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ABSTRACT ii

Abstract

A new, unified transform method for boundary value problems on linear and integrable
nonlinear partial differential equations was recently introduced by Fokas. We consider initial-
boundary value problems for linear, constant-coefficient evolution equations of arbitrary order
on a finite domain. We use Fokas’ method to fully characterise well-posed problems. For odd
order problems with non-Robin boundary conditions we identify sufficient conditions that may
be checked using a simple combinatorial argument without the need for any analysis. We derive
similar conditions for the existence of a series representation for the solution to a well-posed
problem.

We also discuss the spectral theory of the associated linear two-point ordinary differential
operator. We give new conditions for the eigenfunctions to form a complete system, characterised

in terms of initial-boundary value problems.
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CHAPTER 1

Introduction



1.1. BACKGROUND AND MOTIVATION 2

1.1. Background and motivation

This thesis is concerned with the theory of linear two-point initial-boundary value problems,
the spectral theory of linear differential operators and the connections between the two fields.
The boundary value problems we study are posed for linear, constant-coefficient, evolution
partial differential equations in one space and one time variable. One of the best known examples

of such a problem is the heat equation for a finite rod,
9t = 4zz, T € [0, 1]7 t e [O,T].

The primary interest in this work is not second order partial differential equations, such as the

heat equation, but third and higher odd order equations. Indeed we study equations of the form
oq+(0)"q=0, x€][0,1], te€][0,T7], (1.1.1)

for any n > 3, n an odd integer.

To define an initial-boundary value problem for the partial differential equation (1.1.1) one
must specify the initial state of the system, by prescribing ¢(x,0) to be equal to some known
function, and impose some conditions on the value of ¢ and its z-derivatives at the left and
right ends of the space interval. The problem is then to find a sufficiently smooth function
q:[0,1] x [0,T] — C which satisfies the partial differential equation (1.1.1), the initial condition

and the boundary conditions. It is reasonable to ask two questions relating to such problems:

(1) Does a solution exist and is that solution unique?
(2) If the answer is yes, how can the solution be expressed explicitly and unambiguously

in terms of the known data of the problem?

For the case of second-order partial differential equations these questions are fully resolved,
at least when the solution and the data both satisfy some differentiability conditions. Indeed,
Cauchy not only posed the problem but solved it for analytic data [8, 6].! Hadamard [35]
examined question (2) in particular for second order problems. However, when the partial
differential equation is of a higher order, the application of their techniques works only with
very specific types of boundary conditions.

In this work, we characterise the boundary conditions that ensure the problem has a unique
solution. For such problems, we find the solution and discuss its representation by contour
integrals and discrete series. Finally we use the solution to derive new results on the spectral

theory of linear differential operators acting on one variable defined on a finite interval.

1.1.1. Methods for initial-boundary value problems

One may attempt to solve an initial-boundary value problem for the partial differential
equation (1.1.1) using a wide array of techniques. In what follows, we give a description of three
methods in order to highlight the similarites and differences between them: the separation of
variables and formalised Fourier series method, the Laplace transfrom method and the more

recent unified transform method of Fokas.

1See also [5, 7, 12, 13, 33, 37, 65).
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The wave equation was introduced and solved by d’Alembert [11], albeit under strict re-
strictions on the boundary conditions. The method was refined by Euler [21]. Bernoulli [2]
introduced the idea that a solution of the wave equation might be expressed as an infinite series
and Fourier [30] studied the heat equation similarly.

A form of Laplace transform method for partial differential equations was introduced by
Euler in a paper [22], first presented in 1779 but not published until 1813. The integral Euler
used had indefinite limits. Lagrange [38], originally published in 1759, used a Fourier transform
method with definite integrals to solve the wave equation. Laplace himself solved a linear
evolution partial differential equation using his eponymous transform with definite limits in
Section V of [43], originally published in 1810, where he also derived an inverse transform. A
survey of the history of the Laplace transform is given in [17, 18].

Fokas’ transform method was originally developed for solving boundary value problems for
non-linear partial differential equations [23] but has been successfully applied to elliptic [60] as
well as evolution [24] linear partial differential equations. A good introduction to the significance
of Fokas’ method is given in [23] but it should be noted that the method was not fully refined
at this stage. Sections 1.1-1.3 of [24] give a good overview of the method for linear, constant-

coeflicient boundary value problems.

Separation of variables

We aim to find a solution to a partial differential equation subject to an initial condition and
some boundary conditions. To solve such an initial-boundary value problem using the method
of separation of variables [30] one must make two assumptions: that a solution exists and that
a solution is separable, in the sense that there exist sequences of functions &(z), 7(t), whose
products &k (x)7x(t) satisfy the partial differential equation and boundary conditions, such that

the solution may be expressed as a series with uniform convergence,

gz, t) = o) 7 (L), (1.1.2)

keN
for some sequence of constants cj. The former assumption can be justified a posteriori, as
one may verify that any solution thus obtained does indeed satisfy the partial differential equa-
tion and the initial and boundary conditions after the solution has been derived. The latter
assumption is more troublesome, as this method cannot be used to find unseparable solutions.

Separating the partial differential equation (1.1.1),2

q(z,t) = &(z)7(1),
we rewrite it as a pair of uncoupled linear ordinary differential equations,

() _ F(-0)"e) (@)
=0 £(@)

=o".

2Equivalently, one may take the Fourier, sine or cosine transform of the partial differential equation in the
spatial variable. This method requires that the eigenfunctions of the differential operator form a basis which is

equivalent to convergence of the series (1.1.2).
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It is trivial to find the general solutions of these equations in terms of the common spectral
parameter, 0 € C. The boundary conditions then restrict o to a sequence of discrete points oy,
defining the &, 7. Under the assumption that the series (1.1.2) converges uniformly, Fourier
transform methods are used to determine the constants ay in terms of the initial datum. It is
well-known that the family of solutions &, obtained from particular spectral problems forms an
eigenfunction basis for the z-differential operator, with eigenvalues o7, but for partial differential
equations of third or higher order with any but the simplest boundary conditions this is not

always true. This connection is critical in our work.

Laplace transform

In the Laplace transform method, separability of the solution is not assumed directly but it
is necessary to assume that the Laplace transform can be inverted. The first step is to apply the
time Laplace transform to the partial differential equation (1.1.1). Using the properties of this
transform and the initial datum, this yields an inhomogeneous ordinary differential equation of
order n in the Laplace transform of g. Solving this equation subject to the boundary conditions
yields an expression for the Laplace transform of the solution.

The final step is to reconstruct the solution from its Laplace transform. If the domain is semi-
infinite in time, if T'= oo, and the boundary data have sufficient decay then the transform may
be invertible. An example is given in Appendix C of [28]. However, we study initial-boundary
value problems on a finite domain so the solution at final time appears in the representation. To
remove the effects of this function, it is necessary to make arguments similar to those we make
for Fokas’ method. However these arguments are more complex than their equivalents below

because of the presence of fractional powers in the integrands.

Fokas’ unified transform method

The first step of Fokas’ method is to construct a Lax pair for the partial differential equation.
The term ‘Lax pair’ is usually reserved for nonlinear partial differential equations, following
the introduction of the concept in [44]. The existence of a Lax pair is essential in solving
nonlinear equations using the inverse spectral method® but a Lax pair always exists for linear
equations [26]. The advantage of the Lax pair formulation is that it allows one to express a
linear partial differential equation of any order, and even many nonlinear integrable* partial
differential equations, as a pair of first order, linear partial differential equations. In contrast to
the nonlinear case, for constant-coefficient linear evolution equations the Lax pair is scalar, and
has been derived in general, see equations (2.1) of [27].

The next step is to perform the simultaneous spectral analysis of the Lax pair. This is
essentially different from both classical and traditional inverse spectral methods in which only

the spatial part of the Lax pair is used. As this Lax pair has a particularly simple form, it

3The inverse spectral method was introduced in [31, 32| for the Korteweg-de Vries equation but has since
been applied to many other nonlinear partial differntial equations. See [29] for more recent developments in the
field.

4The term integrable is often defined by the existence of a Lax pair.
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is trivial to find an integral solution with lower limit at an arbitrary point in the domain of
the original partial differential equation. In Proposition 3.1 of [24] it is argued that, by taking
the lower limit at each corner of the domain, a sectionally analytic function in the auxiliary
parameter p is defined in the whole complex p-plane, which decays as p — oco. The resulting
inhomogeneous Riemann-Hilbert problem is scalar and therefore its general solution is known.
The spatial part of the Lax pair is now used to find an expression for the general solution of the

partial differential equation. For a particular third order example, this expression is

1 > ip3t A ipz+ip®
o) =5 ([ e alpyan= [ m Q. ap

_/ eip(w1)+ip3tQ(17p)dp>’ (1.1.3)

where §o is the usual Fourier transform of the initial datum, Q(0,\), Q(1,\) are transforms
of the boundary functions and I'* are the rays in the upper and lower half-plane on which
Im(p™) = 0.

To derive an equivalent integral representation to (1.1.3) for a nonlinear evolution equation
the Lax pair and Riemann-Hilbert formalism is necessary but that is not the case for linear
problems. One could instead use a Fourier transform and deform the contour of integration
from the real line onto the required contours. The advantage of the above method is that those
contours are automatically determined by the solution procedure.

The penultimate step is to write the transformed boundary functions Q(0,\) and Q(1,\)
in terms of the boundary data. To do this one must provide a Dirichlet to Neumann map in
the form of the ‘global relation’. This exploits the rotational symmetry of the contours I't to
determine the unknown boundary functions in terms of the initial datum and the solution at
final time. For example, a single homogeneous Neumann condition and a pair of homogeneous

Dirichlet conditions applied to equation (1.1.3) yield the representation

r+ AppE (p)

o)1 Co(0) — P Ta(p)
. ezp(x—l)—i—zp?’t €2(p) € "12{p d , (1.14
/ - Appg (p) P) (A

—00

oz, 1) = % </°O (T in G (o) dp _/ eipx+ip3tC1(P) + G3(p) — e (m(p) +m3(p)) dp

where Appg is an exponential polynomial, each (; is a function depending upon the Fourier
transform of the initial datum and each 7; is a function depending upon the Fourier transform
of the solution at final time.

Finally, analyticity properties and residue computations are used to remove the contribution

of the functions 7;.

Comparison

It would be inaccurate to assert that separation of variables is the only classical method
available for the analysis of this kind of initial-boundary value problem but it is representative of
other such methods in that it highlights the essential difficulties one faces when applying them.

It employs a transform in only the spatial variable to solve the partial differential equation;
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the Laplace transform method uses a transform in only the time variable. Different partial
differential equations and different boundary conditions require different transforms and finding
a transform that will work for a particular initial-boundary value problem is not a simple task.
It is particularly problematic when the partial differential equation is of third or higher order,
particularly odd order, or the boundary conditions are complex.

In Fokas’ method, as a simultaneous spectral analysis in both the space and the time variable
is performed, a different type of transform is used. This simplifies the process of choosing the
relevant transform as it may be immediately deduced from the Lax pair and is independent of
the boundary conditions. It is therefore unsurprising that such a method should yield novel
results, not only for nonlinear but also for linear partial differential equations.

One great advantage of the universal applicability of Fokas’ method in the linear, constant-
coefficient context is that for it to produce a solution one only has to guarantee that the problem
is well posed, whereas separation of variables requires an extra assumption on the solution, that
it be separable or that the z-differential operator admits a suitable basis of eigenfunctions.
This means that, armed with Fokas’ method, question (2) on page 2 may be considered fully
resolved for any initial-boundary value problem posed for the partial differential equation (1.1.1).
Question (1) may be expressed as the question Is the problem well-posed? This is one of the
major topics of the present work.

Another great difference between the methods presented above is the representation of the
result. Separation of variables yields a discrete series representation of the solution whereas
Fokas” method gives the solution as a contour integral. The use of the definite article to describe
‘the solution’ in the previous sentence is intentional as both of the methods are applied to
problems known to be well-posed. This means that for separable, well-posed problems we now
have two methods which yield two different representations of the same solution.

A method for converting the integral representation to a series representation for third
order problems with particular boundary conditions is discussed in [9, 54]. In any attempt
to generalise this argument to higher order problems and those with more exotic boundary
conditions it is certainly necessary to consider another question, supplementary to the two
questions on page 2: Which well-posed initial-boundary value problems have the property that
their solutions may also be expressed as discrete series? The answer to this question is the
second major topic of this thesis.

It is shown in [54] that there is no series representation of the solution for a particular exam-
ple. Algebraic methods are used in [36] to show that some linear partial differential equations
are inseparable for any boundary conditions but this requires either non-constant coefficients or
systems of constant-coefficient equations. There is an important distinction between the work of
Johnson et al. and our work—the partial differential equations we study are all separable because
separation of variables always yields a solution for periodic boundary conditions, it is particular
sets of boundary conditions that may make the initial-boundary value problem inseparable by

preventing the eigenfunctions of the differential operator from forming a basis.
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1.1.2. Spectral theory of two-point ordinary differ-

ential operators

Birkhoff [3, 4] systematically developed the spectral theory of two-point differential opera-
tors. On pages 382-383 of the latter the concept of regularity was first defined. Birkhoff proved
that the eigenfunctions of the operator and its adjoint are mutually orthogonal systems and used
this to give an integral representation of the solution to a boundary value problem posed for
a linear ordinary differential equation. This could be considered as an extention both to non-
self-adjoint and to arbitrary order differential operators of Liouville’s much earlier work [46].
Stone [61] extended Birkhoff’s theorems on continuous functions onto the more modern Sobolev
space. The principal references for regular problems are [10], Chapter XIX of [20] and the
more recent [47] which uses the theory of Fredholm operators to improve upon the treatment
of Dunford & Schwartz in several aspects.

Irregular boundary conditions are comparatively less studied. Second order problems were
first investigated by Stone [62], who derived their characteristic determinant. The complete-
ness of the eigenfunctions of many such operators was established by Yakubov [66] but Lang
and Locker [39, 40] showed that it does not hold for general second order irregular operators.
Locker’s more recent monograph [48] concentrates on simply irregular operators, finding eigen-
values and their multiplicites, and showing that the eigenfunctions are a complete system in L?.
The third class, the degenerate irregular operators, is largely unstudied.

One of the most fundamental theorems® in the spectral theory of two-point ordinary differ-
ential operators is that the eigenvalues are precisely the zeros of the characteristic determinant,
a function defined in terms of the boundary conditions. As the characteristic determinant is an
exponential polynomial the theory of the distribution of the zeros of such functions is of great
importance. We prefer Langer’s papers [41, 42] to the more general, but considerably more

dense, book of Levin [45] as the former focus on finite sums instead of infinite series.®

1.2. Thesis overview
Aims
In this thesis we aim to contribute to the theory of initial-boundary value problems for linear

constant-coefficient evolution equations and relations between these problems and the spectral

theory of the associated ordinary differential operator. Specifically, we aim to

e Improve upon Fokas’ transform method for linear evolution partial differential equations
by making it fully algorithmic.
e Investigate well-posedness of initial-boundary value problems in general, giving both

necessary and sufficient conditions.

SGiven as Result IT on pages 376-377 of [4].

6The author wishes to express his thanks to Brian Davies and Jim Langley for recommending Langer’s work.
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e Investigate the existence of a series representation of the solution to well-posed problems
in general, giving both necessary and sufficient conditions.

e Investigate inseparable boundary conditions by linking the initial-boundary value prob-
lem to the study of the ordinary differential operator.

e Contribute to the spectral theory of degenerate irregular non-self-adjoint two-point

linear ordinary differential operators.

Chapter 2

As noted above, it is known that one may use Fokas’ transform method to find a solution to
any well-posed initial-boundary value problem on a linear, constant-coefficient evolution partial
differential equation on a rectangular domain. In view of this it is perhaps surprising that any
improvement may be made to the means of derivation of a solution but we have some small
contributions in this area beyond the overview of the established method in Section 2.1.

Chapter 2 provides a modest development upon the method in the following way. While it is
established that a system of linear equations for the boundary functions must exist in the method
as presented in [27], we derive that system explicitly and in general. The reduced global relation
is given in Lemma 2.17. Further, we explicitly solve the system to yield, in Theorem 2.20, the
general expression for the solution in terms of the initial and boundary data and the solution
at final time. Mathematically this is elementary linear algebra but the explicit determination of

these functions is necessary to support the remainder of the thesis.

Chapter 3

Chapter 3 contains a discussion of well-posedness of initial-boundary value problems and
the existence of a series representation of their solutions using only analytic techniques.

We make a pair of assumptions on the decay of certain meromorphic functions, which are the
general analogues of the functions appearing in the integrands of equation (1.1.4). In Section 3.1
we work under those assumptions, removing the effects of the solution at final time and obtaining
a series representation for the the solution. The second and third sections are devoted to
discussing those assumptions.

In Section 3.2 one of the aforementioned assumptions is shown to be equivalent to well-
posedness of the initial-boundary value problem. This new condition of well-posedness is at
once much simpler to check than the characterisation by admissible functions of [27] and more
general than the result for simple, uncoupled boundary conditions of [53] and [55]. We also give
the final result of Fokas’ method in Theorem 3.29, an integral representation for the solution
involving only the initial and boundary data. In the case of odd-order problems with non-Robin
boundary conditions, we give a pair of conditions sufficient for well-posedness and demonstrate
their use for a variety of examples.

For well-posed problems, it is shown that the other decay assumption is equivalent to the
existence of a series representation of the solution in Section 3.3. We also give a pair of sufficient
conditions for a well-posed odd-order problem with non-Robin boundary conditions to have a
solution that admits representation by a series. These conditions mirror those in the previous

section.
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Chapter 3 forms a considerable volume of the work. It is presented together, rather than split
into two or more chapters, to emphasise the parallels between the questions of well-posedness
and existence of a series representation. To highlight this further, we also discuss well-posedness

of final-boundary value problems in Section 3.3.

Chapter 4

In this chapter we investigate the spectral theory of the ordinary differential operator that
forms the spatial part of the initial-boundary value problem. The operators we study in Chap-
ter 4 have been investigated extensively by Locker but we study them from the fresh perspective
of their associated initial-boundary value problems. The concept of regularity is important in
this field, as demonstrated in the following text, appearing in the preface of Locker’s most recent

monograph, [48].

The regular class has been studied extensively, and has a more or less complete
spectral theory; the simply irregular class is a new and unexplored class, and
its spectral theory, together with the regular class, is the main subject of this
book; the degenerate irregular class has never been studied, and is a topic for

future work.

In the present work we focus on the degenerate irregular class for odd order differential
operators. Some progress can be made by investigating the links between the spectral theory of
a differential operator with the well-posedness of its associated initial-boundary value problems.

We also present two theorems directly linking the study of initial-boundary value problems
to the study of the associated ordinary differential operator. The first result is that the zeros
of Appg, which are of central importance to the representation of the solution to the initial-
boundary value problem, are precisely the eigenvalues of the associated ordinary differential
operator. This theorem is only proven for non-Robin boundary conditions satisfying a technical
symmetry requirement but it is shown that the symmetry condition is unnecessary in the third
order. Although for Robin boundary conditions the structure of the determinant function Appg
appears to be very different from the structure of the characteristic determinant, it appears that
the non-Robin condition may be weakened, at least for third order.

Our main result, Theorem 4.18, provides another link between the theory of ordinary dif-
ferential operators and the associated initial-boundary value problems. Indeed, we show that
when a series representation of the solution to such a problem can be obtained by the methods
discussed in Chapter 3, and if the zeros of Appg are simple, then that series is an expansion in
the eigenfunctions of the operator. Hence, by evaluating the solution at initial time, we conclude
in Theorem 4.19 that the eigenfunctions of the associated operator form a complete system.

The results of this work suggest that an operator is degenerate irregular if and only if at
least one of the associated initial-boundary value problem and final-boundary value problem
is ill-posed. This assertion is not proven but is supported by a body of examples. A proof
would require a significant strengthening of the result relating the zeros of the two determinant

functions.
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In order to discuss complete, biorthogonal and basic systems of eigenfunctions it is necessary
to understand the established theory of these concepts in Banach spaces. We give an overview
of the essential definitions and a few theorems in Section 4.4, following the construction in [15].
More complete treatments of the subject are given in the excellent two-part survey article [56,
57] and the lecture notes [58]; these sources have large bibliographies containing the original

research upon which they draw.

Chapter 5

In Chapter 5 we present two examples, one of which has degenerate irregular boundary
conditions. We prove that the eigenfunctions of this operator do not form a basis, following
a method of Davies [14, 15]. Indeed, we show that certain projection operators, defined in
terms of the eigenfunctions, are not uniformly bounded in norm. The exponential blow-up
of these norms is of the same rate as the divergence of the meromorphic function from the

initial-boundary value problem.

Chapter 6
In the final chapter we draw together some conclusions and present some directions for

further work.

Appendices and additional material

Appendix A contains tables of results for third order and arbitrary odd order initial-boundary
value problems and ordinary differential operators. In each case, the well-posedness and spectral
theory are investigated under different types of boundary conditions.

Appendix B contains some standard theorems that are used extensively in this work and
some of the more technical proofs of the thesis.

After the appendices we present, for the convenience of the reader, a list of the numbered
theorems, definitions etc. that appear in the thesis with page references. Finally, a bibliography

is given.
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Initial-boundary value problems

11
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In this chapter we give an account of Fokas’ unified transform method for solving initial-
boundary value problems on evolution equations posed on a rectangular (1 time and 1 space
variable) domain. We also present our contribution to developing the method further. The
method, as described in [27, 24, 25, 54], is not fully algorithmic. One step of the established

method takes the form

There exists a system of 2n linear equations in 2n unknowns. By solving that

system, the unknowns may be determined.

This system has been derived and solved in many specific cases for second and third order
initial-boundary value problems and even some fourth order problems [9, 27, 24, 25, 54] but

not in general. In this chapter we make two contributions:

e We determine the system explicitly, Lemma 2.17.

e We solve the system explicitly, Theorem 2.20.

These results are theoretically modest, they require only elementary linear algebra, but are
significant because they allow Fokas’ method to be expressed in a single theorem; they remove
the necessity of doing any analysis to solve initial-boundary value problems. Theorem 2.20 is
not the final result of Fokas’ method but it is only one step away. Theorem 3.29 gives the final
result.

The caveat is that in order to achieve this it is necessary to develop a great volume of notation.
For solving a third-order initial-boundary value problem with simple boundary conditions, such
as a single Dirichlet condition and two Neumann conditions, the results of this chapter offer
no benefit over the established method. Indeed, in such a case it would take one considerably
longer to work through the definitions presented here, defining all the required index sets, than
to perform the relatively simple direct calculation required to determine the unknown quantities.

Thus the usefulness of the results in this chapter in solving particular initial-boundary value
problems is restricted to high-order problems with complex, Robin-type boundary conditions.
However, the precise form of the system of equations given in Lemma 2.17 is essential in the
proof of results in Chapters 3 and 4 that are of greater, immediate utility.

In this chapter we assume throughout that the initial-boundary value problem being studied
is well-posed in the sense that it admits a unique, smooth solution. Fokas’ method does yield
a way of checking well-posedness of a problem, and we investigate this in greater detail in

Chapter 3, but that is not the focus of the present chapter.

2.1. Fokas’ transform method

In this section we develop the major steps of Fokas’ unified transform method for solving
initial-boundary value problems on linear evolution partial differential equations. The principal
results are Theorem 2.1, which gives an implicit representation of the solution of a well-posed
initial-boundary value problem, and Lemma 2.3, which is the tool that may be used to turn the

implicit representation into an explicit representation of the solution.
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We do not attempt to give a full proof of the validity of the method in Subsection 2.1.2
or discuss how it may be applied in the more general settings of nonlinear or non-evolution

equations.’

The results of this section are not new and, to avoid devoting a large amount of
space to an established result, we give only an outline proof of Theorem 2.1, aimed at highlighting
the important steps of the argument.

The global relation, proved in Subsection 2.1.3, is used to make the penultimate step in
Fokas’ method. By exploiting the rotational symmetry of the transforms, it complements the
boundary conditions, a system of n simultaneous linear equations, making it possible to solve

for 2n unknowns.

2.1.1. The IBVP
We consider the partial differential equation
Oq(x,t) + a(—idy)"q(z,t) = 0 for (z,t) € Q =1[0,1] x [0,T], (2.1.1)

)
of a is motivated by our interest in well-posed problems; the reverse heat equation exhibits

where n > 2 and a = ¢ for some 0 € (-5, 5] if n is even or a = i if n is odd. This choice
instantaneous blow-up, for example. We study the initial-boundary value problem on this partial

differential equation with initial condition

q(z,0) = qo(z), (2.1.2)

where ¢p : [0,1] — R is a given, sufficiently smooth initial datum, and n linearly independent

boundary conditions,
n—1 ) n—1 .
> 02(0,0) + > Brjdla(1,t) = hi(t), (2.1.3)
J=0 j=0

indexed by k € {1,2,...,n} where the hy : [0,7] — R are given, sufficiently smooth boundary
data and the boundary coefficients, oy, ; and (3 ;, are given real constants. We also require that

the boundary data are compatible with the initial datum in the sense that
n—1 ; n—1 .
d’ dJ
Zakjidquo(o)‘FZBkj@%(l) = hy(0). (2.1.4)
Jj=0 j=0

This class of initial-boundary value problems includes many problems of physical importance.
The partial differential equation (2.1.1) is the heat equation for a finite uniform rod when n = 2,
a = 1. A linearization of the Schrédinger equation is given by n = 2, a = ¢ and a linearized
Korteweg-de Vries equation appears for n = 3, a = —i.

It is possible to weaken the smoothness requirements on our initial and boundary data
provided we weaken the smoothness requirements on the solution accordingly. Such weaker

smoothness conditions are considered in [63] for problems whose spatial domain is the half-line.

1See [24] and [25] for the proof and the other applications, respectively.
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2.1.2. An implicit solution to the IBVP

The initial-boundary value problem (2.1.1)—(2.1.4) may, under the assumption that it is
well-posed, be solved using Fokas’ unified transform method. Theorem 2.1, below, does not give
the full solution but only the first steps. To obtain the full solution the transformed boundary
functions f; and g; must be determined from the boundary conditions. The power of Theorem 2.1
is that it gives a representation of the solution ¢ on the whole of Q) in terms of the value of ¢

and its normal derivatives on three sides of the boundary of 2.

THEOREM 2.1. Let the initial-boundary value problem (2.1.1)—(2.1.4) be well-posed in the
sense that it admits a unique smooth solution. Then its solution q may be expressed as the sum

of three integrals,

1 A R : Lol ~
q(z,t) = 5— /e”’”“"“" “qo(p dp—/ ety " ei(p)fip) dp
@O =511 (p) - 2 i()f3(p)

n—1
_/ D= N ()G (p)dp | (2.15)
oD~ =0

where the integrands are given in terms of the initial datum and the boundary functions by

-~ T 7 o~ T 7
Filo) = /0 " f(s)ds, Gi(p) = /0 e"5g;(5) ds,
fi (@) = 82q(0,t), gj(t) = &q(1,t),
. | (2.1.6)
do(p) = /0 e "ao(y)dy, c;(p) = —ap™(ip) U,
D* = DnCH, D = {p € C:Re(ap™) < 0}.

A full proof of Theorem 2.1 involves some technicality and considerable care with the smooth-
ness of the data. We present below an outline of the proof to give the essential argument of
Fokas’ unified transform method, as applied to linear two-point initial-boundary value problems
such as these. The full proof may be found in [27] with the general argument appearing in [24].
There are also treatments in [9] and [25].

The first step of the proof of Theorem 2.1 is the expression of the partial differential equa-
tion (2.1.1) in the form of a Lax pair. This is accomplished in Lemma 2.2. After this, particular
solutions of the Lax pair may be used to specify a Riemann-Hilbert problem. The solution of

that Riemann-Hilbert problem yields the result.

LEMMA 2.2. The partial differential equation (2.1.1) is equivalent to the compatibility con-

dition,
010yt = 00, (2.1.7)
of the Lazx pair,
n—1
O+ ap™ ="y cj(p)dig, (2.1.8)
j=0

Oppt — ipp = q, (2.1.9)
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for the function p(x,t, p), where c;(p) are the functions defined in equations (2.1.6).

PROOF. We take the x partial derivative of equation (2.1.8),

0uOppr = —ap™ |Dep+ Y (ip) g

= —ap" |q+ipu+ Y (ip)70iq|, (2.1.10)
=1

the latter equality being justified by equation (2.1.9). Similarly, we take the ¢ partial derivative
of equation (2.1.9),

010yt = Opq + ipOy 1t (2.1.11)
n—1 o
= 0iq —ap” |ipp+ > (ip)7diq| (2.1.12)
=0

by equation (2.1.8). The compatibility condition (2.1.7) is equivalent to the right hand sides
of equations (2.1.10) and (2.1.12) being equal, which is equivalent to the partial differential
equation (2.1.1). O

OUTLINE PROOF OF THEOREM 2.1. We break the derivation into three steps.
Solutions of the Lax Pair: The first step is to find particular integrals of the Lax
pair (2.1.8)-(2.1.9). We rewrite equation (2.1.9) as

0. ) = 177
which has particular integral

(.t p) :/ e gy, t) dy + €77 p(a* ¢, p), (2.1.13)

*

where p(z*,t,p) is a solution of equation (2.1.8) at z = z*. Taking a particular integral of

equation (2.1.8) in the same way we obtain

n—1
wu(x* t, p) :/ —ap” ch Dl q(z*, 5) ds. (2.1.14)
7=0
Substituting equation (2.1.14) into equation (2.1.13) yields
x
(.t pya*, t*) :/ P q(y, 1) dy + P [ emert (e S)ZCJ dq(z*, ) ds.
x* *

The function p* is a solution of the Lax pair (2.1.8)—(2.1.9) for any particular choice of the pair
(z*,t*) € Q. The open sets of complex numbers D¥ are defined in (2.1.6). We also define the

open sets

t=C*nE, E={pecC:Re(ap")>0}.
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Following Proposition 3.1 of [24] we choose the the points (xz*,t*) to be the four corners of (2,
defining the functions py (,t,p) for Y € {D*, E*}:

T ' n—1
pp+(z,t, p) =/ eZp(’”‘y)Q(y,t)derem/ Tt " ei(p)03a(0,5) ds,
0 0
7=0

m . . 7’/
pp+(,t, p) =/ ez’)(z‘y)Q(y,t)dyem/ e t)ZCa 34(0, 5) ds,
0

n—1

1 T
pp-(x,t,p) = / e P g(y, ) dyeiﬁ(m‘l)/ " (TN " e (p)dlg(1, 5) ds,
x t

™

<
Il
[
_

n

1 t
- (z,t,p) = / e P g(y, t) dy+6”’"”‘”/ e " =D N " ei(p)0g(1, 5) ds.
x 0 -

<
Il
o

These functions are all entire in p and are all particular solutions of the Lax pair. The uy are

indexed with the sets D*, E* because property
py (z,t,p) — 0 as p — oo from within YV

holds.
Riemann-Hilbert Problem: For any Y, Z € {D*, E*} let the function

Wy Z = [j — M-

Then pj, is a solution of the homogeneous Lax pair
Oep+ap”p =0,
Oz — ipp = 0.

Taking particular integrals of the homogeneous Lax pair, in the same way as is done above for

the inhomogeneous Lax pair, we deduce that
M]k(l‘,t,p) = eipm—ap"thk(p)’ (2115)
where the function X, may be easily obtained by evaluating equation (2.1.15) at = =t = 0.2

This yields, in particular,

pp+ (@, p) = =N " ei(p) fi(p),

pup- - (w.t,p) = —PEVTWN " ei(0)g5(p)

ipr—ap™t 5

pp+ p-(x,t,p) =e Go(p)-

As the sets D*, ET are each comprised of finitely many simply connected components, are

disjoint and have union C \ (DT U D~ U R), it makes sense to define a ‘jump function’

2If we were instead solving a final-boundary value problem we would evaluate equation (2.1.15) at = = 0,

t =T, so that pp+ - is defined in terms of the Fourier transform of the final datum.
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1
Dt M(z,t,p) = —ipr=p’t Z Cj(P)J?j(P)

Jj=0

E* Et

A\
A\

M(z,t, p) = €#* 7"ty (p)

E-

—

M(z,t,p) = =@ D773 ¢i(0)g;(p)
§=0

D-

F1GURE 2.1. The Riemann-Hilbert problem for the heat equation

M:Qx (0DTUdD~ UR) — C by

M(z,t,p) = pp+ g+ (2, t, p)xop+ + p- g- (%, t, p)Xop- + e+ p- (2,1, p)XR,

where each x; is the indicator function for the set j. Then M represents the jumps on the
boundaries of the domains of definition of the yy-. Figure 2.1 shows the positions of D* and E+
and the oriented boundaries that separate them for the heat equation, ¢; = ¢, in which n = 2,
a = 1. The figure also shows the value the jump function M takes on each of the boundaries.
By partial integration in the definitions of f;-, g;j and §p it may be shown that M(x,t,p) =
O(1/p) as p — oo. This specifies an inhomogeneous, scalar Riemann-Hilbert problem on the
contours DT, oriented in the usual direction, and R, oriented in the positive direction.

Solution: The Reimann-Hilbert problem is solved [1] by the sectionally analytic function

| M(z,t,\)
um,t,p:,{/+/ —I-/ }d/\.
( ) 2me (Jr  Jop+ Jop- A=p

As p satisfies the Lax pair, we may use equation (2.1.9) to obtain the expression (2.1.5) for
q. [l

The integral representation (2.1.5) is only a formal solution to the initial-boundary value
problem (2.1.1)—(2.1.3) because it depends upon all n of the left-hand boundary functions, f;,
and all n of the right-hand boundary functions, g;. There are only n boundary conditions
in (2.1.3) so the boundary conditions may explicitly specify at most n of these 2n boundary
functions in terms of boundary data. Hence the fundamental problem is the determination of
the (at least n) unknown boundary functions. We address this issue by considering the global

relation.

2.1.3. The global relation

The global relation is derived from Green’s Theorem B.1 and represents an equation relating

the ¢-transforms of the boundary functions, defined in (2.1.6) to the Fourier transforms of the
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initial datum, qo(x), and final function, qr(z) = q(x,T). We define these Fourier transforms as
1
do(p) :/o e " go(z) de = /RGWQO(JJ)X[OJ] dz p € C,

1
ir(p) = / ¢ q(z, T) da,
0

Now we derive the global relation.
LEMMA 2.3 (Global relation). Let g : & — R be a formal solution to an initial-boundary
value problem specified by the partial differential equation (2.1.1) and initial condition (2.1.2).

Then the functions qo, qr defined above and the functions f; and g;, given by (2.1.6) satisfy
(2.1.16)

peC.

n—1
> i) (Fie) = € %35(0)) = dolp) — e Tar(p),  peC.
=0
PROOF. For (z,t) € Q and p € C let
n—1
X(z,t,p) = e PTH (2, 1), Y(x,t,p) = e TN " ci(p)Hg(w, 1),
=0
Then
X (x,t, p) = e PTHaP "t (gp™ 4 9))q(x, 1),
n—1
.Y (x,t, p) = e PTTU" (—ip + 9,) ch M q(xz,t)
7=0
hence
. [ n_l .
(X = 0,Y ) (x,t,p) = e~ PTH" | (ap™ +84) + (ip — Dn) Y ¢i(p)O] | ala,1)
n—1

= e WPTTart | (o™ — a(—i0,)") — ap™(ip — O ) (ip)" 1ol | q(x,t),

<.
Il
o

using the differential equation (2.1.1) and the definition of the polynomials c;,

= e WPrHarly [(p" — (—i0,)") — p™(1 — (ip) "0M)] q(=,1)

=0.

If we apply Green’s Theorem B.1 to ) then we see that

/(OtX—OzY)(:n,t,p) dxdt:/ (Y dt + X da)
Q o0
1 T
= 0:/ X(a:,O,p)dx—i—/ Y (1,t,p)dt
0
T

/Xa:Tpdx—/ Y (0,t,p)d
0
1

n—
e TA § :C]

M

=qo(p) +e “)ch
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where fj, gj are defined in (2.1.6), from which the result follows. O

The global relation is useful because of the particular form of the spectral transforms of the
boundary functions. The transformed boundary functions may be considered as functions not of
27

p but of p". This means that the transforms are invariant under the map p — w’p, forw = e ,
J € Z. This, together with the identity

¢j(wFp) = —a(whp)" (iwp)~UTY = W =1=0)e; (), (2.1.17)
for j €{0,1,...,n — 1} and k € Z, establishes the following corollary.

COROLLARY 2.4 (Global relation—matrix form). Suppose the function q : Q@ — R satisfies
the partial differential equation (2.1.1) and initial condition (2.1.2). Then the t-transforms of
the boundary functions of q, defined in (2.1.6), satisfy

cn-1(p) fa-1(p)
n-1(p)gn-1(p) X X
= do(p) qr(p)
B(p) | en—2(p)dn—2(p) | = , — T , : (2.1.18)
:~ do(w"'p) Gr(w"'p)
co(p) fo(p)
co(p)9o(p)
for p € C, where
1 —e7P 1 —e 7P .. 1 —e 7P
1 _efiwp w _wefiwp wnfl _wnflefiwp
B(p) =
1 _efiw"_lp w1 _wnflefiw"_lp o w(nfl)(nfl) _w(nfl)(nfl)efiw"_lp
(2.1.19)

All maximal square submatrices of B have non-zero determinant so the matrix has rank n.

We derive B in two examples.
ExXAMPLE 2.5. Let ¢ be a function which satisfies the heat equation,
qt(z,t) = quo(z,t) for (x,t) € Q =[0,1] x [0,T]
and the initial condition ¢(z,0) = go(x). Let ¢r(z) = q(x,T). In this case n =2 and a = 1 so

co(p) = ip, ci(p) =1, peC.

The global relation Lemma 2.3 yields the equation

in (Jolo) = < Go(p)) + (Filp) = e ™51 (p)) = do(p) — " Tar(p), (2.1.20)
for p € C, where the transformed boundary functions are defined for p € C by
_ T T
falo = [ Mad @)= [ @M,
- O O (2.1.21)
fio)= [ eoqonan G = [ @Moqnnd.
0 0



2.1. FOKAS’ TRANSFORM METHOD 20

By examining the definitions (2.1.21) we see that the transformed boundary functions are func-

tions of p?. This means that they are invariant under the map p — —p, that is
fo=p)=Io(p),  Go(=p) =Gulp),
Ji(=p) = f1(p), 91(=p) = 91(p)-
Since the global relation (2.1.20) is valid for any p € C, evaluating it at —p we obtain
N ip~ 2 ip~ - —p)?T ~
—ip (Jo(=p) = €7Ga(=p)) + (Fi(=p) = €¥G1(=p)) = do(—p) = e Tir(~p),
which, by equations (2.1.22), is
. s ip> s ip> o~ p>T ~
~ip (Jolp) = €*5o(p)) + (Fi(p) = €*51(p) ) = do(—p) = " Tir(~p). (2.1.23)

The global relation equations (2.1.20) and (2.1.23) may now be written in matrix form

(2.1.22)

Filp
g1

)
(o) | _ [ dolp) | _ por [ ar(p)
S AR ‘<q0<—p>> ' (m—p)) (2124

(
ipgo(p)

1 —e % 1 —e
1 —e* -1 e

Equation (2.1.24) corresponds to Corollary 2.4.

where

EXAMPLE 2.6. Let ¢ be a function which satisfies the partial differential equation
qt(2,t) = Guaa(z, 1) for (z,t) € 2 =[0,1] x [0, 7]
and the initial condition ¢(x,0) = go(z). Let gr(z) = ¢(z,T). In this case n = 3 and a =i so
colp)=—p*,  alp)=ip, al)=1, peC
The global relation Lemma 2.3 yields the relation

7 —ip> S ars —ip> 7 —ip~ S 3T »
—* (Jolo) = e7Go(p)) + o (Ji(0) = e751(0)) + (Folp) = € Galp) ) = dolp) — " Tr(p),
(2.1.25)
for p € C, where the transformed boundary functions are defined for p € C by

o= [ eMolaond G- [ Moo, jelonz. (2120
0 0

By examining the definitions (2.1.26) we see that the transformed boundary functions are func-
tions of p3. This means that, for w = 5 they are invariant under the maps p — wp and

p — w?p, that is

FWho) = Filp),  Giwro) =g(p). €{0.1,2), kel (2.1.27)

Since the global relation (2.1.25) is valid for any p € C, evaluating it at w¥p and applying
equations (2.1.27) we obtain

—w?0? (folp) = 7 Golp) ) +ics*p (Filp) — e 0G1(p)) + (Fallo) = e 5a(p))

= Go(wFp) — e’ Tar(whp), (2.1.28)
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for each k = 0,1,2. The global relation equations (2.1.28) may now be written in matrix form

J2(p)
92(p) R N
i ﬁ () Go(p) \ qr(p)
Blp)| "= = | Golwp) | =" | Gr(wp) (2.1.29)
PR 1\ o) r(?0)
-0 fo(p)
—pG0(p)
where

1 —e 1 —e 1 =

Blp)=11 —e ™ w —we ™ 2 —w2eiwr
1 —e @ 2 2wy e

Equation (2.1.29) corresponds to Corollary 2.4.

2.1.4. Finding the boundary functions

Corollary 2.4 defines a system of n linear equations for the transforms of the 2n boundary
functions, where we treat the terms on the right hand side of equation (2.1.18), Fourier trans-
forms of the initial datum and the final function, as known quantities. In order to solve for the
boundary functions we require another n equations. These may be derived from the boundary
conditions (2.1.3). Indeed, as the t-transform X — X defined by

T
X(p):/o e X (s)ds (2.1.30)

is linear, we may transform the boundary conditions to give
n—1 » n—1 _
D ainfilp) + ) BiGi(p) = hep), ref{1,2,...,n} (2.1.31)
j=0 §=0

where the functions h, are the transforms defined by equation (2.1.30) of the boundary data h,.

Now Corollary 2.4 and equation (2.1.31) together give a system of 2n linear equations relating
the transforms of the 2n boundary functions to the Fourier transforms of the initial datum and
the final function and the transforms of the boundary data. If we could assume that the final
function is a known quantity then this would be a system of 2n equations in 2n unknowns. If it
can be guaranteed that the system is full rank then this system may be solved using Cramer’s
rule, Theorem B.2, to give expressions for the boundary functions in terms of the initial and
boundary data and the final function.

Once the transforms of the boundary functions are known they may be substituted into
equation (2.1.5) to give an integral representation of the solution in terms of the initial and
boundary data and the final function. It will be shown in Section 3.2 of Chapter 3 that, provided
the initial-boundary value problem is well-posed, terms containing the final functions make no
contribution to expression (2.1.5) and this gives an integral representation for the solution that

may be evaluated in terms of the known data.
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2.1.5. A classification of boundary conditions

In Definition 2.7 we provide a rough classification of boundary values. We classify the
boundary conditions in terms of the representation used in Locker’s work [47] on differential

operators.

DEFINITION 2.7 (Classification of boundary conditions). We rewrite the boundary condi-

tions (2.1.3) in the form of a matriz equation:

A(fn—la 9In—1, fn—2>gn—27 s 7f07 gO)T = (hla h27 ) hn)T7 (2132)

where the boundary functions f; are defined in equations (2.1.6) and the boundary coefficient

matrix, A, is in reduced row-echelon form and is given by

Oln—1 Pin-1 din—2 Pin—2 ... a1o Pio
a2p-1 Pon-1 @2n-2 Ban—2 ... a0 B20

- . . | (2.1.33)
Opn—1 ﬁnnfl Opn—2 ﬁnan ... Opo ﬂnO

hence the left n x n block of A is upper triangular. Note that any set of n linearly independent
boundary conditions has a unique expression in this form, so this is indeed equivalent to the

boundary conditions (2.1.3).

o The boundary conditions of an initial-boundary value problem are said to be homoge-
neous if the boundary data hy are identically zero on [0,T] for all k € {1,2,...,n}.
Otherwise the boundary conditions are inhomogeneous.

e If each boundary condition has involves only a single order of spatial derivitive (though
possibly at both ends) then we call the boundary conditions non-Robin. Boundary con-
ditions are non-Robin if each contains only one order of partial derivative. Otherwise
we say that boundary condition is of Robin type.

e Boundary conditions with the property
Every non-zero entry in the boundary coefficient matriz is a pivot.

are called simple.

e A set of boundary conditions is uncoupled (or does not couple the ends of the interval)
if
If ay, 5 is a piwvot in A then By, =0V r and
If By is a pivot in A then ap, =0V r.

Otherwise we say that the boundary conditions are coupled (or that they couple the

ends of the interval).

Note that a set of boundary conditions is uncoupled and non-Robin if and only if it is simple.
We present several examples of sets of boundary conditions to illustrate Definition 2.7. It may
be shown that each specify a well-posed problem on the same partial differential equation (2.1.1)

with a =4, n = 3.
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EXAMPLE 2.8. The boundary conditions
3:(0,t) = qz(1,¢)  ¢(0,t) =q(1,t) =0

may be expressed by specifying the boundary data hy = ho = hg = 0 and boundary coefficient

matrix
001 -1 00

A=10 00 0 1 0
000 0 01

Hence these boundary conditions are homogeneous and non-Robin but coupled.

ExXAMPLE 2.9. The boundary conditions
q:(0,t) = t(T —t) q(0,t) =q(1,t) =0

may be expressed by specifying the boundary data hy = ¢(T' —t), ha = hg = 0 and boundary
coeflicient matrix

00100
00001
00000

0
A= 0
1

Hence these boundary conditions are non-Robin and uncoupled, hence simple, but inhomoge-
neous.
ExXAMPLE 2.10. The boundary conditions
4z2(0,1) = g2(0,8)  q(0,t) = q(1,t) =0

may be expressed by specifying the boundary data hy = ho = hs = 0 and boundary coefficient

matrix
10 -1 0 0 0
A=[10 0 0 0 1 0
00 0 001

Hence these boundary conditions are homogeneous and do not couple the ends of the interval

but one of them is of Robin type.
ExXAMPLE 2.11. The boundary conditions
Gr2(0,8) + qua(1,1) +q2(1,8) =0 q4(0,%) + qx(1,1) +¢(0,¢) =0 ¢(1,¢) =0

may be expressed by specifying the boundary data hy = hy = hy = 0 and boundary coeflicient
matrix

110100

A=10 0 1 1 1 0

000 0O01

Hence these boundary conditions are homogeneous but two of them couple the ends of the

interval and are of Robin type.
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2.2. The reduced global relation

In this section we state and prove the main lemma of this chapter. It uses the boundary
conditions and global relation associated to an initial-boundary value problem to yield a system
of equations relating the boundary functions to the boundary data, initial datum and final
function. This system may be solved using Cramer’s rule, Theorem B.2. We assume (without
loss of generality) in this and subsequent sections the boundary conditions to be expressed in the
form of equation (2.1.32) with the matrix A, given by equation (2.1.33), in reduced row-echelon
form. This will be important in simplifying the calculation that follows.

We break the analysis into two cases: in Subsection 2.2.1 we consider homogeneous, non-
Robin boundary conditions and in Subsection 2.2.2 we consider any set of n linearly independent
boundary conditions. The reason for this is that, although the proof is similar, the lemma we wish
to prove is considerably easier to state under the more restrictive conditions of Subsection 2.2.1
than in general. Another motivation for giving the two separate statements of the main lemma is
that in later chapters homogeneous, non-Robin boundary values will be of particular significance.

For each case, the main lemma is stated in such a way as to break the system of 2n equations
discussed in Subsection 2.1.4 into two systems, each containing n equations. When compared to
solving the original system of 2n equations directly, this has the disadvantage of requiring more
cumbersome notation but also has two advantages. The first is that it best follows the natural
way one would choose to solve a particular example of the system by hand or with a computer,
exploiting the fact that the boundary coefficient matrix is in reduced row-echelon form. The
second, and more significant, reason is to aid comparison with the results of [47]. Indeed, in
Chapter 4 we compare an n X n matrix of Locker with the matrix A defined in the main lemmata

of this section. If our A were a 2n x 2n matrix this would be considerably more difficult.

2.2.1. Homogeneous, non-Robin

In this subsection we assume the boundary conditions to be homogeneous and non-Robin
(see Definition 2.7). It should be noted that, in contrast with classical approaches to solving
this kind of initial-boundary value problem, the homogeneity of the boundary conditions does
not simplify the proof, only the statement of the result.

The calculation involves elementary linear algebra but notationally it is somewhat complex
even under these restrictions. Indeed we must develop some notation to state the result. The

aim of Notation 2.12 is to ensure that we may split the vector

(2.2.1)
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into the two vectors V and W. The entries in W are the transform, fj or gj, of a boundary
function that is, in equation (2.1.32), multiplied by a pivot of A, where the entries in V' are the
other entries in the vector (2.2.1) and overall we preserve the order of the entries in the original
vector (2.2.1).

2.2.1.1. Developing some notation

NOTATION 2.12. Given boundary conditions defined by equations (2.1.32) and (2.1.33) such

that A is in reduced row-echelon form, we define the following index sets and functions.

o« Jt = {7 €{0,1,...,n—1} such that ay is a pivot in A for some k € {1,2,...,n}}, the
greatest order of each boundary condition whose leading term is a left-hand boundary
function.

o« J = {7 €{0,1,...,n—1} such that f; is a pivot in A for some k € {1,2,...,n}}, the
greatest order of each boundary condition whose leading term is a right-hand boundary
function.

o Jt = {0,1,...,n— 1} \ j+, the order of each left-hand boundary function that does
not lead any boundary condition.

o J = {0,1,...,n—1}\ j‘, the order of each right-hand boundary function that does
not lead any boundary condition.

o J={2j+1 such that j € J*}U{2j such that j € J~}, an index set for the boundary
functions that do not lead any boundary condition. Also, the decreasing sequence
(Jj)j=; of elements of J. ~

e J' = {2j+ 1 such that j € J*} U {2j such that j € J~} = {0,1,...,2n — 1} \ J,

an index set for the boundary functions that lead boundary conditions. Also, the

n

decreasing sequence (J7)"_; of elements of .J'.

e The functions

fo,—12(p)  Jj odd,

Vip) = (Vi(p), Va(p),-- -, Vulp) T, Vi(p) =<~
97,/2(p) Jj even,

the boundary functions that do not lead any boundary condition.

e The functions

fr—n2(p)  Jj odd,

W(p) = (Wilp), Walp),-- .. Wa(p)",  Wjlp) =14~
gJ]’./z(P) J} even,

the boundary functions that do lead boundary conditions.

° (fj*)jeﬂ, a sequence such that ozf;rj is a pivot in A when j € J*. Note that this
sequence may have no terms.

° (fj = )je 7-, a sequence such that j3 7 is a pivot in A when j € J~. This sequence may
have no terms.

e For each j € JT define B T 0. This is done to simplify the statement of the simpler

version of the lemma. It is not required for the general version.



2.2. THE REDUCED GLOBAL RELATION 26

EXAMPLE 2.13. If n = 3 and the boundary conditions are specified by equation (2.1.32)

where
001 -1 00
A=[000 0 1 0 (2.2.2)
000 0 01
then ¢a(p) = —ai, c1(p) = ap, colp) = aip?,
fi(p) f2(p)
Wip) = | folp) | and V(p) = | g2(p)
go(p 91(p)
Indeed, comparing equations (2.1.33) and (2.2.2) we see that
are B2 a1 i1 a1o Pro 001 -1200
age P2z a1 P21 a0 P2o | =0 0 0 0 1 0
as2 B32 aszi B31 aszo Pso 000 0 01
The pivots in this boundary coefficient matrix are aq1, agg and B39 so
Jt =1{0,1}, J-={0},
Jt ={2} and J-={1,2}.
Following through Notation 2.12 in order we see that
J =1{2,4,5}, J' ={0,1,3},
(‘]j)?:I = (5,4,2), (J],)?:l = (3,1,0),
Falp) Si(p)
Vi(p) = | g2(p) | and Wi(p) = | folp)
91(p) go(p)
We also note that, defining the sequences
A 2 ifj=0, -
Ji= J J; =3 forj=0,
1 ifj=1,
the pivots in A are
Ty imD2 T AL AT, (g2 T 020 and Bf;§/2 2 = Bso.
Indeed the aim of the definition of sequences (jf)j c7+ and (jj_ )j c7- 1s to select the row of A

containing the pivot corresponding to f; or g;.
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2.2.1.2. The main lemma

We may now state the result.

LEMMA 2.14. Let q : [0,1] x [0,T7] — R be a solution of the initial-boundary value prob-
lem specified by the partial differential equation (2.1.1), the initial condition (2.1.2) and the
homogeneous, non-Robin boundary conditions (2.1.32). Assume the matriz A, whose entries are
defined by equation (2.1.33), is in reduced row-echelon form. Then the vectors V. and W from
Notation 2.12 satisfy

Vi(p) X .
do(p) qr(p)
Va(p) nT
Ap) | = s e | ond (2.23)
v '(p) do(w"'p) gr(w"'p)
Wi(p) Vi(p)
W- | Vs
2(p) _ i 2_(p) , (2.2.4)
Wi (p) Va(p)
where
o R T I J; odd, 225)
kj\pP) = . _ —iwk— o
_wn=1=J;/2)(k l)cjj/g(p) <€ k 1p+5j;/2 Jj/2> Jj even,
J
—~ . J; even and k= J+
Ay, = Brsyz I T2 (2.2.6)

0 otherwise.

Further, A is full rank.

2.2.1.3. A sketch proof of the main lemma in the form of an
example

Before giving the full proof of Lemma 2.14 we work through the derivation for the particu-
lar Example 2.16 of simple boundary conditions. This example also motivates the following

nomenclature:

DEFINITION 2.15. When Lemma 2.14 applies we call equation (2.2.3) the reduced global
relation and equation (2.2.4) the reduced boundary conditions, where the matriz A given by
equation (2.2.5) is called the reduced global relation matrix and the matrix A defined by equa-

tion (2.2.6) is called the reduced boundary coefficient matrix.

ExXAMPLE 2.16. Consider the following initial-boundary value problem:
qt(z,t) — quaz(z,t) =0, (x,t) € Q=1[0,1] x [0,T], (2.2.7)

q(z,0) = qo(x)
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with the simple, homogeneous boundary conditions

fo
001000 ?
0o00010f||"]=0 (2.2.8)
00000 1)[|"
fo
g0
Then, as in Example 2.13,
fi(p) f2(p)
Wi(p) = | folp) | and V(p) = | ga(p)
g0(p) gi(p
The boundary conditions (2.2.8) may be rewritten
fi fo
I3 fo] +0s| g2 | =0,
9o g1

where I3 is the 3 x 3 identity matrix and O3 is the 3 x 3 zero matrix, which yields

fi(t)
=0 tepm

go(t)

Applying the t-transform (2.1.30) entrywise we see that

Wi(p)=1/folp) | =0, peC (2.2.9)

This corresponds to the reduced boundary conditions (2.2.4) in the lemma.

The fact we have exploited here is that, because it is in reduced row-echelon form, the
boundary coefficient matrix has I3 as a maximal square submatrix. This allows us to break the
boundary coefficient matrix into two parts: the identity and the rest of it, which we call the
reduced boundary coefficient matrix. In this example the reduced boundary coefficient matrix
is the zero matrix. This need not be the case but, provided the boundary conditions are non-
Robin, this matrix must be diagonal. Of course, this process will work for any regularised
boundary coefficient matrix, the only requirement being that the boundary coefficient matrix
has the identity as a maximal square submatrix, which is guaranteed by the reduced row-echelon
form it is assumed to take.

We still have to find the other three boundary functions, those that appear in the vector
V. To do this we will make use of the global relation in the form of Corollary 2.4. The partial

differential equation (2.2.7) studied in this example defines n = 3 and a = i so the corollary may
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be written

1 —e % ip —ipe~ P —p? ple=
1 _efiwp wi i ap—lWp 42,2 2 2 —iwp
p wipe wp® wepe

—q . . w2 w2
1 —eWp w21p —w2zpe wp _wp2 wp2e wp

do(p) ar(p)
= | dolwp) | =" | ar(wp) |-
Go(w?p) qr(w’p)
the right hand side of which is the right hand side of the reduced global relation (2.2.3) from
the lemma. The left hand side must be simplified. Substituting the reduced boundary condi-
tions (2.2.9) into the global relation gives

f2(p)
1 —e ip —ipe_ip —p2 p2e_ip gz(()p)
1 _e—iwp wip _wipe—iwp _w2p2 w2p2€—iwp _
1 —emiw? w2ip —w%pe‘“ﬁp —wp2 w,er_i‘”zp ()
0
0
Go(p) qr(p)
R 3T |~
= | do(wp) | —=€” 7 | dr(wp) |,
Go(w?p) gr(w?p)
hence
1 —e ™ —ipe'P fa(p) qo(p) qr(p)
. . - 3
1= —wipe | | Galo) | = | dolwp) | — €T | artwo) | (22.10)
1 e —wipee) \Gi(p))  \do(w?p) ir(w?)

which is the reduced global relation (2.2.3) from the lemma.

In this example we were able to simply discard three columns of the global relation ma-
trix (2.1.19). This is because the boundary conditions are simple, hence the reduced boundary
coefficient matrix is the zero matrix. This will not always happen but the reduced boundary
conditions allow us to express n of the boundary functions in terms of the other n. This means
we can incorporate the information from n columns of the global relation matrix into the other
n columns, defining the reduced global relation matrix.

The reduced global relation matrix is a n x n, rank n matrix so the reduced global relation
is a system of n linear equations that may be solved using Cramer’s rule (Theorem B.2) to give
expressions for the entries in V' in terms of the Fourier transforms of the intial datum and final
function. In this example the entries in W have already been determined to be identically zero

but if the reduced boundary coefficient matrix was not the zero matrix we could now write the
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entries in W in terms of the entries in V hence in terms of the Fourier transforms of the initial

datum and final function.

2.2.1.4. Proof of the main lemma

Using Example 2.16 as a model, we give the full proof of Lemma 2.14.

PROOF. Because A is in reduced row-echelon form it has the n x n identity matrix, I, as a
submatrix. That submatrix is the one obtained by taking all n rows of A but only the columns
which contain pivots. These are the columns of A indexed by 2n — j, where 57 € J'. Any such
column multiplies the boundary function f(;_1)/2 or g; 2, for j odd or j even respectively, in the
boundary conditions (2.1.32). The columns of A not appearing in the identity submatrix are
those indexed by 2n — k for k € J. Any such column multiplies the boundary function f(;_1)/2
or g2, for k odd or k even respectively, in the boundary conditions (2.1.32). The sequences
(Jj)?:1 and (J;);L:l simply ensure the entries in the vectors V and W appear in the correct
order. We may now break the n x 2n matrix A into two square matrices, rewriting the boundary

conditions in the form

Y1 Xl
Y5 | X5
[ R P IR (2.2.11)
Y, Xn
where
B J; odd, - J! odd,
X, - fa—ne Jj y, = fu-nz Jj (2.2.12)
91,/2 Jj even, 9.1 /2 J],' even,

and A is initially defined as the square matrix given by
~ ak(Jj—l)/2 Jj Odd,
A =

Br ;2 J; even.

If J; is odd then there does not exist k € {1,2,...,n} such that Qk(7;-1)/2 1s a pivot of A.

Because the boundary conditions are non-Robin, this implies
()ék(Jj_l)/QZO VkE{l,Q,...,n}, V j odd.

If J; is even then there does not exist k € {1,2,...,n} such that Bkj /2 is a pivot. If it happens
that there does exist some k € {1,2,...,n} such that g, /2 is a pivot, that is J; +1 € J’
hence J;/2 € Jt , then By, ;. /2 may be nonzero. In this case k = JJ /2 If J;/2 € Jt then, by
Notation 2.12, 5y j, /2 = 0. Hence if J; is even then

614: Jj/2 k= JJ /2

Apj =
0 otherwise.

Thus we may write

, _ Tt
A\kj _ Bry;;2 Jjeven and k = JJJ_/2

0 otherwise,
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the reduced boundary coefficient matrix defined by equation (2.2.6). By applying the trans-
form (2.1.30) to each row of equation (2.2.11), making use of its linearity and observing that

the transformation maps
XV, Y; = Wj,
we obtain the reduced boundary conditions (2.2.4).

The reduced boundary coefficient matrix has at most one non-zero entry on each row so the

reduced boundary conditions (2.2.4) may be written as

3i(p) =0 jed, (2.2.13)
Fi(p) = =B+ ;i p) jedr. (22.14)
Corollary 2.4 may be rewritten as a system of linear equations
n—1 ‘ -
Zw(” ei(p) fi(p) = Y w T e e (p)g(p) = Go(w"p) — €T dr(w”p),
j=0

forr € {0,1,...,n—1}. Using the fact JTUJT = J-UJ~ ={0,1,...,n— 1} we may split the

sums on the left hand side to give

Y WO eG(0) (o) + Y T () f(p)

j€f+ j€j+
= Y W e (p)g(p) = Y wTIT e P (p) gy (p)
]GJ* gej*
= o(w'p) — " Tgr(w'p),
for r € {0,1,...,n — 1}. We may use equations (2.2.13) and (2.2.14) to simplify this to

> w(n_l_j)r(_ﬁj]%j)cj(P)gj(p)+ > W (o) f(p)
jeJ+ jeJ+

—0— Y WO e (p)gi(p) = do(w”p) — e T gr(wp),

jeJ-

Ifj e J+tNJ~ then ,8J+ = 0 as A is in reduced row-echelon form. If j € J- \J+ —J nJtcJt
then 3 F+= =0 by Deﬁmtlon 2.12 so we may rewrite this as
J

S Wl () o) = 3 W (B + e ) o))
jeJ+ jel-
aip T

=qo(w'p) —e r(W'p),

for r € {0,1,...,n—1}. Putting this system of linear equations into matrix form, we obtain the
reduced global relation (2.2.3).

Because A is in reduced row-echelon form there cannot be two identical columns of A.
Further, if the same powers of w appear in two columns of A then in the first column these
powers of w do not multiply exponential functions of p (type (1)) and in the second column

they only multiply exponential functions of p without a constant (type (2)). Hence if there is a
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column in A whose entries are given by powers of w multiplied by the sum of exponential powers
of p and a constant (type (3)) then that is the only column with those powers of w.
Consider boundary conditions that are all specified at the end x = 1, that is the boundary

coefficient matrix has the form

0
A =
00 0O0 ... 01
Then J* ={0,1,...,n—1} and J* = 0 so A’ is a Vandermonde matrix which has rank n, as is

shown in Section 1.4 of [50]. This matrix contains all columns of type (1) that may appear in
any A, so given any A the columns of the corresponding A of type (1) are linearly independent.

If instead the boundary conditions are all specified at = = 0, that is

A//:
0000 ... 10

then the determinant of A” is equal to the determinant of the same Vandermonde matrix. This
matrix contains all columns of type (2) that may appear in any A, so given any A the columns
of the corresponding A of type (2) are linearly independent.

Other columns of any A, that is a column of type (3), can be written as the sum of two
columns: one of type (1) and one of type (2). But we have already established that neither of
these may appear in A and neither may be written as a linear combination of columns that do
appear in A. This establishes that the column rank of any reduced global relation matrix is
n. (]

2.2.2. General boundary conditions

In this subsection we state and prove the form of Lemma 2.14 generalised to any set of
linearly independent boundary conditions. We also show that, when the boundary conditions are
homogeneous and non-Robin, Lemma 2.17 reduces to Lemma 2.14 so the notation is consistent

between the lemmata.

LEMMA 2.17. Let q : [0,1] x [0,T] — R be a solution of the initial-boundary value problem
specified by the partial differential equation (2.1.1), the initial condition (2.1.2) and the boundary

conditions (2.1.32). Assume the matriz A, whose entries are defined by equation (2.1.33), is in
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reduced row-echelon form. Then the vectors V. and W from Notation 2.12 satisfy

Vi(p) qr(p)

A(p) VQFP) =U(p) — e T ; and (2.2.15)
Vn'(p) qr(w"'p)
Wi(p) ha(p) Vi(p)
Waloy | _ [ heled) g | Vo) | (2.2.16)
Walp) ﬁnkm Vnkp)

where iLj is the t-transform (2.1.30) applied to the boundary data hj,

U(p) = (u(p,1),u(p,2),...,u(p,n))", (2.2.17)
u(p,k) = do(@* 1 p) = D al@ o)y (p) + e YT Wt )k (p), (2.2.18)
leJ+ lej-
C(Jj—l)/2(P) (w(nl[J71]/2)(k1)
n—1—r)(k—1) /. Ji—1)/2—r
_ Z g (J]-—1)/2w( YE=1) (i p)(Si=1)/ J; odd,
reJ+
—iwk—1 n—1—r)(k—1); \(J;—1)/2—r
+e P Z aj- (ijl)/2w( ) )(zp)( =1/ )
Ai(p) = el
CJ_/2(p) (w(nle/Z)(kl)eiwklp
J
n—1-r)(k—=1)/; \J;j/2—r
J— Z 63;_'_ J]/Qw( )( )(Zp) ]/ Jj e’l)en,
rej+
_|_e*iwk*1p Z 5f; JJ/Qw(nlr)(kl)(iP)JJ/Qr)
reJ-
(2.2.19)
~ _ J; odd,
Ay, = MRG0z 0 (2.2.20)
Br ;2 Jj even.

Further, A is full rank.

PROOF. The proof of the equation (2.2.16) begins in the same way as the proof of the reduced
boundary conditions (2.2.4) in Lemma 2.14 but equation (2.2.11) must be replaced with

Y, X, ha(t)
B | X ha(t)

3
+
N
I

(2.2.21)

Y, Xn hn(t)
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where X and Y are given by equations (2.2.12) in the previous proof and the reduced bound-
ary coefficient matrix, A, is defined by equation (2.2.20). Now the t-transform (2.1.30) may
be applied to each line of equation (2.2.21) and by the linearity of the transform we obtain
equation (2.2.16).

We may rewrite equation (2.2.16) in the form

filp) = j -2 a5, EOESY B3+ ,Gr(p for j € J* and (2.2.22)
reJ+ reJ-

;(p) = > oz o)=Y B5-,9r(p for jeJ . (2.2.23)
reJ+ reJ-

Corollary 2.4 may be rewritten as the system of linear equations

n—1
¢i(p)w ™I Fi(p) = Y e  Pei(p)w ™G (p) = do(wp) — e T gr(wp),
=0

i
L

.
Il
o

for r € {0,1,...,n—1}. Using the fact JtuJt=J"uJ = {0,1,...,n— 1} we may split the

sums on the left hand side to give

> (™ (o) + Y (o)™ Fi(p)

jeJ+ jeJ+
_ Z e —iw” pc (n 1—j4)r Z efzw pc (n— 17j)r§j(p)
]EJ— ]EJ_
= qo(w"p) — e Tgr(w'p),
for r € {0,1,...,n — 1}. Using equations (2.2.22) and (2.2.23) we obtain
Z cj(p)w("flfj) Z gt kfk Z 5J+ wIk(p) | + Z Cj(P)W(nilij)rfj(P)
jeT+ keJ+ keJ- jeJ+
Z P (puw T Z 7 w (o) Z BJ K9k (P
jeJ- keJ+ keJ-

B Z e—z‘ofpcj(p)w(n—l—j)rgj(p) = Go(w"p) — e T (W' p),
jeJ-
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hence

Z Fip) |ei(p)t™ 19" — Z age ok (p (n=1=k)r 4 g=i"p Z g jck(p)w(”—l—k)T

jeJ+ keJ+ keJ-

=2 Gi(p) |e eI 4 Y B+ jer(p)w (n—1-k)r

jeJ- keJ+
e~ WP Z BJ (n—1—k)r
]
keJ-
=Go(w'p) — Y _ Cj(w’“p)ﬁj;(p) + ) e e (W p)h _(p) — " Tgr(w"p),
jeJ+ jeJ-

for » € {0,1,...,n — 1}. Taking a factor of ¢;j(p) out of each square bracket and using the
identity

we establish

Z ]?j(p)cj(p) wn=1=9r _ Z aA ZpJ ko (n=1=k)r | ,—iw"p Z ajk_j(ip)jfkw(nflfk)r

jeJ+ keJ+ keJ-

= > Gi(p)ej(p) [ PTIIT 4 N T B (ip) TR

jeJ— keJ+
—iw” . Nj—k, (n—1—Fk
_eWp Z Bj,:j(zp)] w(n 1—k)r
keJ—
=do(w'p) = D_ & phze(p) + D e (W p)hz-(p) = " T ir(wp),
jegt jeJ-

for r € {0,1,...,n — 1}. When put into matrix form this gives equation (2.2.15).

We now turn our attention to showing that the reduced global relation matrix is full rank.
Each entry of A is made up of a sum of two terms: a polynomial and an exponential multiplied
by a polynomial. If we were to try to write one entry as a linear combination of other entries
from the same row then the exponential part would have to come from only the exponential
parts of other cells or, by multiplying by an exponential, it could come from the polynomial
parts. However, if another column was multiplied by a particular exponential then only one
entry would have a purely polynomial term because the exponentials that appear in A depend

upon the row, rather than the column. This means that we can split the reduced global matrix
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into two matrices

€1, —1) 2P P12 (1) Z Azt (g—1)26r (P)W (n=1=n)k=) 7 odd,
ij — reJ+

= B el Jy e,

reJ+t

Z QG- (1—1)/26" e (p)w ik J; odd,
Yij = <l 1—r)(k—1

CJ]/Q(p)w(n_l_JJ/Q)(k_l) + Z /8:]\7‘* J]/ch(p)w(n_ —T‘)( - ) J] even,

reJ-

and observe that if a column of 4 may be written as a linear combination of other columns of
A then either

e there exists j with J; odd such that the 4% column of X can be written as a linear
combination of other columns of X or
e there exists j with J; even such that the % column of Y can be written as a linear

combination of other columns of Y .3

We concentrate on matrix X noting that the argument is the same for Y. In X, for each

J € JT there is precisely one column of the form

cj(p)w" Y N g e (pw TN ke (1,2, 0} (2.2.24)

reJ+
and for each j € J~ there is precisely one column of the form
=D By er(p™ I ke (1,2, 0} (2.2.25)
reJ+
We choose a particular p € J* and show that the column

cp(p)w(" 1=p)( Z g, (PR e f1.2. . 0} (2.2.26)

reJ+

cannot be expressed as a linear combination of columns of type (2.2.24) for j € J* \ {p} and
columns of type (2.2.25) for j € J~. As column (2.2.26) appears only once in X the term
cp(p)w(n_l_p)(k_l)

Asp e j+, p ¢ JT so the term cp(p)w(”_l_p)(k_l) cannot be expressed as as a linear combination

cannot be expressed as a linear combination of the terms cj(p)w(”_l_j)(k_l).

of the sum terms in columns (2.2.24) and (2.2.25). This is because to do so would require
multiplying columns by some factor of the form wU=P(*=1) which is impossible as k is the row
index.

This establishes that there does not exist a j with J; odd such that the 7% column of X
can be written as a linear combination of other columns of X. The same argument proves that
there does not exist a j with J; even such that the 7% column of Y can be written as a linear

combination of other columns of Y. Hence the column rank of A is n. O

3Note we only claim these conditions are necessary, not sufficient.
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Note that the proof of Lemma 2.14 initially defines A in the same way as Lemma 2.17 but
then establishes the simpler representation of the boundary coefficient matrix (2.2.6) so these
definitions are equivalent for non-Robin boundary conditions. Similarly, if J; is odd then the
column of A whose entries are . (j,_1y/2 for r € {1,2,...,n} contains no pivots. Hence, if
the boundary conditions are non-Robin and J; is odd, the definition of Ay ; agrees between the
two lemmata. If J; is even then the column of A whose entries are 3, ;)2 for r € {1,2,...,n}
contains no pivots. Hence, if the boundary conditions are non-Robin and J; is odd at most one
of the entries in this column can be non-zero, that is the one in the (unique and possibly existent)

row r for which a, ;. /5 is a pivot, that is the entry S+ This establishes that the two
: 7,

Jj /2
definitions (2.2.5) and (2.2.19) are equivalent for non—Rol/;in boundary conditions. Clearly the
vector U(p) reduces to the vector (4o(p), do(wp), - .., do(w" 1p))T and equation (2.2.16) simplifies
to the reduced boundary conditions (2.2.4) for homogeneous boundary conditions.

This proves that if the boundary conditions are homogeneous and non-Robin then the two
lemmata in this chapter are equivalent. Thus we extend the use of the terms reduced boundary
conditions, reduced global relation and their associated matrices from Definition 2.15 to their

equivalents in Lemma 2.17.

2.3. An explicit integral representation

The achievement of Lemmata 2.14 and 2.17 is that we may now write the solution to an
initial-boundary value problem in terms of the boundary data and initial data with only one
unknown, the final function. We formalise this expression in Theorem 2.20. Once again, this is
a simple application of linear algebra but requires the development of some notation. To help

illustrate the notation and derivation we give an initial example.

EXAMPLE 2.18. We continue with Example 2.16. The reduced global relation (2.2.10) is a
system of 3 equations in the 3 boundary functions so it may be solved using Cramer’s rule B.2.

In order to do so, we define

Qolp) — —e —ipe"”
Gi(p) =det | Go(wp) —e™™P  —wipe ™’ |,
Go(w?p) —eT —wlipe
1 dolp) —ipe L =™ golp)
Glp)=det | 1 Golwp) —wipe ™r |, G3(p) =det | 1 —e™P  go(wp) |,
1 Go(w?p) —w?ipe™™’r 1 —e ™7 Go(w?p)
gr(p) — —e7  —ipe™*
M(p) =det [ gr(wp) —e ™F  —wipe ™P
Gr(w?p) —e ™ —w2ipemir
1 Gr(p) —ipe”" 1 = gr(p)
m(p) =det | 1 Gr(wp) —wipe P |, M3(p) =det | 1 —e™™P  Gp(wp)

1 Gr(w?p) —w?ipe ™ 1 —e 7 Gp(w?p)



2.3. AN EXPLICIT INTEGRAL REPRESENTATION 38

and
1 —et —ipe~tP
APDE (p) =det | 1 —e_in —wz’pe‘i“’p
1 _e—iw2p _w2ip6—iw2p

in accordance with the following Definition 2.19. Indeed 7; may be found from (; by replacing
do with gp. Applying Theorem B.2 to the reduced global relation (2.2.10) and observing that

the reduced boundary coefficient matrix is 03 we obtain

Gi(p) = €T (p)

falp) =

Appe(p) '
_ o Glp) = € Ti(p)
g2(p) = AppE (p) ’
-~ _ (iP*TH
Gi(p) = Z.pC:s(P)APDEp(p;?:s(P)

Filp) = folp) = o(p) = 0.

Substituting the above expressions and equation (2.2.9) into equation (2.1.5) we obtain

. . ] - it T
27rq(x, t) = / elp:L‘—zp?’tdO (p) dp — / elp:c—zp3t G (p) € m (P) dp
R 0D+ APDE (p)

- /6D eip(z=1)—ip%t (@(P) - 6ip3T772(P)) +p (ZS(P) - 6ip3Tﬁ3(p)) dp.

AppE (p)

The right hand side of this equation is a linear combination of contour integrals of transforms of
the inital datum and the final function. The initial datum is a known quantity, specified in the
initial-boundary value problem; the final function is unknown. It will be shown in Chapter 3

using analyticity considerations that the final function does not contribute to this representation.

Following Example 2.18, we define the functions ¢; and 7; and then derive and state the main
Theorem 2.20 of the present section. Finally, Example 2.21 shows how the boundary functions

may be calculated for a particular case.

DEFINITION 2.19. For j € {1,2,...,n}, let Z}(p) be the determinant of the matrix obtained
by replacing the j™ column of the reduced global relation matriz with the vector U(p) and ni(p) be
the determinant of the matriz obtained by replacing the 7™ column of the reduced global relation
matriz with the vector (4r(p), dr(wp), ... ,4r(W" o)t for j € {1,2,...,n} and p € C. For
je{n+1,n+2,...,2n} Let

Cj(p) = Ej—n(p) - Z A\j—nkaf(p)a
h=1 (2.3.1)

() = hjnlp) = >_ Ajniiik(p)-
k=1
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We define further

o~ (
cr;-12(P)Ci(p)  Jj odd, c-n2e)ni(p) — Jj odd,
c1,/2(0);(p) J; even, c1,2(p)7 (p) J; even,
Glpy =g I nilp) =4 PETE
cr_—1/2P)Gp) T, odd, cr_—n/2nilp)  Jj_, odd,
Ler_ p(PG(p) ), even, cr pPiip)  Jj_, even,
(2.3.2)

for p € C, where the monomials ¢y, are defined in equations (2.1.5). Define the index sets
t={j:Jodd} U{n+3j: J]‘ odd},
T ={j:J; even}U{n+j:J; even}.
Also let
APDE (p) = det A(,O), p < C. (233)
Note that, for homogeneous boundary conditions, the n; are simply the (; with qr replacing

with qu .

Now by Lemma 2.17 and Cramer’s rule, Theorem B.2, we may obtain expressions for the

boundary functions:

( ~

fo,—pp2(p)  Jjodd,
Ci(p) — " T55(p) _ 9;2(p) Jj even,
ArpE (1) fV(JJ/._n_n/g(p) J}_,, odd,
Z]JJ;in/z(p) Ji_,, even,
hence
c(z;-1)/2(p )f( 1)/2(p) J; odd,
Gi(p) = e Tni(p) _ Jer2(P)95;/2(p) Jj even, 2
AppE (p) cr_,—1)/2(p )i 7 -n2(p) i, odd,
cy_ 2P j2(p) Ji_, even,
and
S it = ¥ SO ),
=0 jert
G(0) = e Ty (p)
2 cip J; APDE ) .

This establishes the following theorem, the main result of this chapter.

THEOREM 2.20. Assume that there exists a unique q : [0,1] X [0,T] — R solving the initial-
boundary value problem specified by the partial differential equation (2.1.1), the initial condi-
tion (2.1.2) and the boundary conditions (2.1.32). Then q(x,t) may be expressed in terms of
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contour integrals of transforms of the boundary data, initial datum and final function as follows:

n _ pap"T
271’(](.%,75) _/ ipr—ap™t 5 ( )dp / sz ap™t Z <] € (p) dp
R oD+ )

jet AppE (p

T
_/ zp(x 1)—ap™t Z CJ —6 v 77]( )dp, (235)
oD~

A
T PDE P)

where D¥ = C* N {p € C : Re(ap™) < 0}.

EXAMPLE 2.21. We give another example to illustrate Definition 2.19 and Theorem 2.20.
The boundary value problem we consider is the same is in Example 2.13; n = 3, a = ¢ and
the boundary conditions are given by equation (2.1.32) with h; = 0 and a boundary coefficient

matrix

This establishes:

fi(p) f2(p)
W)= |folp) |, V)= |50 |,
go(p) g1(p
Jt={0,1}, J ={o}, Jt={2}, J ={1,2},
1 —e —ip(e” — 1) 00 —1
A(p) =1 —e @ —jwp(e P —1) and A=l0 0 o0
1 —e @’ _ju2p(e=™@’r — 1) 00 0

Hence, by Definition 2.19,
Appg (p) = det A(p)
— VB[ + e7°) + w(e™P 4 e 7P 4 w2 (e 4 e,

Cilp) = ipldo(p)(wie P (e — 1) — we =@ P(ei%P _ 1))
Go(wp) (e " P(e7# — 1) — w2 (e P — 1))

(W?p)(we™P(e7™P — 1) — e ™P(e” " —1))],
Ga(p) = —iplwldo(wp)(e™7 = 1) — wio(w’p) (e~ — 1)

do(w?p)(e 1) = Wdo(p) (77 ~ 1)

e —1) = do(wp) (e = 1)),

G(p) = —[e ™ Pgo(w?p) — e Pgo(wp)

wdo(p)

e o (p) — e go(w?p)
—iwp

e " Go(wp) — qo(p)),
G4=¢  and Eg,z{gzo.
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Further,
¢i(p) = Gi(p), G(p) = Calp) = ipC3(p),
G(p) = G(p), Gs(p) = Ce(p) = 0,
Jt={1,4,5}, J~ =1{2,3,6},
so that
Z ¢i(p) = pldo(p) (e + we™™P + w2e1’P)
jeJt
+wio(wp) (P — e7) + wio(w?p) (77 — 7)),
37 Gilp) = plao(p) (1 + w?e™ P + we™ ) + wip(wp) (1 — e7°P) + w2 (W?p) (1 — e7P)).
jeJ~

It should be noted that Theorem 2.20 does not give the solution in terms of only the known
data. The functions 7); are defined in terms of ¢(z,T’), the solution at final time. Section 3.2
contains a proof that these functions do not make a contribution to expression (2.3.5) for well-

posed problems.



CHAPTER 3

Series representations and well-posedness

42
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While Chapter 2 is concerned with deriving an integral representation for the solution to a
well-posed initial-boundary value problem, the present chapter is devoted to investigating well-
posedness of such a problem and the related question of finding a discrete series representation
of its solution. We continue in the general setting of Chapter 2 with a partial differential
equation (2.1.1) specified by its order n > 2 and the parameter a. The form of our results

depends upon the value of a; we present them in the three cases a =i, a = —i and Re(a) > 0.

THEOREM 3.1. Let the homogeneous initial-boundary value problem (2.1.1)~(2.1.3) obey As-
sumptions 3.2 and 3.3. Then the solution to the problem may be written in series form as

follows:

q(z,1) = % Z Res M Z Gi(p) +% Z Res M Z G(p).

p=0r Appp (p) p=cr AppE (p)

keKt jeJt keK— jeJ—
UKDPTUKET UKD UKE™
UKRU{0}

(3.0.6)
If n is odd and a = —1,

q(x,t) = % Z Res M Z Gip) +% Z Res M Z Gip)-

P=0k APDE (,O) P=0k APDE (p)

keKT jeJt keK— jeJ—
UKDPTUKET UKD UKE™
UKRU{0}

(3.0.7)

If n is even and a = +1,

=2 3 Res ACEU Sl S pes PO 5h

p=c: AppE (p) p=or AppE (p)

keKt jeJt keEK— jeJ—
UKD TUKET KDPTUKE
UKE UKE
7
T f){fg APDE 2. Gl 308)
]GJJFUJ*

If n is even and a = ¢’ for some 6 € (=%, g),

=y X Re il Gy X Res PET0 5~ )

=0, A p=0r A
keKt PDE jeJt keEK— PDE (,0) jeJ~
UKDPTUKET UKD UKE™

UKRU{0}

(3.0.9)
The functions P,I3 are given in Definition 3.4. The functions Appg,(; and the index sets

J* are given in Definition 2.19 and the points o}, are the zeros of Appg .

The multiple representations in Theorem 3.1 are equivalent for any permissible choice of n
and a. This is shown in [59].

Theorem 3.1 is the result of the first section of this chapter. Indeed Section 3.1 is concerned
entirely with the definition of the index sets, functions and assumptions used to state Theo-
rem 3.1 and the derivation of this result, with one computational section of the proof presented

in the Appendix. Well-posedness of the initial-boundary value problem is not discussed and the
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assumptions, once stated, are considered to hold throughout Section 3.1. Particular examples
are not discussed as, for any but the most trivial examples, a lengthy calculation of bounds on
zeros of certain exponential polynomials is required in order to perform any meaningful simplifi-
cation of the general definitions or argument. Instead, the definitions and subsequent derivation
are broken up depending upon the value of the parameter a.

The theme of the two assumptions is that certain meromorphic functions, given in Defini-
tion 2.19, decay as p — oo from within certain sectors of the complex plane. The domains of
interest are formally defined in Definition 3.9 but they are D and E* with neighbourhoods of

the zeros of Appg removed.

ASsUMPTION 3.2. We assume the initial-boundary value problem is such that 7; is entire
and

n;(p)

— 0 as p — oo within l~)i,
AppE (p) P

for each j € {1,2,...,n}.

ASsUMPTION 3.3. We assume the initial-boundary value problem is such that (; is entire

and
M — 0 as p — oo within Ei,
AppE (p)

for each j € {1,2,...,n}.

Gip)

(0 and L encode t-transforms of the boundary

PDE () ApDE
functions in terms of Fourier transforms of the initial datum and the solution at final time

The meromorphic functions, x

respectively. They originate from an application of Cramer’s rule Theorem B.2 to the reduced
global relation (2.2.15).

The assumptions are of interest as they permit the deformation of certain contours of inte-
gration that pass through infinity. It is not true that these assumptions always hold and it is
by no means trivial to show that they do hold for an arbitrary initial-boundary value problem.
Sections 3.2 and 3.3 are given over to the discussion of these assumptions.

The main result of Section 3.2 is that one of the assumptions is equivalent to the initial-
boundary value problem being well-posed. This transforms Assumption 3.2 into a condition
that is at once easier to check than that given in [27] and much more general than the condition
in [53]. Section 3.2 also gives a pair of sufficient conditions for the assumption to hold that
are still easier to check for certain types of boundary conditions. This minimizes the weight
of calculation required to check for well-posedness and permits the investigation of some high
order examples.

Finally, in Section 3.3, we show that Assumption 3.3 is equivalent to the existence of a series
representation of the solution to a well-posed initial-boundary value problem. We also show a
duality between initial- and final-boundary value problems and changing the sign of the param-
eter a in the partial differential equation. Section 3.3 also gives a pair of sufficient conditions

for Assumption 3.3 to hold, parallel to those given in Section 3.2 for the other assumption.
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3.1. Derivation of a series representation

In this section we apply Jordan’s Lemma B.3 to deform the contours of integration in the
integral representation given by Theorem 2.20. We do not investigate whether the conditions of
Jordan’s Lemma are met, instead we assume that they are met and show that this implies we
may perform a residue calculation, obtaining a series representation of the solution. Sections 3.2
and 3.3 are concerned with investigating the validity of these assumptions.

Consider the same initial-boundary value problem studied in Chapter 2. That is, we wish to
find ¢ which satisfies the partial differential equation (2.1.1) subject to initial condition (2.1.2)
and boundary conditions (2.1.32) where the boundary coefficient matrix A, given by equa-
tion (2.1.33), is in reduced row-echelon form. We assume throughout this section that such a
function ¢ exists and is unique hence the initial-boundary value problem is well-posed. The

criteria for Theorem 2.20 are now met.

DEFINITION 3.4. Let the functions P, P:CxQ—C be defined by
P(p;z,t) = gipr—ap”t and ﬁ(p;x,t) = ¢~t(1-z)—ap"t
We shall usually omit the x and t dependence of these functions, writing simply P(p) and ﬁ(p)

The aim of Definition 3.4 is that we may write the result of Theorem 2.20 in a way that
emphasises the p-dependence of the integrands, instead of their dependence on x and ¢. Indeed
as x and t are both bounded real numbers they are treated as parameters in what follows.

We also define the five integrals

I = [ Plo)io(e)dp (3.1.1)
R
Gi(p) np n;(p)
I :/ P(p dp, I :/ e dp,
? —oD+ ( )j;; PDE (p) 7 Jop+ ; PDE (p)
! —8D— GEJ: AppE (p) *~ Jop- Ezj: AppE (p)

where (;, j, Appg, JT and J~ are given in Definition 2.19. We may now rewrite the result of
Theorem 2.20 in the form

5
2mg = > I. (3.1.2)
k=1

3.1.1. The behaviour of the integrands

We put aside I; for this subsection and investigate the behaviour of the integrands in the
other four integrals in the regions to the left of the contours of integration. The results of this

subsection are summarised in the following lemma.

LEMMA 3.5. Let q be the solution of the well-posed initial-boundary value problem studied in
this section. Under Assumptions 8.2 and 3.3 the following hold:
o The integrand of I is analytic within E* and decays as p — oo within E*.
o The integrand of I3 is analytic within Dt and decays as p — oo within D+.
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o The integrand of 14 is analytic within E~ and decays as p — oo within E-.
o The integrand of Is is analytic within D~ and decays as p — oo within D

The open sets 5i, E* are given in Definition 3.9.

The integral I5 follows a contour that has ET to its left and for p € ET the function P(p)
is an analytic, bounded function which decays as p — oco. Similarly, I; is an integral along
the contour that has F~ to its left and ]s(p) is bounded, analytic in this region and decays as
p — o0o. To the left of the contours of I3 and I5 are DT and D~; P(p)e®"T and ﬁ(p)e“pnT are
bounded analytic functions in these regions respectively, each decaying as p — oo from within
the respective region.

For a well-posed initial-boundary value problem, ¢o and ¢r are entire hence (; and n; are
also entire. The analyticity of these functions is included in Assumptions 3.2 and 3.3 in order
to ensure that the Assumption 3.2 is equivalent to well-posedness; see Section 3.2.

As Appg is an entire function it has only countably many zeros and the only accumulation
point of its zeros is infinity. The functions (; and 7; are all entire so the ratios in Assumptions 3.2
and 3.3 yield meromorphic functions on C. This means we need only investigate behaviour at
zeros of Appg and the behaviour of both the numerator and denominator as p — co. In this
subsection we are interested in avoiding the effects of the zeros of the denominator. These effects
will be accounted for in following subsection.

The aim of the following definitions is to allow the deformation of the contours of integration

so that the singularities of Agf) = and A;; - caused by the zeros of Appg may be considered
separately. We define new regions D# and E* that exclude neighbourhoods of these zeros from

D¥* and E* respectively.

DEFINITION 3.6 (PDE Discrete Spectrum). Let (o%)ren be a sequence containing each non-

zero zero of Appg precisely once. The PDE discrete spectrum is the set
{Uk ke N}
We also define oy = 0 for notational convenience, though 0 may or may not be a zero of Appg .

We wish to classify points of the PDE discrete spectrum based upon their location relative
to 0D and R.

DEFINITION 3.7. We define the following index sets:
e For X C C an open subset let KX C N be defined such that k € KX if and only if
or € X. That is, KX is the set of indices of zeros of Appg that lie in X.
e Define K® C N such that k € K® if and only if o, € R\ {0}. That is, K® is the set of
indices of nonzero, real zeros of AppEg -
e Define KT C N such that k € KT if and only if o, € 0D* \ R. That is, KT is the set

of indices of nonreal zeros of Appr that lie in DT .

These index sets are disjoint with union N.

The next definition associates a distance e, with each point o, of the PDE discrete spectrum.

The €, have been chosen small enough to ensure that the pairwise intersection of the closed discs
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g3
0'2%/3;2 = 3¢e3

F1GURE 3.1. The bounds on ¢y,
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B(ok,ex) N B(oj,ej) is empty for j # k. Also, for k > 0, the closed disc B(o,ex) does not
touch any part of 9D except, when k € KT UK~ UKR, the half line on which oy, lies. Choosing

such small €5 is not necessary for this subsection but it is useful for simplifying the residue

calculations of Subsection 3.1.3. Figure 3.1 shows the suprema of ¢; given some particular oy;

the shaded regions are the discs B(og, k).

The definition must be split into two cases, depending upon the value of a. In either case

it is justified as we know that Appg is holomorphic on C so its zeros are isolated. For each

k € KX we define a small disc around oy, that is wholly contained within X. This disc is labeled

B(oy, k), using the “ball” notation to avoid confusion with the notation D, representing the

subset of the complex plane for which Re(ap™) < 0.

DEFINITION 3.8 (g). Let a = +i. For each k € N we define e, > 0 as follows:

e For each k € KT UK~ UKR, we select e, > 0 such that

e < |ok|sin(Z) and B(oy, 3ex) N {oj: j € N°} = {o}.

e Foreachk € KP" UKP  UKE " UKE™ we select gk > 0 such that

ek < diSt(O’k,aD) and E(O’k,?)é‘k) N {O'j 1 j € NO} = {O’k}

o We define g > 0 such that

E(O,?)&o) N {Uj 1] € NO} = {0'0}.

Let a = € for some 0 € (=5,%). For each k € N we define e, > 0 as follows:

o For each k € KT UK~ UKR, we select e, > 0 such that

ek < |ox|sin(2(3 — 16])) and B(oy,3e,) N{oj:j € N} = {o}}.
e For each k € KPT UKP  UKE" UKE™ we select e, > 0 such that

3¢k < dist(og, 0D UR) and B(oy,3ex) N{o; : j € N°} = {0} }.

o We define eg > 0 such that

B(0,3¢0) N{0; : j € N°} = {09}

The next definition uses Definitions 3.6, 3.7 and 3.8 to define subsets of D¥ and E* on

G nj

which the functions Amja - and Appy are not just meromorphic but holomorphic.
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DEFINITION 3.9. We define the sets of complex numbers

Di\ U O‘k,Ek and Ei Ei\ U Uk,Ek
kGNO kGNO

and observe that ~— is analytic on E* and L s analytic on D*.
APDE APDE

Because the positions of the zeros of Appg are affected by the boundary conditions, the sets
Ei, E* depend upon the boundary conditions. This is in contrast to the sets D and E* which
depend only upon the partial differential equation (that is upon n and a) and are independent
of the boundary conditions.

To complete this subsection, we give an example for which Assumptions 3.2 and 3.3 hold.

ExAMPLE 3.10. Consider the initial-boundary value problem of Example 2.21; n = 3, a =
i and the boundary conditions are given by equation (2.1.32) with h; = 0 and a boundary

coefficient matrix

(3.1.3)

s

|
o O O
o O O
o O =
o = O
- o O

From Example 2.21 we know that w = e
Appi (p) = —pl(” + e7) + w(e™P + e P + w?(e™*P + e_iwzp)],

S Gi(0) = pldo(p) (€ + we P 4 wPe )
jeJt

+wio(wp) (P — € ) + wio(w?p) (¢ — )],
D7 Gilp) = plio(p)(1 + W€ +we ) - wio(wp)(1 — €777) + who (w?p) (1 — )
JjeEJ~
and the 7; are given by replacing ¢o with g7 in the corresponding ¢j.

It is possible to exploit the symmetry of Appg with a simple geometric argument similar to
that found in the Appendix of [54] to find the location of the zeros of Appg. The zeros are all
points on 0D, distributed identically on each ray, and are asymptotically separated by 27 along
each ray. This means that Dis simply D with semicircles around each of these points removed
and similarly for E, as shown in Figure 3.2.

To avoid presenting very similar arguments multiple times we show that

Zjej+ Cj (p)

lim =0, pekEt, 3.1.4
A A os (7) p (3.1.4)
and observe that the remaining requirements,
> icg- G (p) ~
lim =52 >~ —, e E,
p—oo  AppE (p) P
limM—O, p€l~)+ and

p—oo  Appg (p)
. > jes-ni(p)

=0, peD,
p—oo  Appg (p) p
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FI1GURE 3.2. The positions of the sets D* and E* forn = 3, a = i and boundary

conditions with one first-order coupling

of Assumptions 3.2 and 3.3 may be checked in the same way.

For p € ET, arg(p) € (%,%5) so Go(p)e”, e P and e~ P decay as p — oo from within E*

so we may write the fraction as

~

Go((p) (we™™P + w?e=™"P) + wio(wp) (eF — e~) + wdo(w?p) (™ — e77#) + decaying
e~ 4 welwp + w2ew?r 4 decaying

but, as arg(p) € (5, 2F), e = O(eM™*), €™ = o(eM™*) and e’ = o(e!™P) so the dominant

term in the denominator is e~%. Further

A —iwp

Go(p)e
e~ip

1
= / P18 g4 (y) dy
0

and Re(ip(1 —y — w)) = Im(wp) — (1 — y)Im(p) < 0 for all y € (0,1) and p € E hence the

integral decays as p — oo from within E. Similarly

—iw?p wp

o(wp)e”
e~

do(p)e
et

do(w?p)e™™

= dowp)  do (w?p)

) )

all decay as p — oo from within E. This establishes that expression (3.1.4) evaluates to 0.

3.1.2. Deforming the contours of integration

In what follows we regard Assumptions 3.2 and 3.3 as given. We use Lemma 3.5 to deform
the contours of integration in each of I, I3, I; and I5 so that we are left only with integrals
along the real axis and along finite contours around or through each singularity of Appg and
through 0. In order to do this we must further refine the index set K® from Definition 3.7 and
define several new contours. This refinement is necessary as we need to know not only which
points of the PDE discrete spectrum lie on R* but where Rt and R~ lie relative to D and E.
Figures 3.4, 3.5 and 3.6 show how this can vary.
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DEFINITION 3.11. We define the index sets

Kg = {k € N such that o, e RNODT NOE"},
K§ = {k € N such that o), e RNOET N 9D},
KE = {k € N such that o}, € RN E}.

Note that in Definition 3.11 we do not define a set K B as such a set is guaranteed to be
empty. This is because a # € for 6 € (5, 37”)1 It is also clear from the definition and the fact
that DT and E* are open sets that the index sets Kg, Kg and KE are disjoint with union K&,

DEFINITION 3.12. Let (ok)ken be the PDE discrete spectrum of an initial-boundary value
problem, and € be the associated radii from Definition 3.8. We define the following contours,
whose traces are circles or the boundaries of semicircles or circular sectors. Fach is oriented
such that the corresponding oy, lies to the left of the circular arc which forms part of the contour;

so that they enclose a finite region.

e Forke KP" UKE " UKP™ UKE™ we define the contour
: T = 0D (0%, ex).
e Forke KtUK~ U Kg UKB we define the contours
: Ty = 0D(o, ek),
: I'D = 9(D(oy,e5) N D) and
: 'E = 9(D(oy,er) N E).
e Fork e Kg we define the contours
: Ty = 0D(o, €x),
: I = 0(D(op,e,) NCT) and
: Iy = 0(D(ok,e)NCT).

o We define the contours

'y = 0D(0,¢9),

P = a(D(0,20) N DY),
TF" = a(D(0,e0) N ET),
Iy =a(D(0,e0) N D7),
I§ =a(D(0,e0)NE™),
Far =0(D(0,9) NC*) and
Iy = d(D(0,e0) NC™)

Some of the contours in Definition 3.12 are shown in Figure 3.3. In this example 1 € KP *
and 2 € K g and the partial differential equation is the heat equation, ¢; = qz.. We do not
claim that there exists any particular set of boundary conditions for the heat equation such that
these particular o1 and o9 are in the PDE discrete spectrum; the figure is purely to illustrate
Definition 3.12. The contours associated with 0 and oo are shown slightly away from these
points for clarity on the figure but they do pass through the points. Indeed F(‘)E+ and I‘OE ~ each

self-intersect at 0.

1See Figures 3.4, 3.5 and 3.6.
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DT

I

};+
IV
rE*&%rv [
- < R
v \@ U
]_1D+ E_

FIGURE 3.3. Some contours from Definition 3.12

The first step is to rewrite the integrals I} for k € {2,4} found in equations (3.1) as

el [ e
= {/IR+/<9E} Z APDE

dp,
" APDE

Now each Ij, contains an integral along the boundary of D* or ET in the positive direction and
the terms Is and I, also contain an integral along the real line. We apply Lemma 3.5 together

with Jordan’s Lemma B.3 to rewrite the integrals I for k£ > 2 in the following way:

{/ /E+\E+)}Pp Z APDE dp’ (3.15)

jeJt

)ear" T 3.1.6
/d(D+\ D) Z APDE ( )

jeJt

{/ /E - )}P p) Z APDE dp, (3.1.7)

)e?" T 3.1.8
/8(D \D- ) Z APDE ( )
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ET Dt
D+ Dt E* E*
E- E- D~ D~
D~ E-
n=3 a=1 n=3a=—1

FIGURE 3.4. The regions D* and E* for n odd and a = +i

Using Definition 3.12 we may rewrite equations (3.1.5)—(3.1.8) as

I = /_R+/FE++ > /F+ > /F Z/F+ APDE dp, (3.1.9)
0 kEKE+ k ke

keKE JjeJt
KtuKE

Is = /FD+ > /F+ > /FD P(p aP”TZAPDE dp, (3.1.10)

+ ke k J+
hek? K*Tukp 7€
Iy = / / }:/ }:/ }:/ sdo. (@111
P& _Jry rF T APDE P )
keKE kEKE
K- UKD

/FD > /rk % /F,? P(p) GPHTZAPDE (3.1.12)

keKD~
- E
K~UKE

It should be noted that for any particular values of n and a at least one of the index sets K g ,
K g and K 5 is empty. In the following paragraphs we investigate this in more detail.

1. n odd, a =i. Then Re(ap™) = —Im(p"). Thus p € D if and only if Im(p™) > 0. This
establishes that

peED&argp € U ( (3.1.13)

2jm (2j+1)7r>
7=0

n
Hence Kg = Kg = () and Kg = KR, The left of Figure 3.4 shows the positions of D* and E*
for a = ¢ when n = 3.

2. n odd, a = —i. Then Re(ap™) = Im(p"™). Thus p € D if and only if Im(p™) < 0. This
establishes that

peD e argpe U (3.1.14)

7=0

( 2j + 1) (25 +2)7r>

n ’ n
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Dt ET ET Dt
E* Dt Dt E*
D~ E~ E~ D~
E~ D~ D~ E~
n:47a:7’ n=4,a:—z

FIGURE 3.5. The regions D* and E* for n = 4 and a = +i

Hence Kg = Kg = () and K2 = K®. The right of Figure 3.4 shows the positions of D* and
E* for a = —i when n = 3.

3. n even, a = i. Then statement (3.1.13) holds hence KZ = (), K2 = {k € K® such that
or > 0} and KE = {k € K® such that o}, < 0}. The left of Figure 3.5 shows the positions of
D* and E* for a =i when n = 4.

4. n even, a= —i. Then statement (3.1.14) holds hence KZ = 0, K5 = {k € K¥ such
that oy > 0} and KE = {k € K such that o), < 0}. The right of Figure 3.5 shows the positions
of D* and E* for a = —i when n = 4.

5. n even, a=e'’, 0 € (—%,Z). We know that p € D if and only if Re(ap") < 0 hence

s

PED@arg(P)Eztjl <1 [E(4j+1)—9] ’% {2

= \nl2 (4J'+3)—9D- (3.1.15)

Figure 3.6 shows the positions of D* and E* for a = ¢ when n = 4.

3.1.3. Formulation of integrals as series

The main result of this section, Theorem 3.1, gives a series representation of the solution
to the initial-boundary value problem that is independent of ¢r. The proof involves residue
calculations on equations (3.1.9)—(3.1.12).

If the boundary conditions are inhomogeneous an integral term remains due to the inho-
mogeneities. The equivalent of Theorem 3.1 for inhomogeneous boundary conditions is Theo-
rem 3.13.

THEOREM 3.13. The solution to the inhomogeneous initial-boundary value problem (2.1.1)-

(2.1.3) obeying Assumptions 3.2 and 3.3 may be written in series form as follows:
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FIGURE 3.6. The regions D* and E* for n even

If n is odd and a = 1,

P /)
o=t Y Res Y G+
keKT p=or ApDE (p) jcJ+ 2
UKD URET
UKRU{0}

keKR " "k 0
If n is odd and a = —1,
)
ale) =5 Y, Res = A Z Gilp
kekt PDE jeJ+
ukPTuKET

X DOy Iy Iy A 3

ke KR

E+/+/R P(p)(APDlE(p)—

g ResA E Glp
p=01 ApDE (
keK~ jeJ ™
UKP UKE™

1) H(p)dp, (3.1.16)

g Res ———— A E Glp
p=0%
ke K- PDE .
UKP UKE™
UKRU{0}

(APDE ) 1) H(p)dp, (3.1.17)
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If n is even and a = +1,

q(z,t) = % Z Res ———— Z Gilp Z Res ———— Z Gilp

ket APDE jeg+ vep- PO APDE
UKD+UKE+ UKD UKE™
UKE UKE
i
+ = dp Z <]
4APDE jeJtug-
fod 2 fa . / X et
27T he KD FE — re KE FE F+
P — 1 d 3.1.18
(p) (APDE(/)) ) H(p)dp ( )
If n is even and a = ¢ for some 6 € (—g, g),
)
R P ORE CE-— DI SR P D3
2 e APDE Pt S o APDE
UKD+UKE+ UKD UKE™
UK®U{0}
! Z/ / / ( ! 1)H()d (3.1.19)
2m kek® Tk 0 AppE (p) Prapy A2

The proofs of these theorems are mathematically simple but, partly due to the range of
values of a, take a large amount of space. For this reason, they are relegated to the Appendix
Section B.2.

3.2. Well-posed IBVP

In this section we investigate Assumption 3.2. Specifically, we give a sufficient condition for
this assumption to hold in Theorem 3.23 and show that it is equivalent to the initial-boundary
value problem being well-posed in the sense of admitting a unique solution.

To help motivate the present section we give an example for which Assumption 3.2 holds.

We also consider an example for which Assumption 3.2 does not to hold.

EXAMPLE 3.14. We consider the 3" order initial-boundary value problem with boundary

conditions specified by the boundary coefficient matrix

001 g 00
000 0 10
000 0 01
This gives reduced global relation matrix
ca(p)  —calp)e —(e7" + B)ei(p)
Alp) = | ea(p) —cap)e ™ —w(e ™ + B)ei(p)
ca(p) —calp)e P —w (e 4+ Bei(p)
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and reduced boundary coefficient matrix

™

A=

o O O
o O O
o O

Following Definition 2.19 we calculate

ArpE (p) = (@2 —w)B(p)e(p) (€7 — Be™) +w(e? — ) 4 w(e™F — gemie7)
m(p) = c3(p)er(p) {dT(p) {wQe*W (e*iwzﬂ T ﬂ) — e WP (¢TI 4 ﬂ)}
+qr(wp) [6‘”2” (7% + B) —w?e (e—iw"’P + 3)}
i (w?p) [we™™ (7P 4+ 8) — =P (= 4 B)]},
ma(p) = ~c()er(p) {ar(p) [w (7 + 8) —w (e—w '+ 5)]
+qr(wp) [wz (67”% + B) — (e + ﬁ)}
+ir(w?p) [(e7 + B) —w (7P + B)] },
1) = ~A(p)er () {ar(p) [ — 717 + p(wp) e — 7]

qAT(WQ,O) [e—iwp _ e—ip] } ,

Let a = i. Then Dy C {p € C such that 0 < argp < T~}. As p — oo from within D the
exponentials e, e~™? and P grow while the exponentials e, e’ and e—w?p decay. Hence
the functions ¢r(p) and ¢r(wp) are also growing but ¢r(w?p) decays.

The dominant term in

m(p) s Buwcs(p)er(p) {dr(p)e ™" — Gr(wp)e "},
m(p) s —(p)er(p) {qr(p)we ™" — Gr(wp)e ™},
ms(p) s 3(p)er(p) {ar(p)e P — qr(wp)e '},
m(p)  is — Bce(p)(p) {dr(p)e ™" — qr(wp)e "},
n5(p) is 0 and
ne(p)  is 0.
The ratio
Bw?cs(p)er(p) {qr(p)e P — qr(wp)e™} B ! pinl—2) _ jiwp(l—2) ) da
(@2 —w)B(p)er (puPeis™ “wa 0 ar(p) (o) d
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is decaying as p — oo from within l~71 because, as noted above, the exponentials e?(1=%) and

¢@P1=2) are decaying for = € (0,1). Hence the ratio

m(p)
AppE (p)

also decays as p — oo from within D;. The same calculation can be performed to check the

n2(p)

Aoow () have ratio

other 7;. Indeed the dominant terms in the ratio

1
w? —w

1
[ et - o9} gr(p) ) da
0

and the dominant terms in the ratio 2% have ratio
AppE (p)
1 . ,
Ty /0 {erti=) — =0 gr (o) (@) da,

both of which decay as p — oo from within D;.
We do not present the calculation for D5 or Ds or for a = —i but it may be checked in the

same way, case-by-case.

REMARK 3.15. Although in Example 3.14 the full calculation is not presented for each case

it is not true that

Nk (p)
AppE (p)

n; (p)

— 0 as p — oo from within D,
AppE (p)

— 0 as p — oo from within ﬁp =

for any j, k, p,r and it is not true that if Assumption 3.2 holds for a particular initial-boundary
value problem then it holds for the initial-boundary value problem with the same boundary
conditions but with a different value of a. Specific counterexamples are given in Example 3.16

(see Remark 3.17) and the uncoupled example of Chapter 5.

EXAMPLE 3.16. We consider the 3'¥ order initial-boundary value problem with a = i and

boundary conditions specified by the boundary coefficient matrix

A:

o o O
o O O
o O O
S O =
S = O
— o O

This gives reduced global relation matrix

calp) —ea(p)e™ P wrei(p)
and reduced boundary coefficient matrix
0 00
A=f0 0 0
0 00
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Following Definition 2.19 we calculate

k=0
2
m(p) = Blp)er(p) YW (7 Par (@ p) — e gr (o) )
k=0
2
m(p) = —(w* —w)3(p)er(p) Y whir(whp),
k=0
2
ms(p) = ~3p)er(p) D (7 Par (w1 p) — =" g (wh p)) and
k=0

Asa =i, D; C {p € C such that 0 < argp < =}. Hence as p — oo from within D; the
exponentials e, e~™P and eiw’p grow while the exponentials e??, e and e—iw?p decay. Hence
the functions ¢r(p) and gr(wp) are also growing but ¢r(w?p) decays.

We show that the ratio

n3(p)

Aoon (0) ) (3.2.1)

is unbounded for p € Dy by choosing a particular sequence (p;)jen and showing that the
ratio (3.2.1) approaches infinity as j — oo. Clearly the ray argp = {5 is wholly contained
within D; and, by the definition of D;, we may choose an increasing, sequence (Rj)jen of

positive, real numbers such that R; — oo as j — oo and
pj = Rje’% € D, for each jeN.
The ratio (3.2.1) may be evaluated to

qr(wpy)e” =P — g1 (p;) + O(1)
(w2 _ w)(e_i(l_w)pj +w + w26_i(w2_w)pj) ’

But
Re(—i(w? — w)p;) = — Rj\/gcos(%) <0
Re(—i(1 —w)p;) =— R;jV3sin(Z) <0

so as j — oo the two exponentials in the denominator approach 0 so the denominator approaches

a constant in the limit j — oco. The dominant terms in the numerator may be evaluated:

dr(epy)e I — r(py) = [ (e B T e g 0) 4
0

but
Re (injei%(l —x)— Z'Rjeil%) = R; (sin(%) — (1 — z) sin(32))
and

Re (—iRjei%x) = Rjxsin({5) — +oo as j — oo for z € (0,1)
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so, provided gr is not identically zero, the numerator approaches infinity hence

n3(p;)

———— — 00 as j — 00.
AppE (p5)

Hence the ratio (3.2.1) is unbounded for p € D;.
This establishes that Assumption 3.2 does not hold.

REMARK 3.17. Although Assumption 3.2 does not hold in Example 3.16, it may be seen
that the ratio

n2(p)
AppE (p)

is bounded within D3 and decaying as p — oo from within Ds. Clearly the ratios

n4(p) 16(p)
Appi (p)”  Appe(p)

both evaluate to 0 and J~ = {2,4,6} so

2 jes-iP) _ ma(p)
AppE (p) AppE (p)

so it is possible to make the necessary contour deformations in the lower half plane, that is in
Ds, just not in the upper half plane, that is D; and D». This is not particularly interesting in
this example, except to give one of the counterexamples for Remark 3.15, as the problem is still
ill-posed but a similar fact may be exploited in the uncoupled example of Chapter 5 to give a

partial series representation of a solution to a well-posed problem; see Remark 5.9.

3.2.1. n odd, homogeneous, non-Robin

A sufficient condition for homogeneous, non-Robin boundary conditions to specify a problem

that satisfies Assumption 3.2 may be written as two conditions of the form:

(1) There are enough boundary conditions that couple of the ends of the interval and, of
the remaining boundary conditions, roughly the same number are specified at the left
hand side of the interval as are specified at the right hand side.

(2) Certain coefficients are non-zero.

More precise formulations of these conditions are given below.

3.2.1.1. The first condition

To formally give the first condition we require the following:
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NOTATION 3.18. Define

The number of left-hand boundary functions

L=H{j:a.;,=0Vr 3.2.2
o J that do not appear in the boundary conditions ( )
. The number of right-hand boundary functions
R=|{j:B8;=0Vr} ) o (3.2.3)
that do not appear in the boundary conditions
. The number of boundary conditions that couple the
C=Nj: EIT:/BTjaarj#OH (3.2.4)

ends of the z interval

Indeed, there are C' boundary conditions that couple the ends of the interval, L boundary
conditions prescribed at the right end of the interval and R boundary conditions prescribed at
the left end of the interval. Clearly n = L + R+ C'. We now state the first condition.

CONDITION 3.19. If ¢ = ¢ then the 2v — 1 boundary conditons are such that
R<v<R+C
and if @ = —i then the 2v — 1 boundary conditons are such that
R<v—-1<R+C
where R and C are defined by (3.2.3) and (3.2.4).

The remainder of this subsubsection is devoted to showing the relevance of the above con-

dition. Consider the ratio

1 (p)
— s 3.2.5
AppE (p) (3.25)
The denominator is an exponential polynomial, hence it is a sum of terms of the form
Z(p)e o Thaaw
where Z is some polynomial, k € {1,2,...,n} and o € S,,. Similarly, the numerator of expres-

sion (3.2.5) is a sum of terms of the form
1 o T ; o
Z(p) / O
0

where Z is some polynomial, g9 € C*[0,1], k € {1,2,...,n} and 0 € S,,. To formulate the
first condition we assume that none of the polynomials Z are identically zero and concentrate
on how the boundary conditions affect which values o and k£ may take. The second condition is

used to ensure that certain particular polynomials Z are not identically zero.

NOTATION 3.20. For any o € S,, we extend its domain of definition to Z so that o(j) = o (k)
if and only if j = k (mod n).
As n > 3 is odd we define the integer v > 2 such that n = 2v — 1.

The open set D is the union of n open sectors of C. We define the regions D; as follows:

o If a =i then D = J;_; D; where

Dy ={peC:2(2j—2) < arg(p) < Z(2j — 1)}.
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o If a = —i then D = |Jj_, D; where
Dj={pecC:Z(2j-1)<arg(p) < Z2j}.
For concreteness, let a = i. If p € D; then, for all 0 € S, and for all k € {1,2,...,n},
v—j k
Re Z w" | > Re <Z w”(r)>
r=1—j r=1

with equality if and only if £ = v and the first v entries in o are some permutation of (1 —j,2 —

Jy---,v —7j) (modulo n). Hence the exponential
BTy (3.2.6)
dominates all other exponentials of the form

e_lp Zﬁ:l wU(T)
and all functions of the form
1
; k o(r ; o
Z(p) / emip Ty w7 gmipmar D oy
0

Hence, if the exponential (3.2.6) multiplied by some polynomial appears in Appg (p) then As-
sumption 3.2 must hold. The conditions are necessary and sufficient for this exponential to

appear in Appg (p).
By Lemma 2.14, we know that we may express the matrix A in the form
w(nflf[‘]jfl]/z)(kfl)c(t]j71)/2(p) J] Odd,

.Ak i\p) = I .
i(p) _w(n_1_Jj/2)(k:—1)ch/2(p) (e—zwk p —l—5j+ Jj/2> Jj even,
Jj/2

but we may express this in terms of the three possible kinds of columns that A may contain.

Indeed, using Notation 3.18, A has L columns of the form

C(n—l—j)(p>(17wj7 w T
R columns of the form
c(n_l_j)(p)(—e_i”, —wlemP —wj("_l)e_i“’nflp)T
and C' columns of the form

Cma1—)(O) (=€ + Brj), = (7P 4 Bj), ., —wI (e T 4 g, )T,

where j ranges over L, R and C values within {0,1,...,n — 1} respectively.
Hence Appg (p) = det A(p) has terms

o P (w)e S
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for each [ € {0,1,...,C} and 7 € S,, where P, are polynomials and X is some (fixed) integer.
The terms appearing in n(p) are

1
ifL>1 pZ“’Ll,r(w)/ e i S wﬂmpe*“"ﬁ(RHH)pqu(a:) de  1€{0,1,...,C}
0
7 1 y - T(r 4 TC L
fTR>1 pZ“’RlW(w)/ et T i (RH)'”qT(a:) dz  1€{0,1,...,C}
0

7 1 ; w(r ;o m(R
itC>1 pZ“’Chr(w)/ e i XA W p i (R+l+1)pxq;r(a:) de  1e€{0,1,...,C -1}
0

for each w € S,, where R;,, L;, and Cj, are polynomials and 7, ZW and Z;, are integers.

REMARK 3.21. It should be noted that the polynomials P, and R;, and the integer ZW
depend not upon 7 but upon the first R+ entries in 7 only while the polynomials L;, and Cj
and the integers Z;, and Z;, depend upon the first R 4 [ + 1 entries in 7 only.

If R< v < R+ C then there exists a particular [ € {0,1,...,C} such that R+ 1 = v.
Also, for each j € {1,2,...,n} there exist permutations m; € S, such that m;(r) = r — j for
each k € {1,2,...,v}. Hence, for each j € {1,2,...,n}, the exponential (3.2.6) (with 7 = ;)
appears in Appg (p) with some monomial coefficient p~ Py, (w). Provided we can show that each
of these monomials are not identically zero this guarantees that the ratio (3.2.5) is bounded and

decaying at infinity for p € D.

3.2.1.2. The second condition

We now turn our attention to the second condition. This is a technical condition needed to
ensure that the relevant coefficients are nonzero. We only state the condition here and develop

the necessary notation in Section B.3 of the Appendix.

CONDITION 3.22. Let (7?,1,)1{;2:1 be an ordering of the elements of R and (ﬁp)£:1 be an
ordering of the elements of £. Let the permutation 7; € S,, be defined by

7;r(Rp) ifpe{l,2,...,R},
p—j=9qT1icd(p—R) ifpe{R+1,R+2,...,R+C}, (3.2.7)
Til(Lp—r—c) ifpe{R+C+1,R+C+2,...,n}.

Let 7' to be the identity permutation on S¢ and

v—R a =1,

v—1—-R a=—i.

Then the boundary conditions are such that for each j € {1,2,...,n} the expression

C
Z sgn(o)w™ Yomer or(m)m=>3_ ccoc(m)ym=3 . ol(m)m H Bc’a’(m) (3.2.8)

(O',U/)Esk T T/ m=k+1



3.2. WELL-POSED IBVP 63

is nonzero if k > 1 or the expression

Z sgn(a)w_z:meﬂ ar(m)m—zmec Jc(m)m—zmeﬁ ol(m)m (329)
0ESH:
vV meR 3 peR:
Tjr(m)=or(p)

is nonzero if k = 0.

Note that in the case Ej = [ for all j € C expression (3.2.8) simplifies to

Z sgn(o)w™ Ymer or(m)m=32, ccoc(m)ym=3_, cp ol(m)m (3.2.10)
oc€Sy: 3 0'eSe:
(J7U/)€Sk T T/
The set S, the functions I, r and ¢ and their domains £, R and C are given in Defini-
tion B.7 and Lemma B.8.

This condition is checked for particular boundary conditions in the examples of Subsubsec-
tion 3.2.1.4.

3.2.1.3. Sufficient conditions for Assumption 3.2

THEOREM 3.23. Assume mn is odd. If the boundary conditions of initial-boundary value
problem (2.1.1)—(2.1.3) are homogeneous and non-Robin, and obey Conditions 3.19 and 3.22,
then Assumption 3.2 holds.

PROOF. If the boundary conditions obey Condition 3.19 then 0 < k < C in Condition 3.22
so the set S, -+ and the relevant expression (3.2.8) or (3.2.9) are all well defined.
Fix j € {1,2,...,n} and let p € 5j. Then the modulus of

¢TI Xyey WP (3.2.11)
is uniquely maximised for the index set
Y={j—-1,j....i—1+R+k—1}

By Condition 3.19 and Lemma B.8, Appg (p) has a term given by that exponential multiplied
by a polynomial coefficient given by the right hand side of equation (B.3.6) if £ > 1 or equa-
tion (B.3.7) if k¥ = 0, with 7 replaced by 7;. These expressions are monomial multiples of
expressions (3.2.8) and (3.2.9) respectively. As p € Dj, p # 0 so the coefficient is guaranteed to
be nonzero by Condition 3.22.

As Y uniquely maximises the exponential (3.2.11) this exponential dominates all other terms

in Appg (p). But it also dominates all terms in 7;(p), that is those of the form
. 1 . /
Z(p)e i Toer®” / i T g () da
0

where P C {0,1,...,n — 1} and p’ ¢ P. Hence the ratio (3.2.5) is bounded in l~)j for each
j€41,2,...,n} and decaying as p — oo from within 5j. O
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3.2.1.4. Checking Assumption 3.2 for particular examples

We now give three examples of how Theorem 3.23 can be used to check that a particular set of
boundary conditions specifies a problem in which Assumption 3.2 holds. The first, Example 3.24,
shows the necessity of checking Condition 3.22 by describing a class of pseudoperiodic boundary
conditions for which Condition 3.19 holds but Condition 3.22 does not. This is the only known

3'd order example.

ExaMPLE 3.24. Let n = 3 and the boundary coefficient matrix be given by

1 3 0 0 0 0
A=10 0 1 B, 0 0], (3.2.12)
000 0 1 3

for Ej € R\ {0} so that the problem is pseudoperiodic. Indeed the boundary conditions are

Gee (0, 1) + B3qaa(1,t) =0,
qz(0,t) + EQQx(l,t) =0 and
q(0,) + Big(1,t) = 0.

We check for which values of Ej Assumption 3.2 holds, first if a = 4 and then if a = —i.

All three boundary conditions couple the ends of the space interval so L = R =0 and C' = 3.
This ensures that, for a = 44, Condition 3.19 holds.

We adopt the notation of Condition 3.22, with ¢ the identity permutation on {1,2,3} and

¢(m) =4 —m on the same domain, hence 7;c(m) = m — j. We simplify expression (3.2.8) to
3
> sgulo)w Zmamelom T B, (3.2.13)
(o,0")€ES,, T m=k+1

for each j.

Assume first a = 4, hence k = 2 and expression (3.2.13) simplifies further to

3 ~
Y sgn(o)w Zm=rmolTmIg (3.2.14)

(o,0")€S, T

The definition (B.3.4) of Sy, ,+ simplifies here to (o, o) € Sy - if and only if

{ocdo’(p) :p € {1,2}} = {mjecdT(p) : p € {1,2}}
& {o(d=0d'(p):pe{l2}} ={1-j2-j}
= o(4-0'(3)=3—j
& d(3)=4—-0"1(3-7)
so the ~gy equivalence class of (7;,7’) is shown in Table 1.

Using this characterisation of Sy, .+ we see that expression (3.2.14) does not evaluate to 0

provided
Bi+ Ba+ B # 0. (3.2.15)
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1-3 2-7 3—J 2—3J -3 3—3J
o= 2-j 3—j 1—j 1—j 3—j 2—j
3—J 1—yj 2-7 3—J 2-J 1—y
3\ (2 1\ (3 2\ (1 3\ (2 1\ (3 2\ (1
o€ 2(.]3 31,1 1|, |2 2(.]3 3.1 1|, |2
1) \1 2/ \2 3/ \3 1) \1 2/ \2 3/ \3
TABLE 1. The ~9 equivalence class of (7j,7")
1—3 2-7 3—J 2—7 -3 3—3J
o= 2—j 3—3j 1—j 1—j 3—j 2—j
3—J 1—J 2—7 3—J 2-7 1—yJ
3\ (3 1\ (1 2\ (2 2\ (2 3\ (3 1\ (1
o€ 2|, |1 3. ]2 1],]3 N E 2(, |1 3.]2
1) \2 2/ \3 3/ \1 3/ \1 1) \2 2/ \3
TABLE 2. The ~; equivalence class of (7j,7")
If @ = —i then k = 1 and expression (3.2.13) simplifies further to
~~ _\3 _ 1
515283 g sgn(o)w™ Zm=1mold=—m)_— (3.2.16)
Bor (1)

(0,07)€S, !
The definition (B.3.4) of S}, ,+ simplifies to (c,0") € Sy, if and only if

occ'o’(1) = Tjed 7' (1)
s od-d1)=1-3
o= 0'/(1):4—0_1(1—j)

so the ~ equivalence class of (7, 7’) is shown in Table 1.
Using this characterisation of Sp 77/ We see that expression (3.2.16) does not evaluate to 0

provided

1 1 1
B1 B2 B3 7

REMARK 3.25. The conditions for Assumption 3.2 derived in Example 3.24 using Theo-

(3.2.17)

rem 3.23 are necessary as well as sufficient. We consider a particular example that violates these
conditions and show that it is does not satisfy Assumption 3.2, noting that the general argument

is identical but notationally a little more complex. Let a = ¢, hence
- T
Dlg{peC:0<argp<§},

and
1 =10 0 0O
A=10 0 1 -1 0 0],
0O 0 0 0 1 2
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so that

—ap)(e =1 —a)e =1 —colp)(e " +2)
Ap) = | —ea(p)(e™ = 1) —wer(p)(e™™ = 1) —wleo(p) (e +2)
—02(0)(671"“% -1) —wlc (P)(efuﬂp -1) —wco(ﬂ)(eﬂbﬂp +2)

We calculate

Appn (p) = (0~ w?)ea(p)er(p)eo(p) [9+ (2= 2)(¢ + 0 4 %)

+(1 —4)(e7 4 e P 4 e—uﬂp) ,

as expected, the failure of Condition 3.22 causes the coefficients of ¢’ to cancel one another

for each j,
= 3(w — w?)ea(p) { Py TPy pTiw p)}
: 2
j it s
ms(p) = (& —w)ealp (0) D wigr(wp)(e™’s — e — g7 e 1 7)),
j=0
Consider a sequence, (p;j)jen which lies on the intersection of the ray argp = {5 with D,

such that p; — oo as j — oo. It may be shown, using the same argument as presented in
Example 3.16, that the sequence AUL’)J()) — oo. This establishes the failure of Assumption 3.2.

It is a conjecture that, among third (or, more speculatively, odd) order problems with
homogeneous, non-Robin boundary conditions Conditions 3.19 and 3.22 are necessary as well as
sufficient for Assumption 3.2. That is, we conjecture that, at least for third order, Theorem 3.23

may be strengthened to an equivalence.

ExXaMPLE 3.26. We extend Example 3.24 to arbitrary odd order. Let n = 2v — 1 for some

integer v > 2 and the boundary coefficient matrix be given by

1 B, 0 0
0 0 1 Bpy ... 0

A= R (3.2.18)
000 0 .. 18

for Bj € R\ {0} so that the problem is pseudoperiodic. We check for which values of Ej
Assumption 3.2 holds.

All three boundary conditions couple the ends of the space interval so L = R = 0 and C = n.
This ensures that, for a = £4, Condition 3.19 holds.

We adopt the notation of Condition 3.22, with ¢’ the identity permutation on {1,2,...,n}
and ¢(m) = n+1—m on the same domain, hence 7;¢(m) = m—j. We evaluate expression (3.2.8),

which simplifies to

Z sgn(o)w™ 2em=1 Mo (n+1=m) H Baz(m) (3.2.19)

(O',U/)Esk T T/ m=k+1
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for each j, where

v—1 a= —i.

As R is empty (0,0') € Sk, if and only if

{ocdd'(p) :p€{1,2,...,k}} ={mjed T (p) : p € {1,2,... ,k}}
& {on+1-0dp):pe{l,2,... k}}={1—-42—j....k—j} (3.2.20)

but if (0,0") € Sy, then (0,0") € Sy, if and only if

Vge{l,2,....k}Ipe{1,2,....k}:0"(q) =o' (p)
& Vgelk+1L,k+2,....,n}3pe{k+1,k+2,....,n}:0"(q) =o' (p).

Hence, for any given o € S,, there exists a ¢’ for which (o,0”) € Sk ;7 but the choice of such a
o’ does not affect the product
n
H /BU’(m)
m=k+1
in expression (3.2.19) and there are k!(n—k)! = v!(v —1)! choices of ¢’. So any particular choice

of o/ will suffice, provided we multiply by v!(v — 1)!. Given o € S,,, define ¢’ € S,, such that

o(n+1-0'(p) =p—j.
It is clear that (o, o’) satisfies condition (3.2.20) but as o is a bijection we may obtain an explicit
expression
o'(p) =n+1-0"'(p—1j)
Expression (3.2.19) may now be simplified to

n

Vi — 1)1 sgu(o)w Zm=rmetmm T g ) (3.2.21)
ocESy m=k+1

Making the substitution 7(m) = o~!(m — j), for which o(n+1—-m) =7"'(n+1—-m) —j and
sgn(m) = (—=1)"DJ sgn(o) = sgn(o), expression (3.2.21) may be written

vi(v—1)! Z sgn(w)w_zzb:lm(”_l("+1_m)_j) H §n+1—7r(m)- (3.2.22)
TESh m=k+1

Expression (3.2.22) evaluates to zero if and only if

ngn(a)w—z;ﬂma*l(nﬂ—m) I Besiotm (3.2.23)
oESh m=k+1

evaluates to zero. By Theorem 3.23, a sufficient condition for Assumption 3.2 to hold is that

expression (3.2.23) is nonzero for
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EXAMPLE 3.27. Let the boundary conditions be simple (hence uncoupled and non-Robin)
and such that
v, v—1, a=rt,
R= L= (3.2.24)
v—1, v, a= —i.
Note these conditions on R and L are precisely those proven to be necessary and sufficient for
well-posedness of the boundary value problem in [53].
Clearly Condition 3.19 holds. To show these boundary conditions satisfy Condition 3.22 we

must show that expression (3.2.9), that is

> sgu(o)w Zmer oMM e olm)m (3.2.25)
0ESn:
VvV meR 3 peR:
Tjr(m)=or(p)
does not evaluate to zero for any j.
By definition (3.2.7) of 7, the requirements on the o € S,, indexing the first sum in expres-

sion (3.2.25) are equivalent to
ceS,: Vme{l,2,...,R} IpeR :m—j=or(p).

Hence any such o is 7; with a permutation applied to r(R) and a permutation applied to I(£)

so expression (3.2.25) may be written

R

£ ) seu(n) sgn(r)w ™ (Zmmr (1) =) Rty (7' () +-B+-C—j) Lom )
(W,W’)ESRXSL
— 4 Tper PHGHR) Y e p Z sgn(m) sgn(n)w ™ (Zm=r TR+ 320y 7/ (m) L)

(W,W’)ESRXSL

Hence expression (3.2.25) being nonzero is equivalent to both Y and Z being nonzero, where

Y = Z sgn(ﬂ')w_zizl ﬂ—(m)Rm,

TESR

Z = Z sgn(m)w™ Zm=1 w(m)Lm
TES],

But Y and Z are the determinants of Vandermonde matrices with leading terms w™"m for

m e {1,2,...,R} and w™*m for m € {1,2,..., L} respectively. Hence Y and Z are nonzero.

REMARK 3.28. The relatively simple formulation of Condition 3.19 depends upon the bound-
ary conditions being non-Robin. The equivalent of this condition may be formulated to allow
for Robin boundary conditions but to do so requires defining four quantities to replace L, R and

C.

3.2.2. Well-posedness

Theorem 3.23 gives sufficient conditions for the boundary conditions to satisfy Assump-
tion 3.2. In this subsection we show that the holding of Assumption 3.2 is equivalent to the

initial-boundary value problem being well-posed.
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3.2.2.1. Assumption 3.2 implies well-posedness

Theorems 3.1 and 3.13 give an explicit representation of a unique solution to the initial-
boundary value problem in terms of only known data provided Assumptions 3.2 and 3.3 both
hold. It remains to be shown that Assumption 3.3 is not necesary.

Without Assumption 3.3 the expressions for Is and I in equations (3.1.5) and (3.1.7) are

not valid hence we must replace their representations in equations (3.1.9) and (3.1.11) with

.
Mol S L =
-R oE+ JrE* ; re ret ; re Jezﬁ APDE
KtuKE KtuKE

.
e he = Az
R oE- JrE™ % re rE- Z e JGZJ APDE
K-UKg uKD

With this adjustment to the calculation in Section 3.1, we may derive an integral representation

of the solution in terms of the known data only.

THEOREM 3.29. Let the initial-boudary value problem (2.1.1)—(2.1.3) be well-posed and obey
Assumption 3.2. Then its solution may be expressed as follows:
If n is odd and a = 1,

Z PRUk APDE Z CJ Uk Z fBUk APDE Z gj Uk

keK* jeJt ke
ukD”" UKD~
UKRU{0}
1 G(p)
U T D DN IR YD S e P
2m | Jop+  JrEt %e: r5 jg]; AppE (p)
KTUKE

+% /8E /rE‘ Z /1“E Z APDE

-
K- UKD I

B L o () o

keKR




If n is odd and a = —i,

ZPR

uKD

s
21 | Jor+

Tk APDE

s ihelem T U
{keZI;R/FE /r+ / } (APDE(P)

If n is even and a = +i,

i P(p)
z,t) = = Res
a@t) =3 kg{; »~or AppE (p)
kPt
UKE

L S AE
* o /aE- fom X)o7

STSyRT
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chak 5 2 Res chak

jeJ+ keK~ 7k APDE jeg-
UKD~
UKRU{0}
~Glp)
— — P(p dp
/1“59+ %e: /1“5 ( )j;; AppE (p)
KTUKE
= G (p)
d
Ple) j;:_ Appg (p) "
K-UKD

— 1) H(p)dp, (3.2.27)

ZR ZCJ%

o A
eJ+t * PDE jeJ~
UKD
UKE
')
g Y G0
1 Arpe (0) J
PDE’ jeJtuJ—
Y A
AppE (

Jt
K+ uKE i

Z APDE

jeJ—

X ekt }

kKE

PO (g 1) HOI o, (3228)

K- UKD
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If n is even and a = €,

=5 X Rl Y Gty B R ot Y Gl

L o AppE (p) Pyt ke on APDE Pyl
UKD UKD
UKRU{0}
T S O R LD
2 | Jop+ Jret e JrE oyt APDE
KtuKE
T TS S SN R 10D
2 | Jop-  JrE- ' JrE b APDE
K-UKE
L Z/ / / P()<1—1)H()d (3.2.29)
27 - ~ P AppE (p) PIap- A9

keKR

Note that if the boundary conditions are homogeneous then H(p) = 0 so the last integral

evaluates to 0 in each case.

As indicated above, the proof of Theorem 3.29 for well-posed problems is a simple derivation.
It remains to be shown that Assumption 3.2 implies well-posedness of the initial-boundary value
problem a priori. Using the following Lemma, we appeal to the arguments presented in [27]
and [53].

LEMMA 3.30. Let n € N and let a € C be such that a = +i if n is odd and Re(a) > 0 if
n is even. Let D = {p € C such that Re(ap™) < 0} and let the polynomials c; be defined by
cj(p) = —ap™(ip)~U+Y. Let aj, Bjr € R be such that the matriz

ln-1 Bin-1 ®ipn—2 Bin—2 ... a0 Pio
N a2p—1 fPon-1 Q2p—2 Pon—2 ... a20 P20
Opn—1 Bnnfl Opn—2 /Bnan B 8 71} ﬁnO

is in reduced row-echelon form. Let gy € C*°[0,1] and hy, € C*®[0,T] for each k € {1,2,...,n} be
compatible in the sense of equation (2.1.4). Let U : C — C be defined by equation (2.2.17), let A :
C — C™" be defined by equation (2.2.19) and let A € R™™ be defined by equation (2.2.20). Let
¢j>nj, Appg : C — C be given by Definition 2.19, where qr : [0, 1] — C is some function such that
Assumption 3.2 is satisfied. Let the functions fj,ﬁj : [0, T] — C be defined by equation (2.3.4).
Let fj,9; : [0,T] = C be the functions for which

T T
o= [ ertpoa g0 = [ o pec (3.2.30)
Then {fj,g5:j €{0,1,...,n —1}} is an admissible set in the sense of Definition 1.3 of [27].

The proof of Lemma 3.30 may be found in Section B.4.
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COROLLARY 3.31. Let the initial-boundary value problem specified by equations (2.1.1)-
(2.1.3) obey Assumption 3.2. Then the problem is well-posed and its solution may be found
using Theorem 3.29.

Corollary 3.31 is a restatement of Theorems 1.1 and 1.2 of [27]. For this reason we refer the
reader to the proof presented in Section 4 of that paper. The only difference is that we make
use of the above Lemma 3.30 in place of Proposition 4.1. We have not yet shown the reverse,

that well-posedness of the initial-boundary value problem implies Assumption 3.2 holds.

3.2.2.2. Assumption 3.2 holds for a well-posed problem
We now present the converse of Corollary 3.31.

THEOREM 3.32. If the initial-boundary value problem (2.1.1)—(2.1.3) is well-posed, in the
sense that it admits a unique solution q € C*°([0,1] x [0,T1]), then Assumption 3.2 holds.

PROOF. As the problem is well-posed, it has a unique solution ¢ and that solution is C'*°
smooth on Q. Hence, if we evaluate g at any fixed value of = or ¢t we are left with a C*°[0, 7] or

C*°[0, 1] function respectively. In particular,
qa(-,T) = qr € C>[0,1],
okq(0,) = f, € C*®[0,T7], for k € {0,1,...,n—1},
okq(1,-) = g € C*[0,T), for k € {0,1,...,n —1}.
Of course ¢(-,0) = go € C*°[0, 1] is given in the problem. As gr € C°, the Fourier transform,
gr, of qr is entire hence 7); is entire for each j € {1,2,...,n}. As each boundary function is

smooth their t-transforms, as defined by equations (2.1.6), are entire and decay as p — oo from

within D. By equation (2.3.4), each fr and each §j, is given by

i(p) — e Tni(p)
AppE (p)ck(p)

(3.2.31)

for a particular choice of j.

We define the new complex set
D' = {p € D such that — Re(ap"T) > 2n|pl|}.

As D' C D, the ratio (3.2.31) is analytic on D’ and decays as p — oo from within D’. Note also
that for each p € {1,2,...,n} there exists R > 0 such that the set

D! =D,nD'\B(0,R)

is simply connected, open and unbounded.

By its definition (2.3.3), Appg (p) is an exponential polynomial whose terms are each
X(p)e i zren’p
where X is a polynomial of degree less than n? and R C {0,1,2,...,n — 1} is an index set.

Hence

Appg (p) = o(e”lplp”Q) as p — oo or as p — 0.
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As (; and n; also decay and grow no faster than 0(6"""), the ratios

G(p) n;(p)
Appg (p)ck(p)”  Appe (p)ck(p)

24
= o(e2MPlpr" 1) as p — 0.

Hence the ratio
e Tn;(p)
AppE (p)ck(p)

decays as p — oo from within D’ and away from the zeros of Appg. However the ratio
Gi(p)
AppE (p)ck(p)

is the sum of ratios (3.2.31) and (3.2.32) hence it also decays as p — oo from within D’ and

(3.2.32)

(3.2.33)

away from the zeros of Appg.

The terms in each of (j(p) and Appg (p) are exponentials, each of which either decays or
grows as p — oo from within one of the simply connected components l~)p of D. Hence as p — 00
from within each component 51, the ratio (3.2.33) either decays or grows. But as observed above,
these ratios all decay as p — oo from within each DI’D. Hence the ratio (3.2.33) decays as p — o
from within ]_~)p.

Now it is a simple observation that the ratio

n;(p)
AppE (p)ck(p)
must also decay as p — oo. Indeed ratio (3.2.34) is the same as ratio (3.2.33) but with g¢r

(3.2.34)

replacing gg and, by well-posedness of the problem, we know that gy € C*°[0, 1] also. Finally,

the exponentials in 1; and Appg ensure that the ratio

n;(p)

Eoos () (3.2.35)

also decays as p — oo from within 1~)p. Indeed the transforms that multiply each term in 7;
ensure that the decay of ratio (3.2.34) must come from the decay of ratio (3.2.35), not from

1
ck(p) O

3.3. Series representation

In this section we investigate Assumption 3.3, giving some sufficient conditions for it to
hold. We also investigate how if this assumption holds but Assumption 3.2 does not then we
may specify g¢p(z) instead of go(z) and get a well-posed final-boundary value problem. As in

Section 3.2 we begin with two examples.

ExXAMPLE 3.33. We consider the same initial-boundary value problems as in Example 3.14.
The ¢; are the same as the 7; calculated in the previous example but with ¢y in place of ¢r.
If a = —i then By C {p € C such that 0 < argp < T} and the calculation from the previous

example may be used to show that the ratio

C1(p)

AppE (p)
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is bounded within El and decaying as p — oo from within El. Indeed similar calculations may

be performed for each (; and for each E'j for a = +i to show that Assumption 3.3 holds.

ExXaAMPLE 3.34. We present an example with the same partial differential equation and
boundary conditions as Example 3.16 but we replace the initial condition with a final condition,
thus specifying a final-boundary value problem instead of an initial-boundary value problem.

Consider the final-boundary value problem specified by equations (2.1.1) and (2.1.3) with

n = 3, a = i and the final condition

q(z,T) = qr(x),

where gr : [0,1] — R is a given, sufficiently smooth initial datum, and that the boundary

coefficient matrix is

N

|
o O O
o O O
o o O
o O =
o = O
= o O

The reduced global relation matrix and reduced boundary coefficient matrix are unnaffected by
the fact we have specified the final data and left the initial function unknown so they are the

same as in Example 3.16. Following Definition 2.19 we calculate

k=0
2
G (p) _ CQ(P)Cl(P) ZwarZ <671wkpq (warlp) efiwk—o—lpqo(wkp)) ?
k=0
2
G(p) = =@ = w)ea(p)er(p) Y " do(wp),
k=0
2
Glp) = ~(p) Y (7 Pao(w+p) — e go(whp) ) and
k=0

as in Example 3.16. As a = i, the sets D and F are also the same as in Example 3.16 but, as we
are now interested in Assumption 3.3, we are interested in the behaviour of certain meromorphic
functions on the set F instead of D.

If p = oo from within Ey = {p € C such that T < argp < %’T} then the exponentials e~
¢ and e’r grow while the exponentials e*, e~** and e~w?p decay. Hence the function ¢r(p)

also grows but ¢r(wp) and ¢r(w?p) are decaying. Hence the dominant term in

Appg (p) is (w? — w)3(p)ei(p)e™™ and the dominant term in

mp) s calp)er(p) {w? (77ao(wp) — e do(p)) +w (7 Pdolp) — e do(wp)) | -
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The ratio

ca(p)er(p) {w? (e Pao(wp) — e Yo (p)) + e (e~ *Pdo(p) — e Pi(w?p)) }

2 —w)(p)er(p)eie

(w
1 24 - 2 —iw?p 2 —iwp ! ip(l—x) »
= E el w?do(wp) — wio(wp) + (we —we ) ; e do(x) dx
is decaying as p — oo from within E, because c2(p) is a monomial and, as noted above, the

(1=2) is decaying for = € (0,1). Hence the ratio

C1(p)

AppE (p)

exponential e*”

also decays as p — oo from within El.

It may be checked similarly that the other ratios
G(p)

Apps () (3.3.1)

decay as p — oo from within E}, for each j€{1,2,...,2n} and for each k € {1,2,...,n}, so
that Assumption 3.3 holds. Note that Remark 3.15 also applies here; one must check all the
ratios (3.3.1) decay in all the sectors Ek but, to be economical with space, the calculations are

not presented here in full.

3.3.1. n odd, homogeneous, non-Robin

Using Lemma B.8 we construct the analogue of Theorem 3.23 to check for existence of a series
representation of a solution. First we formulate a pair of conditions analogous to Conditions 3.19
and 3.22.

CONDITION 3.35. If @ = 4 then the 2v — 1 boundary conditons are such that
R<v—-1<R+C
and if a = —¢ then the 2v — 1 boundary conditons are such that
R<v<R+C
where R and C are defined by (3.2.3) and (3.2.4).
CONDITION 3.36. Let (Rp)ﬁzl be an ordering of the elements of R and (»Cp)ﬁ:l be an
ordering of the elements of £. Let the permutation 7; € S,, be defined by
7;r(Rp) ifpe{l,2,...,R},
p—j=9qT1icd(p—R) ifpe{R+1,R+2,...,R+C}, (3.3.2)
Til(Lp—p—c) Hpe{R+C+1,R+C+2,...,n}.
Let 7/ to be the identity permutation on S and

v—1—R a=r1,
k=

v—R a = —1,
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the boundary conditions are such that for each j € {1,2,...,n} the expression
C
Z sgn(o)w ™ 2mer OTMIM=Y e oe(m)m=3 "¢ ol(m)m H EC,J/(m) (3.3.3)
(o,0")€S), i m=k+1

is nonzero if k > 1 or the expression

Z sgn(a)wi Yomeror(mm—=32 ccoc(m)ym—3" . ol(m)m (334)
0ESn:
vV meR 3 peR:
Tjr(m)=or(p)
is nonzero if £ = 0.
Note that in the case Ej = f for all j € C expression (3.3.3) simplifies to
Z sgn(a)w_zmeR ar(m)m—3_ ccoc(m)ym—>3_ - crl(m)m‘ (335)

0€Sy: 3 0'eSe:
(0,0")€S, o

The set Sk, ., the functions I, r and ¢ and their domains £, R and C are given in Defini-
tion B.7 and Lemma B.8.

THEOREM 3.37. Suppose that a final-boundary value problem is specified by equations (2.1.1)
and (2.1.3) and the final condition

q(z,T) = qr(x) (3.3.6)

where qp : [0,1] = R is a given, sufficiently smooth initial datum, n is odd and that the bound-

ary conditions are homogeneous and non-Robin and satisfy Conditions 3.835 and 3.36. Then

Assumption 8.3 holds.

REMARK 3.38. Theorem 3.37 is formulated in terms of a final-boundary value problem
instead of an intial-boundary value problem. This is done to emphasize the duality between
Conditions 3.19 and 3.35 and between Conditions 3.22 and 3.36. It would not make sense to
discuss the existence of a series representation of a solution to a problem that may not be
well-posed so to state a theorem about the initial-boundary value problem we would have to
require that the boundary conditions also obey Assumption 3.2, destroying the duality with
Theorem 3.23. We will of course go on to do such a thing in Theorem 3.50.

Note also that Assumption 3.3 refers to the initial-boundary value problem so it should
properly be restated to refer to this new final-boundary value problem but the meaning is clear.
Also note that the (; are now defined in terms of the unknown initial function as there is no

initial datum, while the n; are given in terms of the known final datum.

PrROOF OF THEOREM 3.37. The proof mirrors that of Theorem 3.23.

If the boundary conditions obey Condition 3.35 then 0 < k < C in Condition 3.36 so the set
Skr; - and the relevant expression (3.3.3) or (3.3.4) are all well defined.

Fix j € {1,2,...,n} and let p € E’j. Then the modulus of

e 2yey WP (3.3.7)
is uniquely maximised for the index set

Y={j—-1,4....i—1+R+k—1}
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By Condition 3.35 and Lemma B.8, Appg (p) has a term given by that exponential multiplied
by a polynomial coefficient given by the right hand side of equation (B.3.6) if £ > 1 or equa-
tion (B.3.7) if k = 0, with 7 replaced by 7;. As p € Ej, p # 0 so the coefficient is guaranteed to
be nonzero by Condition 3.36.

As Y uniquely maximises the exponential (3.3.7) this exponential dominates all other terms

in Appg (p). But it also dominates all terms in (;(p), that is those of the form

. 1 . /
Z(p)e ** Lpep@? / e P 20 (x) da
0

where P C {0,1,...,n— 1} and p’ ¢ P. Hence the ratio
G(p)

AppE (p)

is bounded in Ej for each j € {1,2,...,n} and decaying as p — oo from within Ej. O
We now present some examples illustrating the use of Theorem 3.37.

ExaMPLE 3.39. Consider the odd-order final-boundary value problem with pseudoperiodic
boundary coefficient matrix (3.2.18) as discussed in Example 3.26. Clearly Condition 3.35 is
satisfied for a = 44 as C' = n. In Condition 3.36 the value of k is given by

v—1 a=1,

v a= —1.
The same argument as presented in Example 3.26 now shows that the final-boundary value
problem is well-posed provided expression (3.2.23) is non-zero for the the relevant value of k.

Consider the special case n = 3. Following the argument presented in Example 3.24, expres-

sion (3.2.23) simplifies to expression (3.2.17) for @ = i and expression (3.2.15) for a = —i.

ExAMPLE 3.40. Let the boundary conditions be simple and such that
(3.3.8)

Hence, compared to condition (3.26), there are the opposite number of boundary conditions
specified at the right and left ends of the interval. In particular, Condition 3.35 holds. The

same argument as presented in Example 3.27 may now be used to show that Condition 3.36
holds.

3.3.2. Well-posed FBVP

We now state the analogue of Theorem 3.29

THEOREM 3.41. Given a final-boudary value problem specified by partial differential equa-
tion (2.1.1), boundary conditions (2.1.3) and the final condition (3.3.6) that obeys Assump-

tion 3.3 we may write its solution as follows:
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If n is odd and a = 1,

q(z,t) = Res
keK+ jeJt
ukD”"
UKRU{0}
1
m@JmZL
K+UKE
1
2
2 | Jop-  JrE- %e: e
K-UKE
1
PR AL
keKR

If n is odd and a = —1,

§ :efwk 77] Uk

Z /E?Tk APDE

J+
uKDJr .
1
+7
%Am@ > )
K+uKE
1
She b T
2r | Jop-  JrE- %e: rE
K-UKE

X DOy Iy Iy A 3

ke KR

i P(p) GiopT
SRR Colv D DGO 3 Z 2

UKD

JjeEJ ™

<APDE () 1> Hip) de,

5 2

keK~
UKD~
UKRU{0}

P(p)

(APDE () 1) Hlp) de,

=, AppE (p) -

’L,O Tnj (p) d

Res
P=0k APDE (p

i
6sz

78

A0S iy )

JjeEJ~

sz

n;(p)
APDEJ(P) d

Appe(p) |

(3.3.9)

P(P) ) Z e*ngnj(ak)

JjeEJ~

T

e Tnip) 4

AppE (p)

;) 4

“ Appg (p)

(3.3.10)
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If n is even and a = +1,

Z :i:zak nj Uk + Z R Z +iop T

)
Q(x’t) =35 Z Res
2 keKt o APDE jeJt ok APDE jeJ—
UKDt UKD
UKD UKE
T D)
AN (0 J
4 Appp'(0) jeJrug-
1 +ipnT, .
4+ / _/ _ Z / P(p) eim(p)d
2r | Jop+ Jrgt 4= Jrp < Arpe(p)
K*TUKE
: / / / P =" ;i (p)
+ = P WPy
2 | Jop- JrE- Z rE (v) el AppE (p)
K- UKD
ESP TR Zﬁ//
T he KD FE — ke KE FE F+
Pip)[—m— —1 dp, (3.3.11
0 (5 ~1) HO O, (310)

If n is even and a = €',

LY Res

Z aak n] Uk

kex+ | F APDE (p) jegt
UKDt
UKRU{0}
Ao b 2
+ P — —
2 | Jop+  JrEt ; re
KtTUKE
1
b ke E L
uKD

1
2T

S kg

ke KR

5 2 Re

ke
UKD

) Z eaongj(O_k)

Tk APDE Appg (p) =
" T (p) dp
< APDE (p)
eapnTUj(p) d
= Appe(p)
< ! —1)H( Vdp. (3.3.12)
AppE (p) prap. A5

Note that if the boundary conditions are homogeneous then H(p) = 0 so the last integral

evaluates to 0 in each case.

The proof is identical to the proof of Theorem 3.29 except that in each step we replace

occurrences of (j(p) with e®"T

n;(p) instead of the other way around.

The equivalents of Lemma 3.30, Corollary 3.31 and Theorem 3.32 are given below. Their

proofs are analogous to the previous proofs.
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LEMMA 3.42. Let n € N and let a € C be such that a = i if n is odd and Re(a) > 0 if
n is even. Let D = {p € C such that Re(ap™) < 0} and let the polynomials c; be defined by
cj(p) = —ap™(ip)~U+Y. Let ajy, Bjr € R be such that the matriz

A1n—1 Blnfl Q1n—2 Blan ... Q010 610
A Q2n—1 521@—1 Q2pn—2 62 n—-2 ... Q20 520
Onn—1 Bn n—1 Onn-2 Bn n—-2 --- Qno BnO

is in reduced row-echelon form. Let gr € C*°[0,1] and hy € C*°[0,T] for each k € {1,2,...,n}

be compatible in the sense that
n—1 . n—1 .
> aw;dlar(0) + > Br;dlar(1) = h(T)
3=0 J=0

holds. Let A : C — C™™ be defined by equation (2.2.19) and let A € R pe defined by
equation (2.2.20). Let (j,nj, Appr : C — C be given by Definition 2.19, where U : C — C be
defined by equation (2.2.17) in terms of some function qq : [0,1] — C such that Assumption 3.8
is satisfied. Let the functions j?j,ﬁj : [0,T] — C be defined by equation (2.3.4). Let fj,g; :
[0,T] — C be the functions for which

" T n _ T n
o= [ emnoa g0 = [ o pec

Then {f;,g; : 7 € {0,1,...,n—1}} is an admissible set in the sense of Definition 1.3 of [27].

COROLLARY 3.43. Let the final-boundary value problem obey Assumption 3.3. Then the

problem is well-posed and its solution may be found using Theorem 3.41.

THEOREM 3.44. If the final-boundary value problem (2.1.1), (2.1.2) and (3.3.6) is well-posed,
in the sense that it admits a unique solution g € C*°([0,1] x [0,T]), then Assumption 3.3 holds.

3.3.3. Existence of a series representation

We now combine the results of the present section with those of Section 3.2 to give necessary
and sufficient conditions for an initial- (or final-) boundary value problem to be well-posed and

for its solution to admit a series representation.

THEOREM 3.45. Let n > 2, let a = +i if n is odd and Re(a) > 0 if n is even, and let
A € R™ 2" be a rank n matriz in reduced row-echelon form. Let X € C*[0,1] and Hy € C*[0,T)
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be such that the compatability condition

X(nfl)(o)
X(nfl)(l) H,(0)
X (=2)(0) Hl .
Al x| = 2.( )
X(0) H(0)
X(1)

holds.
Let II be the following initial-boundary value problem:
Find g € C*([0,1] x [0,T]) such that the partial differential equation

Oq(z,t) + a(—i0y)"q(x,t) =0

holds on [0,1] x [0,T] with boundary conditions

and initial condition
q(z,0) = X(z).

Let II' be the following final-boundary value problem:
Find g € C*([0,1] x [0,T]) such that the partial differential equation

Oq(x,t) + a(—idy)"q(z,t) =0

holds on [0,1] x [0,T] with boundary conditions

97 1q(0,1)
o 1q(1,t
97 %q(0,t)
i Hy(T —t)
A0 =q(1,t) | = '
q(O ¢ Hn(T - t)
q(1,t
and final condition
q(z,T) = X(z).

If a = £i then let II” be the following final-boundary value problem:

81
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Find q € C*([0,1] x [0,T]) such that the partial differential equation
8tQ(x7 t) - a(_iax)nq(x7 t) =0

holds on [0,1] x [0,T] with boundary conditions

)

n—1
T

q(0
q(1,

q(0
(1

9

n—1

T

.

n—2

T

QD

)

S+~ S S o+
— — ~— ~—

N
QD

)

q(0,1)
q(1,)

and initial condition
a(2,0) = X(2).
The following are equivalent:

(1) The problems 11 and IU' are all well-posed in the sense that they have unique solutions.

(2) The problem 11 is well-posed and its solution admits a series representation with an
integral of the boundary data.

(3) The problem 11 is well-posed and its solution admits a series representation with an
integral of the boundary data.

(4) Assumption 3.2 and Assumption 3.3 both hold.

If a = +i then the following are equivalent to one another and to (1):

(5) The problems II and 11" are all well-posed in the sense that they have unique solutions.
(6) The problem 11" is well-posed and its solution admits a series representation with an

integral of the boundary data.
If n is even then the following are equivalent to one another and to (1):

(7) The problem 11 is well-posed.
(8) The problem 11" is well-posed.
(9) Assumption 3.2 holds.

(10) Assumption 3.3 holds.

PROOF. Corollaries 3.31 and 3.43 and Theorems 3.32 and 3.44 show that (1) is equivalent
to (4).

If (4) holds then II is well-posed so Theorem 3.13 implies (2). If Assumption 3.2 is false
then, by Theorem 3.32, (2) is false. If Assumption 3.3 is not true then it is not possible to close
the contours of integration in Iy and I, defined in equations (3.1.1), hence there exists no series
representation of the solution to II. Hence (2) implies (4). In the same way, (3) is equivalent to
(4).

If @ = +i then Lemma 3.47 states that IT' and II” are equivalent problems. Hence (1) and

(5) are equivalent and (3) and (6) are equivalent.
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Corollary 3.31 and Theorem 3.32 show that (7) is equivalent to (9). Corollary 3.43 and
Theorem 3.44 show that (8) is equivalent to (10).2 As n is even the theory of differential
operators yields that (7) is equivalent to (2), hence (3) and finally (8). O

EXAMPLE 3.46. Let us consider once again the third-order problems with pseudo-periodic
boundary conditions, that is boundary coefficient matrix (3.2.12), as studied in Example 3.2.12.
For concreteness let us assume a = ¢, noting that analagous results hold for a = —i. We have
already noted in Remark 3.25 that such an initial-boundary value problem is ill-posed if and

only if
3 ~
Y Bi=o. (3.3.13)
7j=1

The same argument may be used to show that the final-boundary value problem is ill-posed if

and only if

21
> = =0 (3.3.14)
j=1 Bj

Now, by Theorem 3.45, we conclude that a third-order pseudo-periodic initial-boundary value
problem is well-posed and its solution admits a series representation if and only if both equa-
tions 3.3.13 and 3.3.14 are false. In particular, we have the interesting example of an initial-

boundary value problem specified by the highly coupled boundary coefficient matrix

1 -1 0 0 O
A=10 0 1 -1 0
0 0 0 0 1

o= O O

which is well-posed but whose solution may not be represented as a series.

Theorem 3.45 is the main result of this Chapter. Part of the proof depends upon Lemma 3.47.
This lemma provides a link between initial- and final-boundary value problems by switching the

direction of the time variable.

LEMMA 3.47. Letn > 2, a = +i and A € R™?" be a rank n matriz in reduced row-echelon
form. Let X € C*°[0,1] and Hj € C*|[0,1] be such that the compatability condition

X(n—l)(o)

X(n—l)(l) H1(0)

X(=2)(0) Hl(())
Al xe=20) | =2

X(0) Ha(0)

X(1)

holds.

Let II be the following initial-boundary value problem:

20f course these hold for odd n also, it is the following statement that is unique to n even.
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Find q € C*([0,1] x [0,T]) such that the partial differential equation
Aq(x,t) + a(—idy)"q(z,t) = 0

holds on [0,1] x [0, T] with boundary conditions

and initial condition
q(z,0) = X(z).

Let II' be the following final-boundary value problem:
Find g € C*([0,1] x [0,T]) such that the partial differential equation

8t‘](x7 t) - a(_iax)nQ(x7 t) =0

holds on [0,1] x [0,T] with boundary conditions

95 1q(0, )
o 1q(1,t
97 2q(0,¢)
L Hy(T —t)
A a: Q(17t> = .
H,(T -t
q(0,¢ =0
q(1,
and final condition
q(z,T) = X(z).

84

(3.3.15)

(3.3.16)

(3.3.17)

(3.3.18)

(3.3.19)

(3.3.20)

Then 11 and II' are equivalent problems in the sense that I is well-posed if and only if TI is
well-posed and if q is a solution of 11 then @Q is a solution of I where Q(x, T —t) = q(x,t).

REMARK 3.48. Comparing the boundary conditions (3.3.16) and (3.3.19) it is clear that

the boundary data are different; the direction of time has been reversed.

If the boundary

conditions are homogeneous, as in the examples discussed in Remark 3.49, then this effect is

hidden but homogeneity is not necessary. Indeed, provided the boundary data each satisfy
Hk(% —t) = Hi(t — %) for all t € [0,7] the problems II and II' have the same boundary

conditions.

REMARK 3.49. Lemma 3.47 gives an alternative argument that may be used to deduce the

results of Examples 3.39 and 3.40 from Examples 3.26 and 3.27.
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PROOF OF LEMMA 3.47. Assume II is well-posed, in the sense that it has a unique C*
smooth solution . We apply the map ¢ — T'—¢ to the problem II'. Then 0;q(x,t) — —0wq(z, T —

t) hence partial differential equation (3.3.18) becomes
Oq(x, T —t) + a(—i0,)"q(z, T —t) = 0. (3.3.21)

Clearly the function @ defined by Q(z,T —t) = g(x,t) satisfies equation (3.3.21) if and only if
q satisfies equation (3.3.15). Similarly, @ satisfies boundary conditions (3.3.19) and final condi-
tion (3.3.20) if and only if ¢ satisfies boundary conditions (3.3.16) and initial condition (3.3.17).
Finally @ € C*([0,1] x [0,T]) because ¢ € C*°([0,1] x [0,T]). This establishes that @ is a
solution of IT'.

Now assume that @ is a solution of II'. Then q defined by g(z,t) = Q(z, T —t) is a solution
of TI. Hence, by the well-posedness of II, § = ¢ and Q = Q. This justifies the well-posedness of
IT'.

The equivalence is justified by repeating the above argument in the opposite direction,
initially assuming I’ is well-posed with solution @ and defining ¢ as the function such that

q(z,t) = Q(x, T — t). O

To conclude this chapter we give Theorem 3.50 that gives sufficient and easily checked
conditions for an initial or final-boundary value problem to be well-posed and for its solution to

admit a series representation.

THEOREM 3.50. Suppose n is odd and the initial-boundary value problem 11 from Theo-
rem 8.45 has homogeneous, non-Robin boundary conditions that satisfy Conditions 3.19 and 3.22
and Conditions 3.35 and 3.36. Then the problem is well-posed and its solution admits a series
representation.

The corresponding final-boundary value problem II' and initial-boundary value problem I1”

are also well-posed and their solutions also admit series representations.

ProOF. We consider the initial-boundary value problem II. Theorem 3.23 guarantees that
Assumption 3.2 holds. By Corollary 3.31 this is enough to ensure well-posedness. Although
Theorem 3.37 is stated in terms of a final-boundary value problem, the difference is purely
symbolic. Indeed, its proof may be used to justify that Assumption 3.3 holds for the initial-
boundary value problem, treating gr (hence each 7;) as an unknown function. Now Theorem 3.1
allows us to write the solution to the problem as:

If n is odd and a =1,

q(z,t) = % Z Res ——— Z Ci(ok) Z Res ———— Z Cilow).

p=0k APDE P=0k APDE
keKt geJ+ keK— jeJ—
UKD TUKET UKP uUKE™
UKRU{0}

q(z,t) = % Z Res ———~— Z Ci(ok) Z Res ———~2— Z Cilow).

p=0} A p=0p, A
keKT PDE ]eJ+ kEK™ PDE jeJ—
uk P ukE" UKD~ UKE™
UKRU{0}
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In either case, the representation is a discrete series. By the same argument, the final-

boundary value problem is also well-posed and its solution admits a series representation. [



CHAPTER 4

Spectral theory

87
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The main aims of this chapter are to describe a problem in the spectral theory of ordinary
differential operators and show how it is related to the issues of well-posedness and the existence
of a series representation of a solution that were considered in Chapter 3. We give sets of sufficient
conditions that allow each of these problems to be investigated using results pertaining to the
other.

In Section 4.1 we give the definition of a differential operator 7" in terms of a formal dif-
ferential operator and a particular domain, characterised by a set of boundary conditions. We
give some properties of the differential operator, as presented in [47], including sufficient con-
ditions for the eigenfunctions of the operator to form a complete system. Even in the later
monograph [48] the completeness of the eigenfunctions of a large class of differential operators
is undecided. It is these, “degenerate irregular”, operators that we aim to investigate.

The operator T' may be considered as the spatial part of the partial differential equa-
tion (2.1.1) and the boundary conditions of 7" may be seen as homogeneous boundary con-
ditions specifying an initial-boundary value problem. Sections 4.2 and 4.3 investigate the deep
link between the operator and the initial-boundary value problem.

In Section 4.2 we discuss the relationship between Appg and A, Birkhoff’s characteristic
determinant of 7. We give sufficient conditions, in terms of the boundary conditions of the
operator, for these functions to have the same zeros. This allows us to infer properties of the
initial-boundary value problem associated with T from the study of T itself.

In Section 4.3 we show a link in the opposite direction. Specifically, we show that if As-
sumptions 3.2 and 3.3 hold for an initial-boundary value problem and the zeros of Appg are
each of order 1 then the eigenfunctions of the operator T associated with that problem form a
complete system.

Some standard results on biorthogonal systems and bases in Banach spaces are presented
in Section 4.4. The aim is to describe a method for showing that a system, which may be both
complete and biorthogonal, is not a basis. This method is used for a particular example in
Chapter 5.

4.1. The problem in operator theory

In this section we give the definition of a differential operator and summarize the results
of [47]. The principal results are Theorems 4.8 and 4.11 which give results concerning the
eigenvalues and eigenfunctions of that operator. We do not reproduce Locker’s proofs, or even
sketch them, as they are long and technical. The results themselves are of use in investigating
the the initial-boundary value problems and the differential operators in parallel as the extended,

worked examples of Chapter 5 illustrate.

4.1.1. The linear differential operator 7T’

We present some of the definitions and results of [47] and [48]. Locker is interested in general

two-point linear differential operators but we restrict ourselves to the case where the differential
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operator is equal to its principal part. This means we have no need to define operators of the

form
;Z%aj(t) <§t>] :

Locker studies the principal part of this operator to yield results about the full operator. He
uses perturbation methods to show that the properties of the full operator may be inferred from
the properties of the principal part but such deductions about Locker’s more general operator
are beyond the scope of this work. The partial differential equations studied in Chapters 2 and 3
have only a single spatial derivative term so the “principal part” is the central object of interest.

With this in mind we make the following:
DEFINITION 4.1. For n € N, define the space
H™[0,1] = {u € C"710,1] : u™ V) absolutely continuous on [0,1],u™ e L2[0,1]}.  (4.1.1)

Define the linear, two-point, single-order differential operator T on the domain

n—1 n—1
DT) =S ue H'0,1]: Y opju?(0) + > Brju? (1) =0, VEk=1,2,....n
7=0 7=0

by
T=r,

where T : H™[0,1] — L2[0,1] is the linear, two-point, n'*-order formal differential operator

and the constants oy j, B ; € R, known as the boundary coefficients, are such that the boundary

coefficient matrix

Oln—1 Pin-1 din—2 Pin—2 ... a1o Pio
a2p-1 Pon-1 @2n-2 Ban—2 ... a0 B20

A= , , (4.1.2)
Opn—1 ﬁnnfl Opn—2 Bnan R 8 71} ﬂnO

s of rank n and in reduced row-echelon form.
Henceforth we use the terms differential operator and formal differential operator to refer

to operators of the form T and T respectively. Some properties of T are given in Theorem 4.4.

In equation (2.1.32) we stated the boundary conditions for the initial-boundary value prob-
lems in terms of a single boundary coefficient matrix. This is not the usual form, as presented
n [10] but the form of [47]; it was chosen to aid comparison with the analysis presented in
the present chapter. This allows us to extend many of the terms given in Definition 2.7 from
the setting of initial-boundary value problems posed on partial differential equations to the new

setting of ordinary differential operators.
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DEFINITION 4.2 (Classification of boundary conditions). The boundary conditions (2.1.3) of

the differential operator T may be written in the matrixz form

where A is the boundary coefficient matriz.

o If each boundary condition only involves derivatives of the same order then we call
the boundary conditions non-Robin. Otherwise we say that a boundary condition is of
Robin type.

e Boundary conditions with the property
Every non-zero entry in the boundary coefficient matriz is a pivot.

are called simple.

e A set of boundary conditions is uncoupled (or does not couple the ends of the interval)

if

If ay,j is a pivot in A then By, =0V r and

If By is a pivot in A then ap, =0V r.

Otherwise we say that the boundary conditions are coupled (or that they couple the

ends of the interval ).

Note that we require homogeneous boundary conditions for the differential operator as any
inhomogeneity precludes the closure under addition and scalar multiplication of the domain
D(T).

NOTATION 4.3. We also extend the domain of Notation 2.12 so that the sets J*+ and J~ and
their dependents J +, J —, J and J' may be defined directly in terms of the boundary coefficients

of a differential operator T

4.1.1.1. Properties of the differential operator

THEOREM 4.4. The differential operator T is formally self-adjoint but (in general) non-self-
adjoint. The domain D(T) is dense in L*[0,1] and T is a closed linear operator on L?[0,1].
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PROOF. Formally self-adjoint: Let uw € D(T), v € H"[0,1]. Then the inner product may be

evaluated

1
(T, v) = /0 (=) u(n)(2)5(x) dz

= (=)™ S (i) [u<”*j>(1)@<ﬂ‘*1>(1) — =9 ] (u, T0) (4.1.3)

j=1
As u € D(T) and the boundary coefficient matrix is rank n we have n linear equations in u(/).
Hence we may construct another n linear equations in v\9) to ensure that the sum in equa-
tion (4.1.3) evaluates to 0, so that an adjoint boundary coefficient matrix may be constructed.
Indeed Chapter 3 of [10] gives a method for finding the adjoint boundary coefficients in terms
of the boundary coefficients of T" using Green’s functions. Then one may define the operator 7™

as in Definition 4.1 but using the adjoint boundary coefficient matrix so that
(Tu,v) = (u, T*v).

However, T" and T™ are, on their respective domains, given by the same formal differential
operator 7 hence they are formally self-adjoint.
Non-self-adjoint: Let T be the differential operator defined by n = 2 and the boundary

1
. 000'
0 01O

(Tu,v) = —u'(1)v(1) + u(1)0'(1) + (u, Tv)

coefficient matrix

Then

hence the adjoint boundary coefficient matrix is

A*_0100#A
0001 '

This proves that T is not in general self-adjoint. Indeed for this example o(T") = (), as is shown
in Example 10.1 of [48].

The remaining properties are given in Example 2.21 of [47]. (I

The counterexample in the above proof is an example of a degenerate operator, defined
below. However, it is not necessary to find an operator with empty spectrum to construct
an example of a non-self-adjoint operator T', or even to find a degenerate 1. The third order

operator with boundary coefficient matrix

A=

o O O
o O O
o O O
S O =
S = O
_ O O
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is non-self adjoint and degenerate but has non-empty spectrum. The third order operator with
boundary coefficient matrix

0 01 8
0 00O
0000

is non-self-adjoint, has non-empty spectrum and is not degenerate.

0 0
A= 10
01

To discuss the properties of T' further, we require another definition:

DEFINITION 4.5. For \ € C, the eigenspace is the nullity N(A\ — T') and its dimension is
known as the geometric multiplicity of X\. If A € p(T) then geometric multiplicity of X is zero
and if A is an eigenvalue of T then the geometric multiplicity of the eigenspace is the number of
linearly independent eigenfunctions associated with T'.

It may occur that N(M\ — T) C N (M — T)?), in which case we require the notions of the

generalised eigenspace,

U N =1)%),
keN
and its dimension, the algebraic multiplicity of X\, denoted v(\). If A € o(T') and v(\) > 2

then it makes sense to define the generalised eigenfunctions associated with X\ to be the functions
u € D such that for some k € N

(M —T)*u=0
Clearly, the generalised eigenfunctions include all of the usual eigenfunctions for k = 1.

A Fredholm operator is a densely defined, closed linear operator between Hilbert spaces with
closed range R(T) for which the nullspace, N (T'), and the orthogonal complement of the range,
R(T)*, are finite-dimensional. The index is the difference between the dimensions of these
spaces, hence a Fredholm operator of index 0 is an operator for which these spaces have the

same finite dimension.

In the first three chapters of [47], Locker gives an introduction to the concepts of Defini-
tion 4.5 with a discussion of their relevance to the differential operator T'. The only exception is
the generalised eigenfunction which is not defined. The definition of generalised eigenfunctions
can be found in [49] but the concept goes back at least to [64], which was first published in
Russian in 1917.

The operators T are Fredholm operators of index 0, with range R(T') a closed, linear subspace
of L2[0,1]. Hence, for all A € C, the operator (A\I —T) is also Fredholm of index 0. Such operators
fall into two classes:

Class 1: The resolvent set, p(T'), is nonempty. Then the spectrum, o(7'), is a countable
complex set with no finite limit points. Further, each spectral point of 7" is an eigenvalue with
finite algebraic multiplicity.

Class 2: p(T) = (). Then o(T) = C and each point has infinite algebraic multiplicity. This
can occur, as is shown in Example 10.2 of [48].

Most of the operators we study fall into Class 1 but the operator associated to the third-
order pseudo-periodic initial-boundary value problems studied in Example 3.46 for which either

of equations (3.3.13) or (3.3.14) hold is an (apparently new) example that falls into Class 2.
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4.1.2. Characteristic determinant and regularity

We give the definitions of three matrices that depend on the boundary coefficent matrix and

list Locker’s conditions of regularity.

NOTATION 4.6. Let ay j, Bk ; be the boundary coefficients of a differential operator T". Then
we define the integer my to be the greatest nonnegative integer j such that at least one of oy,
B ; is nonzero. As we require the boundary coefficients to be such that the boundary coefficient
matrix, A, is in reduced row echelon form, this means that either oy, or B, is a pivot in A.
For any k € {1,2,...,n}, the integer my, is called the order of the k" boundary condition.

We define two families of polynomials for p € C,

mp my
Pulp) =Y onjp’,  Qulp) =D Brjp!  fork=12,...,n (4.1.4)
=0 =0
We also define the constants
27i
w=en
5 n even,
UV =

n+1
ntl o odd,

where n is the order of the differential operator 7.

DEFINITION 4.7. The characteristic matrix M of the differential operator T is defined en-
trywise as follows. For j € {1,2,...,n},

M (p) = Pi(iwk=1p) + Qi (i  tp)e 0 ke {1,2,...,v—1}, 415)
Pj(iwk_lp)e_wkflp +Q;(iw*tp), ke{v,v+1,...,n}.
The characteristic determinant, A, of the differential operator T is then
A(p) = det M (p). (4.1.6)

The above explicit definition of the characteristic determinant follows Locker’s definition [47].
The general definition goes back to Birkhoff [4].

The similarity in notation between the characteristic determinant, A, of a differential oper-
ator and the function Appg given in Definition 2.19 associated with an initial-boundary value
problem is expected. Indeed in Section 4.2 we compare the associated matrices M and A to
discuss the relationship between A and Appg.

We state, without proof, a theorem of Birkhoff [4]. Locker gives this as Theorem 2.1 in
Chapter 4 of [47].

THEOREM 4.8. Assume that A is not identically zero on C. Then o # 0 is a zero of A if

and only if o™ is an eigenvalue of T'.

In order to state Locker’s classification of boundary conditions we must develop some further
notation. The following polynomials essentially split the characteristic determinant into two

parts.
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NOTATION 4.9. For a differential operator T', we define the polynomials 771 and 7 as follows.

2<k<v r+1<k<n
Q1(ip) Py(ipwh) Q1 (ipw™)
Qu(ip) Py (ipwt=1) Qn(ipw*T)
Py(ip) Py(ipw*) Q1(ipw®1)
mo(p) = det : : : . (4.1.8)
P, (ip) Py (ipwht) Qn(ipw*~1)

As each of the polynomials Py, Q) are of degree no greater than my, the maximum degree

of the polynomials 71, 7 is Y_j_; my. For this reason we also define the integer

n

We are ready to give Locker’s classification of boundary conditions. We choose the terms

used in the second monograph, [48].

DEFINITION 4.10. Let n be even. Let my be the polynomial and let pg be the integer, defined
in Notation 4.9, associated with the differential operator T. Then the boundary conditions are,
hence the differential operator is, said to be

e regular if degmy = po-
e simply irregular if 0 < degmg < po.
e degenerate irregular if m is identically zero.

Let n be odd. Let w1, mg be the polynomials and let pg be the integer, defined in Notation 4.9,
associated with the differential operator. Then the boundary conditions are, hence the differential
operator is, said to be

e regular if degm = degmg = py.
e simply irregular if neither w1 nor my is identically zero and at least one of deg w1 < po,
degmy < po holds.

e degenerate irregular if m is identically zero or my is identically zero.

This work concentrates upon odd order, differential operators by linking their study to the
study of their associated initial- and final-boundary value problems. We use the same link
and the results presented in [47] to investigate the initial- and final-boundary value problems
associated with regular differential operators. We collate those essential results, Theorems 3.1—
3.3 in Chapter 5 of [47], into the single Theorem 4.11.

THEOREM 4.11. Let T be a reqular differential operator, as characterised in Definitions 4.1

and 4.10. Then its generalised eigenfunctions form a complete system in L[0,1].

We do not attempt to present Locker’s proof in this work for two reasons:

e The proof is both technical and long. As the main result, it occupies the entirety of

Chapters 4 and 5 of [47], over 100 pages.



4.2. EIGENVALUES OF T 95

e As stated above, we focus upon degenerate irregular differential operators. It is not
clear that Locker’s proof of Theorem 4.11 illuminates the study of these differential

operators.

4.2. Eigenvalues of T’

In this section we show that, under certain conditions, the functions A and Appg have the
same zeros. When Theorem 4.8 is applied to this fact we have a way of determining the eigen-
values of a differential operator 1" directly from the initial-boundary value problem associated
to that operator.

This theorem is important as it permits the study of the initial-boundary value problem
through the study of the associated ordinary differential operator. It is a useful result that this
connection can be made, although the theorem has only been proved for non-Robin boundary
conditions that have a certain symmetry. It is known that this theorem is not sharp and it is a
conjecture that it holds for all third order problems. This is a particularly interesting topic for
further study.

First, we formally define the notion of an initial-boundary value problem associated with a

given differential operator.

DEFINITION 4.12. Let T be the differential operator of order n with boundary coefficient
matriz A given in Definition 4.1. Let a € C be specified such that Re(a) > 0 if n is even and
a = +i if n is odd. We define the initial-boundary value problem associated with (7, a) as the
following problem:

Find g € C*([0, 1] x [0,T]) that satisfies the partial differential equation
Oq(x,t) + a(—idy)"q(z,t) =0 (4.2.1)

on [0,1] x [0,T], subject to the initial condition

q(z,0) = qo(x) for xz €10,1] (4.2.2)
and the boundary conditions
fn—l
gn—1 hy
fn72
ha
Al gn—2| = . , (423)
hn
fo
90

where f;(t) = 7q(0,1), gi(t) = Fq(1,t). We assume qo € C*®[0,1] and hy € C®[0,T] are
known data.

We also define the final-boundary value problem associated with (T',a) as the problem:
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Find q € C*([0,1] x [0,T]) that satisfies the partial differential equation (4.2.1) on [0,1] X
[0, T, subject to the final condition

q(z,T) = qr(xz) forxz e 0,1] (4.2.4)

and the boundary conditions (4.2.3) where f;(t) = (0, 1), gi(t) = dq(1,t). We assume
gr € C*|0,1] and hy € C*[0,T] are known data.

Further, we define the homogeneous initial-boundary value problem associated with (7', a)
as the initial-boundary value problem associated with (T,a) for which the boundary data are
all identically zero. We define the homogeneous final-boundary value problem associated with
(T, a) as the final-boundary value problem associated with (T, a) for which the boundary data are
all identically zero.

Finally we refer to the initial- and final-boundary value problems defined above, for any

permissible a, as the boundary-value problems associated with T

The following lemma is useful in generalising the results of this section. Its use reduces the
proof of a statement ‘X holds for all boundary-value problems associated with T',” to the proof
of the statement ‘X holds for the homogeneous initial-boundary value problem associated with
(T,4)”

LEMMA 4.13. Let T be the differential operator given in Definition 4.1 and let Re(a) > 0 if
n is even and a = %1 if n is odd. Then the reduced global relation matrices A associated with

each of the boundary-value problems associated with T differ only by a constant multiple.

PROOF. From equation (2.2.19) each entry depends upon a only through c;(p). As each ¢;

depends upon a in the same way, by equation (2.1.6) we could rewrite equation (2.2.19) with

ac(y,—1)2(p) | w11 /2 k=D

n—1—r)(k—1)/: Ji—1)/2—r
— Z s (Jj71)/2°~’( Yk=1) ()5 =1)/ J; odd,
reJ+
ik n—1—r)(k— . o —_r
te p Z ag- (Jj—l)/2w( 1-r)(k 1)(2p)(=7] 1)/2
Ak j(p) = el

CLEJ,/2(p) —w(n_l_‘]j/2)(k—l)e—iwk_lp
J

—1—r)(k=1) (7 \Jj/2—
- Z B+ Jj/2°"(n DE=D (ip) 2 J; even,
reJ+
Wkt 1Y (k1) /s T /2
4o~ WP Z ,8:]\; Jj/2w(n 1-r)(k 1)(Zp)JJ/2 r
( reJ-
where ¢;(p) = —p"(ip)~UTY which does not depend upon a. Hence the map a ~ a’ induces

the map A — A’ defined by
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The boundary data do not affect A hence the inhomogeneous / homogeneous boundary value
problems associated with a have the same boundary coefficient matrix. Finally, note that
Lemma 2.17 holds for final-boundary value problems as well as initial-boundary value prob-

lems. O

4.2.1. Non-Robin with a symmetry condition

In this section we assume that the boundary conditions of the differential operator are non-
Robin and obey Condition 4.14 below.

CONDITION 4.14. Let the boundary coefficients of a differential operator, an initial-boundary
value problem or a final-boundary value problem be such that
reJten—1-—reJ and

~ - (4.2.5)
reJ en—1—reJ.

Also, for all j € J- N J+,

ﬁffj = Bf;rflfj n—1—j

We note that the index sets J- +, J* are defined in Notation 2.12 and Notation 4.3 in terms
of the boundary coefficients (and implicitly of n) only, not in terms of a or the data of the
initial- or final- boundary value problems. Hence, by Lemma 4.13, Condition 4.14 holds for
a particular differential operator T' if and only if it holds for any particular boundary value
problem associated with 7.

Although Condition 4.14 imposes a strong symmetry on the boundary conditions it turns out
to be quite a natural condition. Almost all of our earlier examples of initial- and final-boundary
value problems have boundary coefficients that obey this condition, as do boundary coefficient

matrices such as

01 00 O0OO0O0O
1 00 00O
001 5 0000
0010001,
000O0OT1Pp8 00
000O0T1O
000 O0OT 0O 1
However the boundary coefficient matrix
100 0 O 0 00O
0 01 B2 O 0 0O
000 O 1 B31 00
000 O 0 0 01

does not obey Condition 4.14. The condition requires that if a certain boundary function, f, or
gr, is prescribed then its mirror image, the boundary function at the other end with the opposite
derivative, g,—1—, or f,_1_,, cannot be prescribed. Further the number of different coupling

constants is reduced.
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THEOREM 4.15. Let T be a differential operator of the form described in Definition 4.1 with
non-Robin boundary conditions obeying Condition 4.14. Then the determinant function A has
the same zeros as the determinant functions Appg from each of the associated boundary value

problems.

It is known that Condition 4.14 is not sharp. It is an open and interesting question whether

it may be discarded entirely.

PRrOOF. Fixing a particular, permissible value of a, and showing that the nonzero zeros of A
and of Appg from the homogeneous initial-boundary value problem associated with (T, a) are
equal is sufficient proof as we may extend this to the full result using Lemma 4.13. We choose
a =1 as it is one of the two values permissible for both odd and even n.

The function Appg is defined by equation (2.3.3) as the determinant of the reduced global
relation matrix A, which is defined by equation (2.2.5) for homogeneous, non-Robin boundary

conditions. Indeed, for each j € J ~, there is a column of A given by
wn==DEDe () ke {1,2,...,n} (4.2.6)

and for each j € J*, there is a column of A given by

k

—wMm =Dk e () (e*“ Rt ﬁj;j) . ke{1,2,...,n}. (4.2.7)

The monomials are defined by
¢j(p) = —ip™(ip) VY.
Substituting this into equations (4.2.6) and (4.2.7) we draw table (4.2.8) to summarise the

columns of A(p). For each j in the intersection of the sets indicated, there is a column of A(p)

whose entries are given by the formulae shown, indexed by k =1,2,...,n.
Alp) T Jt
J- No Columns —i= (=D y(n=1=)(k=1) (5 5yn—1-J
[ i~ (=D (n=1=5)(k=1) (j pyn—1-j if(nfl)w(nflfj)(kfl)(Z’p)nflfjefiwkflﬂ (4.2.8)
—iwk=1p - _i—(n=1), (n—1—j)(k—1)(; ,\n—1—3
X (e + BJ;rj) i w (ip)
But Condition 4.14 implies that table (4.2.8) is equivalent to the following table (4.2.9).
Alp) Tt Jt
j— (=i (b=1) ()3 —iwk~tp
~ 1 w lp) e 5 . '—(n—l) j(k—l) - \j
J —i_("_l)wj(k_l)(ip)j t w (ip) (4.2.9)
j— ,I/—(n—l)w](k—l) ('lp)‘j (e—iwkflp _'_ Bj\+j> NO Columns
2

The characteristic determinant A is the determinant of the matrix-valued function M. This
means we may define a new matrix M’(p) by multiplying v —1 of the rows of M (p) by exponential
functions and taking the transpose as follows,

k

My (p) = P =1 p)e ™" 7 4 Q (it p), (4.2.10)

so that
A(p) = et Zim19 0 det M (p).
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The exponential €1 2¥21 ¢ 710 ig entire and nonzero on C so the zeros of A are the same as the
zeros of det M.
We now study the columns of M’(p). Note first that, as the boundary conditions are non-

Robin, the polynomials P; and (; are each monomials of order m;, hence
A— . . _i,k—1
1) = D ip)™ (gmy e By, )

By the definition of mj, for each j € {1,2,...,n}, m; lies in at least one of J* and J~ and
m; € JtNJ- if and only if m; = mj: for some j' # j. If j < j’ are such that mj; = m; € JtnJ-
then M’ has columns

wmi k=) (1 pyma wmi(k*l)(ip)mje*i‘“k_lp, ke{l,2,...,n}.
The former column corresponds to the boundary condition in which 8j,; is a pivot of A, in
which a;m;, = 0 because B, is the first nonzero entry in its row. The latter corresponds to
the boundary condition in which /.y, is a pivot of A, in which SBj/,,, = 0 because S, is a

pivot in the next row of A. If m; € JT N J~ then M'(p) has a column
w1 (ip)ma,

as jm; is a pivot, hence the previous entry, j,,, in that row of A must be zero. If m; € JtnJ-

then M’'(p) has a column

k

D ip ™ (0 ),

as @jm; 1s a pivot. We have defined all n columns of M " hence there are no columns for which

m; € JtNJ-. With the change of variable m; +— r, hence j j;L for m; € j+, we present

these columns in table form as before:

M'(p) J T
. r(k=1)(; N7 ,—iwF"1p

wr(k’—l) (,Lp)r
j— wr(k’—l) (,Lp)r (e—iwkflp + ﬁj\j r) No Columns

Comparing tables (4.2.9) and (4.2.11), we see that there is a one-to-one correspondence
between the columns of M’ and the columns of A, the difference being multiplication by a
constant +¢~ ("~ Hence

vl k1

Appi (p) = (—D) 70D qet MY (p) = eI Zhm1 @ P A(p). (4.2.12)
O

In equation (4.2.12) we have actually proven a stronger result than is required for Theo-
rem 4.15. We might try to take advantage of this and construct A directly from M’, at least
under Condition 4.14, but any such method still requires use of the index sets of Notation 2.12
S0 it is no easier than constructing A from its definition in Lemma 2.14.

To find the solution of an initial-boundary value problem it is necessary to know A, as the
functions ¢, given in Definition 2.19, depend upon this matrix and appear in Theorems 3.1, 3.13

and 3.29. However, much can be learned about the behaviour of such a solution from the columns
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of A, without knowledge of their arrangement. Indeed the arguments in Sections 3.2 and 3.3 of

Chapter 3 depend only upon the columns of A.

4.2.2. General boundary conditions

Condition 4.14 is not necessary for Theorem 4.15 to hold. We consider two examples in
which the condition does not hold and show that the theorem still holds.

ExXAMPLE 4.16. Consider the differential operator T" with boundary coefficient matrix

N

Il
oS O =
o o O
o = O
o O
o O O
= o O

and the initial-boundary value problem associated with (7,7). We calculate, using the notation
of the proof of Theorem 4.15,

e (e4p) 1
det M'(p) = (ip)® det | w2e=r  w(e=™r +8) 1
1

we—w?p wQ(e_WQP + p)

wj(e—iwjp + ﬂ)(wl—je—iuﬂ”ﬂp - w2—j€—iw7+1p)

1
—
o~
s
SN—
w
.
1]
[en}

and

e (e p) 1
det A(:O> = _(ZP)S det | e wp w(e—iwp + B) w2

e~iw?p wQ(e_iw%—i-ﬁ) w

2
— _(ip)S ij(efiuﬂp + ﬁ)(w2fjefiw]+2p _ wlfjefiuﬂ“'lp)
=0
= det M'(p).

It may be checked case-by-case that Theorem 4.15 holds for all 3'¢ order non-Robin boundary
conditions with a single coupling. Further, it may checked case-by-case that the result always

holds for simple 3" order boundary conditions.

EXAMPLE 4.17. Let T be the differential operator of order 3 with pseudoperiodic boundary

conditions, that is

1 840 0 0 0
A=10 0 1 B 0 0
00 0 0 1 Bs
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Then
A(p)e! Zi1<"'r = det M'(p)
(e7" + p1) (e7% + Ba) (e7% + Bs3)
= (ip)* det | w2(e™P 4+ B1)  w(e™™P+ By) (70 + fy)
(e 4 Br) WP (e 4 B) (7 4 )
(e + 1) (e + B2) (e + B3)
= (ip)’ det | (7P + B1) W (7P + B2)  w(e TP + fy)
(6_“’2” + 1) w(e_iw% + [2) w2(6_i“’2” + f33)
and

Appg (p) = det A(p)

(e + B1) (7" + fBs) (e7 + Bs3)
= —co(p)er(p)ea(p) det | (7P + B1)  w(e ™+ fa)  w (e + f3)
(e_‘"2p +51) w2(e_iw2p + B2) w(e‘iw% + B3)

By evaluating the determinants it may be shown that they differ only by a constant even if the
B; are all different. Similarly, it may be checked case-by-case that Theorem 4.15 holds for all

sets of third order non-Robin boundary conditions with two couplings.

The other condition, that the boundary conditions be non-Robin, at first appears to be
more fundamental for Theorem 4.15. Indeed, we compare the sums in the expressions for A
and M as defined in equations (2.2.19) and (4.1.5). The coefficients of the sums in the reduced
global relation matrix are the boundary coefficients lying in a particular column of the boundary
coefficient matrix whereas the coefficients in the sums in the charactistic matrix are the boundary
coefficients lying in a particular row of the boundary coefficient matrix. Nevertheless, there exists
an example of third order uncoupled non-Robin boundary conditions, specified by the boundary
coefficient matrix

1 0 a«a 00
A=10 0 0 0 1
000 0O

for which Appg and A have the same zeros. An interesting direction for future study would be

0
of,
1

to check if Theorem 4.15 holds for all third order Robin-type boundary conditions and, if so, to

try to extend this result to arbitrary order.

4.3. Eigenfunctions of T’

In this section we prove directly that the expression for ¢ in Theorem 3.1 must be an expan-
sion in the eigenfunctions of 7', under the condition that the zeros of Appg are all simple. This
gives an alternative to using Locker’s method for showing that the generalised eigenfunctions of a
differential operator form a complete system, using the study of the associated initial-boundary

value problem. The result is contained in the following Theorem 4.18. Its full proof requires the



4.3. EIGENFUNCTIONS OF T 102

notion of minimality of a system of functions. We leave the definition of this concept and the

associated concept of completeness to Section 4.4.

THEOREM 4.18. Consider a homogeneous initial-boundary value problem for which Assump-
tions 3.2 and 3.3 are satisfied and which is associated to the differential operator T'. Assume
further that every zero of Appg is simple. Then the solution q(x,t) as expressed in Theorem 3.1
s an expansion in the eigenfunctions of T. Further, for every o in the PDE discrete spectrum,

o™ is an eigenvalue of T'.

PROOF. By Theorem 3.1 a series representation for ¢ exists. From equations (3.0.6)—(3.0.9)

we may define two index sets K, K5 such that

ZR Zgjok%— ZRe

=0, APDE _P=o% APDE
By Definitions 2.19 and 3.4, Appg and (; are independent of x and ¢; only P and P have z and

Z ¢i(on). (4.3.1)

jeJt

t as parameters. The functions P and P are separable in x and t; they may be written in the

forms

P(p,,t) = Pi(p,x)Pa(p,1),
ﬁ(p7$7t) = ﬁl(pvw)PQ(pat)a

for Py, ]31 independent of ¢t and P, independent of 2. Hence we may express equation (4.3.1) in

the form
Z or(z ) where (4.3.2)
keN
%Resp:ak%Z' g+ Gilow) k€ Ky,
O (@) r(t) = ppe (o) ~J€ (4.3.3)

; P

5 ReSy—o, momliy Yjes- Gilow) k€ Ko.
By expanding P and Pin equation (4.3.3) and applying the limit formula for the residue at

a simple pole, we obtain

Ui (t) = i, (4.3.4)

o

where (0)ren is a sequence containing each nonzero zero of Appg for which 0 < arg(o) < =7

precisely once and obeying |ox| < |ok+1|. From Theorem B.4 we know that o, = Ak + O(1) as

k — oo for some nonzero complex constant A. Hence o = A"k™ + O(k" 1) as k — oo. This is

1
> o
k=1

10k|

sufficient to ensure that the series

converges. This is the criterion for Theorem 3.3.3 of [56] to guarantee that, for any A > 0, there

exists a continuous function, h, compactly supported on [—A, A] such that its inverse Fourier

transform,
A
1) = [ eonio),
—A
is entire and has zeros at each Zoj;. We choose A\ = L where T here denotes the final time

of the initial-boundary value problem. Note that, as 1t is continuous on a compact interval,
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h is bounded hence h € LQ[—%, 5] and H € J‘LQ O set of inverse Fourier transforms of
L? functions defined in equation (4.1.5) of [56]. Though it does not appear explicitly in the
statement of the theorem, it is noted in the proof of Theorem 3.3.3 of [56] that H is a function
of exponential type at most % Now define the function F': C — C by
a
Flp) = Hp) (p = 5o1).

It is clear that F' is entire, is of exponential type at most I +1 and has zeros at each ¢o7}. Hence,
by Theorem 4.1.1 of [56]', the system of exponential functlons (vk)ken is minimal in Ly[—Z, T,
in the sense that each function lies outside the closure of the linear span of the others. By the
linear reparameterization ¢ — ¢ + %, the system (¢r)ren is also minimal in L0, 7.

We use the separated form (4.3.2) to express the time and space partial derivatives of ¢ in

terms of ordinary derivatives of ¢,, and ,,:

Drq(x,t) =Y dn(x) (4.3.5)
keN

=" o (@un(t). (4.3.6)
keN

From equation (4.3.6) we may deduce that

(=i02)"q(w, ) =Y () (@)vn(t), (4.3.7)

keN

where 7 is the formal differential operator associated with 71" in Definition 4.1, and

Fua(t) S ren 08 (0) (1)
n1(t) S een o8V (1)
Al = A : : (4.3.8)
fol#) > een Ok (0)0n(2)
go0(t) > ken Pr (1)U (t)

where A is the boundary coefficient matrix common to the initial-boundary value problem and
the differential operator. By equation (2.1.32) and the homogeneity of the boundary conditions,
the left hand side of equation (4.3.8) is equal to zero. Hence, as each line of equation (4.3.8)
holds for every ¢ € [0,7] and the v, are minimal in Ls[0,T], we may conclude that ¢ € D(T)

for each k € N. Hence we may rewrite equation (4.3.7) as

(—i0y)" = T () (x)yi(t). (4.3.9)

keN

Differentiating equation (4.3.4) with respect to ¢ we obtain

U(t) = —aopyi(t). (4.3.10)

Using equation (4.3.10) we rewrite equation (4.3.5) as

Oq(x,t) = —aZak(Z)k (4.3.11)
keN

ISee also [51]
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From the partial differential equation, we obtain a relation between the left hand sides of
equations (4.3.9) and (4.3.11), indeed

—a ) ofd(@)vk(t) +ay  T(dr)(x)er(t) =0,

keN keN
Hence
D (T = o)) n(t) =0,
keN
hence, by the minimality of the 1y, each ¢ is an eigenfunction of T' with eigenvalue o7},. (I

THEOREM 4.19. If the boundary conditions of an initial-boundary value problem are such
that the problem is well-posed, its solution has a series representation and all zeros of Appg are
simple then the eigenfunctions of the associated ordinary differential operator T form a complete

system in L2[0, 1].

PROOF. Choose some gy € C*°[0, 1], to specify a particular initial-boundary value problem.
Solving that problem and expressing its solution as a discrete series, we know from Theorem 4.18
that the series expansion (3.0.6)—(3.0.9) is in terms of the eigenfunctions of 7. Evaluating both
sides of this equation at ¢ = 0 we obtain an expansion of the initial datum in terms of the
eigenfunctions. Hence the eigenfunctions form a complete system in C*°[0,1]. As C*°[0,1] is

dense in L?[0, 1], the result is proven. O

Another immediate corollary to Theorem 4.18 is

COROLLARY 4.20. The PDE discrete spectrum of a well-posed initial-boundary value problem
that admits a series representation and for which all zeros of Appg are simple is a subset of the

discrete spectrum of the ordinary differential operator with which it is associated.

4.4. The failure of the system of eigenfunc-

tions to be a basis

In this section we develop some of the theory of biorthogonal sequences as presented in
Section 3.3 of [15], giving expanded versions of the proofs Davies presents. These definitions
are also given in the survey [56]. Sedletskii’s survey and its references also give an extensive
treatment of the exponential systems we investigate. Biorthogonal sequences are essential to
the study of our differential operators as they are non-self-adjoint. This means that their eigen-
functions, together with the eigenfunctions of the adjoint operator, form a biorthogonal pair of

sequences. We use the following notational convention:

NOTATION 4.21. Let B be a Banach space with dual space B*, the space of linear functionals
defined on B. Let f € B and let ¢ € B*. We define the use of angled brackets,

(f;0) = o(f),

to mean the functional ¢ acting upon the element f of the Banach space.
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This notation is intentionally similar to inner product notation on Hilbert spaces. Indeed
if B is a Hilbert space then the Fréchet-Riesz theorem guarantees a one-one correspondence
between functionals ¢ € B* and g € B such that ¢(f) = (f,g) for all f € B and ||¢]| = ||g||, see
Theorem IV.4.5 of [19]. So, at least for Hilbert spaces, this notation could be seen as an abuse
of inner product notation by identifying each ¢ with its corresponding g. We, like Davies, use
the notation in the more general setting of Banach spaces without inner products to emphasize
that orthonormal sequences in Hilbert spaces are the prototype for the more general idea of

bases in Banach spaces.

4.4.1. Biorthogonal sequences
DEFINITION 4.22. Let B be a Banach space and let (f,)nen be a sequence in B. Then (fn)nen
1s a complete sequence if
span{ f, : n € N} is dense in B.
A sequence (fn)nen is said to be minimal complete if it is complete and for all k € N the sequence

(fn)nen\{k} is not complete.? The sequence (f,)nen is a basis for B if every f € B has a unique

erpansion
n
= (),
r=1
where the scalars o, are known as the Fourier coefficients of f with respect to the basis (fp)nen-

Clearly a complete sequence that is not minimal complete is not a basis but it should also be
noted that minimal completeness does not imply that the sequence is a basis. Indeed Lemma 4.26

gives the extra condition needed for a minimal complete sequence to be a basis.

DEFINITION 4.23. Let B be a Banach space with dual space B* and let (fn)nen and (¢n)nen
be sequences in B and B*, respectively. The sequences (fn)nen and (¢pn)nen are biorthogonal or
((fn)nen, (#n)nen) is a biorthogonal pair for B if

<fna ¢m> = 5m,n Vm,n € N.

Let ((fn)nen, (0n)nen) be a biorthogonal pair for B. For each n € N, the operators P, : B — B
are defined by

Pnf = Z(fv ¢T>fr

r=1

and the operators Q, : B — B are defined by
Q1= P, Qn="F,—P,_1 forn = 2.

The following lemma gives sufficient (but not necessary) conditions for a biorthogonal pair

to exist. We include it as it is useful in the proof of Lemma 4.26.

It is possible to define minimality without completeness, by requiring that each f,, is disjoint from the closure

of the linear span of the others, see [56].
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LEMMA 4.24. Let B be a Banach space with basis (fn)nen. Then there exists a sequence
(dn)nen in B* such that the Fourier coefficients of f with respect to (fn)nen are given by oy, =
(f, &n). Furthermore, ((fn)nen, (én)nen) is a biorthogonal pair.

PROOF. Equip N with the discrete topology and let K = N U {oco} be the Alexandrov

one-point compactification of N. Let
C ={s: K — B such that s is continuous, s(1) € Cf; andV n > 2,(s(n) —s(n — 1)) € Cf,}.

Define a norm on C by

Islle = sup [[s(n)]|s = max||s(n)] s,
nekK neK

the latter equality is justified by the compactness of K and the continuity of s. Then (C, ||-||¢) is
a Banach space. Let the operator X : C — B be defined by Xs = s(c0). Then X is a bounded,
linear operator with norm 1. We show in the next two paragraphs that X is a bijection.

As B has a basis, for any g € B there exist Fourier coefficients 3, such that g = > 7, B, fr.
Let s4 : K — B denote the function defined by

Sg(n) = Z /Brfr-
r=1

Certainly s4(1) € Cf; and (sq(n) — sq(n — 1)) € Cf,. Any open ball in B contains either no
Sq¢(n), finitely many sq(n) or finitely many plus all s4(n) for n greater than some N. Each of
these are open sets in the topology on K so s, is continuous. This establishes s, € C, the domain
of X. But Xs;, = g and g may be any point in B, so X is onto.

Let s,t € C be such that Xs = X¢t, that is s(oco) = t(c0). By the definition of C, there
exist sequences (Vn)nen and (,)neny of complex numbers such that s(co) = Y 07 | v, fn and
t(co) = > 07 | Onfrn hence

> fn = 0nfn.
n=1 n=1

Now, by the uniqueness of the expansion in a basis, we have that v, = J, for all n € N so
s(n) =t(n) for all n € K and s = t. This establishes that X is one-one.

The inverse mapping theorem now provides that X!, the inverse of X, exists and is linear
and bounded. Now

(X7 N() = (X H(n—1) = anfa
implies that «, depends continuously on f. That is, there exists a bounded linear functional
¢n : B* — C such that (f, ¢,) = ay,.

As f,, € B it has a unique expansion

k
fn = k;linc}o Zgn,rfrv
r=1
which must be given by €, , = d,,,. Hence

<fn7 (z)m> =E&nm = 5n,m-



4.4. THE FAILURE OF THE SYSTEM OF EIGENFUNCTIONS TO BE A BASIS 107

In Definition 4.23 it is not required that the sequence (f,)nen be complete for the pair
of sequences ((fn)neN, (Pn)nen) to be biorthogonal. Lemma 4.25 concerns the existence of a

biorthogonal pair in the case that one sequence is known to be complete.

LEMMA 4.25. Let (fn)nen be a complete sequence in a Banach space B. There exists a

sequence (Pp)nen in B* biorthogonal to (fn)nen if and only if (fn)nen is minimal complete.

PROOF. Assume k € N is such that (fy)nem gk} is complete, that is (fy)nen is not minimal

complete. Then there exist scalars (o) em gk} such that

n
frk = nlg{.lo Zl Qo fr-
r=
Now any sequence (¢p,)nen biorthogonal to (fy)nen has the properties

(fr,m) = Orm Vr,me N\ {k},
(o dm) =0 Vm e N\ {k}.
Hence .
L= (fu,dn) = lim > avnlfr, é) =0,
r=1
r#k
as each (f,, o) = 0.

Conversely, assume there does not exist a sequence biorthogonal to (f,)nen. Then there

exists some k € N such that

3 ()2t € B such that Vm e Nyn € {1,2,...,k =1}, (fim, &n) = Omum,
V ¢ € B*3m € N such that (fy,, @) # dkm- (4.4.1)

It cannot happen that
J¢ € B* such that Ym € N\ {k} (¢, fm) =0 and (¢, fx) € C\ {0},

as then

¢
(b, fr)

Pr =
would contradict statement (4.4.1). Hence
V6 € B* such that Vm € N\ {k}, (¢, fn) =0, (d. fi) = 0.

But then (fy)nen (x) is complete and (fy)nen is not minimal complete. O

4.4.2. A test for a basis

In this subsection we derive a property of biorthogonal sequences which specify a basis. This

provides us with a test for a basis that is used in Chapter 5.

LEMMA 4.26. Let ((fn)nenN, (¢n)nen) be a biorthogonal pair in a Banach space B. Then the
operators P, and @, given in Definition 4.23 are finite rank bounded projections. If (fn)nen s

a basis then P, are uniformly bounded in norm and converge strongly to the identity operator,
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I, as n — oco. If P, are uniformly bounded in norm and (fp)nen is complete then (fp)nen is a

basis.

REMARK 4.27. Before giving a formal proof of the above Lemma we give a heuristic idea of
the reason that these projection operators must be uniformly bounded in norm.

Let ((an)nen, (bn)nen) and ((cn)nen, (dn)nen) be pairs of sequences in a Banach space B such
that (aj,br) = 0 and (cj,dy) = 0 for all j # k and (ay, by) # 0, (ck,di) # 0 for all k. Then each
pair can be normalised into a biorthogonal pair in the following way.

Define new sequences (An)neNa (Bn)nENa (Cn)nGNa (Dn)nEN by

A, = B bn

" <an)bn>7 " <an7bn>,
o o_ Cn D o_ dn,

! (cn, dn>’ ! (cnydn)

Our pairs of systems, ((An)nen, (Bn)nen) and ((Cp)nen, (Dn)nen), are both biorthogonal sys-
tems; we have performed a biorthonormalisation on the original pairs. But this does not mean

that they are necessarily normalised. Indeed it could be that one pair is normalised,
[An|[ = O(1) = [|Bul,

but the other is not,
[Cnll = O(e") = || Dnl|-

If (Ch)nen is a basis then when a function, u, is expanded in that basis the Fourier coefficients

are given by Lemma 4.25% as (u, D,,). Because ||C,| = O(e™), we require

b o)

As || D,|| = O(e¥) also, this puts quite a tight restriction on .

If (A;)nen were a basis and a function u were expanded in that basis then we require only

(u, By) = o0 @) |

As ||Bn|| = O(1), u does not have such a restriction placed upon it.
The result of Lemma 4.26 is essentially that the basis vectors are not just biorthonormalised
but that they and the sequence biorthogonal to them may be simultaneously normalised and

mutually biorthonormalised.

PrRoOOF OF LEMMA 4.26. The inner product is linear and continuous so the operator P, is

a bounded linear operator on B. Further the rank of P, is the dimension of the range of P,,
dim(span{f, : r € {1,2,...,n}}) <n

3As biorthogonal sequences need not be unique it might in fact be some other biorthogonal sequence (Ey)nen

instead of (Dn)nen. This is why the projection operators are essential in the statement of the Lemma.
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hence P, is of finite rank. This also shows @, is finite rank. We show that P,, satisfies the

definition of a projection operator:

r=1 \k=1

= > {f.06)fr b0) fr

rk=1

= Z<f’ ¢r>fra
r=1
by the biorthogonality of (fi)reny and (ér)ren,

=P,f.

As Qnf = (bn, f) fn, Qn is trivially a projection operator.

Assume (fy,)nen is a basis. Then Lemma 4.24 states that there exists a sequence (¢, )nen in
B such that the Fourier coefficients f may be expressed a, = (f,¥n) and ((fn)neN, (¥n)nen) is
a biorthogonal pair. Let f € Cfy, then

o

(o)=Y (Fonfr=f=Pf=(f.o0)h

r=1

& (f, 1) = (f, é1)-

Note that (g, ¥,) = (g, ¢,) = 0 for all g € span{f, : n € N\ {r}}. Assume that for f € span{fy :
ke {1,2,...,n}} we have (f,vr) = (f, ¢r) for each k =1,2,...,n. Now let f € span{fy: k €
{1,2,...,n+1}}. Then

n+1 0o n+1

STt =Y (f) o= f=Poaf = (f, o) fr

r=1 r=1 r=1

And <f71/]7“> = <f7¢r>

Hence, by induction, (f,¢,) = (f,¢,) for all r € N, f € B, so 1, = ¢,. Hence, by comparing
the limit of P, f, that is the expansion of f, with If we see that P, - I. That is

Jim [[(Py = D) f[| =0
hence sup,,cy [[(Pn — I) f|| < 0o and, by the uniform boundedness theorem we have that
sup || P, — I|| < oo,
neN

so P, is also uniformly bounded.

Now assume the projection operators P, are uniformly bounded in norm and (f,)nen is
complete. Let £ = span{f, : n € N}. If f € £ then there exists a natural number N such that
P,f = fforalln > N. We have that £ = B and sup,,cy || P || < 00, hence sup, ey || P, —I|| < oo.

Now for f € B we may choose a sequence (g, )nen in £ such that g, — f as n — oo and there
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exists a sequence (N, )nen such that P.g, = g, for all r > N,,. Then
lim [[(Py — I)f[| = lim [[(P; —I) lim gy|
k—o00 k—o0 n—00

= lim_[[(Pi — Dgu
,N—>00

= lim Hgk - gn” =0,
;M—00
as (gn)nen is Cauchy. Hence (f,,)nen is a basis and the Fourier coefficients are given by

an = P, f.

LEMMA 4.28. Let ((fn)nen, (0n)nen) be a biorthogonal pair in a Banach space 3. Then

Proor. We calculate the ratio

1Qué)ll _ 16 ) fall

But if f € B with || f|| = 1 then

This justifies the equality ||Qn| = ||énll||foll. By the definition of a biorthogonal sequence,
(¢n, frn) = 1 hence

[onlll[full = 1.
O

DEFINITION 4.29. A biorthogonal pair is said to be tame and have a polynomial growth
bound if there exist ¢, = 0 such that |Qn| < cn® for alln € N. If no such bound exists, the

biorthogonal pair is wild.

THEOREM 4.30. Let ((fn)neN, (0n)nen) be a biorthogonal pair and (fn)nen be a basis. Then
((fn)nen, (Pn)nen) has a biorthogonal growth bound with o = 0.

PROOF. By Lemma 4.26, the projection operators P, are uniformly bounded in norm. That
is, there exists M > 0 such that sup,,cy || Pnl| = M. Hence sup,,»s ||@Qn|| = sup,>o || P — Po—1| <
2M. Also ||Q1]| = ||Pi|| € M, so ||Qn]| < 2M for all n € N. So the polynomial growth bound
exists with o =0, c = 2M. (I

Theorem 4.30 may be used to show that a particular system is not a basis. Indeed, for a
given biorthogonal system, ((fn)nen, (¢n)nen), the norms of the projections @, may be calcu-
lated using Lemma 4.28. If this shows that the @), are not uniformly bounded in norm then
Theorem 4.30 implies that (f,)nen is not a basis. This method is applied in [14] and [16]. It is
also followed in the present work in Subsection 5.2.2, specifically Theorem 5.1 and its requisite
Lemmata 5.5 and 5.6.
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In this chapter we present the detailed analysis of two examples, both for ¢ = gy With

boundary conditions

Qx(oat) + qu(lat) =0or Qm(07t) =0,
Q(Ovt) =0,
q(1,t) = 0.

The second of these may be considered as the limit of the first as the coupling constant [
approaches 0. For each example we investigate both the homogeneous initial-boundary value
problem and the associated the differential operator.

For each example we break the analysis into major themes by section. In Section 5.1 we adapt
the standard notation used throughout the thesis to include a superscript 8 or 0 to distinguish
between the two examples. In Sections 5.2 and 5.3 each example has its own subsection so no
additional notational identification is necessary. At the end of each section we present a third
subsection comparing and contrasting the two cases. In the final subsection we also indicate
how the arguments presented in that section may (or may not) be generalised to higher order
and to other kinds of boundary conditions.

We conclude the chapter by comparing and contrasting all four of the calculations pre-
sented, discussing their relative usefulness and complexity. In the next chapter we discuss some

directions for further work, informed by the results of this chapter.

5.1. The problems and regularity

In this section we set up the boundary conditions to be investigated in this chapter. We
define the differential operators and the initial-boundary value problems we wish to discuss and
calculate some of the simple quantities associated with each. One set of boundary conditions is
coupled and the other uncoupled; we use these words to distinguish between the two problems
in this chapter but this does not imply our conclusions are true for all coupled or uncoupled

boundary conditions.

5.1.1. The differential operator

Let T?, respectively T?, be the differential operator of Definition 4.1 specified by n = 3 and

the boundary coefficient matrix

001800 001000
AP=10 0 0 0 1 0], respectively A=10 0 0 0 1 0], (5.1.1)
000001 000001

where § € R\ {—1,0,1}.
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The corresponding values of v, w defined by Notation 4.6 are
v=2, (5.1.2)

(5.1.3)

We also calculate

A(p) =ipy W (€0 4 B)(e TP — ),
§=0
2
respectively A%(p) = ipe' (w — w?) Z whe P, (5.1.4)
r=0

Note also that Condition 4.14 holds so, by Theorems 4.8 and 4.15 the PDE discrete spectrum

is equal to the discrete spectrum of the operator.

5.1.2. The initial-boundary value problem

We also study the homogeneous initial-boundary value problem associated with (T°%,4),
respectively (7°,4). That is the problem of finding a function ¢ € C*°(]0,1] x [0,7T7]) satisfying

the partial differential equation
@ () — quaa(z,t) =0
subject to the initial condition
q(z,0) = qo(x),

and the boundary conditions

A/B(f2(t)7 gQ(t)v fl(t)v gl(ﬂ? fO(t)ng(t))T = (07 0, 0)T>
respectively Ao(f2(t)7 92(t)7 fl( )7 g1 (t)) fO(t)uQO(t))T = (07 07 O)T‘

~~

As in the previous chapters, ¢o € C*°[0, 1] is a known function and the boundary functions are
defined by

fj(t) = a%Q(O’t)v gj(t) = 8%‘](1775)'

5.1.3. Regularity

The polynomials Plf and Qi , respectively PP and @Y, defined in Notation 4.6 are given by

Pl (p) = p, Pi(p) =1, P{(p) =0,
Q1(p) = Bp, Q5(p) =0, Q5(p) =1,
Pl(p) = p, Py(p) =1, P3(p) =0,
Q}(p) =0, Q5(p) =0, Q(p) =1,

and, using Notation 4.9, pg = 1.



5.2. THE SPECTRAL THEORY 114

The polynomials 771’8 ,Wg associated with TP, respectively W?,ﬂg associated with 7°, from

Notation 4.9, are given by

Bip ipw Bipw? 0 ipw 0O
Wf (p)=det | 0 1 0 respectively m(p)=det[0 1 0
1 0 1 1 0 1
= Bip(1 — w2)7 =0,
ip ipw Bipw? ip ipw 0
Wg (p)=det| 1 1 0 respectively mo(p)=det|[1 1 0
0 O 1 0 0 1
=ip(l —w). =ip(l —w).

Since 8 # 0, we find
deg wf = deg Wg = po,

hence the differential operator T satisfies the regularity condition of Definition 4.10 but, al-
though deg 7r8 = po, the differential operator TV is degenerate irregular.

The only difference between the coupled and uncoupled operators is the first boundary
condition, the top row of the boundary coefficient matrix. However it is clear that the operators
have very different behaviour; the first is regular while the second is degenerate irregular. This
difference is reflected in the spectral behaviour of the two differential operators, as is shown in
Section 5.2. The initial-boundary value problems also have very different properties. These are

discussed in Section 5.3.

5.2. The spectral theory

In this section we use Theorems 4.11 and 4.30 to decide whether the eigenfunctions of each
differential operator form a basis. We use only the methods of Chapter 4, the spectral theory of
differential operators, without appealing to arguments from the theory of initial-boundary value

problems.

5.2.1. Coupled

In Subsection 5.1.3 we showed that this differential operator is regular according the classi-
fication of Definition 4.10. This means that we may apply Locker’s Theorem 4.11 to see that

the generalised eigenfunctions form a complete system in Lo[0, 1].

5.2.2. Uncoupled

This differential operator is degenerate irregular so Locker’s Theorem 4.11 does not apply.

Indeed, we show the opposite:
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THEOREM b5.1. Let T be the differential operator of Definition 4.1 specified by n = 3 and the

boundary coefficient matriz A°. Then the eigenfunctions of T' do not form a basis in L?[0, 1}.1

The remainder of this subsection is devoted to a direct calculation to prove Theorem 5.1.

We break the proof into a sequence of lemmata:

LEMMA 5.2. Let T be the differential operator of Definition 4.1 specified by n = 3 and the

boundary coefficient matriz A°. Then the eigenvalues of T are the cubes of the nonzero zeros of
e + weP 4 2P, (5.2.1)
The nonzero zeros of expression (5.2.1) may be expressed as complex numbers o, woy, w’oy, for

each k € N, where Re(or) = 0 and Im(oy) > 0. Then oy is given asymptotically by

—iop=— | k+ = —I—O(e 7r) as k — oo. 5.2.2
= (+5) 522

LEMMA 5.3. Let T be the differential operator of Definition 4.1 specified by n = 3 and the
boundary coefficient matriz A and let (o )ren be the increasing sequence of positive imaginary

zeros of expression (5.2.1). Let
2
;T ;T2 ;or+1
ule) = 3 () e 529
r=0

Then, for each k € N, ¢ is an eigenfunction of T with eigenvalue ai’.
LEMMA 5.4. Let T and (o )ken be the differential operator and sequence of imaginary num-

bers of Lemma 5.8. Then:

o The adjoint operator T™* is the differential operator of Definition 4.1 specified by n = 3

and the boundary coefficient matrix

000100
A=10000 10 (5.2.4)
000O0O0°1
e The set of eigenvalues of T* is {—a,% ik € N}.
o Let
2
Yr(z) = Zefwakx (e*"‘”?““"k — e*iwml"’“) , keN. (5.2.5)
r=0

Then, for each k € N, 9y, is an eigenfunction of T* with eigenvalue —o} and there are

at most finitely many eigenfunctions of T* that are not in the set {1y : k € N}.
LEMMA 5.5. Let o, ¢ and 1y be the eigenvalues and eigenfunctions from Lemma 5.4. Let

_ k(@)
wile) = (5.2.6)

ISee also [52].
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Then there exists a minimal Y € N such that ((¢r)5y, (Vi)32y) 5 a biorthogonal sequence in

L?[0,1]. Moreover
cosh <g(—iak)> + 2cos (?(—w@)] -8 (5.2.7)

- (_1)k‘g§e¢3ﬂ(’f+é) +0(1) as k — oo. (5.2.8)

(Yk, dr) = 2cos (?(—iffk)>

LEMMA 5.6. Let o, ¢ and 1y be the eigenvalues and eigenfunctions from Lemma 5.4. Then

[nl” = ll6r]l? (5.2.9)
= 1 (sinh(—iak)[cos(\/g(—iak)) — 6] + V3 cosh(—ioy,) sin(v3(—ioy))

—10

+ 3sinh(2(—ioy)) — 3¢3 ) [eos (Y3 (—ioy) ) + V3sin (P(—iop)) | (5:210)

+3¢7 (—ion) [cos( 23 (—iog ) 35111( 23 (—iog )D

41 1 27
33 7(k+g) 2k
:‘[6—31+O ) usk s oo (5.2.11)

PROOF OF LEMMA 5.2. Equation (5.1.4) gives an expression for A(p) in this example. The-
orem 4.8 shows that the nonzero zeros of A are the n* roots of the nonzero eigenvalues of T'.

The right hand side of equation (5.1.4) is expression (5.2.1) multiplied by
ipe (w? — w),

so the nonzero solutions of equation (5.1.4) are the nonzero zeros of expression (5.2.1). If 0
is an eigenvalue of T then any eigenfunction ¢ associated with this eigenvalue must have the

properties

¢"(z) =0V ze€l0,1],
¢(0) = ¢(1) = ¢/(0).

It is trivial that no function, except the zero function, has these properties. Hence 0 is not an
eigenvalue of T.

It is shown in the appendix of [54] that the zeros of expression (5.2.1) lie on three rays
emanating from the origin, the rays z = iw"x, x > 0 for r = 0,1,2. Further, by the rotational
symmetry of equation (5.2.1), oy is a solution if and only if w"oy, is a solution for each r € Z.
Hence we define the sequence (0j)ren to be an increasing sequence of imaginary numbers, in
the sense that Re(o;) = 0 and Im(o4+1) > Im(oy) > 0, such that the set

{0, oy, wop, w?oy, - k € N} (5.2.12)

is precisely the set of zeros of expression (5.2.1).
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Under the condition —ioj, € RT, we now asymptotically solve
0 = % 4 ek 4 (261w 0k
— eio'k + % <_1 + \/g’l) e—%idkegio'k _1__% (_1 o \/gl) 6_%igk6_@i0k
= €% — 2¢731%k gin (@wk + g)
27
V3
ProOOF OF LEMMA 5.3. To show that ¢ is an eigenfunction with eigenvalue a,i’ we need to
show that ¢, is in the domain of T" and that 7¢y = ai’gbk. The latter is trivial; for k£ € N,

= —i0 = (k + %) +0 (e_\/g”k) as k — oo. O

2 3
. 2 . d .
T¢k(.’13) —_ (_Z')?) § <elw’"+ o _ elw’"“'lok) 1 36'Lwrcrkx
xT
r=0
2

= (—i)*(iop)" Zw?”" (ei“T+2“’“ — e"‘”TH%) e kT

r=0

= 02¢k($)

It is immediate that ¢;(0) = 0 and ¢x(1) = 0 so the second and third boundary conditions are

satisfied. We now evaluate

2
$%(0) = ioy, g w” (ewﬁ"k — e’w“"k)
r=0

2
= iop(w — w?) Z wh e ok
r=0
= eiiakA(Jk) =0,

the latter equality being justified by the definition of oy, as a zero of A. This establishes that,
for k € N, ¢y, is an eigenfunction of T" with eigenvalue a,?;.

Lemma 5.2 establishes that the only eigenvalues of T are the cubes of or. We have found
one eigenfunction for each eigenvalue of T'. It remains to be shown that there are no eigenvalues
of algebraic multiplicity greater than or equal to 2. Theorem 2.1 in Chapter 4 of [47] states
that the algebraic multiplicity of 02 as an eigenvalue of T is the order of o as a zero of the
characteristic determinant.? As A is entire, the order of o} as a zero of A is greater than or

equal to 2 if and only if

We calculate

&0 = e + WP 4 wel P,

2This theorem requires oy is nonzero but we established in Lemma 5.2 that 0 is not an eigenvalue of T'.
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But if A(p) =0 also then

0= e + we™P + w2e™ P,
=0=(w—w? (ei“’p - eiw2p>

= p=2kni Ik € Z.

But

\/ge_‘/gk7r k even,

A(2kmi) = /3
2 4+ /3e V3T [k odd,

which is strictly positive, hence 2kmi is not a zero of A for any k& € Z and every zero of A is

simple. O

PROOF OF LEMMA 5.4. The adjoint boundary coefficient matrix A* may be constructed
using the method presented in Section 3 of Chapter 11 of [10], particularly Theorem 3.1, but in
this case a direct calculation easily shows that 7™ is adjoint to T'.

The matrix A* is in reduced row echelon form so we may calculate A* using Definition 4.7:

2
A*(p) = ipe (w? — w) Zwre_w”
r=0

= ¥’ A(—p), (5.2.13)

where A is the characteristic determinant of 7. The argument in the proof of Lemma 5.2 may
be applied to establish that the set of eigenvalues of T* is {—o} : k € N}.

The final statement may be proved using the argument in the proof of Lemma 5.3. ]

ProOOF OF LEMMA 5.5. For any j,k € N,

0Dk 15) = (Thr, 1) = (Pr T*V5) = 03 (br, 15),

hence if j # k then (¢r,1;) = 0. Hence, provided there does not exist k& € N such that
(oK, ¥K) = 0, the eigenfunctions of 7" and T™ form a biorthogonal sequence. Indeed, by the
following asymptotic calculation there must exist some Y > 1 such that (¢, 1) # 0 for all
kE>Y.

As —io, € RT,

(5.2.14)
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Using equations (5.2.14), we calculate

(P, V) = / Ok (z)k(z

/ Z i(w fwl)o'kx ( z(w”’lfwl*'l)ak +e i(w H'270.)1""2)0;6

r,1=0

sooor+1, 142 sooor+2 141
_ez(w wto, ez(w w )O'k) dx
2
— _ § :(2 - ezwr(l—w)ak - e—sz(l—w)Uk)_
r=0
2 1
§ / eiwr(l—w)akx dx (einJrl(l—w)ak + eiwﬂrz(l—w)ak - ein+1(1—w2)ak - 1)
1

+/ ein(lfwz)ak:p dx <€iuf'*'1(170.)2)0';c + eiu.zr"'Q(170.)2)0';C . eiwr"'Q(lfw)o'k - 1) )
0
(5.2.15)

The first sum in equation (5.2.15) evaluates to the right hand side of equation (5.2.7). The
second sum evaluates to 0.

The asymptotic expression (5.2.8) follows from

cos (?(—ia;ﬁ) = (—1)k\§ + O(ke_‘/g”k).

O

PROOF OF LEMMA 5.6. The proof of equations (5.2.9) and (5.2.10) is a simple but lengthy
calculation and is omitted here in the interest of brevity. Equation (5.2.11) is justified by
applying the asymptotic approximation (5.2.2) to equation (5.2.10). O

PROOF OF THEOREM 5.1. By Lemma 5.5, the pair ((¢x)72y, (¥r)32y) is a biorthogonal
system. If Y > 1 then the sequence (¢;)7 ; is not complete as 1 ¢ Span{¢ : k > L}.
Certainly this implies (¢x)72 ; is not a basis.

Now assume Y = 1. This means that the projections Q; are well defined in Definition 4.23.
Using Lemmata 4.28, 5.5 and 5.6,

1Qkll = llowll 1Pl
llgel?
|(r, O:) |
36%(k+%) e~ Va¥

Hence the biorthogonal sequence is wild. Now Theorem 4.30 shows that (¢x)xen is not a basis
in L]0, 1]. O

Numerical evidence suggests that Y = 1.
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5.2.3. The limit 5 — 0

We may wish to consider the calculations in Subsection 5.2.2 as the limit 8 — 0 of such
calculations for the coupled operator. For concreteness, we specify 5 € (—1,0) and consider the
one-sided limit 8 — 07. Indeed, we may show that if o is a zero of Appg then w”oy is also a
zero of Appg and —oy, is a zero of Appp. We may express the zeros of Appg as the complex

numbers oy, woy, and w20y, for k € N where the oy, are given asymptotically by the expression

(k—%)ﬂ—l—ilog(—ﬁ)—i—O(e_ Skﬂ) k even,

7\/§k

5.2.17
(—k—%)ﬁ—l—ilog(—,@’)—FO(e 2 Tr) k odd. ( )

O =

With this definition of o the eigenfunctions of T' and T* are given by equations (5.2.3)
and (5.2.5) respectively. After a suitable scaling, the eigenfunctions of the operator and its
adjoint form a biorthogonal sequence. As above, the norms ||¢x|| and [[1)x]| are equal. The
difference is that, for 8 # 0, the fastest-growing terms in ||¢y|| cancel out so that, for large k,

3k

loell? = 0 (e F7K7) = (on, ).

This suggests that the biorthonormalised eigenfunctions,

o
VIk, Vi)

are in fact normalised in the coupled case whereas they are not normalised in the uncoupled
case, where their norms grow exponentially with k.

In the notation of Remark 4.27, the eigenfunctions of the coupled operator and its adjoint
are the sequences (an)nen and (by)nen whereas the eigenfunctions of the uncoupled operator
and its adjoint are the sequences (¢, )nen and (d,,)pen. For the coupled operator it is possible
to divide by sequences of scalars so that the eigenfunctions and adjoint eigenfunctions may be
simultaneously normalised and mutually biorthonormalised. Such an undertaking is not possible
for the uncoupled operator.

We may compare the positioning of the eigenvalues, the cube of each oy, between the coupled
and uncoupled cases. The big-O terms in equation (5.2.17) depend upon 3 but for any particular

B € (—1,0) there exists a sufficiently large R that we may be sure each annulus
{peC:R+knr<|p|<R+(k+1)r}, jeN

contains precisely six zeros of Appg. However if § = 0 then there exists a sufficiently large R
that we may be sure each annulus

47 4
ceC:R+k—=< <R+ (k+1)—,, j€N
{r <l <R kD)

contains precisely six zeros of Appg.

Numerical work suggests that for any particular 5 € (—1,0) the zeros of Appg are dis-
tributed approximately at the crosses in Figure 5.1. The red rays and line segments represent
the assymptotic locations of the zeros. The grey lines are D, the contours of integration in

the associated initial-boundary value problem. As § — 07, hence log(—f) — —o0, the red rays
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FIGURE 5.1. The asymptotic position of o, for g € (—1,0).

move further from the origin, leaving the complex plane entirely in the limit, so that the red

line segments emanating from the origin extend to infinity.

5.2.4. Comparison

It has been shown that the generalised eigenfunctions of the differential operator with coupled
boundary conditions form a complete system in L2[0, 1], but when the boundary conditions are
uncoupled the eigenfunctions do not form a basis. It was very easy to use regularity to conclude
that the generalised eigenfunctions form a complete system but to show that the eigenfunctions
of the degenerate irregular differential operator do not form a basis involved a lengthy asymptotic
calculation. The deep symmetry of the boundary conditions,® and the specific identities used,

make the argument of Subsection 5.2.2 an unattractive method for generalisation.

3Indeed, in the limit 8 — —1 the operator becomes self-adjoint.
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We consider one particular generalisation. Let n > 3 be an odd number with n = 2v — 1

and let the boundary coefficient matrices be

00 01000 0
00
A= Ot 9 (? I e (5.2.18)
0 0
(0, 1) v odd.

It is not hard to show that A* takes the opposite form to A in equation (5.2.18) but certain
steps become significantly more difficult. The eigenfunctions have a more complex form and
the proofs of Lemma 5.3 and the final statement of Lemma 5.4 become much more difficult,
requiring combinatorial arguments. The argument in the appendix of [54] does not generalise to
higher order so it can only be shown that Re(oy) — 0 which is insufficient for equations (5.2.14)
to hold and makes the calculations of Lemmata 5.5 and 5.6 significantly more complex.

Even the above generalisation of uncoupled boundary conditions still has a great deal of
symmetry. If general uncoupled (even non-Robin) boundary conditions are considered then this
symmetry is destroyed. This introduces further complication to proving equivalent forms of
Theorem 5.1.

5.3. The IBVP theory

In this section we use Theorem 3.50, Theorem 3.23 and a direct calculation to show that
both initial-boundary value problems are well-posed and show that only the solution of the
coupled case has a series representation. We use only the methods of Chapter 3, the theory of

initial-boundary value problems, without appealing to arguments from spectral theory.

5.3.1. Coupled

THEOREM 5.7. The initial-boundary value problem associated with (Tﬁ,i) 1s well-posed and

its solution admits a series representation.

PrOOF OF THEOREM 5.7. Using Notation 3.18, L = R = C' = 1. Hence Conditions 3.19
and 3.35 hold. To check Conditions 3.22 and 3.36 we write

R:{?’}’ E:{?’}a C:{2}7

r:3 2, [:3—1, c:2+ 3,
3—J

12, =11-3j

2—-7
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We also define I; to be the identity transformation on {1}, the only element of S;. For Condi-
tion 3.22, k = 1 so we must check that
Z sgn(o)w 200 (5.3.1)

o€S3:
(Jvl)esl Tj I

is nonzero. However (o,1) € Si,,, if and only if 0(2) € {1 — 4,2 — j} so expression 5.3.1
evaluates to
W w b —w b —w T+ w?) = w¥(w—w?) #0.
For Condition 3.36, £k = 0 so we check
Z sgn(o)w 2B = ¥ (1 — w?) £0.
o€Ss3:
o(2)=7;(2)

As n is odd, the boundary conditions are homogeneous and non-Robin, Conditions 3.19
and 3.22 hold and Conditions 3.35 and 3.36 hold, Theorem 3.50 guarantees the initial-boundary

value problem is well-posed and that its solution admits a series representation. O

5.3.2. Uncoupled

THEOREM 5.8. The initial-boundary value problem associated with (TV, i) is well-posed but

its solution does not admit a series representation.

Proor. Using Notation 3.18, L = 1, R = 2 and C = 0. Hence Condition 3.19 holds. To

check Condition 3.22 we write

R ={3,2}, L= {3},
r:3— 2, [:3—1,
3—J
r:2—1, =1-j
2—-7
We check
Z sgn(o)w™27G) = L2 (W? —w) £ 0.
oES3:
o(1)=7;(1)

As n is odd, the boundary conditions are homogeneous and non-Robin and Conditions 3.19
and 3.22 hold, Theorem 3.23 guarantees Assumption 3.2 holds which, by Corollary 3.31, guar-
antees the initial-boundary value problem is well-posed.

Because R > v — 1, Condition 3.35 does not hold so Theorem 3.37 does not apply. Indeed,
in this example we show that Assumption 3.3 does not hold. From its definition in Lemma 2.14,

we calculate the reduced global relation matrix,

ca(p)  calp)e™ ci(p)e "
Alp) = | ca(p) calp)e™?  cr(p)we™™? |,

calp) ca(p)e™™P cr(p)wiem
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hence its determinant,
Appi (p) = ipw® —w) Y w'e™’?,
and the functions

Glp) = ip(w? = w) YW Go(w p)e?,

r=0
2
. r+1 . r42
CQ(P) = Z.,OZ@O(O)T,O) (wr+1€_’w tlp w7”+2€—zw + p) :
r=0
G(p) = ZPZ do(w"p) ( w2 ,Lwr+1p) ’
r=0

Ca(p) = ¢5(p) = Cs(p) = 0.

As a =i, the regions of interest in Assumption 3.3 are

~ 25 — 1 27
EjQEj:{pEC:(‘]?))?T<arg(p)<§T}.
We consider the particular ratio
G(p) =
—_— € Es. 5.3.2
APDE (,0) P 2 ( )

For p € E,, Re(iw"p) < 0 if and only if = 2 so we may approximate ratio (5.3.2) by its
dominant terms as p — oo from within Eg,

(do(p) — do(wp))e™™"° + Go(w?p) (e~ ™# — e~1#) + o(1)
(W2 —w)etr 4+ (1 — w?)eiwr + o(1)

We expand the integrals from the g in the numerator and multiply the numerator and denom-
inator by e~*” to obtain
i f ( ip(1—x) _ pip(l—wz) _ pipw?(1—x) 4 e—ip(%—w%)) Go(x)dz + o (elm(wp))
V3(eir(19) 4 w) + o (elm(wr))

(5.3.3)

Let (R;), en be a strictly increasing sequence of positive real numbers such that p; = R; et €
By, R; is bounded away from {%(kz—i— 3) 1k € N}*and R; — oo as j — oo. Then p; — oo from
within E. We evaluate ratio (5.3.3) at p = pj,

V3R; . R;
i fo <2ze2] 2= 2" sin (@) — e Ri(1=2) (1 — e‘/gRﬂ)> do(xz)dz + o <e_2]

V3(eV3Rii 4 w) 40 (e_P;j>

> . (5.3.4)

The denominator of ratio (5.3.4) is bounded away from 0 by the definition of R; and the nu-
merator tends to oo for any nonzero initial datum. This establishes that Assumption 3.3 does

not hold which imples that there is no series representation of the solution. O

40f course this is guaranteed by p; € Es and the asymptotic expression (5.2.2) for o, but by adding this

condition explicitly we avoid having to resort to Lemma 5.2
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REMARK 5.9. In the proof of Theorem 5.8 we use the example of the ratio % being
unbounded as p — oo from within Eg. It may be shown using the same argument that %ﬁp)
is unbounded in the same region and that both these ratios are unbounded for p € Es using

pj = RjeillT?r for appropriate choice of (R;);en. However the ratio

Glp)  2jest Gilp)
Appe(p)  Appe(p)

is bounded in El = E7 hence it is possible to deform the contours of integration in the upper
half-plane. This permits a partial series representation of the solution to the initial-boundary

value problem.

5.3.3. Comparison

We recall that Condition 3.19 requires that appropriate numbers of boundary conditions be
specified at each end of the interval and that Condition 3.22 requires that n particular quantities
be nonzero. The pair of Conditions 3.19 and 3.22 is easier to check than the direct calculation
presented in Example 3.14. This is because they focus only upon the exponentials appearing
in Appg, meaning that only n + 1 checks must be performed (one to ensure R and C take
appropriate values and one for p in each EJ) whereas the direct calculation of Example 3.14
requires n? checks (one for each (j in each EJ) although only one is presented in that example.

The disadvantage of using the pair of Conditions 3.19 and 3.22, or the pair of Conditions 3.35
and 3.36, is that they are not known to be necessary. So when they fail, as in our uncoupled
example, a direct computation is still required. To show the failure of Assumption 3.2 or 3.3
only a single counterexample is required so the direct computation is more suited to proving
that a problem is ill-posed or that the solution of a well-posed problem does not a have a series
representation than proving the positive results.

The proofs of Theorems 5.7 and 5.8 generalise quite easily to other examples, at least on
a case-by-case basis. They may even be proven for the example of boundary coefficient ma-
trix (5.2.18) for arbitrary odd n but more care must be taken with the asymptotic argument in

the second part of the proof of Theorem 5.8.
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Conclusion and further work
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6.1. Conclusion

In this work, we have discussed the mutual interaction of two conceptually separate ap-
proaches to the study of linear differential operators and linear partial differential equations.
The derivation of characterising conditions and results in one context can be transferred to con-
ditions and results in the other. In some cases, one approach emerges as preferable, because it
is simpler or more exhaustive.

Although the use of Conditions 3.19, 3.22, 3.35 and 3.36 is easier than a direct verification
of Assumptions 3.2 and 3.3, derived in the present work, it is still significantly easier to check
Locker’s regularity conditions, Definition 4.10. Hence, if a boundary value problem is such
that Theorem 4.15 holds then Locker’s regularity conditions are useful as they suggest that the
solution has a series representation without having to construct £, R and C. Thus the study of
an ordinary differential operator informs the study of its associated boundary value problems
on partial differential equations.

However the calculation in the proof of Theorem 5.8 is far simpler than that in the proof of
Theorem 5.1 and, as discussed in Subsections 5.2.4 and 5.3.3, it generalises more easily. This
suggests that the study of an initial-boundary value problem on a partial differential equation

informs the study of the ordinary differential operator with which it is associated.

6.2. Open problems

Below, we detail a few problems left open by the preceding chapters. This is not intended
to be a complete survey of such problems but a sample of those that the author considers to be

of greatest interest.

6.2.1. Eigenvalues

Theorem 4.15 gives sufficient conditions for the PDE discrete spectrum to be precisely the

zeros of the characteristic determinant, that is the nth

roots of the discrete spectrum, of the
associated ordinary differential operator. In Subsection 4.2.2 we discuss attempts to extend this
result to arbitrary boundary conditions, observing that there are no known counterexamples.
The proof of Theorem 4.15 actually gives a stronger result than the theorem states; it is
proven that A and M have the same columns as one another. An immediate corollary of this is

that under the conditions of Theorem 4.15
Appg (p) = Xp¥eZPA(p) IX eC\{0}, 3IYez 3ZecC. (6.2.1)

This means that the nonzero zeros of Appg are precisely the nonzero zeros of A and each
zero is of the same order in both determinant functions. By Theorem 2.1 in Chapter 4 of [47]
this gives not only the eigenvalues of 1" but also their algebraic multiplicities directly from the
initial-boundary value problem. Therefore, it is reasonable to call Appg the PDE chracteristic
determinant for initial-boundary value problems such that equation (6.2.1) holds. We make the

following
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CONJECTURE 6.1. Equation (6.2.1) holds for arbitrary boundary conditions of any order.

In the third order this conjecture has been established for all non-Robin boundary conditions
but it was necessary to investigate many sets of boundary conditions individually. A general
argument that does not require symmetry conditions has thus-far been elusive.

It has been shown that equation (6.2.1) holds for general Robin boundary conditions but
the symmetry condition has not been removed. For Robin boundary conditions, the symmetry
condition becomes very complex to express. Completely removing the symmetry condition is a
topic of current research. The zeros of the two characteristic determinants are of great interest
in their respective problems and to show that the zeros are the same and of the same orders in

general would be of great utility.

6.2.2. Regularity conditions for well-posedness

In Example 3.24 we derive necessary and sufficient conditions for well-posedness of the initial-
boundary value problems associated with (7',7) and (7', —i) where T is the third order operator
with pseudo-periodic boundary conditions. In the second row of Table 1 on page 134 we note
that these conditions correspond to the polynomials 71 and 7y from Notation 4.9 not being
identically zero. The same result holds for simple boundary conditions, as is shown in Table 1.

It would be interesting to know if this correspondence extends to arbitrary boundary conditions:

CONJECTURE 6.2. For any differential operator T', my = 0 only if the initial-boundary value
problem associated with (T,1) is ill-posed and mg = 0 only if the initial-boundary value problem

associated with (T, —1) is ill-posed.

If this conjecture is true then it gives even simpler conditions for well-posedness of an initial-
boundary value problem. Even if it holds only for odd order initial-boundary value problems
with non-Robin boundary conditions, problems whose well-posedness may already be checked
by Conditions 3.19 and 3.22, it is still gives a much easier check for well-posedness than the

existing conditions. Indeed, a related conjecture is:

CONJECTURE 6.3. Let T be an odd order differential operator with non-Robin boundary

conditions. Then

e deg(m) = po if and only if Conditions 3.19 and 3.22 hold for the initial-boundary value
problem associated with (T, 7).
e deg(my) = po if and only if Conditions 3.19 and 3.22 hold for the initial-boundary value

problem associated with (T, —1i).

6.2.3. Rates of blow-up

There is a further suggestion of a link in the comparison of the two calculations for the
uncoupled case in Chapter 5. In the proof of Theorem 5.8 we require that the R; are bounded

away from the set {%(k + £) : k € N}. Consider what happens in the limit where this bound
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approaches 0; let each R; = %(] + %) + X and consider the limit X — 0. Then the ratio of the
dominant term in expression (5.3.4) to R; is given by
(_l)jeigeﬁ(ﬁ-é)
V3r(i+ §)

which is a scalar multiple of the dominant term in equation (5.2.16) hence these two quantities,

(6.2.2)

one from operator theory and the other from the study of the IBVP, have the same rate of
blowup. This suggests that the (greatest) rate of blowup of the integrands
1 (p)
AppE (p)
Gilp)
Appe (p)
of Assumptions 3.2 and 3.3 is equal to the rate of blowup of ||Qk]

— 0 as p — oo within DF and

— 0 as p — oo within Ei,

In the following, we work towards a formal statement of the above conjecture. In order to do
so, we make several other conjectures. We assume that every zero of Appg is of order one. This
assumption may not always hold but it is expected that any result obtained under it may be
extended to the general case. The function of this assumption is to simplify residue calculations
and to ensure that each eigenvalue has a unique (up to scalar multiples) eigenfunction. We
define the

NOTATION 6.4. Let (0y)ken be a sequence containing all the nonzero roots of Appg (p) =0
within the sector 0 < argp < 2% precisely once such that o < og41 for all k£ € N.

Then we have

THEOREM 6.5. If a series representation may be obtained by the methods of Chapter 3 (the
decay assumptions both hold) then, for each k € N, the function

E w” lim _Uk e ok g ¢(w'oy)
POk J

AppE (p)
= PDE ( et

+Zwr plgglk <_0k> ¢ ok(@=1) Z Gi(w'or) (6.2.3)

AppE (p) =

s an eigenfunction of the ordinary differential operator T'.

This theorem is not stated in Section 4.3 but it is implicit in the proof Theorem 4.18.
Indeed, its proof requires only an evaluation of the function ¢, in the original proof, observing
that Appg (w"p) = Appg (p). The difficulty is in choosing the correct sector in which to specify
the sequence (o )ken-

On its own the above theorem is not particularly helpful as there may be any number of
eigenvalues and eigenfunctions of T' that do not appear in the series expansion. We conjecture

that we may extend Theorem 6.5 to an equivalence:

CONJECTURE 6.6. Under the conditions of Theorem 6.5, the functions (6.2.3) are the only

etgenfunctions of T .



6.2. OPEN PROBLEMS 130

The essential missing link in the proof of this Conjecture 6.6 is Conjecture 6.1. We assume

this is the case and proceed with a proof.

PRrROOF OF CONJECTURE 6.6 UNDER AN ASSUMPTION. Under Conjecture 6.1, the nonzero
zeros of A are precisely the nonzero zeros of Appg. Further, if o #£ 0 is a zero of Appg, then o
has the same order in both A and Appg hence, as we assume all the zeros of Appg are of order
one, o is of order one in A. Then, by Theorem 2.1 in Chapter 4 of [47], ¢™ is an eigenvalue of
T with algebraic multiplicity one. Now, as there are no eigenvalues that are not nonzero zeros

of A, there can be no eigenfunctions other than the ¢y. ([l

So far, we only have results when a series representation of the solution exists but we are
primarily interested in the case where one of the initial- or final- boundary value problems are

ill-posed, that is where a series representation does not exist.

CONJECTURE 6.7. Theorem 6.5 and Conjecture 6.6 both hold even when the initial- or final-

boundary value problems are ill-posed.

This conjecture is certainly true for the only example investigated in the thesis—the uncou-
pled example in Chapter 5.

Let T™* be the adjoint operator to 1. Then the boundary value problems associated to T
have PDE characteristic determinant A, whose zeros are given by the sequence (0)ken,

defined as in Notation 6.4. Then, by conjecture 6.7, the eigenfunctions of 7™ are

Zwr lim (p) g Z G (o)

p—0j; PDE

jeJt
n—1
roq: p— w"or(x—1)
+ w" lim < > i C(w'oy). (6.24
Z p—or \Abpg (P) Z ! 2 )

JjEJ~

We require one further conjecture, regarding the asymptotic position of oy.

CONJECTURE 6.8. Let T be such that at least one of the initial-boundary value problem
associated with (T,1) and the initial-boundary value problem associated with (T, —1i) is well-posed.
Then either

Case 1: There exist X,e >0, Y € R and 6 € [0, %’r) such that

or=(Xk+Y)e" +240(e™%) ask — oo, (6.2.5)
or
Case 2: There exist X,e >0, Y1,Y2 €R, 01 € [0,7) and 05 € [T, %”) such that
oop = (Xk4+Y1)e" + 24+ 0(e™%)  as k — oo, (6.2.6)
Oops1 = (Xk +Y2)e? + 2+ O(e™F)  as k — oo. (6.2.7)

The above conjecture is not a great strengthening of the results that follow immediately from
the distribution theory of zeros of exponential polynomials [42]. Certainly the oy fall within
one or two semi-strips and are asymptotically regularly spaced, we are only strengthening this

from semi-strips to rays. It is a further conjecture that Case 2 holds if and only if the series
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representation exists and Case 1 holds if and only if precisely one of the initial-boundary value
problems associated with (7',4) and (T, —i) is well-posed.

If both the initial-boundary value problems are ill-posed, for example all boundary conditions
at the same end, then it is possible that neither of these cases hold but we are not really interested
in that situation. Indeed, Examples 10.1 and 10.2 of [48] show that the discrete spectra of such
problems may be empty or the entirity of C.

Finally, we formally state our original conjecture.
CONJECTURE 6.9. The rate of blow-up depends upon the location of the eigenvalues.
Case 1: Let
pe(8,0") = (Xk+Y +6)e? + 2. (6.2.8)

Then there exists some W € C\ {0} such that

<H<<75q1;’||\7\f1§\\)
lim Bk =W +0o(1) asp— oo, 6.2.9
50 sup ( &ilox(3,0")] > (L) asp (6:29)
jef1,2,...2ny \ApDE [pk(6,0")]pk (6, 0)
L 0'ev i
where V is the interval [0,Z) or [Z,2%) which contains 0/ and & = ¢ or & = n;, whichever is
appropriate for the given V' (this will depend upon a).
Case 2: Then
H%HH%H)
— | =0(1) ask— 6.2.10
(i) =0 6219
but the ratios Agljj(]f)(p) and Ag)(]f)(p) decay as p — oo from within D and E respectively.

Case 1 is the interesting part. In the denominator we ensure pp — oo at the same rate as
o but we allow pg to lie on a different ray to o. The reason ¢ appears in the expression is
to ensure that pj € E. If the optimal 6" # 6 then it is unnecessary; we may take 6 = 0 before
evaluating the ratio. So in the denominator we essentially have the ratio

Gi(og)
Appg (07,)

where ), is some rotation of o) about z. In the uncoupled example of Chapter 5 this is precisely
what happens as § = § but an optimal value of 0’ is {5.

Towards proving Conjecture 6.9, we hope to show that:

e 0 is always the mid-point of the interval V.

e The optimal values of 0’ are always

min(V) + 6 max(V) + 6
min(Vj+6 . max(V)+6
2 2
e 0 = —0}, but some rotation is necessary to ensure oy, lies in the correct sector.

Abpg (p) = Appg (—p).
[ rll = [l Pwll-
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Certainly ¢ and 1, are each essentially linear combinations of terms of the form

Gilow)
AppE (0%)’
hence the product of their norms is

The inner product is also
_ -

0 ( Gilow) )
AppE (%) |

Any argument we attempt along the lines of cancelling these two is not only unrigorous but

incorrect. Indeed, for the uncoupled example of Chapter 5 we find that in fact the inner product

0 [ Gilow) }
AppE (o)
Hence it is necessary to evaluate the eigenfunction norms and inner product directly.

is
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B.1. Standard theorems

Here we list some standard mathematical results. The first three are well-known and the
fourth is not obscure. They have in common that they do not fit into the areas of mathematics
covered by this thesis but are necessary fundamentals for those topics. We list them, without

proof, to remind the reader of the results.

THEOREM B.1 (Green). Let Q be a simply connected open set in R? whose boundary, 05,
is a positively oriented piecewise smooth, simple closed curve. Let F,G : Q1 — C be continuous

functions with continuous partial derivatives. Then

oG  OF
Fdz+Gd :// <—> dz dy.
/m( y) N\ar 3y y

This theorem originally appears appears in [34]. It is used in Section 2.1 to obtain the

‘global relation’, an essential step in Fokas’ unified transform method

THEOREM B.2 (Cramer’s rule). If the square matriz A is full rank then the equation
Ax =y

has solution
i det Aj

T =
7 det A
where Aj is the matriz A with the G column replaced by the vector y.

A proof is given in [50] but it may be found either as a result or an exercise in any first
textbook on linear algebra. This theorem is used in Section 2.3 to solve a full rank system of

linear equations which is obtained in Section 2.2.

LEMMA B.3 (Jordan). If the only singularities of f : C — C are poles then, for any a > 0,
lim exp(iaRe?) f(Re?) df = 0.
R—o0 0
A trivial corollary is the following:

If the only singularities of g : C — C are poles then

™

lim [ exp(iaR"e™?)g(Re'?) do = 0.

R—o0 0

It is the above corollary to Jordan’s Lemma that we make use of in Section 3.1 of this thesis.

A proof may be found in any introductory text on complex analysis.

THEOREM B.4 (Langer). Consider the exponential sum
n
f(z) =) Pe”,
j=1

where the coefficients P; € C\ {0} are constant and the \j € C are all different. Let A be the
indicator diagram of f, the closed convex hull of the complex conjugates of the \j. Assume the \;
are not collinear, then A is a convex polygon in C with N < n vertices. For each k =1,2,..., N,

define Ly, to be a unique edge of A and let I, be the length of Ly. Then there exists some r > 0,
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sk > 0 such that all zeros of f outside B(0,r) lie in N semi-strips, S, perpendicular to Ly and
of width si. Further, as R — 0o, the number of zeros of f within B(0, R) N Sk is asymptotically
given by
2R
o
This result appears as Theorem 8 of [42] and is proved in the preceeding Section 9 using
a simple geometric argument. The same result is obtained by analytic means and given as the
final Theorem of [41]. The result also appears on page 298 of [45] as a corollary to Theorem 8
of Chapter 6. The distribution of zeros of exponential polynomials is of particular importance

in understanding the discrete spectra of differential operators; the result is used in Chapter 5.

B.2. Proof of the discrete series represen-

tation

In this section we establish the following:
e Evaluate Iy for k € {2,3,4,5} via a residue calculation.
e Verify that I;— (remaining integrals) = 0.
e Show that ¢ is independent of the final function, gr.
The following fact will be used repeatedly to replace ¢r with ¢o. For all £ € N and for

j=1,2,...,n, the function

. — " Ty,
Cj (p)ApZEp(p)nj () is entire. (B.2.1)

Indeed, the t-transforms of the boundary functions are entire, as are the monomials c;, hence
the product of a t-transform and a monomial ¢; is also entire. Equation (B.2.1) is then justified

by equation (2.3.4).

1. ke K™

We concentrate first on the integrals in the lower half-plane. For k € K~ we note that, by
adding the entire function (B.2.1),

P(p)

P(p)e "™
rp Appe (p)

rp Appg () S [ Tni(p) — e ni(p) + i(p)] dp

jeJ—

— [ LW > Glp)dp.

ro Appg (p)
J

> nilp)dp=

jeJ-

We observe that

P(p) _ P(p) A
/F 7) Z Gp)dp = /k T) Z Gi(p) dp,

pure Appe (p
J
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as we integrate along the diameter that divides D~ from E~ once in each direction so the

contribution from this section of the contours FkD and I’ kE cancels out. We conclude for k € K~

D 6a"T
ZC] )dp + Man(p)dpz Zég

e APDE ro Appg (p) = Ty APDE
(B.2.2)
2. ke K"
A similar calculation may be performed in the upper half-plane; for k € K+
P(p)ess"T
Gloydp+ | S S n(p)dpo = Glp
e APDE Z ! ro> AppEg (p) j;; ! Ty APDE ; !
(B.2.3)

3. ke Kp

We now turn our attention to the integrals whose contours touch the real axis but do not pass

through 0. Using fact (B.2.1) once again,

P
> nilp)dp —/F

rp Arpe(p) S5

Z@ )dp,

D APDE Pt

but for the contours in the lower half-plane we must be more careful. We rewrite

/rE APDE Z il /FE APDE Z Gilp

jeJt

[ Al e S G- X G| e

e A
P APDE P jer- jea+

Hence for k£ € K g

el T
Z Glpydos [ B > nilp)dp

B A p A
rz AppE ( ro Appg (p) o

= &ZCJ()d—F

e P dp, (B.2.4
r, AppE (p) r5 APDE 2 Gl = 2 G| dp )

jeJt jeJ— jeJt

cancelling the integrals in each direction along the real interval (o} — €k, o + €f).

4. k e K§

For the contours in the lower half-plane

P e‘”’nT
FkD PDE \P jE PDE jeg-
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and for the contours in the upper half-plane
)dp = /
/FE APDE GEJ; (o) dp rZ APDE GEJ: Gl
0 S e s g
FEAPDE |:€J+ ]€J7
Hence for k € K g
Z Gp M Z ni(p)dp
e Beon 2 90% [ i 2
ﬁ(p) -
_ Ci(p)dp + ¢ilp i Ci(p)| dp. (B.2.5)
Tk Appg (p) jGZJ ! rp APDE ezﬁ / jg /
5. k € Kq;
Similarly to the above,
P(p)eer"T
Gilp ~ n;(p) dp
/r+ APDE ; ! r- AppE (p) jezj i(P)
P(p) Z P(p _
= | oo 2 G det | o e Y Glo) = Y Go)| dp. (B26)
r. ApDE (p) Pyt T APDE (p) bt Pyt

6. k=0

We now investigate the integrals whose contours pass through 0. We use fact (B.2.1) to
obtain following identities:

P(p)etr" T
—~ i(p)dp = Ci(p) dp,
/1:\0D+ APDE (p) j; UJ(P) p FD+ APDE ; J p
P(p)eer”
n;(p)dp = Gilp
ro- Appg (p) j;:_ () APDE ;:_ J

Putting these equations together we obtain

P(p)e™" ™
)dp + / R (p)dp = p)dp,
et APDE Z o) dp ro+ Appg (p) jezﬁ ni(p) 4o g APDE ezﬁg g
(B.2.7)
P(p)eer"T
ydp+ [ (p)dp =
APDE Z Gilp)dp ro- Appg (p) Z ni{e) dp ro APDE ZCJ
jeJ 0 JjeJ
(B.2.8)

We combine equations (B.2.7) and (B.2.8) in different ways depending upon the values of n and
a, as detailed in the following paragraphs.
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1. n odd, a=1i. Then

P(p)ear"T
Z o /r? A(P/’)])DE (p) 2 i) dy

APDE =
= Gilp ' Glp G
ré APDE Z ! r$ APDE { EZJ ! jezﬁ 3(e)
(B.2.9)
From equations (B.2.7) and (B.2.9) we obtain
P(p) P(p)e™
dp + i(p)d
F(])E+ APDE (p) j;r Cj( ) FD+ APDE (p) ; 77] (p) p
P(p)ei"T
i(p)d
rE- APDE Z Gle rb- AppE (p) jg ni(p)dp
P(p) 3 Plp) | -
= Gi(p)dp+ e Z Glp Z Gi(p)| dp. (B.2.10)
ro AppE (p) £ r; Appe (p) byt Pyt

We now use equations (B.2.2), (B.2.3), (B.2.4) and (B.2.10) together with equations (3.1.9)-
(3.1.12) to write

Si= Y PO S~ cipdor S P S~ ¢y ap

P e JrArpe(p) £ e I Beoe(p) £
uﬁf{%ﬁfg’? UKD UKE™
—ip . _ . d
{z ot } -l { > G0 z <j<p>]
keKR jeJ jeJt
d + / d B.2.11
APDE by + APDE GZJ Gilp)dp- )

We rewrite the last term as

Plp) | - o |
/APDE Z Gilp)dp+ & Appe (p) |:e g Z Gi(p) Z CJ(P)] dp,

J+ JEJ~ JEJT

hence equation (B.2.11) as

P(p)
Sh= % S G+ S / S Glo)dp
1=2 keK+ r,. Arpe (P) jet keK APDE JET~
ukDPtUKRET UKD UKE™
UKRU{0}

AS for Lo [ s S o0 St ] pa1

jeJt
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2. n odd, a = —i. Then

P(p)e """
/FE+ APDE Z o /g+ AppE (p) 2 mlo)d

jeJ+
P(p) e
Gi(p)dp + /
re— Appg (p) j; i(7) rb- APDE Z}:
— Cilp / Cilp)—e S Ci(p)| dp. (B.2.13
T'o APDE Z ! ri APDE ezﬁ ! JGZJ: ! )

Using a similar argument to that above we write

P(p)
D= > Y Gloyde+ D] / 3 Gloyde
P vl o Arpe(p) Py v I Arpe(p) =
ukPtukE" UKD UKE™
UKRU{0}
—e ; dp. (B.2.14
{kezl;n{/ /I“Jr /} APDE {;CJ Z Cj(p)] p- )
JjeJ
3. n even, a = +i. Then
Z ¢i(p / Plp)e” > milp)dp
et APDE ! rot Appg(p) !
jeJT
P(p)eer"™
(p)d
e~ APDE Z Glo Fé’_ Appr () Z:_ ni(p) 4o
jeJ
1
2 Jr, APDE Z Gl To APDE Z %
1 P(p
2 e N Cilp Gp)| d

+1 {Z Glp)—e Cj(p)] dp. (B.2.15)

+ A
ry Ao (p) | S jeJ-
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We may now write

P
S = /rk / AP;}%ZQ(M@

=2 kEK"’ jeJ+t
Dt et

UK UK
UKE

- Z /I‘k /I‘o APDE Z Glp

keK— JjeJ~
UKD UKE
N heah b X ke
P(p
Ai e Glp) = > Glp)| dp. (B.2.16)
PDE jeJ— jeJt

Sn= Y P(p)@)ZCj(P)dP'i’ > ZCJ

A A
=2 kek® | e PRV je keK— r APDE ( jed-
D E D™ E—
UISKRbJﬁ)'} UK UK
—i
+ E /_ /_ / APDE e ' E Glp E Gp)| dp. (B.2.17)
keEKR jeJ— jeJt

Cancelling the remaining integrals

The following lemma deals with the last term of equations (B.2.12), (B.2.14), (B.2.16)
and (B.2.17).

LEmMA B.5. For any choice of boundary conditions

D Glp) —e > (i(p) = Appe (p) [QO(P) + (1@) — 1> H(p)} , (B.2.18)

jert jea- APDE
where
Hip)= 3 cilphze(p) = e S es(o)h (o),
jeJT jeJ~-
where j*, j_, j;r and :]\; are from Notation 2.12 and h;j are the boundary data from equa-
tion (2.1.3).

PROOF. Using Definition 2.19, we expand the left hand side of equation (B.2.18) in terms

of u(p,l) (the linear combination of transforms of the initial and boundary data defined in
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equation (2.2.18)) and rearrange the result. To this end we define the matrix-valued function
Xl . C — ctr=Dx(n=1) entrywise by

(X" sr(p) = Agsst) 15 ()

where (s+1) is taken to be the least positive integer equal to s+ modulo n and (r+ j) is taken

to be the least positive integer equal to 7 +j modulo n. So the matrix X'/ is the (n—1) x (n—1)

(&%)

whose (1,1) entry is the (I + 1,7 + j) entry. Then

submatrix of

n

Gilp) = u(p,1)det X" (p). (B.2.19)

=1
Using equations (2.3.1) of Definition 2.19,

S Gl =D Glp)

jeJt jeJ—

= 2 020G+ D cwr1/2(0)4n(p)

j:J; odd j:J]'- odd

—e Y e pdG)+ D enplp)Ginlp)

j:J; even j:JJ’. even

= X e vp®G + D cwna) [ﬁxp)—zﬁjk&(p)]

T -
j:J; odd j.Jj odd

—e | S e pG+ Y ) [wmkmw]  (B220)
j:Jj even j:JJ’v even

and, by equation (B.2.19), the right hand side of equation (B.2.20) equals

n n

> ulp,1) > cumnplp)det X — " C(J]/.—l)/Q(p)ZA\jkdetle

=1 j:J; odd j:J]( odd k=1

—e Y eqpp)det X = Y cpn(p) Y Ajpdet X1

j:Jj even JiJ} even k=1
ho(p) — "t , .
+ > cr-1)2(P)hi(p) —e > ¢y 72(P)h(p)-
j:JJ/. odd j:JJ’. even

If j is such that J} is odd then j = jﬁ and r = (J; —1)/2 for some r € J* and if j is such that
J} is even then j = j; and 7 = .J} /2 for some 7 € J~, so the right hand side of equation (B.2.20)
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equals

n

:Zu(p,l) Z C(Jj_l)/Q(p)detle_ Z C(J]{_l)/?(p) Z gjkdetXU

=1 j:J; odd j:J5 odd k:Ji odd
J k:Jy even

—e | N e plp)det X — N ¢y /2(p) Y Ajrdet XY || 4+ Hp).

j:Jj even j:J! even k:J odd
J k:Jg even
In the line above we have split the index set {1,2,...,n} for the sums over k into two sets. We

now seperate the sums for these sets, in the process interchanging the dummy variables j and k

in the final two sums on each line, rewriting the square bracket as

S e = D0 cunp@A e > ey a(p)Ar; | det X1
J:Jj odd k:Jj odd k:Jj even

+ D | —enp@e™ = D cu—np@Aki+e D ey pp)Ar; | det X
j:Jj even k:J}, odd k:Jj, even

(B.2.21)

We now change the dummy variable k£ in the sums of expression (B.2.21). For k such that
J/ is odd we may define 7 € J* such that r = (J, —1)/2 and k = J,©. Then, by the definition
of the reduced boundary coefficient matrix (2.2.20),

A, = iz Jiodd:
=
ﬁfj 7,2 Jj even.

Similarly, for k such that J; is even we may define r € J~ such that r = Ji./2 and k = j;_.
Then
gkj _ OF (1,-1)/2 J; odd,
ﬂj; 7,/2 J; even.

This and the definition of the reduced global relation matrix (2.2.19) allow us to write

o~

cmn2p) = > e teT D" ey a(p)Ar;
k:J; odd k:J} even

= cy-npalp) [ 1= Y () T ag, (7,12 T ey (ip) P e (J;-1)/2

reJ+ reJ-

= A1;(p) (B.2.22)
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for j such that J; is odd and

—cpp(p)e™ = D ey Ak e Y e pa(p) Ak
k:J, odd k:J}, even

_ ij/Q(p) _eTP Z (Z.,O)Jjﬂ_rﬁfj 52 + e~ Z (Z'p)Jj/Q—rBj; 52
Tej\Jr T€j7
— Ai(p) (B2.23)

for j such that J; is even.
Substituting equations (B.2.22) and (B.2.23) into expression (B.2.21) we obtain

S Gl —e > Glp) = Z u(p, 1 ZAu ) det X'/ (p) + H(p),

jeJt jeJ—

but 377 A1 j(p) det X l3(p) is the determinant of the matrix obtained by replacing the I row
of A with the first row of A hence

Z‘Alj detXlJ( ) _511APDE(P)‘

Finally note that, from the defintion of u(p,!) in equation (2.2.18) we may write u(p,1) =
do(p) — H(p). Thus

> Glp) = e > Gilp) = (Golp) — H(p)) AppE (p) + H (p). O
jeJt jeJ—

n odd, a=1i. Lemma B.5 ensures that for homogeneous boundary conditions, that is
boundary conditions for which H(p) = 0, the integrand in the final term of equation (B.2.12)
is given by —P(p)do(p). This is an entire function so it is certainly analytic on B(oy,ey) for
k € K® U {0} so the integrals around FkE and I'y will evaluate to zero. We are left with the

integral
—/RP(p)do(p) dp = —1I1.

Hence, for homogeneous boundary conditions, equation (3.1.2) becomes

2mwq(x,t) = Z Z G(p)dp+ Z Z Gilp

A A
kRt r;, APDE ( o T, APDE (
D E D™ E—

LK Rﬁﬁ} UKD UK

(B.2.24)

The same argument works for other values of n and a; the last integral terms of equa-
tions (B.2.14), (B.2.16) and (B.2.17) cancel with I;.

Each of the integrals in equation (B.2.24) is along a closed, circular contour containing at

most one singularity which is either a pole or a removable singularity. This completes the proofs
of Theorems 3.1 and 3.13.
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B.3. The coefficients in A

The following example gives a sketch of the general method, indicating how it is possible to
check that the relevant coefficients are nonzero. Below, we give formal definitions of the sets
used in Condition 3.22. Finally, we state and prove the technical Lemma B.8 which gives the

values of the coefficients we must check.

EXAMPLE B.6 (5" order with a single coupling). Let a = i and the boundary coefficient

matrix be
00001 fp2 0000
00000 O 10O0O
A=10 0 0 00O O 0100
00000 O O0OO0OT1O0
00000 O O0O0OO0T1

This specifies a single coupled boundary condition and two at each end of the interval hence
C =1, L = R =2. Following Notation 2.12 and Lemma 2.14 we see that

Jt=1{0,1,2} Jt = (3,4},
J-=1{0,1} J~=1{2,3,4},
J=1{4,6,7,8,9}, J' ={0,1,2,3,5}
(Jj)?:l = (918777674) (Jj/)j 1= (5 3 27170)
and
fi(p)
ga(p)
Vip) = | f3(p)
93(p)
92(p)
Hence, by applying a cyclic permutation to the rows of the reduced global relation, we obtain
Go(wp) qr(wp)
do(w?p) QT(W2P
~ 7 5
AP)V(p) = | do(w?p) | =€ | dr(w?p)
Go(w?p) QT(w p)
do(p) ar(p)

where

(p) —e™Pes(p)  wes(p)  —we ™Pez(p)  —w(e P 4 Bia)ea(p)
(p) —e ™ Pey(p) wles(p) —w2e ™ Pes(p) —wh(e P + Bra)ea(p)
Alp) = | ealp) —e“"Pey(p) wies(p) —wie ™ Pes(p)  —w(e ™" + Bia)ea(p)
(p) —e ™Yei(p) wies(p) —whe ™ Pes(p) —wd(e ™ + Bra)ea(p)
(p) ) —(e7" + Br2)ea(p)
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We define the functions [, » and ¢ that map the indices of each boundary datum to the

position of that boundary datum within V' as follows:

l:5—1, l:4w— 3,
IO 2, r:4d— 4,
c:3+— 5.

These functions are defined such that

Domain (1) = {j + 1 : f;(p) is an entry of V'}

_ {j+1:g(p) is an entry of V which corresponds to a BC

Domain (r
(r) which does NOT couple the ends of the interval}

_ {j+1:g;(p) is an entry of V' which corresponds to a

Domain (c
© BC which couples the ends of the interval}.

They are also injective, and their ranges are all {1,2,3,4,5} but their codomains are disjoint.

This is guaranteed by defining the functions so that for j in the relevant domains

Ay = " e (p)
—j)  —iwk
Apr(j) = — k=i P¢; 1 (p)

Aoty = _ k=) (e—iwkl) n 3pj71> ¢j—1(p)

where p is the index of the unique boundary condition that couples f;_; and gj_1. We may now

write

App (p) = 3(p)c3(p)ca(p) D sgn(o)w>ictes 710)=))

og€ESs

X (—1)2wzje{4,5} or(1)(n=3) , =1 X je (a5} W)

X (_1)wzje{3} oels)(n=j) H (e’iwgc(j)p+ﬂ12>CZ(P)C§(P)C2(P)
je{3}
=p'B1a ) sgn(o)w ™ Ho@ToW]+30(5)) g —i(w 4w @)y
€8s
Y sgn(o)w— Hr@)+o@]+30(5)) =i @+wr 4wy (g 3 1)
o€ESs

. 2 (g . 3 (g
For any given m € S5 we can now calculate coefficients of ¢~ 19" 0 and et Xm0 iy
AppE (p); the first coming from the first sum in the right hand side of equation (B.3.1) and the
second from the second sum.

Jp— e
We look first at e~ 2i=1%""?_ If we choose some T € S5 such that

3 W) = iwm‘)
j=1

je{24}
e {7():7e{2,4}} ={n(j):je{1,2}}
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then the coefficient of e~ 2=j=1% Wp in Appg is given by

/)4512 Z sgn(a)w_(4[0(3)+0(4)]+3”(5)). (B32)

TES5:
{0(2),0(4)}
={r(2),7(4)}

Similarly, we may choose some 7 € Sy such that

S W) 4o = 23: )
j=1

Jje{4,5}
A {T(]) 1J € {2a4a 5}} = {77(]) 1j € {1a2a3}}

then the coefficient of e—izizlm(ﬂp in Appg is given by
p4 Z Sgn(o')w_(4[0(3)+‘7(4)}+30(5)). (B33)

o€S5:
{0(2),0(4),0(5)}
={r(2),7(4),7(5)}

—i Zfig w™@p

To ensure well-posedness we must check that the coefficients of e are nonzero

for each k =1,2,3,4,5. Hence we must check the values of

P Y sgu(o)w Ur@teltso)

o€ES5:
{o(2),0(4),0(5)}
={k,k+1,k+2}
for each k. The o that index the sum are

k+3 k+3 k+3 k+4 k+4 k+4

k k+2 kE+1 k kE+1 k+2
k+4,|k+4|,|k+4]|,|E+3]|,|k+3]|,|k+3],
kE+1 k kE+2 k+2 k E+1
k+2 kE+1 k k+1 k+2 k

k+3 kE+3 kE+3 k+4 k+4 k+4

k E+1 k+2 k k+2 E+1
k+4|, | k+4],|k+4],|E+3]|,|k+3],]k+3
k+2 k E+1 k+1 k k+2
kE+1 k+2 k k+2 kE+1 k

Denoting the first of these &, the first six have sgn(o) = sgn(d) and the last six have sgn(o) =
—sgn(d). Evaluating expression (B.3.3) at each of these o we see that the coefficients we require

are given by
P4Sgn(5) 2af{k+1)%—2af{k+3)ﬁ-2af*k+4)—»3w_k——3uf*k+2q # 0,
guaranteeing the ratio (3.2.5) is bounded and decaying at infinity for p € D.

To construct the argument of Example B.6 in general we require the additional notation of
Definition B.7. With this it is possible to state Lemma B.8, the tool we will use to find the

relevant coefficients. This completes the formulation of the notation used in Condition 3.22.
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DEFINITION B.7. Let us define the index sets L, R and C and, as the boundary conditions
are non-Robin, simplify the notation for the coupling coefficients so that only a single index is

used:

o L={j+1:0,;=0Vr} so that L=|L]

e R={j+1:6,;=0Yr} sothat R=|R|

e C={j+1:3r:Bj,a;#0} sothat C=[C|

o Ej = fBpj—1, where p is the index of the (unique, as the boundary conditions are non-

Robin) boundary condition that couples fi_1 and gj—1.

LEMMA B.8. Let ¢ : {1,2,...,C} — C be a bijection and let the three injective functions
l:£L—={1,2,...,n}
r:R—{1,2,...,n}
c:C—{1,2,...,n}

be chosen such that their codomains are disjoint. For any k € {0,1,...,C}, 7 € Sy, and 7" € S¢
let

Sirr =< (0,0") € Sy x S Zw ])+Zw”c‘”’ J)—Zw J)+Z T () % (B.3.4)

JER JER

If the pair (1,7") € S, X S¢ is chosen such that

{r(4):7€{,2,...,R+k}}={rr(p):pe R}U{red T (p) : p € {1,2,...,k}} (B.3.5)

then the coefficient of e~ i W™ iy AppE is given by
+ Pyr= (—1)R+C(—a)"(z'p)_(zje7€j+2jec I+ ecd)
S sgn(o)w Zier 0 Eiee oI K 1)) H Beor(s) (B.3.6)

(0,6")ES ;1 J=k+1

for k>0 and

C
+ P, = (_1)R+C(_a)n(ip)*(2j€72jJFZjECjJFZjECj)C! HEJ

7=1
Z sgn(a)wi ZjER UT(]')]'*Z]‘GC O'C(J')J'*Zjec al(j)j (B37)
oESh:
V jER 3 g€R:

mr(j)=or(q)
if k=0.
In the special case Bj = [ for all j € C equation (B.3.6) simplifies to

& Py = (—1)C (=) (ip) " Boer T iee FF2ce DGEhEI(C — k)
Z sgn(o)w ™ 2er 0N =L ec 0¢0)i=2ec ol0)i (B 3.8)

0€Sy: 3 0'ESc:
(0,0")ES), 1 11



B.3. THE COEFFICIENTS IN A 151

PROOF. Note that for any valid choice of [, 7 and ¢ their codomains have disjoint union
{1,2,...,n}. The uncertainty in the sign in equations (B.3.6), (B.3.7) and (B.3.8) comes from
different choices of the functions [, 7 and c¢. For concreteness, we require that [, r and ¢ satisfy

the conditions

Ay (p) = w0 ey 4 (p) jecL,
Ap (j) (p) = 7w(p_1)(n_‘j)6_iwp_1p0jfl(p) ] E R and
Apc(j) (p) e _w(p_l)(n—j) (e—iwpilp _|_ EJ) Cj*l(p) ] E C

Then the columns of A(p) are

—e~"c;_1(p) —(e7 + Ej)cj—l(p) ci—1(p)
—wremPe;_y (p) —wl D (e 4 B)ej1(p) W ej_(p)
—P2DemRoe () 2= (e %0 4 B)e; 1 (p) wX=De; 1 (p)
_w(n_l)(n_j)e_iwnilpcjil(p) _w(n_l)(n_.j) (e_iwnilp + E])cjil(p) w(n_l)(n_])cjfl(p)
JER jec jeL

and

Arps(p) = 3 sgn(o)(—1)Fuwier TO—3) =i Tyer o Do(_1)C, Tsee 7))

oESh
jec
x [T e [T ei-1(0) [T ci-1(0)
JER jec JEL

= (~1) " (—a)"p (ip) " Brser Tt hec St see)
Z sgn(a)w_ ZjeR ‘TT(j)j—Zjec Uc(j)j_Zjeﬁ al(§)J
0ESH
C

!’ s C ~
x e i Tiere? oSN [SY i T G | (B39)
k

=0 \o’eSc j=k+1

The latter equality is justified by a binomial expansion.

Having established representation (B.3.9) for Appgp we investigate the structure of S, .
Initially we work under the assumption 1 < k£ < C. In the following two paragraphs we
find necessary conditions for o € S,, to be such that there exists some ¢’ € Sc such that
(0,0") € S+, and the third shows that these conditions are also sufficient by constructing a o’
to complete the pair. The fourth paragraph completes the characterisation of Sy, by giving
necessary and sufficient conditions for ¢’ to complete such a pair.

First consider o € S, such that there is some j € {r(p) : p € R}U{ecd7'(p) : p € {1,2,...,k}}
and some ¢ € {l(p) : p € L} such that 7(j) = 0(¢g). As the domains of £, R and C are disjoint,
there is no s € {r(p) : p € R} for which 7(j) = o(s) and there is no s € {c(p) : p € C}

with 7(j) = o(s) hence, as ¢ and 7’ are bijections, there is no s € {1,2,...,C} for which
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7(j) = occdo’(s). This establishes that there is no ¢’ € S¢ such that (0,0’) € Sk,,. Hence
every o € S, for which there exists some ¢’ € S¢ such that (o,0") € Sy, has the property

Vie{r(p):peR}U{cdT(p):pe{l,2,...,k}}
Jqge{r(p):pe R}U{cdd (p):pe{1,2,...,k}} such that 7(j) = o(q). (B.3.10)

We define

X =|{j € R such that Vp € R 7r(j) # or(p)}| and
Y ={je{1,2,...,k} such that Vp € R Tec'7'(j) # or(p)}|.

It is immediate that, for any o € S, X +Y < R+ k but, as {rr(j) : j € R} and {rec'7'(j) :
j€{1,2,...,k}} are disjoint, 7, ¢’ and 7’ are bijections and r and ¢ are injections with disjoint
codomains, X +Y > k. Definition (B.3.4) implies that every o € S,, for which there exists some
o’ € S¢ such that (o,0") € Sk, has the property X +Y < k hence any such ¢ has the property

X+Y =k (B.3.11)

For o € S,, obeying conditions (B.3.10) and (B.3.11) we now show that there exists ¢’ € S¢
such that (o,0") € Sg,.. Condition (B.3.11) ensures Y = k — X so we may choose some
sequence (jp)”];:l such that, for 1 < p < X, j, € R and for every ¢ € R 77r(jp) # or(q)
and, for X +1 < p <k, j, € {1,2,...,k} and for every ¢ € R 1cc7'(jp) # or(q). Now by
condition (B.3.11), for 1 < p < X, there exists some ¢ € C such that 7r(j,) = oc(q) so we may
define ¢’'¢’(p) = ¢ hence

o'(p) = Lo ()
and, for X + 1 < p < k, there exists some ¢ € C such that Tec'7/(jp) = oc(q) so we may define
da'(p) = q hence

1 -1

adp)=c""c ot

Ted 7' (jp).

This is a unique (up to choice of (jp)lgil) definition of the first &k entries of ¢’. Note that, as
{rr(j) : j € R} and {rccd7'(j) : j € {1,2,...,k}} are disjoint, 7, ¢! and o~! are bijections
and r and ¢ are injections with disjoint codomains, for any 1 < j,¢ < k, ¢/(j) # o'(q). The
remaining C' — k entries of ¢’ may be chosen in any other way such that ¢’ € S¢.

Now assume (o,0’) € Si, and let 6" € S¢. Then

(0,0") € Srpr

k k
& w43 W) 2§ ) 4§ e )
JER Jj=1 JER j=1
k k
o 3wl 4 3w ) 2§ o) 4§ o)
JER Jj=1 JER j=1
k k
N Z wocc’o”(j) _ Zchc/cr’(j)
i=1 j=1

& Vijie{l,2,...,k}3Ipe{1,2,...,k} such that o”(j) = o' (p) (B.3.12)
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This yields a complete characterisation of Sy, for k > 1.
If £ = 0 the definition (B.3.4) of Sy, simplifies to

Sorr = (Jv UI) €S, X Sc: Z wo‘r(j) = Z w”(j)
JER JER

={oeS,:VjeRIpeR: :mr(j) =0r(p)} x Sc. (B.3.13)
In this paragraph we argue that each Sy, gives rise to a single unique exponential. The
relation ~j defined by
(07 UI) ~k (7-? T,) g (07 OJ) € Skrr

is an equivalence. From the definition of Si, it is clear that the ~-classes are of equal size.
Let (0,0") € Skr,. Then, by the definition of Sk,

. . —k ! 1 . . X k Il
e_l ZjER wUT(J>p€—'L ijl weoee o <])P — e_l ZjGR wTT(J)pe—l ijl wTee T (])p

Hence the equivalence classes of ~j each identify a unique sum of powers of w in the exponent
and for each possible sum of R + k powers of w there exists an equivalence class of ~. Hence
for a given exponential e~ S 0™ e may find its coefficient in equation (B.3.9) by choosing
some pair (7,7) € S, X S such that equation (B.3.5) holds and evaluating expression (B.3.6)
if k£ > 1 or expression (B.3.7) if £ = 0.

Ifk>1and Ej = [ for all j € C then expression (B.3.6) simplifies to

Pir = (~1)C (=a)"(ip)"ier Tt hce Tt 2see )
Z sgn(a)wi Z]‘GR Ur(j)j*z:jec UC(J’)]’*Z]@L Ul(j)j/BC—k'

(0,0")ESY 1 1

If o € S,, is such that there exists o/ € S¢ such that (o,0’) € Sy, then, as above, for ¢” € S¢,
(0,0") € S if and only if

Vie{1,2,...,k} Ipe {1,2,...,k} such that o”(j) = o/(p).

Hence, for a given o, provided there exists some o’/ € S¢ such that (o,0’) € Sk, there exist

EY(C — k)! such o’. Hence expression (B.3.6) simplifies to expression (B.3.8). O

B.4. Admissible functions

This section gives the proof of Lemma 3.30. For convenience we reproduce Definition 1.3

of [27], adjusting to the notation of this work.

DEFINITION B.9 (Admissible Functions). Let gy € C*[0,1], and let

{f]ag] :je{ovl)"'vnil}}
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be a set of 2n C™ functions on [0,T] such that dqo(0) = f;(0) and Fao(1) = g;(0) for each
j€{0,1,...,n—1}. Let

() =Y ci( o) (B.4.1)
30) = 3 sV o), (B.42)

where fj,ﬁj are defined in Lemma 3.50.
The set of functions {fj,g; : j € {0,1,...,n —1}} is called admissible with respect to qq if
and only if gqp € C*°[0,1] and the functions ]5, G satisfy the following relation:

F(p) — e7?G(p) = —do(p) + " Tir(p). (B.4.3)

ProOOF OF LEMMA 3.30. By the definition of fj, g; in the statement of Lemma 3.30 and the
definition of the index sets J* in Definition 2.19 we may write equations (B.4.1) and (B.4.2) as

Z Gi(p) — e T (P)’ (B.4.4)

jert Appg (p)

_ P T
= Gilp) = e “nsp). (B.4.5)
= APDE (p)

Now by Cramer’s rule and the calculations in the proof of Lemma 2.17 equation (B.4.3) is

satisfied. The following remains to be shown:
(1) gr € C=[0,1].
(2) fj,95 € C>[0,T] for each j € {0,1,...,n}.
(3) &qo(0) = £;(0) and &.qo(1) = g;(0) for each j € {0,1,...,n —1}.
(1) By Assumption 3.2, n; is entire. Hence ¢r is entire so, by the standard results on the

inverse Fourier transform, g7 : [0,1] — C, defined by

ar(@) = 5- [ (o).

is a C* smooth function.

(2) We know (; is entire by construction and 7; is entire by Assumption 3.2 hence F and

G are meromorphic on C and analytic on D. Assumption 3.2 also guarantees that % — 0

as p — oo from within D hence, by the definition of D,

e Tn;(p)

—— = — 0 as p — oo from within D.
Appe (p)

We know ¢r is entire hence, as §p is entire and the definitions of (; and n; differ only by which

of these Fourier transforms appears, the ratio ACk(p )( y 0 as p — oo from within D also. This

establishes that

Ci(p) — e Tny(p)
AppE (p)

— 0 as p — oo from within D.
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Hence, by equations (B.4.4) and (B.4.5), F(p),G(p) — 0 as p — oo within D. By Lemma B.10
we have the direct definitions (B.4.6) and (B.4.7) of f; and g; in terms of F and G and, because
F(p),G(p) — 0 as p — oo within D, these definitions guarantee that fj and g; are C'*° smooth.

(3) Equation (2.1.4) guarantees equations (B.4.4) and (B.4.6), imply that the compatibility
condition &gy (0) = [;(0) is satisfied by construction. Equations (B.4.5) and (B.4.7), imply that
the compatibility condition &go(1) = g5(0) is satisfied. O

LEMMA B.10. Let F and G be defined by equations (B.4.1) and (B.4.2) where fj,ﬁj are
analytic on 15, giwen by Definition 3.9. Then the functions f; : [0,T] — C defined by

j o

fi(t) = —2% . N e A" F () d), (B.4.6)
j .

g;(t) = _zl? . N e "G () d), (B.A.T)

satisfy equation (3.2.30).

Proor. We use a scalar, inhomogeneous Riemann-Hilbert problem to derive the inverse
to the ¢-transform (2.1.30). This mirrors the derivation of the Fourier transform presented
in Example 7.4.6, particularly Section 7.4.2, of [1]. We perform this derivation for the pair
((fj)?;é, (fj);‘;ol), noting that the derivation is identical for the pair (@j)?;ol, (gj);‘;ol).

Consider the partial differential equation

n—1
pe(t, p) + apult, p) = > ¢;(p) f5(1), (B.4.8)
=0
where f; € C'0,T], t € [0,T) and p € C. By direct integration we obtain solutions
t n—1
pe(top) = [ D S f(5) d. (B.49)
=0
T n—1
pottp) == [ I (s (B.4.10)
t -

<

where p4 is analytic on C\ D, u_ is analytic on D and

max fi(t, p) = 0 as p — oo from within C\ D,
te[0,T

max u—(t,p) — 0 as p — oo from within D.
te[0,T

Hence on 9D we may calculate the difference or jump function

(b4 — p)(t, p) = e "'F.

This specifies a Riemann-Hilbert problem which, by Section 7.3 of [1], has the sectionally analytic

function

—1 [ e ()
tp)=— [ —2dx B.4.11
) = 5 /{)D P ( )

as its solution. Taking the partial derivative of equation (B.4.11) with respect to ¢ we obtain

a Anem AR ())
t,p) = -— ——=dA. B.4.12



B.4. ADMISSIBLE FUNCTIONS 156

Combining equations (B.4.8), (B.4.11) and (B.4.12) and equating coefficients of p’ we obtain
equations (B.4.6).

We have shown that the transforms (B.4.6) are the inverse of the transforms (3.2.30), hence
the pair ((]};);‘:—5, (fj);-‘:_ol) satisfies (B.4.6) if and only if it satisfies (3.2.30). O
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