
.

Next,

uM (x, t) =
1

2π

∫ ∞
−∞

eikx−(σMk)2tûM0 (k) dk+

+

∫
∂D−

0

−eik(x+b)−(σMk)2tσM
∆M (k)

(
e2ickσM/σR(σM − σR) + e2ibkσM/σR(σM + σR)

)
ûL0 (kσM/σL) dk+

+

∫
∂D−

0

−eik(x+b+2aσM/σL)−(σMk)2tσM
∆M (k)

(
e2ickσM/σR(σM−σR)+e2ibkσM/σR(σM+σR)

)
ûL0 (−kσM/σL)dk+

−
∫
∂D−

0

eikx−(σMk)2t

2∆M (k)
(σM−σL+e2iakσM/σL(σL+σM ))(e2ibkσM/σR(σM−σR)+e2ickσM/σR(σM+σR))ûM0 (k)dk+

−
∫
∂D−

0

eikx−(σMk)2t

2∆M (k)
(σM−σL+e2iakσM/σL(σL+σM ))(e2ickσM/σR(σM−σR)+e2ibkσM/σR(σM+σR))ûM0 (−k)dk+

+

∫
∂D−

0

−eik(x+σM/σR(b+2c))−(σMk)2tσM
∆M (k)

(σM − σL + e2iakσM/σL(σL + σM ))ûR0 (kσM/σR) dk+
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+

∫
∂D−

0

−eik(x+bσM/σR)−(σMk)2tσM
∆M (k)

(σM − σL + e2iakσM/σL(σL + σM ))ûR0 (−kσM/σR) dk+

+

∫
∂D+

0

−eik(x+b)−(σMk)2tσM
∆M (k)

(
e2ickσM/σR(σM − σR) + e2ibkσM/σR(σM + σR)

)
ûL0 (kσM/σL) dk+

−
∫
∂D+

0

eik(x+b+2aσM/σL)−(σMk)2tσM
∆M (k)

(
e2ickσM/σR(σM−σR)+e2ibkσM/σR(σM+σR)

)
ûL0 (−kσM/σL)dk+

−
∫
∂D+

0

eik(x+2b)−(σMk)2t

2∆M (k)

(
σM+σL+e2iakσM/σL(σM−σL)

)
(e2ickσM/σR(σM−σR)+e2ibkσM/σR(σM+σR))ûM0 (k)dk+

−
∫
∂D+

0

eikx−(σMk)2t

2∆M (k)

(
σM−σL+e2iakσM/σL(σM+σL)

)
(e2ickσM/σR(σM−σR)+e2ibkσM/σR(σM+σR))ûM0 (−k)dk+

+

∫
∂D+

0

−eik(x+bσM/σR+2cσM/σR)−(σMk)2tσM
∆M (k)

(
σM − σL + e2iakσM/σL(σL + σM )

)
ûR0 (kσM/σR) dk+

+

∫
∂D+

0

−eik(x+bσM/σR)−(σMk)2tσM
∆M (k)

(
σM − σL + e2iakσM/σL(σL + σM )

)
ûR0 (−kσM/σR) dk,

for 0 < x < b, with

∆M (k) = π
(
eik(aσM/σL+b+cσM/σR)(σL − σM )(σM − σR) + e2bikσM/σR(σM − σL)(σM − σR)+

+e2ikσM (b/σR+a/σL)(σL + σM )(σM − σR) + e2ik(cσM/σR+b)(σL + σM )(σR − σM ) +

+e2ik(aσM/σL+bσM/σR+b)(σL − σM )(σM + σR) + e2ickσM/σR(σM − σL)(σM + σR) +

−e2ibk(σM/σR+1)(σL + σM )(σM + σR) + e2ikσM (c/σR+a/σL)(σL + σM )(σM + σR)
)
,

and

uR(x, t) =
1

2π

∫ ∞
−∞

eikx−(σRk)
2tûR0 (k) dk+

+

∫
∂D−

0

−2eik(x+b+bσR/σM )−(σRk)2t

∆R(k)
(σMσR) ûL0 (kσR/σL) dk+

+

∫
∂D−

0

−2eik(x+b+bσR/σM+2aσR/σL)−(σRk)2t

∆R(k)
(σMσR) ûL0 (−kσR/σL) dk+

+

∫
∂D−

0

eik(x+b+bσR/σM )−(σRk)2t

∆R(k)
(σL + σM + e2iakσR/σL(σM − σL))ûM0 (kσR/σM ) dk+

+

∫
∂D−

0

eik(x+b)−(σRk)
2t

∆R(k)
(σM − σL + e2iakσR/σL(σM + σL))ûM0 (−kσR/σM ) dk+

+

∫
∂D−

0

eik(x+2b)−(σRk)2t

2∆R(k)

(
(σR − σM )(σL − σM − e2iakσR/σL(σL + σM ))+

−e2ibkσR/σM (σM + σR)(σL + σM + e2iakσR/σL(σM − σL))
)
ûR0 (k) dk+
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+

∫
∂D−

0

eikx−(σRk)
2t

2∆R(k)

(
(σR + σM )(σL − σM − e2iakσR/σL(σL + σM ))+

−e2ibkσR/σM (σR − σM )(σL + σM + e2iakσR/σL(σM − σL))
)
ûR0 (−k) dk+

+

∫
∂D+

0

2eik(x+b+bσR/σM )−(σRk)2t

∆R(k)
(σMσR) ûL0 (kσR/σL) dk+

+

∫
∂D+

0

2eik(x+b+bσR/σM+2aσR/σL)−(σRk)2t

∆R(k)
(σMσR) ûL0 (−kσR/σL) dk+

+

∫
∂D+

0

−eik(x+b+2bσR/σM )−(σRk)2tσR
∆R(k)

(
σL + σM + e2iakσR/σL(σM − σL)

)
ûM0 (kσR/σM ) dk+

+

∫
∂D+

0

eik(x+b)−(σRk)
2tσR

∆R(k)

(
σM − σL + e2iakσR/σL(σM + σL)

)
ûM0 (−kσR/σM ) dk+

+

∫
∂D+

0

eik(x+2c)−(σRk)2t

2∆R(k)

(
e2ibkσR/σM (σR − σM )(σL + σM + e2iakσR/σL)+

+(σM + σR)(σM − σL + e2iakσR/σL(σL + σM ))
)
ûR0 (k) dk+

+

∫
∂D+

0

eikx−(σRk)
2t

2∆R(k)

(
e2ibkσR/σM (σR − σM )(σL + σM + e2iakσR/σL)+

(σM + σR)(σM − σL + e2iakσR/σL(σL + σM ))
)
ûR0 (−k) dk,

for b < x < c with

∆R(k) = π
(
e2ibk(σL − σM )(σM − σR) + e2ik(aσR/σL+bσR/σM+c)(σM − σL)(σM − σR)+

+ e2ik(bσR/σM+c)(σL + σM )(σM − σR) + e2ik(aσR/σL+b)(σL + σM )(σR − σM )+

+ e2ick(σL − σM )(σM + σR) + e2ik(a/σL+b+bσR/σM )(σM − σL)(σM + σR)+

+e2ibk(1+σR/σM )(σL + σM )(σM + σR)− e2ik(aσR/σL+c)(σL + σM )(σM + σR)
)
.
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