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Abstract

The slip-spring model introduced by Likhtman (Macromolecules 38, 6128-6139 (2005)) simulates
a single chain entangled within a polymer melt. Single-chain models such as the slip-spring model
allow the rheology of polymers to be studied without requiring the use of expensive multiple-chain
molecular dynamics simulations. This study investigates the slip-spring model in the context of a
single entanglement and compares it to a two-chain entanglement model. A better understanding
of the mechanisms involved in an entanglement is obtained, through the properties of stress
relaxation and mean squared displacement, but also through analysis of the bead positions and
bond vectors involved. Flaws are identified within the slip-spring model, for which modifications
to the model are suggested, including the addition of a non-isotropic spring-constant and the
replacement of the slip-spring by a slip-chain. This examination of the simple case is carried
out, so that the knowledge gained may be later applied to the multiple-entanglement slip-spring
model.

During the course of this study, the generic polymer simulation (GPS) package was con-
structed by the Reading Theoretical Polymer Physics Group. GPS provides an object-orientated
simulation framework, designed to keep simulations organised and make new simulations faster to
create. An overview of the concepts involved is included in this thesis. Another tool encountered
within this study is maximum likelihood estimation, a statistical technique that, when applied to
polymer models such as the slip-spring model, allows the estimation of model parameters. Such
a fitting is not only useful for finding the best parameters, but also prevents the model flaws

from being obscured by incorrect parameter fitting.
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Notation

Notation

; 1=

0 5 i#]

kg  Boltzmann constant
T temperature

U potential energy

13 friction coefficient

m mass

t time
At simulation time step
TR Rouse time

Td disentanglement time

b statistical segment

N number of bonds in a chain

S

system height, see Fig.3.1

)

system width, see Fig.3.1

%4 volume

k spring-constant
ks  slip-spring spring-constant
ks  tensor slip-spring spring-constant

ksc  tensor slip-chain spring-constant



Notation

Notation continued...

h slip-spring height, see Fig.3.21
Ng slip-spring strength
{Ns} = Ng4,Ns,, Ns. non-isotropic slip-spring strength

{ns} =ngz,nsy,ns. slip-chain spring strength

Ngo number of bonds in a slip-chain

r; = (zi,Yi, %) position of bead i

Ri; = (Xi;,Ys5, Zij) bond vector between beads i and j

F;; force on bead i due to bead j
F; total force on bead i
o stress tensor
G (t) stress relaxation/correlation function
G4 (t) stress auto-correlation of lower chain
GB () stress auto-correlation of upper chain
GT (t) stress auto-correlation for both the lower and upper chain
GX (t) stress cross-correlation between the lower and upper chain
91,mid (%) mean squared displacement of the middle bead

var () variance of x
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Chapter 1

Introduction

1.1 Polymers and the role of entanglements

Polymers are long molecules of repeating chemical units, an example being DNA chromosomes,
which are ~ 107'°m wide and can be up to ~ 107?m in length. This difference in length scales
gives polymers unique dynamics compared to regular small molecules, because the polymer chains

become entangled with each other.

Polymer melts

A system of unlinked polymers, above melting temperature, is known as a polymer melt. These
systems demonstrate an important property known as viscoelasticity, where the polymer has
an elastic response for fast deformations, but will demonstrate viscous flow over longer time
scales, allowing it to fill a container. Entanglements within the melt restrict the movement of
the polymer chains and play a key role in the viscoelasticity. In a dense polymer melt, lateral
motion is severely restricted by the presence of the surrounding chains, which means that the
polymer mainly moves along its own length. The motion of a polymer only along its length was
named reptation by Pierre-Gilles de Gennes in 1971 [1|. An entanglement between two polymers

will exist until one of the chains slides out of it by reptation. However, as a polymer slides out
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(a) Adjacent (b) Hooked (c¢) Looped

Figure 1.1: Diagram showing examples of entanglements

of entanglements, it will slide into new entanglements. Thus, the polymer is always entangled,

but each entanglement has a finite lifetime.

Polymer networks

A system where the polymers are joined by cross-links is known as a polymer network or elas-
tomer. An example of this is rubber bands made from vulcanised rubber. When the elastomer is
relaxed, the chains are slack and thus at their highest state of entropy. When a stretching force is
applied, the elastomer stretches significantly, pulling the chains taut and causing the entropy to
decrease. When this force is released, the chains become slack again and the elastomer returns to
its original shape. The cross-links are crucial to the response of the elastomer to this stretching
force. A greater number of cross-links will decrease the length of polymer segments, and there-
fore increase the restoring force and decrease the relaxation time. Studies have demonstrated
that entanglements between cross-links are also vital for explaining the response of the system,
because they act as extra cross-links |2]. Hence, the ability to understand the mechanisms of

these entanglements is of interest to polymer scientists.

Entanglements

As depicted in Fig.1.1, different levels of interactions can be labelled as entanglements and
there is currently no consensus on what constitutes an entanglement. An entanglement could

correspond to one chain completely looped around another (Fig.1.1c), or be as simple as one
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polymer adjacent to another (Fig.1.1a). Ome could suggest that adjacent chains are not an
entanglement, but chains hooked around each other are an entanglement (Fig.1.1b). Yet, the
difference between these two cases is just the curvature of the chain; if the hooked case had no
curvature, it would be equivalent to the adjacent case. Thus, one would have to suggest a point
at which the curvature of a chain becomes sufficient enough to constitute an entanglement and
not just an interaction. A recent study by Likhtman, Ponmurugan and Cao 3| states that one
may characterise entanglements by the duration of contacts and the linking number between two
chains, which is related to the curvature of one chain around the other. It was discovered that
the longest lived entanglements had the greatest curvature. This thesis shall examine long-lived

entanglements where one chain hooks around another.

A polymer network can be considered as consisting of circular polymers [2]. Fig.1.2 demon-
strates how a network eventually leads to the creation of circular polymers, which can become
entangled. Circular polymers have a number of different possible forms of entanglement. Neigh-
bouring circles may interact with each other (Fig.1.3a), which would result in a temporary
entanglement, since the two polymers would eventually separate. A second entanglement type

(Fig.1.3b) occurs when two of these circular polymers are entwined together. Such an interaction

Figure 1.2: Diagram showing a polymer network. Polymers are connected by cross-links, and
may also entangle with each other. A sufficiently high density of cross-links will create loops,
which prevent the entanglements from being released.
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5> (&

(a) Neighbouring (b) Once entwined (¢) Twice entwined

Figure 1.3: Diagram showing three of the possible entanglements between two circle polymers

would lead to permanent entanglements. These circles may also entwine with each other more
than once (Fig.1.3c), resulting in twice entwined interactions or greater. This study considers an
entanglement in the case of once entwined chains, so that the entanglements in our model are

permanent.

1.2 Computer simulation

Computer simulation is a vital tool in polymer science. Experiments cannot show exactly what
is happening microscopically within a polymer system, but only deduce the mechanisms from
observable macroscopic properties. In contrast, a computer simulation can be used to set up a
system of polymers with a known configuration and can measure properties on the microscopic
scale. Furthermore, with simulations it is possible to easily test how changing details of the
system affect these properties. There are a number of different equations of motion that are
commonly used for computer simulation. During this study, three of these are used: molecular
dynamics (MD), Monte Carlo (MC) and Brownian dynamics (BD), which are described in the

following sections.
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1.2.1 Brownian motion

Before discussing these equations of motion, the concept of Brownian motion shall be introduced.
Brownian motion is the seemingly random motion of a particle as a result of unobserved smaller
particles. Polymers are often modelled to exist within a solution of smaller particles, so a random
force, FZR, is included in the equation of motion to represent the net effect of collisions between

the large particle ¢+ and smaller particles in the solution,
n
R R
§=0

where fi}} is the force due to a collision, with particle j. Using central limit theorem, the proba-
bility distribution of F? is known to be a Gaussian distribution, with <Ff‘> = 0 and variance v.

This may be expressed by a Wiener process as
Fldt = Vo dW; (t) (1.2)

The stochastic Wiener process is defined such that dW; (¢) is not correlated between beads, i, j,
not correlated between Cartesian components, «, §, and not correlated between different points
in time, ¢, ¢’. Hence,

<Wia (t) W/ (t’)> = 61005 min (£, ) (1.3)

The fluctuation-dissipation theorem establishes a relationship between random forces and
frictional forces |4]. This is a reasonable relationship, since the faster a particle moves in a
particular direction the larger the probability of collisions with other particles occurring on the
forward side of the particle. From this, the variance of a particle moving with Brownian motion
is known to be

v =2kpT¢ (1.4)

and Eq.(1.2) becomes
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FRdt = \/2kpTE AW, (1) (1.5)

where kp is the Boltzmann constant, T the temperature and £ the friction coefficient.

1.2.2 Molecular dynamics (MD)

MD simulations aim to completely model the forces involved in the system and are typically
used to model multi-chain polymer models. MD simulations obey Newtonian mechanics with
the equation of motion

mi; = F} (1.6)

where 1; = % is the acceleration, m is the mass, and FlT is the total force upon bead . F;F is

a sum of forces,

F! =F +FP + F}B 4 FR} (1.7)

combining: the frictional force, Ff; the force along bonds, FF; the force between non-bonded

beads, FNB; and Brownian motion, FR} (Eq.(1.5)). The frictional force is given by

Fj = —¢i (1.8)

where r; is the velocity.

KGMD model

The simplest MD model of a polymer melt, and the one that we will use later in this study,
was created by Kremer and Grest in 1990 [6] and will be referred to as KGMD. This model
has a truncated Lennard-Jones (LJ) potential between all beads and finitely extensible nonlinear

elastic (FENE) springs for bonds.
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R = 21/6 R
20 | H 100 |
1 ---- LJ potential f
! |
/
!
1.5 ! Purely repulsive 75 /
| LJ potential i
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05 \ § o5 1\ FENE
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0.0 z = Sum
0 —
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R/R, R/R,
(a) Lennard-Jones potential (b) FENE potential plus repulsive LJ potential

Figure 1.4: KGMD bead interaction potentials.

The repulsive LJ force between all beads is given by

N LJ
FNB = il (1.9)
v OR;; ’
j=1,4#i Y
where R;; = r; —r; and UZ-I;»J is the LJ potential,
12 6
R R 1 Rij 1
LJ 46<(RL¥'}) _(RLiJ'J) +4> Rpy <2
Ui;” (Rij) = (1.10)
0 otherwise

where € is the LJ energy and Rpj is the LJ radius. In this study, we shall define our units
such that ¢ = Rpy = 1. The standard LJ potential, demonstrated in Fig.1.4a, is repulsive for
RL;J < 25 and attractive for RL;J > 25. In the KGMD model only the repulsive potential is
required, so a cut-off distance of RL;J = 25 is applied. This repulsion becomes very strong as R;;
becomes small and gives beads an excluded volume, which combine in polymer chains to make

them uncrossable, provided the springs hold the beads close enough together.

The force, FB, between particles connected by bonds with vectors R;; is a sum of all attached
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bonds. In the case of a bead in the middle of a linear chain, there are two bonded beads and

FP=f) | +f5 (1.11)
In the KGMD model
5 = 0U;" (1.12)
W Ry '

where U};ENE is the potential energy of a FENE spring,

o\ 2
—%kaznax In <1 — (%) > Rij < Rmax (1 13)

00 otherwise

where k = 30¢/ R% ; and Ryax = 1.5R s is the maximum bond length. The FENE potential in
Eq.(1.13) increases as the distance between beads increases, such that it becomes infinite when
R;j — Rmax, and when combined with the LJ force creates a potential well for the bonds, as

shown in Fig.1.4b.

1.2.3 Brownian dynamics (BD)

The Brownian dynamics equation of motion approximates Eq.(1.6), for the case of large £ and
small m, where the inertia becomes relatively unimportant and the mi term may be neglected.

Thus FZT = 0, which leads to the equation of motion
¢ = FB + FNB L pR (1.14)

By making this approximation the equation of motion has been simplified to a first order stochas-
tic differential equation. The Rouse model is an example of a model that is commonly simulated

using the BD equation of motion, and is described below.
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Figure 1.5: Diagram of the monomer scale polymer chain model. Each bond has a length R;, the
angle between each bond is labelled as #; and the rotation of bonds is ¢;. Each of these degrees of
freedom may have any potential, U, but central limit theorem states that the end-to-end vector
R. will have a Gaussian distribution when the number of bonds is large.

1.2.4 Rouse model

Proposed by Rouse in 1953 [7], the Rouse model is used extensively in polymer dynamics and
during this study. A Rouse chain is composed of massless beads connected by linear springs
[4]. To introduce the Rouse chain, a polymer chain is first considered on a scale such that each
bead is a monomer. As depicted in Fig.1.5, the chain has three main potentials that can be used
to define the model: the bond length potential U (R), angle between bonds U (6), and rotation
around bonds U (¢). The statistical segment length of this chain, b, is defined by the second
moment of the end to end vector <R§> relative to the number of bonds, n,

(Re)

n

b =

(1.15)

Central limit theorem states that the sum of a random mechanism repeated multiple times will

have a Gaussian distribution, independent of the potentials involved (in this case U (R), U (6)
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and U (¢)). Thus, the probability distribution of R, takes the form as

1 3R2
P®e) = gow <_2<R62>>
1 3R?
— @exp <_2nb2) (1.16)

where @ is such that [ P (R.) d>Re = 1. If one was to model R, as a linear spring between the

two end beads, with spring constant k£ and energy
L, o
U= §kRe (1.17)

the probability distribution may also be written as a Boltzmann distribution

1 kR?
P(R.) = —exp <_2kBT> (1.18)

By comparing Eq.(1.16) and Eq.(1.18), the spring constant required for replacing the microscopic

chain with a linear spring is found to be

T
k::3kB

e (1.19)

The Rouse model represents this monomer chain as a chain of coarse-grained blobs, such that
one blob represents many beads from the real chain, as depicted by Fig.1.6. Using Eq.(1.19),
these coarse-grained blobs are connected by linear springs to form the Rouse chain. By coarse-
graining the system, calculations are made simpler and simulations are faster. Once the system
has been coarse-grained, the individual monomers are neglected and only the Rouse chain is
modelled. The position vectors of the coarse-grained blobs in this new chain are labelled as
ro,r1,...,ry. The statistical segment of this coarse-grained chain relative to the statistical

segment of the previous monomer chain, b,, (Eq.1.15), is b> = nb?,. Thus from Eq.(1.19), the
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Figure 1.6: Diagram of a coarse-grained chain

spring constant in terms of this new statistical segment is

3kpT
k= 2 (1.20)
The energy of a linear spring and thus each Rouse bond is therefore
1 2
Uij = 5]{3 (I‘Z' — I‘j) (1.21)
and the energy of the entire Rouse chain with N bonds is a sum of these bonds,
;XN
U = 2]{32; (I'i — I'Z',l)2 (122)
The force of each Rouse bond is
OU. -
8 — ¢ 1.23
5= (1.23)

where R;; = r; — r;. Using Eq.(1.5), Eq.(1.11), Eq.(1.14), Eq.(1.23) and FNB = 0, the equation

of motion is obtained,

T
Edr; = 3]275 (ri—i-l —2r; + ri—l) dt + +/2kpT¢ dW; (t) (1.24)
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In order to solve this equation of motion, a transformation to normal modes is made such

that
N . 1
™ (z + 5)
i =Xg+2 X _= 1.2
r; o+ pEl p COS ( Nl (1.25)

One can show that this transformation makes Eq.(1.24) a set of independent Ornstein-Uhlenbeck

processes,
1 2kgT
dX, = ——X,dt + | =2=dW,, (1.26)
Tp P
with
2(N+1)¢ p>0
&= (1.27)
(N+1)¢ p=20
and

_ & ., Qs
T ket \2(N 1 1) (1.28)

[4, 7]. 7 is the relaxation time of Rouse mode, p. For the case p < N and N < 1, this may be

approximated as

EVPN? 1
~ il 1.29
Y 32 gT p? (1.29)
The longest relaxation time is given by p = 1 and is known as the Rouse time,
EV2N?
— A 1.30
TR 32, T (1.30)
and a unit of time 79 is often defined based on this,
TR £b?
=== — 1.31
0= N? T 3n2kpT (1.31)

Since this study considers Rouse chains with fixed end bead positions, it should be noted that
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for the fixed end case the transformation required is

N-1 .
ri=2Y X,sin (”Ji’f) (1.32)

p=1

and

¢ = 2NE (1.33)

However, for the limit p < N, Eq.(1.29) and Eq.(1.30) are unchanged.

1.2.5 Monte Carlo (MC)

The MC method makes extensive use of random numbers. Random changes to the system are
made and then accepted or rejected with a probability based on the change in energy, in an
algorithm known as Metropolis acceptance. For example, a polymer model will attempt to make
a random move of a randomly selected bead from position ryq t0 rpew, and have the probability

of this move being accepted given by

exp <_kBLT (U (rnew) -U (rOld))> U (rnew) U (rOId) >0

P (rold — rnew) == (1.34)

1 otherwise

In a computer simulation, this probability is used with a random number generator that generates
a number f (¢) from a uniform distribution [0...1]. If P (req — Tnew) > f (t), then the move is

accepted.

1.3 Modelling entanglements

Running a multi-chain molecular dynamics simulation takes a lot of processor time to provide
useful statistics - often such simulations will have to be run for months. An alternative to a
multi-chain model is a single-chain model, which replaces all chains but one in the system with

virtual objects that represent the influence of the other chains. As such, single-chain models
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are not exact replications of the physical system, but rather an attempt to mimic the motion of
a single chain with the use of virtual objects. The core aims of a single-chain model are that
it is simple, fast to simulate and able to reproduce experimental results with as few arbitrary
parameters as possible. Many single-chain models have been proposed in the attempt to find the

best possible model, two of which relate to this project: the tube model and the slip-link model.

1.3.1 Random Walk

Before introducing the tube model, it is useful to introduce the random walk. A random walk
has steps with vectors, R;, of random length and direction, such that (R;) = 0 and <R12> = b2
These vectors are uncorrelated with each other, such that (R; - R;) = (R;) - (R;) = 0 for i # j.

A chain composed of n of these random steps will have an average end-to-end vector
n n
(Re) = <Z RZ-> =Y (Ri)=0 (1.35)
i=1

=1

The second moment of the end-to-end vector is

(R2) = <iiRi : Rj>

i=1 j=1
= > (rH+D (R; - R;)
i=1 i=1 j=1,j#i
= D 0HY D> (R (Ry)
i=1 i=1 j=1,j#i
= nb? (1.36)

which is the definition for b , the statistical segment length, as previously defined in (1.15).

1.3.2 Tube model

To calculate the entropy of a chain, the ability to calculate the number of possible chain con-

formations is required. In a multi-chain model, this cannot be done due to changing topological
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Figure 1.7: Diagram of the tube model. The chain is drawn as a black line with the other
polymers in the melt represented perpendicular to the plane the chain is on. The tube is shaded
blue and contains a line representing the primitive path.

constraints caused by the other chains. The tube model, introduced by Edwards in 1967 [10],
represents a single chain in such a way that the entropy can be calculated. To demonstrate the
construction of the tube model, consider the chain in Fig.1.7. It exists on a plane with other
chains intersecting the plane, so that they are considered as individual points. The approxima-
tion that the other chains do not move is made by assuming that their motion is slower than the
reptation of the chain. Constraints nearest to the mean path of the chain are used to construct a
tube-like region. The diameter of this tube, labelled a, depends on the density of the constraining
points. The line within the tube-like region is called the primitive chain and is the shortest curve
with the same topology as the real chain relative to the entanglements with other chains. The

primitive chain is approximately a random walk with Z sections of length a and contour length

L=Za (1.37)
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As a random walk, the mean squared end-to-end vector is known to be

<R§> = Za?

= La (1.38)
However, the primitive chain represents the real chain with mean squared end-to-end vector
(R2) = NV* (1.39)

where IV is the number of bonds and b the statistical segment length. The end-to-end vector of
the real chain must be equal to the end-to-end vector of the primitive chain, so the tube segment

length is defined as
Nb?

- (1.40)

a

Equation of motion

The motion of the primitive chain ignores the small fluctuations of the chain, instead focusing
upon the more significant reptation motion. This motion is easy to compute because the entire
chain either moves forward one step or backward one step. Hence, the position of a bead at time

t + At, where At is the simulation time step, is given by

r; (t+At) = 14-21(75)1‘“_1 (t) +

1-¢(t)

5 Ti-1(t) (1.41)

where { (t) specifies the direction of movement of the chain, either +1 or —1 [8]. At the end
of the chain, the beads act differently; there is no tube to move into, so a new tube segment is

created with random vector v (t) from the last bead, where |v (¢)| = a. Therefore, the equations
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of motion for the end beads are

ro (t+ A — 1+2C(t)r1 () + 1_5(” (vo (£) +v () (1.42)
v+ = ey @ v+ ey (1.43)

During its motion, the chain will slide out of the end of the tube to create new sections of tube
and the old sections of the tube are forgotten. Eventually, the entire original tube orientation
will be forgotten and replaced by a new tube. The lifetime of the middle segments is significantly
longer than that of the end segments, and the time taken for all of the original segments to be

forgotten is known as the disentanglement time, 74.

The original tube model had only a single relaxation method, reptation. Subsequent to this
original incarnation, many amendments have been made to improve comparison to experimental
results. As part of these modifications, two additional relaxation mechanisms were introduced:
contour length fluctuations and constraint release. One of the tube theory’s initial assumptions
was that the primitive chain has a fixed length, L; contour length fluctuations challenges this
assumption. Fluctuations in the real chain cause the length of the primitive chain to vary over
time, and were discovered to be important for reproducing the dynamical effects and predicting
74 [11]. Because the length of the primitive chain varies in addition to reptation, the chain has a
second mechanism of sliding out of entanglements. Hence, 14 is smaller than the original model
predicted, especially when the number of segments is not very large. Another assumption was
that all other chains are frozen in time, which is not the case. Constraint release considers the
case of existing topological constraints being removed, due to the reptation of other chains. This
means that the primitive chain does not only move along its length by reptation, but that the
shape of the path also changes. There are different ways of modelling this, one of which is by

allowing the primitive chain to move in a slow Rouse like motion [12].
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Criticisms of the tube model

The single chain structure factor, S (k,t), is an experimentally measured property of a material
that contains information about the structure of a polymer. In an experiment, photons or
neutrons are scattered off a material and the function S (k,t) is the intensity of the scattered
wave with the vector k. Random walk statistics and neutron-spin echo experiments show that
this function should be a Debye function, but it has been demonstrated that the function for the
tube model is significantly different and has up to a 50% discrepancy [21]. This was acknowledged
by Doi and Edwards in their formulation of the model [8]. Mapping the one-dimensional Rouse
motion of the primitive chain reptation into three-dimensional space causes this discrepancy.
Other issues include the experimentally observed properties of the storage modulus, G’ (w),
and loss modulus, G” (w). These functions are calculated from the strain of a material given
when a stress is applied with frequency w. G’ (w) is the elastic component representing the
storage of energy, whilst G” (w) represents the loss of energy through heat transfer from the
material acting as a viscous liquid. Whilst the tube model is able to model these properties for
a monodisperse system, it struggles to reproduce them for bidisperse and branched polymers.
Different incarnations and modifications are made to the model to improve the fit in these
cases, but these modifications are not consistent with each other and cannot be easily compared.
Furthermore there is not a single model that can represent all experimental setups. The slip-link

model was created in an attempt to improve upon this situation.

1.3.3 Slip-link models

The concept of the slip-link model has existed for a long time; however, the more recent versions
are based upon the slip-link model described by Doi and Edwards [13]. This model is similar to
the tube model, where the tube is replaced with a number of virtual slip-link objects fixed in
space. The chain is free to move along its length by reptation, but is forced through these slip-
links, in order to represent the topological restrictions applied by entanglements. Like the tube

model, there have been many subsequent variations of the slip-link model proposed by various
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Slip-link: There are 7 slip-links.
Slip-link positions are labelled r,.

v

Section: There are Z+1 sections.
Each section confrains n; monomers.

Figure 1.8: Diagram of the Hua-Schieber slip-link model

research groups. Some of the most recent slip-link model variants are presented in the following

sections, followed by a critical summary.

Hua-Schieber slip-link model

The Hua-Schieber (HS) model [14], depicted in Fig.1.8, has a primitive-chain composed of Z + 1
sections joined at Z slip-links. The position of the i*® slip-link is specified by r;. The number of
monomers in each section, ¢, is n;, but the positions of these beads are not considered. Instead,
the simulation is evolved in respect to the one-dimensional position of each bead along the chain
contour length, s;, relative to an arbitrarily chosen point along the contour length. The equation

of motion for this system is
de .

gdt

FP+Ff+FFY (1.44)

where £ is the friction coefficient of the beads. F JB + FjR are the forces of a one-dimensional
Rouse chain, where FjB is the force due to springs and F jR is a random Brownian force. Finally,
F]-EV is an excluded volume force that prevents beads from passing through each other in the

chain.



1.3 - Introduction: Modelling entanglements 20

1
\
\
1
1
\
\
\

\ Each slip-ink is paired with

aslip-link in another chain

1
\
\

\
\
\

\
| 1

Figure 1.9: Diagram of the Doi-Takimoto slip-link model

If the number of beads in the first or last section becomes zero, then the slip-link for that
section is destroyed. Constraint release occurs when this mechanism is triggered. Standard
practice is to run multiple independent chains simultaneously, in order to average the results. In
this model, whenever a slip-link is destroyed by reptation in one chain, another slip-link from
the ensemble of other chains is selected. If this selected link is older than the one that is being
destroyed, then the constraint is assumed to have been released and is destroyed also. New
slip-links are created when the number of beads in an end section exceeds a critical value. This

new slip-link is created at a random vector with a fixed length from the previous slip-link.

Doi-Takimoto slip-link model - dual slip-link model

The HS model applied constraint release when slip-links were destroyed on other chains. The
Doi-Takimoto (DT) model [16], depicted in Fig.1.9, improves upon the HS model by explicitly

pairing the slip-links when they are created. When a slip-link is constructed, a counterpart is
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added to another random chain in the middle of a random section. Each of these pairs represents
an entanglement between two chains. Both of the paired slip-links are destroyed when either of
the two chains slide out of one of the slip-links. Hence, the statistical character of the constraint

release is directly determined by the other chains.

However, unlike the NS model, the DT model does not store the one-dimensional position of
individual beads s;; instead it is assumed that all beads are equally spaced between slip-links,
whose positions are fixed in space. This means that the middle sections of the chain can be
ignored and only the end sections are considered. Two effects change the length of the end

segments. Firstly, reptation is applied randomly with the equation of motion

ds = +/2d.dW (t) (1.45)

where the diffusion constant is

a2

R — 1.46
“ 3n2nZ (1.46)

The random movement ds can be either positive or negative and modifies the length of the end
segments s and so, such that s is increased when the length of s; decreases and vice versa. The
second effect applied to the chain is contour length fluctuations; the total length, L, fluctuates
with the equation

1

AL = —— (L (t) — Leq) dt + /2dy, dW (1) (1.47)
R

which has a restorative term that encourages the chain to return to the equilibrium length L.,

and a random fluctuation with diffusion coefficient dj,.

Masubuchi slip-link model - primitive chain network model

The DT model recognised that one chain may be used to determine the constraint release dy-
namics of another by explicitly pairing slip-links. However, there is an ambiguity about the

location of the paired slip-link. This is resolved in the more involved Masubuchi model [17]. The
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Slip-link:Each slip-link is
shared between two
chainsin real space.

Figure 1.10: Diagram of the Masubuchi slip-link model

slip-link that joins two chains must have the same point in space for both chains, as illustrated

in Fig.1.10.

The number of beads in each section is varied with the equation of motion

ap \ dn; "

where &, is the friction coefficient of a bead and Z—g is the average bead density of the entire

chain. This equation represents the one-dimensional reptation, where FZR is a random force and

T ; i
= 3"”3 <RZ+1 _H 1> (1.49)
b Nit1  Ni—1

is the force of beads in neighbouring segments, where n; is the number of beads and R; is the
length of section 7. An end section is destroyed if the number of beads within it is less than half

the average number of beads in a segment, and a new segment is constructed when the segment
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has one and a half times the average number of beads in a segment. When constructing a new
slip-link at the end of a chain, a list of all other segments from other chains that are within a
certain range of this end segment is generated. One of these segments is chosen and a slip-link
is added to both the middle of the selected segment and at the middle of the end segment that

was too long.
Another important advance in the Masubuchi model is the addition of thermal motion for
slip-links. The equation of motion of these slip-links is

dr;

o =FF 4+ F? + F} (1.50)

€s

where &; is the friction coefficient of the slip-link and FF is the elastic force due to the four chains

connected to the slip-link, 7. As such,

FP = 3’2§T Z % (1.51)

J
where the summation is over the four connected sections, with vectors R; and n; beads. The
second force FY is an osmotic term, such that sections repel the slip-link with a force proportional
to the bead density of that section. This results in an approximately constant bead density. The
final force, Ff{, is a random motion force. Thermal motion of entanglement points is an important

addition to the model, one that is also present in the slip-spring model, described in section 1.3.4.

Nair-Schieber slip-link model - consistently unconstrained Brownian slip-link model

(CUBS)

The Nair-Schieber (NS) model [18], illustrated in Fig.1.11, also allows slip-links to move in space,
but only due to constraint release, not to represent the fluctuations of the entanglement points in

the melt. As such, the NS model has no shared constraint release between chains or destruction
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Slip-links are created
and destroyed with a
probability based on

/ the number of beads.
= S
—

/

Each slip-link moves with a
Brownian motion, representing
constraint release.

Figure 1.11: Diagram of the Nair-Schieber slip-link model

of middle slip-links. Instead, the slip-links have the equation of motion

N.a? Nea?
dry = et <‘%r> dt + |~ aw; (1) (1.52)
12kpT 7; Or; Tfng} {rjzi} 67;

where a is the average bond length of the real chain and N, is the number of real chain bonds

per entanglement. The free energy, F, is the sum of the free energy of each section
Z-1
F=Fo(n)+ Y Felni) + Fe (nz) (1.53)

1=2

The free energy of a middle section is given by

~ 3kpT (n) o 3kpT 27mn;
Fs (nz) T 942 n; (rz - I'H—l) + 2 log 3 (1'54)
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and the free energy of an end section is given by

Fe (n;) = —k];T log () (1.55)

as derived in [19]. The time scale of this constraint release motion is controlled by the parameter
TiCR for each slip-link.

The equation of motion for the individual beads is the same as for the HS model, but the
approach taken towards the construction and destruction of chain ends is a new one. Unlike the
previous models, the NS model creates and destroys end segments with a probability, rather than
when it reaches a critical value. This probability is derived from a balance condition dependent

on the number of beads in the section. The probability of a chain end being destroyed is given

by
3
Py (ni) = in) (1.56)
<n> TK g
and the construction of a new end by
1 3(n; — 1
P.(n;) = — (n; = 1) (1.57)
(n)?r | ni(n)

where the Kuhn segment time, tx = 7o/ (Z)?, is fit from the characteristic time of chain relax-

ations, 7., and the number of slip-links, Z.

Summary

The modern slip-link model improves upon the tube model, but once again different versions exist,
which have focused upon the different methods of constraint release. A study by Masubuchi and
Watanabe in 2008 [15] compared the results of these different methods of constraint release,
and demonstrated that the NS model’s method of constraint release is inferior to the method of
pairing slip-links used by the DT and Masubuchi models; since the NS model overestimates the

values of G’ (w) and G” (w) at intermediate time. This conclusion was confirmed by Schieber in
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120].

Another mechanism that has not been properly resolved is the fluctuation of the entanglement
point. Slip-links are assumed to be fixed in space in the HS and DT models, and while the NS
model introduced slip-links with motion, this was only applied to reproduce constraint release.
Only the Masubuchi model has slip-link positions that fluctuate with forces from the attached
segments and Brownian motion. As a result, the NS and DT models have poor agreement with
high frequency modes, where G’ (w) significantly underestimates experimental values [15]. Com-
pared to these models, the Masubuchi model with fluctuating slip-link positions demonstrates

better agreement with experiment.

However, the issues encountered with the structure factor observed with the tube model have
not been addressed. The primitive chain’s reptation is still a one-dimensional Rouse motion,

mapped onto three-dimensional space. The slip-spring model below addresses this problem.

1.3.4 Slip-spring model

The focus of this study is the slip-spring model, as proposed by Likhtman in 2005 [21], and
based upon the slip-tube model of Rubinstein and Panyukov created in 2002 [22]. In the slip-
spring model, the slip-links are attached to fixed points in space by linear springs, known as
slip-springs, as illustrated in Fig.1.12. Much like the Masubuchi model, the movement of the
slip-links represents the motion of the entanglement point, due to the motion of the surrounding
chains. Another major difference with the slip-spring model is that beads within the chains are
explicitly modelled, whereas previous models focused on the slip-link positions and the number of
beads between them. This makes the slip-spring model less coarse-grained than previous models,
and allows smaller time scales to be investigated. The explicit knowledge of bead positions also

makes all physical observables easily available.



1.3 - Introduction: Modelling entanglements

27

Polymer chain
with N+1 beads indexed i=0 to N.
Bead positions are labelled r,.

Bonds have spring constant k. Slip-link

Connects the slip-spring to

the chain at bead index m,.

/

Slip-spring
Slip-spring anchor with spring constant ks=k/Ns
with position a, There are 7 slip-springs,

labelled from k=1 1o 7.

Figure 1.12: Diagram of the slip-spring model
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Parameters

In this model, the positions of beads are labelled as r;, where i is the bead index, and there
are N bonds connecting N 4+ 1 beads. There are Z slip-springs per chain, labelled from j = 1
to j = Z. Their slip-links may only exist on top of chain beads, where m; specifies the bead
that the j* slip-link is currently at. The anchoring point of the j** slip-spring is denoted as a;.
Furthermore, as demonstrated in Fig.1.12, anchoring points are not chosen to be on the mean

path, but rather represent the direction the entanglement is pulling the chain.

Energy

Since the chain is a Rouse chain (section 1.2.4), it is a series of linear springs with total energy

UC = ;k‘z (I‘i — 1‘1;1)2 (1.58)

where

 3kpT

b= (1.59)

The strength of the slip-springs is represented by the parameter Ng, which represents the number
of chain bonds that have the same strength as the slip-spring when connected in series. Thus,

the energy of a slip-spring is

k 2
S _
Uy = TNs (rm, — aj) (1.60)
and exerts a force
k
S
F) = N (rm, — a;) (1.61)

on bead m;. The energy of the entire system is given by

U:

|

N k Z )
Z (r; — ri—1)2 + TN Z (rmj — aj) (1.62)
j=1

i=1



1.3 - Introduction: Modelling entanglements 29

and has equation of motion

3kpT

k
§dri = bT (ri+1 — 21‘1' + 1‘2'_1) dt + \ 2]€BT£ dWi (t) + Nig Z 6i,mj (aj — I‘mj) dt (1.63)

The first two terms in Eq.(1.63) are the equation of motion for a Rouse chain (Eq.(1.24)) and

the final term applies to beads with a slip-link present.

Slip

Slip in the model represents the reptation-like motion of the chain past an entanglement. In
previous slip-link models, the chain would slide smoothly through the slip-link, because the slip-
links were fixed in space and the position of the beads were not modelled. In the slip-spring
model, the beads have known positions, which greatly increases the complexity, because one
must ensure the chain always passes through the slip-link position. The solution to this problem
is to allow the slip-link to move to the beads, instead of applying the topological constraint to
the beads. At each time step in the slip-spring simulation, the slip-link has the possibility of
slipping along the chain to the next bead in the chain. The direction of the slip is chosen by a
random function, (i (t), which is either —1 or +1. The change in energy due to the proposed
slip is therefore given by

AU; (G (1) = US (my) — U3S (my + ¢ (1))

k 2 k 2
The change in slip-link index is accepted or rejected by the Metropolis algorithm as described in
section 1.2.5. The original model considered the slip-link existing anywhere along the length of
the chain, but the method of discrete jumps between beads, first implemented by Miiller [24], is

equally valid and far simpler.
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Constraint release

Constraint release is added to the slip-spring model using the same mechanism used in the
Doi-Takimoto slip-link model. When slip-links are created, they are explicitly paired to other
slip-links. When a slip-link reaches an end bead, my — 0 or my — N, the chain is said to have
reptated out of the entanglement and that slip-link is destroyed along with the paired slip-link.
However, unlike the DT model, new slip-links are not created based upon the length of an end
section. To ensure the average density of slip-links is maintained, a new pair of slip-links is
created whenever a pair is removed. This new slip-link pair is created with one slip-link on the

end section of a random chain and the other on any random location in another chain.

Results

The slip-spring model has taken the best parts of the previous tube and slip-link models. As
such, the intermediate time of G’ (w) and G” (w) fits well to experimental data [21], since the
DT constraint release is used. The high frequency modes of G’ (w) are also in agreement with
experimental data [21], because the slip-links may move in space as they do in the Masubuchi
model. The slip-spring model improves upon these models further, by considering the position of
beads and allowing them to have three-dimensional motion. The previous models had a structure
factor that violated random-walk statistics, due to the beads moving with a one-dimensional

Rouse motion, and this difference in the slip-spring model fixes this.

1.4 Motivation for this study

In 1943, Flory and Rehner [25] considered analytically a single cell of a polymer network. This
cell consisted of a cross-link connected to four bonded neighbours, as illustrated in Fig.1.13a.
The neighbouring cross-links were assumed to be fixed at their average positions, located at the
corners of a tetrahedron. In 1977, Graessley and Pearson [2] considered analytically the Flory

network cell again, but used a slip-link instead of a central cross-link, in order to compare an
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entanglement with a cross-link. The slip-link, as depicted in Fig.1.13b, is an older version of the
slip-links that have been discussed in section 1.3.3, where it is a hoop through which both chains
have to pass.

Today, there is a far greater computational power available, which allows this study to run
polymer simulations, as described in chapter 2, rather than just analytical models. As such, the
two-chain model (Fig.1.13¢) is constructed, for which a detailed description is given in section
3.1.7. This is compared to the slip-spring model, where there is only one chain and has a
single slip-spring representing the single entanglement (Fig.1.13d). A detailed description of
this model is given in section 3.2. By comparing the slip-spring model to the two-chain model,
this project aims to demonstrate how well the slip-spring model can reproduce the static and
dynamic properties of the single entanglement case, using both macroscopic and microscopic
properties. Where discrepancies are discovered, chapter 4 of this project suggests improvements
to the slip-spring model that can be made. Whilst this study considers the simplest mapping of
the multi-chain system onto a single-chain model, the aim is for the techniques and suggestions
proposed to be developed further after this study and applied to the more general case of the
full multi-entanglement slip-spring model (section 1.3.4).

Furthermore, this project demonstrates how parameter estimation can be done using the
statistical technique of maximum likelihood, as discussed in chapter 5. This method is based
purely on the probability distribution of beads, rather than fitting the parameters of a model to
particular properties. By having a method that fits the model to the bead positions observed in a
multi-chain simulation, the maximum likelihood method finds parameters without bias towards

specific properties and does not obscure flaws in the model.
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Previous models:

(a) Flory and Rehner (b) Graessley and Pearson

Models used within this study:

(c) Two-chain single entanglement (d) Slip-spring

Figure 1.13: Single cell network models
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Chapter 2

Methods

2.1 Observables

2.1.1 Correlators and time correlation functions

Observables are properties of the system that are measured during the simulation. In this study,
the majority of observations use time correlation functions, which are the average of the product
of a function at two different times,

1 (tr—t)
lim ——
tg—o0 tf -t Jo

Caa (t) = (A(t)A(0)) = A(t+ 7)A(T) dr (2.1)

where t; is the final time of simulation [26]. When ¢ = 0 the two values of A are equal and

therefore fully correlated and give the second moment of A,
Caa (0) = (A(0) A(0)) = (4%) (2:2)

In the limit ¢ — oo the two measurements are completely uncorrelated and produce the first

moment of A squared,

Caa (00) = (A(00) A(0)) = (A (00)) (A4 (0)) = (4)* (2.3)
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Figure 2.1: Bead position in a random walk

The amplitude of the correlation function and the difference between these is the variance of A
Caa (0) — Caa (0) = (A?) — (A)? = var (A) (2.4)

A stochastic process as a function of time provides very little insight about the dynamics of a
system, as demonstrated by Fig.2.1. The time correlation function can be used instead to obtain
more information, using the fluctuation-dissipation theorem, which connects the relaxation of a
system to correlations between fluctuations occurring at different times [26, 27, 28]. For example,
the stress relaxation modulus of an isotropic system can be expressed as correlation function of

stress at time 7 and t + 7,

G = kZT (Cap (t+T)0oap (7)) h Ba::;/’ Z (2.5)

where V' is the volume, 0,43 is a component of the stress tensor and the average <> applies the
integral over 7 in Eq.(2.1) [4]. The stress relaxation may be calculated from measurements of
the system relaxing after a deformation, as the name suggests, but the fluctuation-dissipation

theorem means that, by measuring the time correlation function of the stress tensor, the stress
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relaxation modulus can be calculated from a system without deforming it.

Correlators in computer simulations

To calculate a time correlation function in a simulation, the integral in Eq.(2.1) is approximated

as a summation of n; time steps of size At,

1 &

T

(tr — 1)
At

Caa(t)=(A()A0)) =~ A(t+iAt) A(iAt); ng = (2.6)

i=0

A typical simulation would record the function A (¢) during the simulation and write it to file.
Only after the simulation is completed, is Eq.(2.6) calculated. The major drawback of this is
the amount of storage memory required for the output file, which limits the number of obser-
vations that may be recorded. The University of Reading Polymer Physics Group has its own
programming objects called correlators, which improves upon this situation greatly [29]. Rather
than calculating the correlation function after the simulation, the correlation function is cal-
culated as the data is obtained. Thus, when a new value is observed, it is compared with all
previous observations to calculate A (t) A (0), where the latest observation is A (0) and A (¢) is
the observation a time ¢ ago. When this is done for every observation and averaged, Eq.(2.6) is
obtained. However, this would have greatly increased the amount of run-time memory required
to impossible levels. This is where the correlators become clever.

Time correlation functions are normally plotted on a logarithmic scale. This means that the
correlator object does not need to calculate C'44 (¢) for all available ¢. Instead the correlator uses
an array of queue objects to create a non-linear scale. Illustrated in Fig.2.2, these queues shift
all values one place every time a new value is added, such that the final value is forgotten, but
every two values added are averaged and passed to the next queue object in the array. Because
of this, the n'" queue is only given 1 value for every 27! values added to the 15" queue. Thus, a
non-linear storage of past observations is created, with increased averaging as t increases, so no

past observations are completely forgotten.
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12y

Figure 2.2: Diagram of the correlator object, indicating insertion, shifting and averaging of
values (grey). Also shown are the combinations of elements used for calculation of the correlation
function (blue). Only two queue structures are depicted in this diagram, but many more are
used within simulations. Each queue structure repeats the operations demonstrated here, such
that the nth correlator obtains new a value every 2("~1) values added to the 1% correlator.

The correlation function, C'44 (), is calculated from this structure with the same non-linear
scale. Using Fig.2.2 for reference, a new value in the 15 queue is compared with the values in
cell 1.5, 1.6, 1.7, 1.8 to obtain the correlation function at ¢t = 4At, 5At, 6At, TAt; a new value
in the 2™ queue is compared with 2.5, 2.6, 2.7, 2.8 to obtain ¢ = 8At, 10At, 12At, 14At; and
continuing for later queues. These are averaged with the results calculated when previous values
were added to the correlator object to obtain the correlation function, C44 (t). This method is
more efficient on memory and provides a more accurate correlation function, than the standard

method, for the same simulation time.

2.1.2 Stress, 0, and the stress relaxation function, G (t)

The stress property shall be considered in relation to a single Rouse chain, consisting of N bonds
connecting N + 1 beads. Beads in this chain are labelled with the position vectors rg,ry,...ry,

where the end beads ry and ry are fixed in space. For this chain, the microscopic expression for
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the stress tensor is

OaB = — 1, ZR’L’L 1 (27)

where V' is the volume of the system, R;;_; is a bond vector and F;;_1 is the force along the

bond,

Rii-1 = ri—ri (2.8)
oU; i1

Fi i— . = _kRz i— 2.9

i1 ORi i1 (2.9)

where U; ;1 is given by Eq.(1.21). Thus, the diagonal components of the stress tensor, which

are of most interest to this study, are given by

<}

N

k

= = (7 -rL (2.10)
=1

where v = z,y, 2z and k is given by Eq.(1.20).

The first moment of stress for a Rouse chain with fixed end beads is given by

[ 04y exp (—k]s%) dBry...dBPry_y

(oyy) =
f exp <_kBLT> d3I‘1 N d3I‘N_1

(2.11)

which averages over all bead positions, where dr; = dr¥dr!dr? and U is given by (1.22) to

produce

kaz 1(?” — T 1)2 exp( kg TZ@ 1( — I 1) ) d31‘1...d31‘N_1

2
(oyy) = =
( 2kBT Zz (v —1i1) ) d?ry ... dPry

[ exp
(2.12)
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To integrate this, the three-dimensional integral

- (2g—1)!! (l)g
> 0 ; p=2q¢+1

;i P=2q
(2.13)

is used, where p, ¢ are integers and !! is the double factorial defined as

q

(2 - =TJJ@i-1) (2.14)

=1

In order to use Eq.(2.13) the exponential in Eq.(2.12) must be first transformed to have the form

e~ To do this the transformation r — T is applied, such that

b\? b2
ar’—b-r+c = a(r—) ——+4c

= a* - C (2.15)

(o) = L (N 1) 4 & N T (2.16)

is obtained. The first term is stress from thermal fluctuations, where each vibrating bead con-

kgT

g~ in accordance with equipartition theorem, and the second term is due to the stretch

tributes

between the fixed beads.

The second moment of stress can be found in a similar way

<(U’W)2> _ / (aw)2 exp (—,ﬂ%) d®r; ... dBPryy 217

f exXp (_kBLT) d3I‘1 PN dgl‘N_l

This integral is more complicated because the stress is squared and therefore generates cross
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terms, but the results in

k%T? 2 =) k(=)
<(aw)2> = @2 (N =1) (N +1) + o5hsT (N = 1) k(NNO) + VQ(NNZO) (2.18)
Stress relaxation function, G,z (t)
The stress relaxation function for the anisotropic system is given by
v
Gop () = 7 (708 (t) 0as (0)) (2.19)

where o, 8 = x,y, z and V is the volume, which is defined in this study as

(2.20)

where ¢ is the number of non-fixed beads per unit volume. Thus, the relaxation of a diagonal
component of the stress tensor is given by

(N -1

Gy (1) = kT

(095 (t) o7 (0)) (2.21)

For the limit ¢ — 0, Eq.(2.2) and Eq.(2.18) give

Gy (0) = (i\;;;) (o7,)

- kT(N+1)+2k<‘”N_x°)2+ ck? (ox — o)’
- B TN ksT (N —1) N2

(2.22)

Similarly for the limit ¢ — oo, Eq.(2.3) and Eq.(2.16) lead to

(V-1

Goy(00) = m@vﬁ

2

(xN — xo)Q Ck2 (xN — .730)4
= c¢kgT (N —1 2ck
chpT (N = 1) +2ek—3——+ o N 1) 2

(2.23)
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The amplitude of the stress relaxation function is therefore simply
Gy (0) — Gy (00) = 2¢kpT (2.24)

In simulations

During a simulation, 0,3 is measured using Eq.(2.7) every time step and submitted to the corre-
lator object, previously described, to calculate Gog (t). The stress is also split into contributions
from different objects in the system, such that, in the two-chain simulation (Fig.1.13c), the stress
contribution from the lower chain can be analysed separately from the stress contribution from

the upper chain. This allows the system to be investigated in greater detail.

2.1.3 Mean and variance of beads and bonds

The mean and variance of beads and bonds are vital in understanding the mechanisms of the sys-
tem that result in the macroscopic properties, such as stress. When comparing with experimental
data these properties can rarely be used, because most experiments only observe macroscopic
properties. However, when comparing different simulations these properties are easily obtained
and provide the best indication of where the simulations differ.

The mean vector position of beads, (r;) and the mean vector of bonds (R;), where bond
vectors are given by R;;_1 = r; — r;_1, are easily understood properties. The covariance tensor

of the vector r; is given by

Cap (x5) = <<rg - <'rf‘>> (ﬁ* - <rﬁ>>> (2.25)

[30]. During this study, the variances of individual components of r; and R; are considered
separately and are given by

var (1) = ¢y (1) (2.26)

such that
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) = (o002 = ()= (2) 227

() = (i) = () - (m) (29

Relation to the average stress, (0,)

The average stress of the diagonal components is given by Eq.(2.10). This can be expressed in

terms of bonds and expanded by Eq.(2.28) to produce

> (()')

() S () 22

<‘7w> =

<l =
.MZ

)

Il
<| =
AMZ

=1

Hence, by studying the mean positions and variances of the bonds, one is able to assess why the

stress in one model is not equal to the stress in another.

2.1.4 Mean squared displacement of beads, g;; (t)

The bead mean squared displacement function,

914 (8) = (s (1) =1 (0)%) (2.30)

expresses the second moment of the distance the bead ¢ moved during time ¢ [4]. If we consider

g1,i (t) for t — oo, expand and apply Eq.(2.2) and Eq.(2.3),

g1 (o) = <r<o > < D7) = 2(x (00) - x (0))

= 2 ) epy(r (2.31)
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the trace of the covariance is obtained. Thus, the static values of g; ; (c0) and g1, (0) = 0 do not
provide any new information; instead it is the dynamics between these limits which are of most

interest, as is now demonstrated for the single Rouse chain.

Single Rouse chain

In this study the displacement of the middle bead is used,

g1mid (t) = gy » (t) (2.32)

N4

)

as plotted for a single Rouse chain with fixed end beads in Fig.2.3. It is an interesting plot
for polymers because three regimes are observed. Initially, (a) the motion of the individ-
ual beads is observed. Because beads move as a random walk, it is observed that g;; (t) =
<(ri (t) —r; (0))2> ~ t in this regime. After 7o = 7p/N? (b), the beads feel the influence of the
rest of the chain and gy ; (t) ~ t%5. This motion is known as Rouse motion. It is this regime that
is of most interest to this study as it is dependent on the interactions within the polymer and will
differ for different models. To emphasise the detail g1 miq (t) /% is also plotted, such that Rouse
motion appears as a constant value. The final regime (c) occurs after 7r and represents the chain
moving as a whole. If the chain did not have fixed beads, the motion would be proportional to ¢,
as the entire polymer would move like a single coarse-grained blob. Since the two end beads of
this Rouse chain are fixed, a constant value is observed instead, which indicates the point where

the middle bead starts to realise that it is connected to the fixed bead points.

In simulations

Similar to a correlation function, the mean squared displacement averages over two different
points in time. As such, the correlator objects in our simulations are applicable to g1 miq (), and
at each time step, the position of the middle monomer is given to the mean squared displacement

correlator object.
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gw(t)i 2var(r )

g‘l,mid(t)

A

Py I

)

g, mid(t) /€2

Figure 2.3: Mean squared displacement for the middle bead in a single Rouse chain with fixed
ends. Single chain parameters are N = 16 and (ry —ro) = (10,0,0).
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2.2 Generic polymer simulation (GPS)

Within the Reading Theoretical Polymer Physics Group, there were multiple research projects
with each member running their own simulation program. These programs were developed sep-
arately, so taking components from one project to another was far more time consuming than
necessary. Furthermore, because the simulations were written independently, the observable out-
puts were incompatible. This meant that, whilst the same properties were often produced by
multiple programs, each program would name and normalise it differently, which made compar-
ison between programs awkward. GPS was developed as a solution to these issues.

Developed by Likhtman, Palmer, Cao and Vorselaars, the main aim of GPS is to be a pro-
gramming environment that allows common code to be reused by many projects. This should
create a situation where a common set of observables can be activated for any project, indepen-
dent of the particular model. Having this common set of observables should allow the comparison
of data from different models directly. In GPS, creating new models is easier, since there is com-
mon code already available for the common models and equations of motion. This also reduces
the amount of programming knowledge required by a new user starting their first model. An-
other design consideration, was that GPS must be fast to run. Many simulations take weeks
or months, so even a 10% increase in efficiency is important. To create GPS the programming
language C++ was used, because of its familiarity to most users, but also its speed at performing

numerical calculations and the general availability of compilers on many systems.

Overview

Fig.2.4 is an overview of the GPS program; boxes are classes and arrows show the direction
that information flows. To prevent circular referencing, these arrows should only flow in a single
direction. A key feature of the design is that the model unit does not know anything about the
analysis unit and vice versa. This means that the model and analysis classes are independent

and different models may use the same analysis objects, or the same model may be run with
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global variables

int* beads
int * beadschain
BeadType * bTypes
Chain * chains
double t, dt, tmax
tp3*r
tp3* f
char * fname
char * header
tensor * chainstress
tensor * beadstress

Array of bead type per bead
Array of chain index per bead
Array of bead types

Array of chains

Time, time step, max time
Positions per bead

Forces per bead

File name

Header for file

Array of stress per chain
Array of stress per bead

v

analysis

model
Constructor
Constructor Creates the model. Observe()
CreateConf() Positions the beads. Save()
Step() Evolve the simulation int Freq
Observable **obsList

Creates the analysis and
all observable obiects
CObserve and analyse the
simulation

Create output file

How often to save to file

Array of pointers to
observables

|

v

main

- t=t+dt

Create Model and Analysis
model.CreateConf()

Loop until { t ==tmax )

--- model.5tep()
--- amalysis.Observe()
--- When required call
analysis.Save()

Figure 2.4: Overview of the GPS program design, including the public interfaces of each unit.

Arrows indicate the flow of information.
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different analysis objects.

The global variables unit acts as the method of communication between the model and the
analysis classes. The variables stored here are common to many models, including the simulation
clock with the time parameter, t. The most important variables stored here are the position of
beads r and the latest force applied to them f. These values are stored as arrays of a vector
type, known as tp3, which stores the x, y, z vector components, but also has an associated set of
appropriate operators. Access to these arrays can be done in the form of a loop over all beads,
but it is often the case that a loop over all beads in a single chain is preferred within a loop
over all chains. For this purpose, the array chains exists. Each chain object stores the starting
index and number of beads in that chain, which can be used to construct a loop over the beads.
The array beadschain is the inverse of this array, where each bead index provides a chain index
to which the bead belongs. In addition to this, there are bead types. Types allow polymers to
be distinguished from each other, but also allow each type to have a different chain length and
force potential parameters. The types have parameters that allow the looping of beads by type.
The array of these types is bTypes, and the array beads is the inverse of this, linking each bead
to a particular type. The stress values of the system are also stored within this class. The model
calculates the stress values, which are then stored in the arrays chainstress and beadstress so

that the analysis object may access the data.

The main unit of the program contains the code that controls the simulation loop. When
the program is run, the system parameters are parsed from an input file, which are then used to
populate global variables and construct the model and analysis objects. The input file is simple to
construct and an example can be found in Fig.2.5. An additional method of supplying parameters
is also available on the command line, as demonstrated in Fig.2.6, which is commonly used when
calling batch jobs, where a user requires each job in the batch to have a different parameter value.
Once the units have been constructed using the input parameters, the model’s CreateConf()
function is used to position all the beads in the system. After which main() starts the simulation

loop. Each loop calls the Step() function of the model, which evolves the simulation by moving
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Figure 2.6: Example command line instruction for GPS.

s model and analysis modules
mname=twochain
aname=twochain

s+ Two chain model parameters
H=5
d=10

::; nunber of types

;s number of beads per chain per type
:» number of chains per type
nBeadIypes=2

nd=1a

nl=1&

ncd=3

ncl=3

;2 initial time
;; time step
t0=-2560
dc=0.0001

Figure 2.5: Example input file for GPS.

gps myModel.ini -dt 0.012 -xi 2
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the beads and calculating the stress in the system. Following this the Observe() function of the
analysis object is called to analyse the new system state. The simulation analysis is saved to a
file during the simulation, but infrequently, as it is an expensive operation. The frequency that
the output file should be written is controlled by the parameter freq in the analysis class. The
program will repeat this loop, increasing the simulation time, ¢, by the time step, dt, until the

maximum time, tmaz, is reached.

2.2.1 Model classes

The model classes in the program contain the code to control how the simulation evolves at each
time step. Models are modular, which means that at run-time the user specifies which model to
use. The design concept of the model classes that the models should inherit from each other, as
demonstrated in Fig.2.7 where double lines indicate the inheritance of classes. A base model class
contains the interface and common functions that all models inherit. Having a shared interface
between all models is important, because it allows the main code to treat all models in exactly the
same way, no matter how much they might differ internally. The three functions to be called by
the main code are the constructor, CreateConf() and Step(). The constructor is a function called
when an object is created; typically its role is to create any arrays required and to initialise all
variables. CreateConf() stands for “create conformation” and is used to give the initial positions
to beads before the main loop is started. Step() is the heart of the model and is called every time
step. This function depends upon the model, but will generally calculate new bead positions and
stress values. Normally in this process, forces are calculated to determine how the beads should
move. Since calculating forces is a common function to most models, the Calculate BondedForces()
and CalculateNonBondedForces() functions are defined in the base class, making them available
to all models. The bonded forces function loops over just the bonded particles and the non-
bonded forces function performs a loop over all pairs of beads. These functions take a force
function as a parameter, so they can be applied to most situations by changing the force function

without having to edit the base functions. The force functions are declared in the force and
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force and energy

model

Update_list()
CalculateForces()
CalculateNonBonded-Forces()

int #* vlist

Update the Verlet list

Calculate forces

Calculate non-bonded forces

using the Verlet list

Array of array of nei

oeac

SelectMonomer()

Constructor Create the model
f_linear Linear force CreateConf{) Position the beads
f fene FENE force Step() Evolve the simulation
fli_12_6 U force a Calculate Forces() Calculate forces

CalculateBondedForces() Calculate bonded forces
e_linear Energy of a linear force CalculateNonBondedForces() Calculate non-bonded forces
e_fene Energy of a FENE force GenerateRandomForces() Generate random forces
e_lj_12_6 Energy of a U force KramersStress() Calculate stress from chain orientation

v v
model MD model MC

Constructor Create the model Constructor Create the model
EquationOfMotion() Applies forces using MD EoM
AddToVerletList-Condition() Verlet list filter Step() Evolve the simulation

Pick a random monomer

Whether to accept the
monomer movement

Accept()
ghbours per
model BD
Step() Evolve the simulation

using the BD algorithm

CalculateForces()

Calculate forces

Figure 2.7: Diagram of the relationship between the files comprising the model unit. Single lines
indicate one class being used by another and double lines indicate inheritance from another class.
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energy unit, a sample of which can be seen in Fig.2.7. The function CalculateForces() collects
any CalculateBondedForces() and CalculateNonBondedForces() function calls, such that a model
may have more than one type of force in action. A new model that wants to change the default
force calculations can override just the CalculateForces() function, so that it does not need to
know how the more complex CalculateBondedForces() and CalculateNonBondedForces() work
internally. An example is shown in Fig.2.8, where the CalculateForces() function has been
overridden to apply a linear spring force along bonds and a Lennard-Jones force between all

beads. These lines of code are simple but powerful.

The next tier of models inheriting from the base model are the different equations of motion
(EoM) and were implemented by Likhtman and Cao. Three examples of these are shown in
Fig.2.7: molecular dynamics, Monte Carlo and Brownian dynamics. These EoM base models
define the crucial functions that the models in their family require. This involves creating code
for the Step() function, which may be split into multiple model specific functions, allowing a user
inheriting from the model to modify individual sub-functions without having to rewrite the entire
Step(). As an example, the Monte Carlo EoM works by generating random movements and then
testing to see whether this movement will be accepted by a Metropolis algorithm, as discussed
in section 1.2.5. This family’s Step() function has a sub-function Accept(), which is used to
determine whether or not to keep this movement. Accept() calculates the change in energy and
applies the Metropolis algorithm. Descendants of this family base model will typically override
the Accept() function to change the potentials applied between beads, but will not touch the rest

of the Step() function.

The most complicated EoM model is molecular dynamics (MD), as described in section
1.2.2. This model implements a Verlet list, which is a tool used to ignore negligible non-bonded
interactions [5]. The code to construct and maintain this list is not something the user wants
to repeat every time they make a new model, so instead the code for the Verlet list is in the
family base model that other MD models inherit from. If a new model wants to change which

beads are added to the Verlet list and are allowed to interact with each other, only the function
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/f Model inherits from the MD family base
class Model rousemd : public Model md

poblic:
Hodel_rousemﬂ[void]{};
virtnmal ~H0del_rousemd(void3{};

ff Position the initial position of all beads
wvirtnal void CreateConf (void):

for(int j=0;j<nc:;j++) // loop over all chains

int 3i = chains[j] .startIndex;
rl=i]l=oo;
for (int i=1;i<=chains[j].n;i++) [/ loop over all beads

J/ Position a random vector away from the previous bead
ri2i+i] = r[=i+i-1] + gau wi=grci(l./3.));

protected:
wirtmal bool AddToVerletListCondition(int i,int j)

f/{ Add to Verlet list only only beads in the same chain.
S/ i<i so that we don't double count interactions.
if ((i<j) && (beadchain[i]==beadchain[j])
retaorn true;
else
retuorn false:

wirtmal veoid CalculateForces(tp3 *r, tp3 *f)

// Reset the force for all beads
for(int i=0;i<np;i++) _f[i]=oo;

J// Bonded beads interact by linear forces.

int nParam; donbhle param[maxParam] ;

nFaram = 1; param[0]=3.:
CalculateBondedForces (_r, f,&f linear,nParam,param);

// Lennard-Jones repulsion is applied between beads.
nParam = 2; param[0] = 1; param[l] = 1;
CalculateNonBondedForces( r, £,&f 13 12 &,nParam,param):

Figure 2.8: Example code for a model in GPS, inheriting from the MD family. The functions
CreateConf(), AddToVerletListCondition() and CalculateForces() have been overridden from the
MD model family base.
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AddTo VerletListCondition() needs to be overridden, not the entire Verlet code. An example is
shown in Fig.2.8, where the function has been overridden to only allow beads within the same
chain to interact.

To add a virtual object, such as a slip-spring, into a model, the user should create a slip-
spring object within their own model and then override the CalculateForces() function to add
code that applies forces produced by the slip-spring object. Furthermore, a more complex slip-
spring model can inherit from this slip-spring model, allowing the slip-spring code to be reused.

Reusing common code for models keeps them short and easier to read.

2.2.2 Observable classes

A simulation may have many observables as discussed in section 2.1. These observables are sep-
arate objects, which can be added to analysis objects as required. The analysis and observable
classes were developed by Palmer and Likhtman. As depicted in Fig.2.9, there are a number
of observable base classes, which define the interfaces and establishes the common functions
and variables. These base classes create the complex storage locations and key functions that a
user-created observable can inherit from. The base class function init() is used for initialising
the observable, providing the crucial parameters such as its name, output frequency and nor-
malisation; the function calc() uses the variables found in the global variables unit to perform
a calculation and add the result to the appropriate data structure; and the output functions
output (i, *s) and output2header(*s) are used to report the results back to analysis object.

An observable, such as mean squared displacement, inherits from the base class most suitable
for storing its data. The Observable class can store a single value, whilst the ObservableArray
class stores data in a multiple columned table; the ObservableCorr class is the most complicated,
as it uses the correlator class described in section 2.1.1. Mean squared displacement uses the
ObservableCorr class, as shown in Fig.2.10. The complicated correlator code is hidden and only
a few lines of code are required. The first line of the class specifies the correlator type, in this

case a diffusion correlator. The init() statement names the observable “glmid”, specifies “nc”
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Observable
Correlator
Constructor Create the obhservable
init{name, norm, freq) Initialisation Constructor Creates the correlator
calef) Calculate and add value
output(i,*s) Output data row add(j,v) Add value v into correlator
output2header(*s) Output header data i
npt() Number of points
res{i) Returns the value in row i
char * name Name of observable
int freq Frequency of output timel(i) Returns the time of row i
int nadd Number of values added
double norm MNormalisation npc() Number of points
double v Stored value
Il
Il
I A4
Il
ObservableArray I ObservableCorr
Il
Constructor Creates the observable H Constructor Creates the observable
init{nRow, nCol, name,
(nRow, nCol, name, -, . alisation I . I
norm, freq) I init{n,name,norm,freq) Initialisation
calef) Calculate and add value li
output(i,*s) Output data row I: calc() Calculate and add value
int nx, nf Number of rows and I: output(i,*s) Output data row
columns Il
double * x ndex column Il Correlator ¢ correlator
double ** f Values table I||
Il
I Il _”
=, ===
————————— = \U’ f=========
My Observable
Constructor Creates the ohservable. Sets the name,
normalisation and other parameters
calc() Calculates a value using the global variables and
adds it to storage using the chosen data method

Figure 2.9: Diagram of the relationship between the objects comprising the observable unit.
Single lines indicate one class being used by another and double lines indicate inheritance from
another class. The dashed double lines indicate that MyObservable could inherit from any one
of the observable objects.
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S/ =-— Mean sguared displacement of the middle monomer --—
/f Correlator type : Diffusion correlator
class Obhservable glmid: public ObservableCorr<CorrelatorArray<DiffusionCorrelatorT<tp3> > >

public:
Cozervable glmid(int fregin=1, int typein=-1)

// Set the:

S/ - number of independant correlators to AVErage
// - name of cbservable
S/ - normalisation

/f - fregquency of calc
init({nc, "glmid",1l.,freqgin);

vold calc()

// For every chain
for(int j=0;d<nc;j++)
Sf Get the first monomer of chain j
int i = 3% (n+l);
S/ bhdd to the correlator with index j the middle monomers position.
c.add (j,z[i+n/2]1):

Figure 2.10: Example code of an observable in GPS. This example calculates the mean squared
displacement of the middle monomer.
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correlator objects (one for each chain), sets the normalisation to “1.”, and specifies the frequency
that the observable is calculated. The calc() function obtains the position of the middle bead and
then is added to the correlator by the function c.add(), which calls the complicated correlator
calculation and storage.

The other important functions output(i,*s) and output2header(*s) are not normally over-
written by the user. The output2header(*s) function is used for single value outputs such as
found in the Observable class; while output(i,*s) is used for passing data intended for row i to
the analysis class. When the Observable or ObservableArray classes calculate a new value, it
is added to the existing values and the integer nadd is increased. When outputting, the sum
of values is divided by nadd in order to produce the average value. With the ObservableCorr
class, multiple correlators are created. These are chosen dependent on the property; for mean
squared displacement there is one correlator created per chain. When outputting, the results
of the separate correlators are averaged together. All of these observables also use the norm

parameter to normalise the results before output.

2.2.3 Analysis classes

The analysis class is used for collecting and managing the observables in the simulation. The
class controls on which time steps observables perform their calculations and then collates the
results of all the observables to create a single output file. A number of interface functions are
available, including AddObservable(), Observe() and Save(), as depicted in Fig.2.11. The analysis
class contains an array of pointers to observable objects, and the AddObservable() function is
used to create and collect these observables. The Observe() function is called every time step
by the main code and loops over all observables that have been added to the analysis object,
calling the Calc() function for each. The Save() function saves the results of the observables
to a single output file, by calling each of the observables in turn requesting their component
of each row of the file. Having written the results to file, the analysis object will also write to

the screen using the function screen_ print(), which shows the current simulation time and a
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Analysis

Constructor Creates the analysis
AddObservable() Adds an observable
Observe() Calls calc() for all observables
Save() Create output file
screen_print() Prints update to screen

char * fname Qutput file name

char * file_ext File extension

int freq Frequency of output
Observable **obsList  Array of pointers to observables

My Analysis

Constructor Creates the analysis object and adds a
collection of observables to it

Figure 2.11: Diagram of the relationship between the objects comprising the analysis unit.
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class Analysis min : public Analysis

public:
Analysis min(vold)

{ Set the file extension
sprintf(file ext, "steady"):

A/ Ldd observables

LddCbhservable [ new CObservablePhi (10}))
AddOkservakble (| new Observable glend(l10));:
LddCbservable [ new Observable g3(10)):

AddChservable | new
AddCbservable ([ new

virtnal ~Analysis _min(void){}:
ki

Figure 2.12: Example code of an analysis object in GPS. The AddObservable() function is used
to add observables to the list of observables to be executed by the analysis object.

measure of the number of cycles per millisecond that the simulation is performing, so the user
may judge the progress of the program. None of this analysis code is expected to be modified by
the user. Instead, the user is expected to either use an existing analysis class, or create a new one
that inherits from the base analysis class. This descendant analysis object defines a constructor,
as demonstrated in Fig.2.12, which consists of a number of AddObservable() statements, each
adding a new observable to the analysis. By doing this, the user can create a set of observables

to apply to their project and can reuse this set of observables for multiple models.

2.2.4 Comparison to another polymer simulation program

A commonly used polymer simulation package is LAMMPS, Large-scale Atomic/Molecular Mas-
sively Parallel Simulator [31, 32|, which is also written in C++ and designed to be usable for
many different simulations, but is restricted to MD models. To run LAMMPS, the user must
provide an input file of parameters and second input file for the polymer initial positions and

bonds. The first input file has an extensive number of options, allowing the MD simulation to be
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configured massively. However, the number of options is so large that it is difficult to know what
is available and how to apply it. In contrast, GPS has a simpler input file and provides the user
with the tools to create their own model in the code that defines the specifics of the simulation.
This allows a GPS user much greater flexibility than LAMMPS. The second input file of bead
positions, has to be generated prior to a LAMMPS simulation, whilst the model classes within
the GPS program specify how they will generate the bead positions at the start of the simulation.
LAMMPS and GPS have been designed to fulfill different requirements. LAMMPS has a large
number of existing models and options, using the MD equation of motion; while GPS is designed
to run a wider range equations of motion and allows the user to create and modify models by
adding new code to the program. LAMMPS does provide the possibility of adding new code, but
incorporating our correlator objects into the code was not possible without major modifications,
because correlators are an evolving observable rather than an instantaneous calculation that can
be output. The design of GPS means that the user has the control and flexibility to add new
models and observables that require extra variables and code to be added to the simulation, such

as slip-springs and correlators.

2.2.5 Usage and future prospects of GPS

GPS is currently in use by the majority of the members of the Theoretical Polymer Physics
Group at the University of Reading. Development of the model and observable library has
continued with the input of the whole group, which means that GPS has a large collection of
pre-made content. Within this project, the modular characteristics of GPS were especially useful
for studying the different two-chain models in section 3.1.7. By inheriting from existing models,
new two-chain models were created with a minimal amount of new code. In addition, the analysis
used by the models was shared by all of the two-chain and slip-spring models, which made the

all results directly comparable.
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Chapter 3

Main models

3.1 Two-chain simulation

In order to study the slip-spring model reproducing a single entanglement, an appropriate en-
tanglement model is required, for which the two-chain model is used, as illustrated in Fig.3.1.
This model consists of two Rouse chains with the ends fixed in space to represent cross-links in
a polymer network, as discussed in section 1.4. The parameters of the model are: the number
of bonds, IV; the horizontal separation of anchor beads in the same chain, D; and the vertical
separation of anchor beads in different chains, H. The beads are given initial positions as shown
in Fig.3.1 and the simulation is run for 10tp before taking any observations, so that the two
chains relax to equilibrium state. The equation of motion for the chains are given by Eq.(1.24)

plus a rejection condition to prevent the chains from being able to cross.

3.1.1 Entanglement by rejection

The rejection routine for detecting chain crossing is called every time a new bead position is
generated and tests each bond that is affected by the move. Using Fig.3.2 for reference, the bond
vector BA becomes BC as the bead at position A moves to C in the simulation time step, such

that the bond must sweep across the area of the triangle ABC. The rejection routine tests for a



3.1 - Main models: Two-chain simulation 60

crossing of this triangle by each bond LM in the other chain. The routine begins by determining
the point P where vector LM intersects the plane defined by the three points ABC, as depicted
in Fig.3.2a. Hence,

P=L+oLM (3.1)

where « is the fractional distance along the vector LM where the plane intersects. This can be

calculated as
n-LB

_ 2
T L IM (3.2)

where n is the normal to the plane ABC. Only if 0 < a < 1 does the vector LM intersect
the plane defined by ABC and the routine moves onto the next stage. Otherwise, the bond

cannot intersect the triangle and the routine moves onto the next bond. The next stage finds

Figure 3.1: Diagram of the two-chain model
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Figure 3.2: Diagrams of the rejection routine. Six points are labelled: old bead position, A;
neighbouring bead position, B; new bead position, C; intersection bond vector, LIM; intersection
point, P.

the position of the intersection point P, expressed as a sum of the vectors BA and BC using

the weightings w and v, such that

BP = wBA +vBC (3.3)

as demonstrated in Fig.3.2b. These weightings can be found as

. _ (8P ZBA)Z (3.4)
oo (BP:BC)Z (3.5)

If the conditions w > 0, v > 0 and w + v < 1 are true, then the intersection point is within the

triangle and chains must have crossed, therefore the move A — C is rejected.

When a bead movement is rejected, a new bead movement is generated using the equation
of motion with a different random Brownian force, which is also tested for intersections. This is
repeated until a movement is generated that does not cause the chains to cross. When using this
rejection method, the beads should be moved in a random order, which is generated by creating

an array of all the bead indices and then shuffling it every time step. Whilst all beads are moved
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within the same time step, the rejection algorithm can only be applied to one bead at a time and
must respond to the new position of beads that have previously passed the rejection test. This
means that the first bead to be moved in the chain may do so using the current positions of the
other beads in the same chain, but the last bead in the chain will be using all the new positions.
There is a bias introduced by always moving the beads in the same order. For example, if the
upper chain moves away from the lower chain, the first bead in the lower chain is most able to
take advantage of that new space available. Performing the bead movements in a random order,

ensures that such artefacts are not present when averaged over many loops.

With a small time step, At, the Brownian motion dominates the equation of motion and the
average distance moved by each bond is proportional to v/At. The number of bead movement
attempts rejected during the simulation should therefore also be proportional to vAt. Plotted in
Fig.3.3 is the percentage of bead movements that were rejected during two-chain simulations as
a function of At, where it is indeed observed that this relationship is true for small At. However,
it is observed that for At = 0.001 the relationship changes and the number of rejections increases
due to other effects. In order to prevent these effects creating artefacts in the simulation, we will

use At = 0.001 in our simulations.

3.1.2 Predictor-corrector method

When a computer simulation computes the equations of motion, it cannot use an infinitely small
time step. Instead an acceptable error tolerance is selected and a time step, At, is chosen to
provide the appropriate degree of accuracy. Fig.3.4a demonstrates how the error in a property,
such as the second moment of stress, <02>, will decrease with smaller values At in a standard
Brownian dynamics simulation. However, while a smaller At will reduce the error in the simu-
lation, it also restricts the maximum simulation time that can be reached within the duration of
the simulation, so there is a desire to increase the degree of accuracy of the simulation without

having to reduce At. The simplest form of integration is the Euler method, where the equation
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Figure 3.3: Percentage of bead movements that were rejected by the entanglement routine for

simulation with time step, At. Model parameters are N = 16, H = 10 and D = 10. (Predictor
corrector integration for the two-chain model is described in section 3.1.2).
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of motion
3kpT
&dr; = T (rig1 — 2r; +r;—1) dt + /2kpT¢ AW, (1) (3.6)
is discretised as
_ 3kpT

¢ (I‘i (t + At) —r; (t)) = bT (I'i+1 (t) — 2r; (t) + 71,1 (t)) At + +/2kgTE& At g; (t) (37)

where g; (¢) is a random vector with each component obeying Gaussian distribution with zero
average and variance 1. A better method of integration is the predictor-corrector method (PC),

which takes the force at time ¢

Filt) = S (rppn (1) — 2ri (1) + xica (1) (3.8)

to calculate a predicted position for time ¢ + At

vP (¢4 Ab) = 1 () + éF (t) At + /2kpTE At g (1) (3.9)

for all beads, 7. Then using this, calculates the force at ¢t + At

3kpT

Fi(t+At) = —5— (xB (¢ + At) — 2v7 (t+ At) +r2 4 (t+ A)) (3.10)

which is known as the corrector. By using the average force between ¢ and ¢+ At, the PC method

is able to get a better estimate of r; (¢ + At). This is calculated from rf (t + At) by

r; (t+ AL = (t+ At) + 215 (Fi (t+ At) — F; () At (3.11)

The error of a simulation using a PC method is demonstrated in Fig.3.4, where it is observed
that the PC method has a quadratic convergence towards the true value, such that the error

€ ~ At2.
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1. For each bead:

(a) Calculate bond forces based on old positions
(b) Generate random force

(C) Calculate predicted position
2. For each bead in a random order:

(a) Calculate bond forces based on predicted positions
(b) Calculate corrected positions
(C) If movement caused chains to cross:

1. Generate new random force

1i. Calculate new predicted position using original bond forces from 1(a) and new
random force

1l. Go to 2(a)

3. Make observations

4. Go to 1
Figure 3.5: Algorithm of a predictor-corrector Brownian dynamics model with rejection routine

When using PC integration, the rejection method must be handled slightly differently than
with the Fuler integration. The pseudo-code algorithm for this simulation time step is written
in Fig.3.5. First, predicted positions are calculated for every bead. Then, in a random order,
the corrector force and new position is calculated for each bead, at which point the rejection
algorithm is called to check the new position for topological violations. If the rejection algorithm
rejects the new position, then the predicted position is recalculated with a new random force
before the corrector force and new position are recalculated and retested. This is repeated until
a new bead position is accepted. When the predicted position of a bead is changed to reflect a
new random force, a problem occurs; any beads calculating their corrector force after this bead,
use the new predicted position, but any beads calculated prior to this bead will have used the
old predicted position. This introduces a small error in the PC method, but the recalculation of
all previous beads would be less efficient than using Euler integration.

In Fig.3.6 the convergence of <O’2> for the two-chain model is shown and it may be observed

that the rejection algorithm has had a derogatory effect on the PC method. As before, there is a
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Figure 3.6: Convergence for the two-chain model

linear convergence with At for the Euler integration, but the PC method no longer demonstrates
a convergence simply proportional to At2, because the rejections produce a linear convergence,
which dominates for small At. Despite this, the accuracy of the PC method remains much better

than the Euler integration and is used within this study.

3.1.3 Mean and variance of bead positions

The properties of the two-chain model will now be examined with reference to two other models,

as depicted in Fig.3.7. One is a single non-interacting chain with fixed ends, identical to the



3.1 - Main models: Two-chain simulation 68

Single-chain Four-arm-star Two-chain
zZ
L,
H
C—0—0—0—0—0—0—0—_
D

Y
L,
D
® Fixed bead
® Lower chain

® Upper chain

Figure 3.7: Diagram of the two-chain model and two other reference models: the single chain
and the four-arm-star. Side views are depicted in the top row and overhead views are shown in
the bottom row.
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Figure 3.8: Mean position of each bead, where the bead number is expressed as a fraction along
the chain, s = . Parameters are N = 16, H = 10 and D = 10.

lower chain from the two-chain model with N bonds; the other is a four-arm-star polymer model
where each arm has %N bonds. The four ends of the star are fixed in space at identical positions
to those of the two-chain model. The middle bead of the four-arm-star model, can be regarded

as a join between the middle bead of the lower chain and the middle bead of the upper chain.

The mean bead positions are plotted in Fig.3.8. In the single-chain model, the beads are
only stretched in the x-direction and are equally distributed between the two fixed beads. In
the four-arm-star polymer, the beads are also equally distributed, but have additional stretch

in the z-direction towards the middle bead. The two-chain model displays important differences
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Figure 3.9: Variance Qf each bead position, where the bead number is expressed as a fraction
along the chain, s = ;. Parameters are N = 16, H = 10 and D = 10.

from these two models. In the x-direction, the beads are nearly equally distributed between the
two fixed beads, but it is observed that the entanglement slightly repels beads, causing a greater
separation of beads near the centre of the chain. The z-direction has a stretch similar to the
four-armed-star model. However, the force stretching the chain in the z-direction is not only
applied to the middle bead, but also neighbouring beads as the entanglement slides along the
chain. Each of the beads directly affected by the entanglement form a dome shape in Fig.3.8c,
while beads near the edge of the chain are not affected by the entanglement and form straight

lines with an equal average spacing.
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In Fig.3.9 it is observed that the variance of each bead is dependent on the neighbouring
beads. The outer-most beads have fixed positions and as such have zero variance. The further
beads get away from these fixed beads, the higher the variance becomes. In the single-chain
model, the middle bead has the greatest variance, while in the four-arm-star model, the middle
bead is bonded to four neighbours and has a lower variance for the middle bead, which leads to
a lower variance in neighbouring beads.

Due to the entanglement in the two-chain model, different Cartesian components are coupled
and the variances are different. In the x-direction, the shape resembles the single-chain model,
but the magnitude of the variance is lower, similar to the four-arm-star model. The same
is observed in the y-direction. The entanglement restricts the motion of beads, by limiting the
distance beads may move in certain directions, but the entanglement slides easily along the chain
in these directions sharing the restriction with a range of beads. In the z-direction, the presence
of the entanglement has a restrictive effect on the middle bead much like that observed in the
four-arm-star model and the slide of the entanglement does not act in a way that minimises the
energy of the chain in this direction, as it did in the x- and y-directions. However, it is observed
that the amplitude for some beads is greater than that of the single-chain model. Since the single
chain model has no restrictions at the centre of the chain, the variance in the two-chain model
must have been increased by the entanglement. This can be explained by the entanglement
sliding along the chain. When the entanglement is acting on one section of the chain, the beads
experience a force in the z-direction. When the entanglement slides away that force is removed
and the beads relax to having an equal bead spacing between neighbouring sections. It is this
pull and release by the entanglement that results in a variance higher than even the single-chain

model.

3.1.4 Mean squared displacement, g; ,,iq ()

The mean squared displacement of the middle bead, g1 miq (), plotted in Fig.3.10, describes how

far the middle bead moves on average over a time, t. As discussed in section 2.1.4, the value of
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Figure 3.10: Mean squared displacement of the middle bead g1 miq (t). Parameters are N = 16,
H =10 and D = 10.
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91,mid (00) reproduces the results for variance, and therefore the single-chain model has a higher
value than the four-arm-star. It is observed that the middle bead in the four-arm-star model
moves slower than the middle bead in the single-chain model, because in the four-arm-star model

it is bonded to twice as many beads; the two-chain model is intermediate to these two cases.

3.1.5 Stress relaxation functions

The simulation results for the diagonal components of the stress relaxation function are plotted
in Fig.3.11, along with the function (G, (t) — G4, (00)). This function provides an extra insight
into the dynamics of the system especially when (o) is different for each model. At ¢t = 0, it is
observed that (Ggz (0) — Guy (00)) and (Gyy (0) — Gyy (00)) are the same for all three models,
but relax at a different rates. It is observed in Fig.3.11b and Fig.3.11d that the four-arm-star
model demonstrates faster relaxation than the single-chain model. In the single-chain model,
the slowest relaxation time is 7g ~ N2 (Eq.(1.30)). In the four-arm-star model the arms have
%N beads each and therefore a relaxation time of iTs, while the connecting bead at the centre
of the star is bonded to four beads and therefore has a relaxation time of %7’5, which produces
the relaxation time observed that is faster than the single-chain model. In the two-chain model,
Gz () acts initially as a four-armed-star model, but later demonstrates a relaxation speed similar
to the single-chain, as the chain may slide past the entanglement point. Gy, (t) acts more like
the four-arm-star model at all times, because the other chain in the entanglement hooks around

the chain.

In Fig.3.11f it is found that the two-chain and the four-arm-star models have a larger value
of (G, (t) — G, (c0)) at t = 0, than the single-chain model, and take noticeably longer to relax.
This is due to a second, slower relaxation that can also be observed in Fig.3.11e. The source of
this second relaxation is explained during the analytical calculations for the cross-correlations

below.
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Figure 3.11: Diagonal components of the stress relaxation tensor. Parameters are N = 16,
H =10 and D = 10.
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3.1.6 Stress cross-correlation functions

The total stress of the system is a sum of the lower half of the system (A) and the upper half of
the system (B), such that

ol (t) = o (t) + 0B (1) (3.12)

In Fig.3.7 the N bonds that constitute the lower half of the system are coloured blue and the

upper half green. The correlation function of the total stress is

GT(t) = ((c*(t)+2 @) (¢ (0)+ 7 (0)))
= <0'A (t) oA (O)> +2 <UA (t) oB (0)> + <UB (t) oB (0)>

= GA(t)+2GX (t)+GB (1) (3.13)

where GX (t) = (o (t) o (0)) = (0B (t) 5 (0)) is the cross-correlation function between the
lower and upper chains. The cross-correlation describes how the value of stress in one chain
is affected by the stress in the other chain at a time ¢ previously. From this point on, the
correlation of a function with itself shall be known as the auto-correlation, where G4 (t) is the

auto-correlation of o4 () and G (¢) is the auto-correlation of o (t).

In Fig.3.12, the auto-correlation functions of the lower chain and the total stress are con-
sidered. For the four-armed-star model, G% (t) demonstrates an equal relaxation time for all
components, which is equal to that of G2, (t) and GZ‘;‘y (t), but a slower relaxation time is ob-
served for G4 (t). A similar effect is observed with the two-chain model, although the coupling
of components means that G% (t) and G% (t) are not exactly equal for v = z,y, z. It is curious
that GT, (t) relaxes faster than G4 (t). Eq.(3.13) implies that the relaxation of G2 (t) must
cancel out with the relaxation in G2 (t) for this to happen. To demonstrate that this is the

case Fig.3.13 plots 1GZ, (t), GZ. (t) = GB

74

(t) and G2X (t), where it is observed that the slowest

relaxation of G4 (t) and G (t) are equal and opposite.
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Figure 3.12: Auto-correlation of the four-arm-star and the two-chain models, for the lower half
of the system, G‘% (t), and the sum of all components, G;F,y (t). Parameters are N = 16, H = 10,
D =10.
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Figure 3.14: Diagram of the single bead four-arm-star model

Analytical calculations

To illustrate how this occurs, a simplified four-arm-star model is considered analytically, where
each arm only has only a single bond with spring-constant k. There is a single moving bead in

this system, which has position vector r, as depicted in Fig.3.14. The equation of motion for this

[2k5T
(A1 + Ay + B + By —4r) dt + ? dW (t)

This is an Ornstein-Uhlenbeck process,

bead is given by

dr =

m| T

1
dr = ——rdt + v/2d. dW () (3.14)
T
where the diffusion constant is d. = % and the characteristic time is 7 = %. As an Ornstein-

Uhlenbeck process, the first two moments of the bead position at a time, ¢, after a deformation

are known to be

(r(t)) = (r)e (3.15)



3.1 - Main models: Two-chain simulation 79

and

(r(t)-r(s)) = wvar(ro) e +dr (esjt - e*STH> (3.16)

The lower half of this system is defined as bonds A; to r and r to As, and the upper half as the

bonds B; to r and r to Bo. The stresses of these are given by

ol (t) = k(@7 (t) - AN+ k(7 (1) — A7) (3.17)
o (t) = k(7 (t)-B))’+k(7(t) - B))* (3.18)

from which it is possible to find the auto- and cross-correlations of the system as a function of

time, ¢t. The details can be found in appendix A, while just the results are presented here.

The xx-components of the stress correlation functions are given by

Gfx(t)—;’”’fei‘+ikBVT+;‘]jD2+ikB’iVD4 (3.19)
GB (t) = %kf;T e T+ i% (3.20)

LW =55 i+ i 21

GT (1) = 2% e T+ % + §D2 + ikBkTQVD‘* (322)

Only the first terms of these correlation functions depends on ¢ and have the form c¢; exp (—%),
where 7/ is the relaxation time. In terms of the Ornstein-Uhlenbeck characteristic time, 7, this

relaxation time is 7., = %T. The zz-components of the stress correlation functions are

1kgT 2 ko ¢ 1kgT 1k o 1 Kk?
= - — T —H T e H —
sy ¢ Tty Ty ey AkpTV

GA (t) H* (3.23)

GL (1) = GZ. (t) (3.24)
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_lkBT _2t k

X 2 —=
= T ——H?e 4+ 4 " H?4 2
Gz(t)=5— ¢ T e T i v (3.25)
kgT 2 kT _k _, K2,
Gr (t)=2"—e¢7 + 22— +2_H H 3.26
= () T T T e O e (3:26)

While these functions are similar to their xx-component counterparts, G2, () in Eq.(3.23) and
GZX (t) in Eq.(3.25) contain a previously unseen term, +kH 2¢=7. This term has the longest
relaxation time of the entire system, and is equal to the Ornstein-Uhlenbeck characteristic time

7! = 7, which is twice that of the xx-component counterparts. This accounts for the delay in

zzZ
stress relaxation observed in both the four-arm-star model and the two-chain model. This occurs,
because the zz-component functions have 2°¢ order terms (2 (t) z (0)), whilst other directions only

have 4" order terms (z? (t) 22 (0)). As can be seen in appendix A, these 2" order terms come

from Eq.(A.23), the expansion of

(o (ot () = < (2 (200~ f)) (2 (:0- Ij))> (327

which cancels out in the xx-component, Eq.(A.23),

Stress cross-correlation functions from simulations

Simulation results for the stress cross-correlation functions are plotted in Fig.3.15 for the four-
arm-star model and the two-chain model, where we once again use the original four-arm-star
model with arms of length &'. The amplitudes of cross-correlations observed in G2, (t) and
G;@ (t) are very small, indicating there is little correlation between the lower chain and the upper
chain in the two-chain model. The little correlation observed could possibly be a systematic error,
but is more likely to be the cross-correlation predicted by Eq.(3.21) in the case of one bond per

arm. It is expected for the case of %N bonds per arm that the amplitude of the correlation
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Figure 3.15: Stress cross-correlation functions, G,)Y(7 (t), of the four-arm-star model and the two-
chain model. Parameters are N = 16, H = 10, D = 10.
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is smaller, but it is unknown why the amplitude is the exact value observed in Fig.3.15a and
Fig.3.15c. There is much greater cross-correlation in G2 (), where the function increases with

t via the second term in Eq.(3.25), indicating anti-correlation.

3.1.7 Alternative: molecular dynamics two-chain simulation

Applying repulsive forces between chains is an alternative to using the rejection algorithm to
prevent chains from crossing in the two-chain simulation. Here we investigate whether the
rejection method produces the same results as the repulsion method, which is the more realistic
model of the entanglement. In order to create a repulsion model, the potentials from the Kremer-
Grest molecular dynamics model (KGMD) are used, because they are specifically designed to
enforce uncrossability between chains (section 1.2.2). Hence, the new MD two-chain simulation
has FENE springs and LJ potentials for bonds and a purely repulsive LJ potential between beads
in opposing chains. The BD simulation allowed chains to pass through themselves, so this new
MD simulation also allows chains to pass through themselves by not applying the LJ potential
between beads of the same chain, except along bonds where it is required to balance the strong
attractive FENE force. Fig.3.16, shows the two-chain simulations used within this study: the
original BD two-chain simulation is (a) and this new simulation is (b).

The repulsive MD simulation was created so that the method of rejection could be compared
to a method of repulsion. In order to test this properly, a qualitatively similar model is required
for rejection; one that uses the same potential along bonds, but uses rejection rather than repul-
sion between chains. The ideal type simulation to do this is a Monte Carlo (MC) simulation, as
described in section 1.2.5, because the rejection routine can be incorporated seamlessly. Move-
ment each time step is generated as a random vector per bead and accepted with a probability
based upon the change in energy, so any move that causes the two chains to cross can be treated
as an infinite increase in energy. This MC simulation is (c) on Fig.3.16. A final simulation,
(d), was also created for comparison, using the MC equation of motion, but incorporating the

repulsive LJ force from the MD simulation.
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Equation of motion
A

Bonded Entanglement - ~\
potential method Brownian Dynamics | Molecular Dynamics Monte-Carlo
-
Rejection
Linear < Algorithm e
© springs Lennard-Jones
"%' D . Repulsion
-Ic-; Rejection
o FENE + < Algorithm =
LJ springs Lennard-Jones b d
\ Repulsion
Figure 3.16: Simulations used within this section.
a) BD: Linear bonds + rejection b) MD: FENE + LJ bonds + LJ repulsion
¢) MC: FENE + LJ bonds + rejection d) MC: FENE + LJ bonds + LJ repulsion

Mean bead positions

Since the potentials of simulations (b) and (d) are equal (Fig.3.16), the static properties we
shall now examine are also equal. Therefore, only simulations (b) and (c) shall be compared; a
MD repulsion simulation and a MC rejection simulation. The mean positions of the beads are
plotted in Fig.3.17 for multiple values of H, the vertical stretch of the system. These range from
H = —4 to H = 15, where H = —4 corresponds to chains that are barely in contact with each
other and H = 15 corresponds to the chains that are strongly entangled. In the z-direction, the
repulsion model has a higher middle bead than the rejection model, which indicates that the two
chains in the rejection model are closer to each other at the point of entanglement. This is to
be expected, since repulsion creates an excluded volume around each chain, leading to a higher
average position. This may be corrected in the rejection simulation by adjusting the parameter
H to make <zN/2> equal in both simulations. In the x-direction, it is observed that the beads
are not equally spaced. The entanglement has pushed the central beads outwards towards their

anchoring beads, but the repulsion model has pushed its beads significantly further out than
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Figure 3.17: Mean bead positions for a repulsive molecular dynamics simulation and a Monte
Carlo simulation with entanglement by rejection. Each is plot for a range of vertical stretch, H.
Other parameters are N = 16 and D = 10.
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the rejection model. This, similar to the z-direction, is because of the excluded volume effect.
However, unlike the excluded volume in the z-direction, this effect cannot be overcome with a

slight shift in parameters.

Variance of bead positions

The variance of the bead positions is plotted in Fig.3.18. The difference between rejection
and repulsion appears to have little effect on the y- and z-direction variance, but a qualitative
difference is clearly evident in the x-direction, particularly for large system heights, H. Increasing
H stretches the system in the z-direction, making the entanglement stronger and more localised
around the middle bead. In the MC rejection simulation, this reduces the variance and creates
a dip in var (z;) around the central beads. This is also observed in the repulsion simulation,
but a second more striking effect occurs. The central-most beads have increased bead variance
that rises out of the previous dip. The method of entanglement by rejection is passive and
only effects the chain when an illegal move is attempted, whilst the repulsion method actively
repels the chain. It appears that when the entanglement slides along the chain, applying and
removing the force to different sections of the chain, causes an increase in variance, similar to
that observed in section 3.1.3. This means that entanglement by rejection is missing certain

effects in the x-direction.

Stress relaxation functions

In Fig.3.19, the stress relaxation functions of the MC rejection simulation (Fig.3.16(b)) and
the MC repulsion simulation (Fig.3.16(d)) are compared. This plot does not include the MD
simulation, because it demonstrates ballistic motion at early time that is not captured by the
MC or BD simulations. Therefore, it is easier to compare the two MC simulations, than to
compare MD with MC. In order to provide the fairest possible comparison between the rejection
and repulsion MC simulations, the rejection simulation has a larger system stretch, H, such that

<zN/2> is equal for both models. In Fig.3.19a and Fig.3.19c, it is observed that the static values
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Figure 3.18: Variance of bead positions for a repulsive molecular dynamics simulation and a
Monte Carlo simulation with entanglement by rejection. Each is plot for a range of vertical
stretch, H. Other parameters are N = 16 and D = 10.
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disagree between the the rejection and repulsion simulations, but such a issues can be overcome
by a shift in parameters. Importantly, the dynamics of the two simulations in Fig.3.19b and

Fig.3.19d are the same and no extra artefacts have been generated by the rejection method.

Molecular dynamics two-chain simulation summary

Despite the rejection method having flaws, it is still used extensively in this study, because the
largest time step that can be used in the repulsive two-chain simulation is 100 times smaller than
that of the rejection two-chain simulation due to the of strong repulsive forces. Consequently,
simulating the repulsive model requires orders of magnitude more time to achieve the same final
simulation time. The differences in static properties between rejection and repulsion can be
mostly compensated for by system parameters which take excluded volume into account, and

most importantly, the dynamics are the same for both of the entanglement methods.

3.1.8 Stress from interactions between chains

Using the molecular dynamics two-chain simulation, it is possible to measure the stress contribu-
tion from interactions between chains; the auto-correlation of which is shown in Fig.3.20a. The
auto-correlation function of stress due to the interactions between chains, G (¢), is negligible
compared to the stress contributions from bonds in the same chain, G (¢) (Fig.3.20b); for
our parameters G () ~ 1077G""2 (¢). Furthermore, the auto-correlation function of stress
from all contributions involving the lower chain, G2 (t), displays no noticeable difference from
G2 (¢). Hence, it is concluded that contribution to stress due to interactions between chains
is negligible for this study. A similar conclusion was obtained in [33] from observations of a
many chain MD simulation. The benefit of this is two-fold. Firstly, it allows the use of the
rejection simulation, which is significantly faster to simulate. Secondly, it removes the need
to calculate the cross-correlations of o' (¢) with o™ (¢) in order to obtain G:?7 (t). Such

cross-correlations would be challenging to reproduce in the slip-spring model, which has no mea-

inter
surement of o3 ().
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3.2 Slip-spring model

The slip-spring model used in this study retains the lower chain of the two-chain model, but
replaces the upper chain and rejection routine with a slip-spring anchored at r4, as illustrated
in Fig.3.21. The bead positions in the chain are denoted by r; and the fixed beads of the chain
are referred to as rg = rg and ro = ry. The slip-spring is a single linear spring, one end of
which has a fixed position, r4, while the other end shares the position of bead j in the Rouse
chain. The slip-spring’s fixed anchor position, r4, is know to be central in the x- and y-axes due

to symmetry, and is a height, h, above the lower chain’s fixed beads, such that

4= w +kh (3.29)

Figure 3.21: Diagram of the slip-spring model. The polymer chain has two fixed beads at
(—%,0, 0) and (%, 0, 0). A slip-spring anchored at the point (0,0, ) applies a force to bead j
equal to that of a chain with Ng bonds.
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where k = (0,0,1). The slip-spring acts upon bead r; as a linear spring with a slip-spring

strength equivalent to a chain of Ng bonds. The spring-constant for bonds in the Rouse chain

is given by
3kpT
therefore the spring-constant of the slip-spring is
k 3kpT
ks = == 3.31
7 Ns  BNg (8:31)

The slip-spring model is a single slip-spring version of the multiple-slip-spring model described

in section 1.3.4, so the energy of the system is given by

. 3]€BT 2 3k’BT 2
U = ; 2b2 (T‘i — I'Z'fl) —+ m (I'A — I'J) (332)

and the equation of motion for bead 7 in the chain is

3kpT
b2

3kpT

Sdrs = i PNy

(rip1 —2r; +1io1) dt + \/2kpTE AW, (t) + 6; (ra— I‘j) dt (3.33)

where the slip-link acts on bead j and thus the last term is the force applied by the slip-spring

to the bead at index ¢ = j.

3.2.1 Slip

Slip is a vital part of the model. As described for the multiple entanglement slip-spring model
(section 1.3.4), the slip-link will attempt to move one position along the chain in either direction
on every simulation time step. In order to ensure that the slip-link is not lost in this single
chain model, the slip-link is forbidden from being on the fixed end beads, such that 0 < 7 < N.
However, the Monte Carlo mechanism for slip is in contrast to the Brownian Dynamics equation

of motion of the Rouse chain. An alternative method of slip would have the slip-link obeying
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one-dimensional Brownian Dynamics along the chain and allowing the slip-link to exist on the
bonds between beads, but a previous investigation found that the Monte Carlo method produces

the same results and is simpler and faster to compute.

To validate the slip method used in the slip-spring model, Fig.3.22 compares the position of
the entanglement in the two-chain simulation to the slip-link position in the slip-spring model. In
the two-chain simulation, the position of the entanglement is sampled every time a bead position
is rejected. Since the actual rejection occurred because of a bond crossing another bond, the
rejection is attributed to whichever bond caused the rejection to occur. For the slip-spring, the
position of the slip-link is stored every time step, during a simulation with parameters chosen to
approximately reproduce the statics and dynamics of the two-chain simulation. It is observed in
Fig.3.22 that the slip-link samples the chain with the same probability density as the two-chain

entanglement, both of which are Gaussian. This validates the use of the slip mechanism.

3.2.2 Analytical calculations
Probability density function

The probability density of the bead positions in a slip-spring model with fixed slip-link position,

7, is given by

P; ({r;} Ng) = ; _i N(._ ‘ )2+M (3.34)
G Tif,ra,1Vs = Qj (I‘A,NS) exp op2 £ r; r,1 NS .

where Qj (ra, Ng) is the partition function,

N 32
Qj(ra, Ng) = / exp <_23b2 < (ri —ri1)” + W)) dry.. dPryog (3.35)

where d®r = drdydz. In order to integrate Q; (ra, Ng), the slip-spring model can be broken

down into three Rouse chains joined at the slip-link bead as illustrated in Fig.3.23. The partition
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Figure 3.22: Comparing the probability density of entanglement position observed in the two-
chain simulation to the probability density of slip-link positions in the slip-spring model simula-
tion. The slip-spring model uses values of Ng and h that give the best fit to stress relaxation as
discussed in section 3.2.3. Both models use the parameters N = 16, H = 10, D = 10. The bead
number is expressed as a fraction along the chain, s = ﬁ The probability density is plotted

against a Gaussian distribution.
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function of each Rouse chain with fixed ends is known to be

k n
Z (ro,rp,n) = / exp (— kT Z (r; — ri_1)2> dBry ... Pry_q

i=1

3 3(n—1) 2
_ (1) 2rkgT \ 2 B k  (rp, —ro)
- n k eXp 2kpT n
3 3
1\ /2mb?\ 2"V 3 (r, —rp)?
= (n) (3 ) Xp | —g (3.36)

(appendix B), where k = ?”fb—gT. By setting n = 1 and k = kg (Eq.(3.31)), the slip-spring’s

partition function is

3 (ra—r;)?
Zs (ra,rj, Ns) = exp <_2b2(ANSJ)> (3.37)

It can also be shown that the partition function for two chains joined end-to-end is

Z (rg,rc, N1 + No) :/Z(rB,rj,Nl) Z (vc,rj, No) d’r; (3.38)
Fa
NS
/’/’ rJ \\\s
‘e’ e
j N-j

Figure 3.23: The slip-link model with a fixed slip-link position can be considered as three chains
joined at bead j. Two Rouse chains span from rp to r; with with j bonds, and from r; to r¢
with N — j bonds. The slip-spring spans from r4 to r; as a single bond, but with strength Ng.
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where the connecting bead r; is mobile. Using these equations, the partition function is found

to be

Q; (ra, Ns) — / Zs (ta,r;,Ns) Z (vp.15,5) Z (rour;, N — j) dr

_ <2wb2)3“\"1)< 1 >3<1 L1 )
3 J(N =) Ns j N-—j

_3 ((I’A—I"J,B)2 + (ra—rc)® + (?B—Pq)Q)
exp 1,1 1 (3.39)

where the integral

3 2
/ exp (—ar2 +b- r) dr = (g) : exp <za>

has been used. (This integral and similar Gaussian integrals can be found in appendix B).

Probability density of slip-link bead position

Using the partition function, Eq.3.39, it is possible to calculate the average position of the middle
bead,

f r; ZS (I'A,I'j) Z(errjvj) Z(I’C,I‘j,N—j) d3rj

Qj (ra, Ng)
ra r r
_ Nt RS
= ST (3.40)
Ngs J N—j

-1
The variance of this bead is % (NLS + % + ﬁ) , because bead j is attached to chains with

effective spring-constant ? and Niif and a slip-spring with spring-constant Nis Using the mean
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and variance, the Gaussian probability density of r; is

1 3 1 1 1
Pj(rj,ra,Ng) = N P <_2bQ <NS + i + N—j) (rj — <rj>)2) (3.41)

where

3 /1 1 1
No= /eXp(_gbz <NS+]-+N_]->(TJ'—<W>)2> d’r;

2r?\2 /1 1 1\
= — —_—t -t — 3.42
( 3 ) (stﬁN—j) (342
is the normalisation such that

/ Pj(rj,raNg) d°r; =1 (3.43)

Average stress, (o), for the slip-spring model with fixed slip-link position

Using Fig.3.23 to consider the slip-spring model as three Rouse chains, it is possible to use the
stress of a single Rouse chain, Eq.(2.16), to calculate the stress contribution from the entire
chain in the slip-spring model. Only the contribution from the chain and not the slip-spring is
considered, because including the slip-spring would add additional stress to the system that is
not observed in the entanglement model; it has previously been demonstrated that the stress
contribution due to the entanglement is negligible in the two-chain model (section 3.1.8). To
obtain (o ), the stress of a Rouse chain with j bonds between fixed beads rp and r; is added
to the stress of a Rouse chain with N — j bonds between r; and rc. In order to account for
the movement of the slip-link bead, this is then integrated over the probability density of r;,
Eq.(3.41). Hence,

2
N———
Do

(3 -7
(Ojry) = V/Pj(rj,rAaNS) kpT (N —2) +k ;

(3.44)
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This is integrated using the integral Eq.(2.13) to obtain

R N R [ €
_1_5 (7% _J<T;>) é ( ¥ <T5>) (3.45)

The same technique may also be used to find the average stress from the slip-spring object,

s kT 1 (1 1 1 N\T' k1o g2
@) = Fw(mrites) trm ) ew

Similarly <a$ﬁ/> can be calculated, but this requires the calculation of cross terms between op -,
and o¢y, where op is the stress of the chain from bead rp to r;, and o¢ from bead r¢ to r;.
0B,y and oc .~ are for Rouse chains with fixed r; and therefore are uncorrelated, such that we

may write

<O-J2777> = /Pj (rj,ra, Ns) <(O'B,’Y’Y+O-C,’Y’Y)2> d3rj

= /Pj (rj,ra,Ng) (<U?3,'y'y>

+2(0Byy) (0Cyy) + (084,)) d°r; (3.47)
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Using Eq.(2.16) and Eq.(2.18), the average stress squared for a slip-spring system, where the

slip-link is fixed to bead number j, is given by

2
k2T t+ w5 t+ w5
2 B J J J J
2y = N(N-2)+2(N-2) L 43 L I
A C R SRR T F= s T
1 (=), (=)
J J
2— kpT (N —2) k
+V2 B ( ) j + N—j
2
2 TN Y TN Y
I (N L R T
V2T i s | TV -)) j N—j
8l Y 2 2 Y 2\ ?
e ((h=(3) (2 (3))
L 4
+172 ; L (3.48)

Probability distribution of slip

Using the partitions function of each slip-link position for the fixed case, Eq.(3.39), it is possible
to express the probability of the slip-link being on bead j, given the slip-spring parameters r 4

and NS,
Qj (ra, Ng)
SN_1 Qjr (ra, Ns)

To add slip to a property calculated for a fixed slip-spring position, the property should be

P (j,ra,Ng) = (3.49)

summed over all j, with each j weighted by P (j,r4, Ng). For example, the probability density

of bead positions {r;} with the slip-link fixed at j, Eq.(3.34), can be used in conjunction with
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Eq.(3.49) to obtain the probability density of {r;} with slip,

N-1
P({ri},ra,Ns) = > P(jra,Ng) P;({r;},ra,Ns)
j=1
_ Nz_:l Qj(ra,Ng) &P (_% (val( —hi- 1)2+%)>
= Y _oQj (ra,Ns) Qj (ra, Ns)

Sitaow (o (S (- mi? + ©4520))

_ (3.50)
Zj’:() Qj’ (I'A, NS)
Average stress, (0,,), for the slip-spring model with the slip mechanism
Using Eq.(3.49), the average stress of the slip-spring model is
N-1
(0yy) Z Pj(ra,Ns) (0jv) (3.51)
J=1

which is plotted in Fig.3.24 as a function of slip-spring strength, Ng, for a number of different
slip-spring lengths, h. Fig.3.24d splits (0,;) into the thermal fluctuation contribution to stress
and the stress due to stretch. The stress due to fluctuations is given by the first two terms of
Eq.(3.45). In the limit Ng — oo, the slip-spring becomes infinitely weak and the chain has a
contribution of % from the slip-link bead’s thermal fluctuations, such that it is equivalent to
an unentangled Rouse chain. In the limit Ng — 0, the slip-spring becomes infinitely strong and
the position of the slip-link bead is fixed at r; = r4. In this case, the second term of Eq.(3.45)
becomes zero, and the stress is equal to two separate Rouse chains with bead j not contributing
to the thermal fluctuations. If Eq.(3.46) is considered, it can be seen that the virtual slip-
spring object acquires the stress contribution belonging to the slip-spring bead as Ng increases,
kBT

such that bead j contributes £~ to the total stress independent of Ng in accordance with the

equipartition theorem.

The stretch term is also interesting. In (o,.), the stress due to stretch increases with slip-

spring strength and h, simply because the chain is being stretched towards the slip-spring anchor
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Figure 3.24: Average stress contribution from the chain in the slip-spring model as a function of
Ng for multiple h values. Parameters are N = 16, H = 10 and D = 10.
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at r4. This is not the case for (o4,), which decreases with h. This effect can be explained by
slip. Stress is added to the chain by the slip-spring deforming the distribution of beads away

from their unentangled positions,
Single\ i
<I‘i > =rp+ N (I'C — I‘B) (3.52)

Since <xz> — <a:Z-Single> = 0, the stress due to stretch is at a minimum. The probability distribution
of slip, P (j,ra, Ng), is dependent on the vector position of the anchoring point, r4 = (0,0, h),
such that increasing h causes the probability distribution to narrow. Therefore, the position of
beads further from the middle bead are less likely to be sampled by the slip-link and deform
less. In the x-direction, the average position of the middle bead is equal to the anchoring point
of the slip-spring, <ac N/2> = x4, which means a very strong slip-spring does not affect <l‘ N/2> as
it did in the z-direction. Thus, the effects of P (j,r4, Ng) dominate and (o,,) decreases with

increasing h.

3.2.3 Parameter finding using G, (0) and G.,, (c0)

Using results from a two-chain simulation in conjunction with these analytical calculations, it is
possible to find the point in parameter space where the slip-spring model reproduces the stress
relaxation properties of the two-chain simulation. Plotted in Fig.3.25 are the best Ng and h

combinations to fit

Gy (0) = kZT <UW>2 (3.53)
and
Gy (00) = l;, (02.) (3.54)

N-1 The shaded areas indicate where the value is within 1% of the

for v = x,y, 2, where V' = =

amplitude, (G4 (0) — G4 (00)), from the target value of G (). t = 0 is shown by backward

slashes and ¢t = co by forward slashes. These two shaded areas always overlap for G, (t) and
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h

Figure 3.25: Best Ng values as a function of h for multiple stress relaxation properties. Shaded
areas indicate the best Ng to within 1% of the amplitude. G, (0) is shown as backward slashes
and G, (00) by forward slashes. For G, (t) and Gy, (t) these areas overlap. Parameters are
N =16, H =10 and D = 10.
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Gy (t), which means that when the value for ¢ = 0 is fit to the two-chain simulation, ¢t = oo will
also fit the two-chain results. The widths of the shaded areas indicate the dependence upon Ng,
which controls the spring strength. Gy, (t) has a wide area, because it has the least dependence
on Ng, while G, (t) has very little shaded area, because it is strongly affected by Ng. The width

of G, (0) and G, (o) are so thin in Fig.3.25 that they appear simply as single lines.

It is observed that, at h & 23, it is possible to find a point where there is a good fit between the
models for both G (t) and Gy, (t), but not G (t). There are no points found where all three
diagonal components agree with each other. Furthermore, the values of G, (0) and G, (o)
do not always overlap with each other; instead they diverge as h increases. To investigate
this further, (G, (0) — G.. (c0)), is included on the graph. Unlike G, (t) and Gy, (t), the
amplitude of G, (t) is strongly affected by Ng. In the slip-spring model, the direction in which
the entanglement is distorting the chain is most important, therefore the parameters that result
in the best fit of G, (t) are preferred. This occurs where the shaded areas for G, (0), G, (c0)
and (G, (0) — G,, (0)) overlap. In Fig.3.25, where N = 16, H = 10 and D = 10, the optimum

parameters are h = 10.89 and Ng = 4.20.

3.2.4 Simulation results of stress relaxation functions

Using parameters obtained in the previous section, G, (t) is plotted for the simulation of the
slip-spring model in Fig.3.26 against the results from a two-chain simulation. The models differ
for the static values of Gz (t) and Gy, (t), as predicted by the parameter fitting method, but

nevertheless their amplitudes are equal. From equations Eq.(3.45) and Eq.(3.48), we know that

Gyy (0) — Gyy (00) = in;; ( Tjyy) <UJ yy>>
41

1 2
20kpT !
N=1 F+3+ =
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Figure 3.26: Comparison of two-chain model with the slip-spring model simulation for G, (t).
Parameters are N = 16, H = 10, D = 10, h = 10.89 and Ng = 4.20.
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where yo = yn = (y;) and there is no slip mechanism. In the limit of N — oo, this amplitude
reduces to

lim (Gyy (0) — Gyy (0)) = 2ckpT (3.56)

N—oo

as observed in the graph. For G, (1), the stretch does play a role, but as Fig.3.26a demonstrates,
this does not have a significant effect on the amplitude. G, (t) is more interesting; the slip-spring
model has a secondary relaxation similar to the two-chain simulation, but the relaxation time
is significantly shorter in the slip-spring model. After testing a range of other parameters, it
appears that it is impossible to fully reproduce the dynamics of G, (t) with the current slip-
spring model. The off-diagonal stress components are considered in Fig.3.27. These also indicate
faster relaxation with the slip-spring model than the two-chain simulation. Any solution that
corrects the delay in the relaxation of G, (t) will probably rectify the relaxation of the off-

diagonal components as well. Such a solution is presented in section 4.2.

3.2.5 Mean bead positions

As described in section 2.1.3, the mean and variance of beads and bonds can explain the effects
observed in properties such as G+ (t). For the best fit of the model to the two-chain model, the
mean and variances should be as closely matched as possible. The mean position of the beads in
the system are plotted in Fig.3.28. The domed shape of (z;) is produced by the slip of the slip-
spring model, since without slip the model would be a three-armed-star, which has straight mean
paths between the anchors and r;. The domed shape is the same for both the slip-spring and
two-chain models, which indicates that the slip-spring strength and slip probability distribution
in the slip-spring model are well matched to the force and dynamics of the entanglement in the

two-chain model.

When the mean positions in the x-direction are examined closely, a discrepancy is observed
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Figure 3.27: Comparison of two-chain model with the slip-spring model simulation for off-
diagonal components of the stress relaxation. Parameters are N = 16, H = 10, D = 10,

h =10.89 and Ng = 4.20.
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Figure 3.28: Mean position of each bead, where the bead number is expressed as a fraction along
the chain, s = §. Plotted in Fig.3.28b is the unentangled x-direction positions subtracted from
the entangled model’s x-direction positions. Parameters are N = 16, H = 10, D = 10, h = 10.89

and Ng = 4.20.
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in Fig.3.28a, which is made clearer when plotted as
(@) = (@) — (") (3.57)

where <a:iSingle> is given by Eq.(3.52), such that (Z;) is the displacement of the bead from its
unentangled position. It is observed that, while the two-chain simulation pushes beads away
from the middle bead, the slip-spring pulls beads towards the slip-spring anchoring point. This
discrepancy is difficult to address, since it challenges the nature of the slip-spring model, which

is based on a purely attractive linear spring. A bulky slip-chain model, introduced in section 4.3,

will attempt to address this and is discussed further in section 6.6.

3.2.6 Variance of bead positions

The variances of bead positions are plotted in Fig.3.29. In the two-chain model, the variances
are influenced by the entanglement and in the slip-spring model by the slip-spring. Fig.3.29d
plots var (z;) for a three-arm-star, representing the slip-spring model with no slip mechanism.
The presence of the third arm reduces the variance of the middle bead compared to that of a
single unentangled chain, which in turn reduces the variance of the neighbouring beads. The
same effect is also noticed in the two-chain and slip-spring models. However, var (z;) is higher
for the slip-spring model, than the three-arm-star, as was similarly observed when the two-chain
model was compared to the four-arm-star model in section 3.1.3. This was attributed to the
application and removal of the entanglement, which is supported here by the observation that
the slip-spring creates the same effect with the application and removal of the slip-spring as it
slips from bead to bead.

In Fig.3.29a it is observed that var (z;) and var (y;) are much more like the single-chain model
than var (z;), because the slip-link slips more easily in these directions, which reduces the effects
of the slip-spring on the chain. Furthermore, Fig.3.29b and Fig.3.29¢ indicate that the slip-spring

may be too strong in the x- and y-directions, causing var (x;) and var (y;) to be lower for the
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Figure 3.29: Variance from the mean position for each bead, where the bead number is expressed
as a fraction along the chain, s = 5. Parameters are N = 16, H = 10, D = 10, h = 10.89 and

Ng = 4.20.
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Figure 3.30: Probability density of bond lengths for the two-chain simulation and the slip-spring
model. Parameters are N = 16, H = 10, D = 10, h = 10.89 and Ng = 4.20.

slip-spring model than the two-chain model. It is suggested that the fit would improve in these
directions if the slip-spring was weaker and Ng larger. Indeed the parameter fitting in Fig.3.25

also indicated that a larger value of Ng is required to fit (0,,) and (o).

3.2.7 Mean and variance of bond vectors

Fig.3.30 plots the probability density of bond lengths in the system, and it is observed that the
slip-spring model agrees well with the two-chain simulation. However, Fig.3.31 shows that these
bond lengths are not uniformly distributed and that the two models differ in the x-direction. In
the two-chain simulation, the x-component of bond vectors increase near the middle bead, but
in the slip-spring model, bonds decrease in length near the middle bead, as was observed from
the bead positions. Despite this discrepancy, the stress relaxation (Fig.3.26a) is not too different
between the two models. By analysing the bond vectors with respect to Eq.(2.29), it is clear

why this occurs. The stress is dependent on the sum Zfi 1 <Xi,i71>2» independent of the order



3.2 - Main models: Slip-Spring Model 111

0.8

o Two-chain ' o Two-chain
—— Slip-spring o—o—o—o —— Slip-spring
- -- - Single-chain 0.5 N
0.7
- ° ° - 00

<X>
o |
o
°
° !
]
-]
|
|
]
|
]
|
|
|
|
o |
]
o |
|
o |
I
(-2
<Z>

0.6

0.5 -1.0
0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00

Figure 3.31: Average vector of each bond, where the bond number is expressed as a fraction
along the chain, s = (ibond + %) /N. Parameters are N = 16, H = 10, D = 10, h = 10.89 and
Ng = 4.20.

of bonds, so that both models may produce similar (o).

Stress in Eq.(2.29) also involves a sum of the variances of bond vectors, which are plotted in
Fig.3.32. The two-chain model has a peak in var (X;), which is not reproduced by the slip-spring
model. It is this difference which is responsible for (o,,) being greater in the two-chain model;
the same is observed in the y-direction. However, the variance of the z-component does have a
peak around the middle bead in both models. The increase in bond variance can be explained by
slip, as was done previously for the bead variance. This is supported by comparing Fig.3.32¢ to
Fig.3.32d, where the probability density of slip-link position has the same width as the increase

in bond variance.

3.2.8 Mean squared displacement, g mia (%)

In Fig.3.33, g1 mia (t) /t°® is examined for the slip-spring model. As described in section 2.1.4, a
constant value of this function indicates Rouse motion. It is observed that the middle bead in the
slip-spring model moves faster than the same bead in the two-chain simulation at intermediate

time. To investigate this further, the individual components are displayed in Fig.3.34. Whilst
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N =16, H =10, D =10, h = 10.89 and Ng = 4.20.

the x- and y-components are not exactly the same for the two models, they are relatively good
fits compared to the z-direction, where the middle bead moves significantly faster in the slip-
spring model. This might explain why a delay in the stress relaxation, G, (t), was not properly
modelled by the slip-spring model in Fig.3.26a. It is possible that a modification to the slip-
spring model that slows the middle bead in the z-direction, will also provide a delay in G, (t)

that will improve both these properties. In section 4.2, such a modification is presented.

3.2.9 Summary

Using analytical calculations, a search was performed for the best pair of slip-spring parameters
that reproduces the two-chain simulation. However, when the parameters are selected to fit
the z-direction stress relaxation function, G, (t), the other two diagonal components, Gy, (t)
and Gy, (t), differ somewhat from those in the two-chain simulation. Equally, if the parameters

are adjusted to fit Gy, (t) and Gy, (t), then G, (t) does not fit. It was observed that this was
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due to lower average bond variance in the x- and y-directions, an issue that will be addressed
with a non-isotropic model in section 4.1. The dynamics of G, () have also demonstrated
a discrepancy between the two models; the slip-spring model fails to show the same delay in
the stress relaxation that was observed in the two-chain simulation. As well as this, the mean
squared displacement dynamics indicated that the middle bead moves in the z-direction faster in
the slip-spring model than in the two-chain simulation. The slip-chain model provides a solution
to both these discrepancies as will be shown in section 4.2. Finally, it has been observed in
the x-component of the bead and bond positions that beads are pulled towards the middle of
the system in the slip-spring model, rather than pushed away from the entanglement as in the

two-chain model. A possible solution to this problem is presented in section 4.3.
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Chapter 4

Modifications to the slip-spring model

4.1 Non-isotropic slip-spring model

It has been observed that the two-chain entanglement acts differently in each direction. In the
x-direction, the lower chain can slide through the entanglement; in the y-direction, the upper
chain hooks around the lower chain restricting its movement, forcing a section of the lower chain
to follow the movement of the upper chain; and in the z-direction, the entanglement both hooks
around the chain and stretches it. Hence, the entanglement applies a different effective force
in each direction. It was originally assumed that the slip-spring would be able to reproduce
the entanglement’s different strengths, since the slip-spring vector is shortest in the x- and y-
directions, giving a smaller force in these directions, as required. However, it was seen in the
previous chapter that this alone does not simultaneously fit G, (t) for v = z,y, z. Since it was
demonstrated in Fig.3.25 that different values of Ng allow different components of the stress
relaxation to fit the two-chain model results, a suggested solution is to make the slip-spring
spring-constant non-isotropic.

Previously the potential energy of the slip-spring was given by

1
US = 514;3?4& (4.1)
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Figure 4.1: Diagram of the non-isotropic slip-spring model with the new slip-spring spring con-
stant kg

where Ry ; = rq — rj. With the non-isotropic slip-spring this becomes

1 R
Us = SRajksRa,

1
= 3 (XajkswaXaj+ XajksayYas+ ...+ Zajksz2Za;) (4.2)

where Ry j = (Xa;,Ya;,Z4,;) and kg is a tensor spring-constant. Since, the system is sym-
metric in the x- and y-directions, the transformations X — —X and Y — —Y should have no
effect on the energy, but in Eq.(4.2) terms like X4 jks2yYaj, X4 jkseZa; and Yo jks .24 ;
change sign with this transformation. Thus, the off-diagonal components of the spring-constant

tensor must be zero, and the new spring-constant tensor is written as

N’;m 0 0
l%S: 0 k 0 (4.3)
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where the slip-spring strength parameter, Ng, becomes a set of three values
{NS} = NSwaNS,y?NS,z (4.4)

This new model with its four parameters is illustrated in Fig.4.1. The energy of this system is

~

v = Ly 24 (rj—ra) k
= 3 ;(ri_ri—l) + (rj—ra) kg(rj —ra)

N |

Y (2j —2a)? | (g —ya)? | (2 —z4)°
(Z(ri—ri—1)2+ ]NsxA + y]NSZA + stzA ) (4.5)

=1 ?

and has the equation of motion
Edr; =k (ri+l —2r; + I'Z',l) dt 4+ +/2kpT¢ dW; (t) + 51']‘];‘5 (I'A — I‘j) dt (46)

4.1.1 Analytical calculations

Because the energy of the system has changed, the partition function of the slip-spring object

(Eq.(3.37)) is now

Zs (eavrs (Nsh) = oxp (5 (0~ ) (o - 1))

_ 1 (k(x;—2a)” | k(y;—ya)® | k(z—2a)°
= exp (—2 ( Nao + Noy + N+ (4.7)

)

This modifies the partition function of the whole slip-spring system (Eq.(3.39)), which is now

Q; (ra. {Ns}) = / Zs (va,rj, {Ns}) Z (xp,1,,5) Z (xc,r;, N — j) dPr

3 3(N_
- /d3I'j ( ! . >2 <27Tk’BT>2(N ?
J (N —7) k

1 ' T k(rj —rp)® k(r; —rc)’
exp <_2/€BT ((rj—rA) ks (rj —ra)+ ; + N
4
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where each component of r; provides a factor

1 k:(a:j—xA)2 k(mj—xB)Q k:(xj—xc)2
/dx] P (‘%ﬂ( I L

B 27r<1+ Lo 1)1
k\j N-=j Nsg

1 k(zj—xa)?  k(zj—zp)?  k(zj—zc)
— 4.
eXp( 2k3T< New 7 T N—; (4.9)
to produce
3 3
1 2 (onkpT\ 2NV
Qj(ra,{Ns}) = < . ) < )
k(zg—zc)? k(xga—x T x
1 ( <(J'~](BN—1C)) + (JGSw-f) +st Nca)
exp | —
1 1 1 2k T(
i) e
k(ys—yc)® | kya—ys)® | klya— yc
1 ( ( -0 T T Ny NSy
exp | —
1 1 1 2k T(
\/(1+NJ+NSU) w3+ ws j+Nsy
k(zB—zc)2 k(za—zB) k(za— zc
1 ( (j~( ) L st - J)
exp | — ; .
Ui T (7 + ks + st

(4.10)

The changes to the partition function also result in a new slip-link position probability distribu-

tion (Eq.3.49) given by
Qj (ra, {Ns}) (4.11)

> 21 Qr (ra, {Ns})

P(j,I'A,{NS}) =

As was done previously for the slip-spring model this partition function is used to calculate the

average position of the slip-link while attached to bead j

N5 2l (4.12)
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(yj) = =% - (4.13)
Nsy ' 7 —J
i
Ns - J N—j
<Zj>: . 1 (4.14)

It is found that the average position is now dependent upon its own component of {Ng}. The

same is found for Eq.(3.44) and Eq.(3.48), which are now

1
kBT kBT j‘f'fj
(Ojyy) = (N —2)+ 1 1 1
v Vi me, titws
2l Y 2 9l Y 2
k(=) k(2= ()
~ 4.15
+17 ; YN (4.15)
and
2
k) bl 1+
() = (52) N(N-2)+2(N-2) 1J+1+]1+3< R
Nsny 757 N=j Nsy T 7 =7
2 2
Yo 2l v Y
+2ikBTk(N—2) (TB <r]>> +(7“C <r7>)
V2 J N—j
2 Y Y Y Y 2
) : (-2, ((3) b ()=t
Pyt e v Y i N
NS,'y ] Nﬁ]
2 ol 2 Y 9l 2\ ?
e ((b=(3)) | (2=())
N 4.16
+172 ; L (4.16)

We note here that, although stress moments <0W> and <0§7> with fixed j depend only on the
corresponding Ng ., the slip couples all components through Eq.(4.11). Therefore, (o.,), for

example, will depend on Ng, and Ng . as well as Ng .
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4.1.2 Parameter finding

With these analytical solutions for the diagonal components of the stress tensor, it is once
again possible to find the best parameters for the slip-spring model. However, this model has
four parameters and while a graph was the best method to investigate parameter space for two
parameters, a system with four parameters is not as simple to visualise. Instead, a minimisation
technique is used to find the best point in parameter space. The technique used in this study
was Nelder-Mead downhill simplex minimisation [34]. The height of the slip-spring, h, and the

non-isotropic strength of the slip-spring, { Ng}, were adjusted to minimise the function

> (<a$$>—<03§>)2+ 5 (¢<<a$$>2>—¢<<os§>2>)2 wm

’Y:‘T7y7z ’y:x7y7z

TC is the stress tensor for the two-chain simulation and o5° is the stress tensor for the

where o
slip-spring model.

Using this method, a two chain simulation with parameters N = 16, H = 10 and D = 10
was fit to a non-isotropic slip-spring model, producing the parameter set h = 10.89, Ng, = 8.48,
Ngy = 9.85, Ng. = 4.20. Previously, the parameters of the original slip-spring model were
h =10.89 and Ng = Ng, = 4.20. The parameters have remained the same in the z-direction,

but have changed in the x- and y-directions. Ng, and Ng, have significantly increased in value,

weakening the slip-spring in those directions, as expected.

4.1.3 Parameters and dependence on entanglement strength

This minimisation technique was also used to obtain slip-spring parameters for a range of two-
chain models with different system heights, H. The system height represents the strength of the
entanglement as discussed in section 1.1. Fig.4.2a demonstrates that when the system is stretched
in the z-direction, the slip-spring height minus a constant, h — 1.1, is also stretched affinely, such
that H — AH when (h — 1.1) — A (h — 1.1), where X is the deformation coefficient. A constant

must be added to h because the rejection routine causes a separation between the two chains
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even when H = 0. The graphs for Ng, suggest that these three parameters remain constant
during a deformation of system height for an intermediate level of stretch. This is promising for
the model because it implies that the parameters do not have to be modified when the system is
deformed. It is found that Ng . ~ 4, which is significant because this corresponds to the effective
spring strength of two chains of length 8 as found in the four-arm-star approximation of the
two-chain simulation, when N = 16. However, it is found that Ng, ~ Ng, ~ 9, which does
not have a simple explanation, apart from that it is due to the chain being to slide through the

entanglement more easily in these directions.

For small and negative values of H, the two chains are not strongly entangled. With enough
separation and H < 0, the two chains should not interact at all. When this occurs, it is
expected that all components of {Ng} become infinite, corresponding to the slip-spring having
no effect on the chain. In Fig.4.2 it is found that the change in behaviour occurs earlier than
this. Furthermore, the point where this occurs depends on direction, validating the need for a
different Ng per direction. The two-chain model is considered to explain this behaviour. As H
decreases, the hooking between the two chains is reduced and beads have much more freedom to
move in the x- and y-directions; Fig.1.1a demonstrates this situation. This results in Ng, and
Ns,4 approaching infinity earlier than Ng ., which remains strong, because the presence of the
other chain still causes repulsion between the two entangled chains. With further separation the
slip-spring will also become weaker in the z-direction, eventually becoming infinitely weak when

the two chains are no longer interacting.

For H — oo it was predicted that the slip-link would be permanently on the middle bead,
since h had become large, and Ng, should remain constant. Yet, it is observed in Fig.4.2 that
at H > 20 the values of Ng, and Ng, increase. This could be due to the rejection method
generating artifacts as H becomes too large, which causes the number of rejections to become
extreme. This would then cause the fitting method to produce inaccurate parameter values,

because the two-chain simulation it is fitting to is inappropriate.
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Figure 4.2: Slip-spring parameters as a function of two-chain simulation height. The system has
parameters N = 16, D = 10. Noise on the graphs is due to statistical errors in the two-chain
simulation data target values provided to the minimisation method.
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4.1.4 Stress relaxation functions

As expected from the analytical calculations, stress relaxation function graphs for the diagonal
components in Fig.4.3 have good agreement between the two-chain simulation and the non-
isotropic slip-spring model. The non-isotropic model values for G, (t) and Gy, (t) agree with
the two-chain simulation at ¢ = 0 and ¢ = oo, where they previously did not for the original
slip-spring model; the dynamics of G, (t) and Gy, (t) are also in agreement. For G, () there is
a good fit for G, (0) and G, (00), as there was before in the original isotropic slip-spring model,

but the model still relaxes faster than the two-chain simulation.

4.1.5 Variance of bead and bond vectors

In Fig.4.4 it is observed that the non-isotropic model has increased variance of bead positions
in the x- and y-directions, since the slip-spring strength has been made weaker in these two
directions. This has made the variance closer to that of the two-chain simulation, but it is still
not a perfect match. In both directions the variance is slightly too high and in the x-direction
the distribution of the variance is different for the central four beads.

In Fig.4.5 the variance of bonds in the x- and y-directions is plotted. These graphs show that,
with increased Ng in the x- and y-directions, the non-isotropic model, rather than increasing
the bond variance at the centre of the chain, has increased the variance of all bonds. This made
the value of (045) equal by changing sz\il var (X;;—1) in Eq.(2.29), but did not do so by fitting
individual bonds to the two-chain simulation. To understand why this occurred, consider a single

unentangled Rouse chain. The energy of a single chain is given by the sum of its bonds,

, 1 1 1
[]Slngle ({I',L}) = 5]{,‘ (I‘O — 1‘1)2 + 5]{3 (I‘l - 1‘2)2 +...+ ik (I‘n,I - I'n)2
. 1 1 1
= USingle ((R,;1) = 5;?3371 + 5k;RiQ +...+ ikRﬁ_Ln (4.18)

where R;; = r; —r;. Hence, the probability density of bead positions can be expressed in terms
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Figure 4.3: Stress relaxation functions of the diagonal components of the stress tensor. Param-
eters are N = 16, H = 10, D = 10. In the slip-spring model h = 10.89 and Ng = 4.20. In the
non-isotropic slip-spring model A = 10.89, Ng, = 8.48, Ng, = 9.85, Ng . = 4.20.
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of individual bonds,

) __77Single .
PSmgle ({RZJ}) _ % exp ( U iBngJ})>

1 k 9 k 9 k 9
= — — — — 4.1
N exp <2kBTRO’1> exp <2kBTR1’2> exp <2kBTRn—1,n>( 9)

which is a product of the probability density of each bond

where A/ and Mj are normalisation are such that
/P(Rij) PRy =1 (4.21)

N =TIV (4.22)

ij

1.5 o Two-chain 1.5 o Two-chain
---- Slip-spring ---- Slip-spring
—— Non-isotropic —— Non-isotropic
10 /0_m~f__'f_x_b\ 10 5 ©° © o o 3
—~ % —~~ AR S S
s / A = 7 ~
\g / \\ E / A\
> 05 > 05
0.0 0.0
0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00
S S
(a) x-direction (b) y-direction

Figure 4.4: Variance of position for each bead, where the bead number is expressed as a fraction
along the chain, s = &. Parameters are N = 16, H = 10, D = 10. In the slip-spring model
h = 10.89 and Ng = 4.20. In the non-isotropic slip-spring model h = 10.89, Ng, = 8.48,

Ng, = 9.85, Ng. = 4.20.
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Figure 4.5: Variance from the average vector for each bond, where the bond number is expressed
as a fraction along the chain, s = (ibond + %) /N. In the non-isotropic model Ng, and Ng,
are larger than Ng in the slip-spring model. Parameters are N = 16, H = 10, D = 10. In the
slip-spring model h = 10.89 and Ng = 4.20. In the non-isotropic slip-spring model h = 10.89,

Ng, =848, Ng, =9.85, Ng . = 4.20.
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These probability densities are independent from each other, which means the variance of bonds
are independent from each other and thus equal in an unentangled chain. Despite the presence
of an additional force on bead j, the probability densities of each bond within the lower chain
are still equal. The value of this variance can be calculated from (o). In the y-direction, where
the average stretch term is zero, the relationship between stress and variance is known from

Eq.(2.29) to be

k n
(ogy) = VZV?H” (Yii-1) (4.23)
i=1
where Y;; = y; — y;. Because the average length of the bonds is equal in the y-direction,
’YSingle| = |}/i,i—1| and
Single k Single
<0yy > = VNvar <Y > (4.24)

The average stress for the unentangled chain is also given by Eq.(2.16),

ingle kBT
<a§y gl > = (V-1 (4.25)

Thus, the combination of Eq.(4.24) and Eq.(4.25) creates an equation for the variance of bonds
in terms of the number of bonds in the chain, N,

. ksT (N —1)
Single | _ B
var (Y ) = N (4.26)

3kpT

where k = 3

Using the stress for a slip-spring model with no slip, Eq.(4.15), with Eq.(4.24), an equation

for the variance of each bond in a slip-spring model with no slip is constructed,

3N

. 2 I+
var (YHOShp) _ b (N—Q—!— T j_'_ — > (4.27)
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Figure 4.6: Variance of bond vectors in a single direction, for a range of slip-spring strengths in
a slip-spring model with no slip mechanism. The variance is equal for all bonds in all directions.
The analytical function is given by (4.27). Parameters are N = 16, j = 8.

where j is the bead index to which the slip-link is permanently fixed. In Fig.4.6 this function is
confirmed by comparing it to simulation data for the same model. Hence, changing the strength
of the third arm (slip-spring) affects the variance of all chain bonds equally, no matter where
the arms are connected. Because of this, the slip-spring model adds a variance to all bonds
proportional to Ng, independent of the bead that the slip-link is on. But a second effect is also
applied to individual bonds by the slip, as observed in Fig.4.5, causing peaks in variance around
the central beads, especially in var(Z;), which has been demonstrated in section 3.2.6 to be
due to the slip applying and removing a deformation. It is still observed that the entanglement
in the two-chain model caused higher variance peaks than the slip-spring model, even with the
non-isotropic model. It is likely that the two-chain simulation has a higher peak variance because
the chain does not just slide along the chain as the slip-link does, but the two chains can also
separate and break contact. This mechanism of two chain separation provides another method
of force removal that would result in additional variance. Unable to replicate this, the slip-spring
model increases the variance of every bond using Eq.(4.27), by increasing Ng, and Ng,, such

that Zf\i L var (Y;;—1) is the same for both the slip-spring and the two-chain simulation. This
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is why the two models differ. Without changing the fundamental way that the model works, it

would appear that this effect can not be exactly reproduced by the slip-spring model.

4.1.6 Summary

The non-isotropic slip-spring model replaces the scalar spring constant of the slip-spring with
a tensor spring-constant. This makes the spring strength parameter, Ng, a set of parameters,
{Ns} = Ngau,Ngy, Ns.. With this modification, analytical calculations and a minimisation
technique were used to find the best parameters to fit the model to values of <UW> and <0A2W>
obtained from a two-chain simulation. This indicated increased values of Ng, and Ng, were
required. With the parameters now adjusted to fit all the static values of G, (t), the slip-spring
stress relaxation functions, G, (t) and Gy, (t) were great fits to the two-chain model. However,
the variance of bonds in this model are still different to the two-chain simulation. The two-chain
simulation has a mechanism whereby the two chains can separate, which is not reproduced in the
slip-spring model. This effect results in a higher variance on the central bonds and can not be
reproduced by the slip-spring model. The non-isotropic model compensates for this by increasing
the variance of all bonds uniformly. While not a perfect solution, this fulfills the aim of a model,
which is to simplify the original two-chain situation, but still reproduce the important properties

such as stress.

4.2 Slip-chain model

Comparing the slip-spring model to the two-chain model has indicated that beads in the slip-
spring model move too fast in the z-direction, the direction in which the system is stretched by
the entanglement. The non-isotropic model was unable to solve this problem by changing the
parameters of the slip-spring model. It is therefore necessary to add a new physical mechanism
to the model, one which can slow the motion of the beads in the z-direction. A possible option is

to change the slip-spring into a slip-chain (Fig.4.7). Rather than having a single bond connecting
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the slip-link to its anchor without any extra friction, this new model has a Rouse chain connecting
the slip-link to the anchor, which adds friction to the motion of the slip-link. The beads within
this slip-chain have equal friction to the beads in the polymer chain, and the total strength of

the slip-chain is equal to that of the previous slip-spring. Hence,

Ns = Nsc nsy Y=,y 2 (4.28)
and
k
R 3kpT
kse=| 0 2 0 P k=0 (4.29)
sY
0 0 =

where Ng¢ is the number of slip-chain bonds and ng is the strength of each individual slip-chain

bond.

The equation of motion for the system is now in two parts, one describing the motion of the

beads within the polymer chain
Edr; =k (ri—i-l —2r; + ri—l) dt + /2kpT¢ dW; (t) + 62-]-12:50 (SNSC*l — I'j) dt (430)

and one describing the motion of the beads within the slip-chain, which have position vectors

Sm,

Edsy, = ksc (Sme1 — 28m + Sm_1) dt + /2kpTE AW, (1) (4.31)

for 1 <m < Ng¢. The anchoring point of the slip-chain is labelled as m = 0, such that sg = r4,

and the slip-link is sy, = rj. The energy of the slip-chain model is given by

Nsc 1

3kpT .
U = Z opz (i — ro)? 4 5 (Sm = Sm—1)" ks (Sm — Sm_1) (4.32)

i=1 m=1

Because the energy is now a sum of slip-chain bonds, the partition function for the non-isotropic
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slip-spring Eq.(4.7) becomes a partition function for a Rouse chain Eq.(3.36),

1\2 ([ (2nkpT\® Ns, Noy N | 2
Zsc (ra,rj,{Ns},Nsc) = () (< kB > Sz Vs,y S7z>

N. N
2 2 2
exp [ — 1 (k(z; —=za) Lk (yj —ya) Lk (zj — 24)
2kgT Ns » Ng,y Ns,.
(4.33)
Thus, the partition function for the entire slip-chain model is
Q, (64, Ns, Nsc) = [ ZeoZa Zn
L(Nge—1
_ ( 1 > (%@T) O (2kaT>3 Nsa Nsy Ne 2"
Nscj (N —j) k k N3e
k(zBfa:c)Q k(gvAfacB)2 k(fomc)z )
1 ( FON=1) T Neuj T Nso(N—J)
P 1 1 1
\/(;+N11+N;> 2k3T(3+W+m)
(k(nyyc)2 | kya-ys)® | kya-yo)® )
1 J-(N-1) Ns.,y-j Ns,y-(N—j)
P 1 1 1
1 1 1 2kpT (7‘ + = + )
\/(j+]\7j+1\7~?m) B J N—j Ns,y
k(zB—zc)2 k(zA—zB)2 k(zA—zc)2 >
1 ( FON-D) T Neng ¥ Ne(N=j)
exp | — — : (4.34)
1 1 1 2kpT <f. + = + )
\/(j + N—j + Ns,z) b I N N,z
The partition function is involved in the probability distribution of the slip-link,
. i (ra,{Ns},Nsc
P(j,ra,{Ns},Nsc) = Qj (x4, {Ns} ) (4.35)

Z;-\/f:o Qjr (ra,{Ns},Nsc)

but factors involving Ngo are independent of j and subsequently cancel out, so the probability
distribution does not change. This means that the model has not changed the static values of

G+ (0) and G, (00), whilst providing a new parameter to control the dynamics.
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Figure 4.8: Parameters for the simulations in this chapter.

4.2.1 Mean squared displacement, g piq (t)

As described previously, the slip-spring model allowed the slip-spring to move too fast in the

t% is examined for a range of Ng¢ values (when Ngo = 1 the

z-direction. In Fig.4.9 g mia (1) /
slip-chain model is identical to the non-isotropic slip-spring model). In Fig.4.9a it is observed
that movement of the middle bead decreases at intermediate time as Ng¢o increases, and a value
of Ngc = N = 16 has the best fit of the slip-chain model to the two-chain simulation. The other
three graphs in Fig.4.9 display g1 mia~ (t) /t°? for v = z,y, 2. All components show signs of the
middle bead being slowed with increasing values of Ng¢. In the z-direction this reduction in
speed is greatest, as required. Once again, Ngo = N = 16 is found to be the best parameter for

all components. It is reasonable to find that reproducing the effects of the upper chain from the

two-chain simulation, requires a slip-chain with a similar number of bonds as the chain.

4.2.2 Stress relaxation functions

Fig.4.10 considers G, (t) for a range of Ng¢ values, and it is observed that Ngo can be used to
increase the longest relaxation time. This longest relaxation time was explained in section 3.1.6,
where it was shown analytically that G (¢) has an additional relaxation not present in G (t)
or Gyy (t). Eq.(3.23) and Eq.(3.19) indicate that the additional stress relaxation in G, (t) can
be separated from the stress relaxation present in all components. To examine this additional

relaxation time, we define the function H., (t) such that

(Gyy () = Gyy (00)) = (Gyy (1) = Gyy (00)) + (Hyy (t) — Hyy (00)) (4.36)
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are given in the table Fig.4.8.
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where Gy, (t) — Gyy (0) represents the relaxation that is common to all v. In Fig.4.11, Gy, (t) —
Gyy (00) and H, (t) — H. (c0) are compared, displaying that only H (t) depends on Ngc. It is

known that the relaxation time of a Rouse chain is dependent on the number of bonds within the

chain, 7p = %, so it is not unreasonable to discover that the relaxation time of the slip-chain
model is dependent upon Ng¢ in this longest relaxation. Fig.4.11 confirms that Ngo = N = 16

provides the best reproduction of the relaxation time.

Fig.3.27 showed that the off-diagonal components G (t) and Gy (t) in the slip-spring model
do not have the same relaxation time as their counterparts in the two-chain simulation. These
properties are plot for the slip-chain model in Fig.4.12, where it is observed that Ngo ~ N = 16
fits the properties better than the slip-spring model. There are still slight differences observed,

but these are minor.

4.2.3 Stress cross-correlation functions

So far the slip-chain model has been developed to improve the dynamics of the lower chain as an
individual entity. One might assume the two-chain simulation can be thought of as the sum of
two slip-chain models, as illustrated by Fig.4.13. Whilst this is true for the energy, it is not true
for the stress correlations, because the stress correlation function for the entire model involves
cross-correlation, Eq.(3.13). A paper by Ramirez et. al. [35] demonstrated that the total stress

can still be considered as two parts as long as both parts include the cross-correlation function,

GZg t) = (Géﬁ (t) + Gfﬁ (1) + (Gfﬁ (t) + GaBﬁ (t))

= G +GLE (1) (4.37)

Therefore, the total stress correlation function can be split into the lower half, GZE‘ (t), and the

upper half, Ggg” (t). However, the slip-spring model does not have two chains to cross-correlate
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in order to calculate

Gfﬁ (t) = <U&4ﬁ (t) Ufﬂ (0)) (4.38)

where o4 (t) is the stress contribution of the lower chain and ¢ (¢) is the stress of the upper
chain. Instead the slip-chain object must provide afﬁ (t). This poses a problem because the
slip-spring object is distinctly different from the upper chain by design. One major factor is that
the upper chain in the two-chain model contributes stress from bead fluctuations (Eq.(3.45)), but
the stress of the slip-spring object (Eq.(3.46)) lacks these fluctuations because it has no beads
to fluctuate. With the introduction of the slip-chain model, we have introduced new slip-chain

beads that fluctuate in space, which makes the average stress of the slip-chain

kgT kgT 1 1 1 1 \!
SC B B
- = 2= (Ngo—1 I
<0-J77”/> 1% ( 5C )+ 1% ]\7577 <NS,7 + ] + N _]>
k 2
NG (r} - <r}>) (4.39)
"Y

which is more similar to that of the polymer chain. Hence, it is possible to control the stress
in the virtual slip-chain object by discrete increments, with the parameter Ngo. In Fig.4.14,
Ngsc = 13 is shown to provide the closest match between the slip-chain’s <ofzc > and the two-
chain’s <af;>. Note that the value is not N, as required to best match the delay in relaxation
already compared. This is due to differences between the slip-chain object and the upper chain
that it replaced. For example, the slip-chain is connected to the lower chain by a slip-link at the
end bead, whereas the upper chain is entangled at a varying position around the central beads.

Using cross-correlations to calculate GZZA (t), plotted in Fig.4.15, it is confirmed that Ngo = 16

is significantly worse than Ngo = 13.

In Fig.4.16 it is observed that, while setting the parameter Ngc = 13 has made G2 (00)
comparable between the models, G%, (c0) and G?ﬁ,(oo) have not been fit well. This is because of

the differences between the slip-chain and the upper chain. For example, in the y-direction the
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Figure 4.14: Average stress of the slip-chain object, <0ZSZC >, as a function of Ngo. The horizontal
dashed line indicates the average stress of the upper chain from the two-chain simulation, <J§z>.
Ngc must be an integer and Ngo = 13 shows the best match between the two-chain simulation
and the slip-chain object. Parameters are given in the table Fig.4.8.
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Figure 4.15: GZZA (t) for different values of Ngo. Parameters are given in the table Fig.4.8.
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Fig.4.8.
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Figure 4.17: Total stress auto-correlation functions, G% (t) = sz‘ (t) + sz (t), plotted as the
function G, (t) — G, (00). Parameters are given in the table Fig.4.8.

two-chain model has symmetry between the lower and upper chain, such that G2, (t) = Gi‘;j (1),
whilst the slip-chain object has zero average stretch in the horizontal directions. The amplitude
of GX (t) also demonstrates a discrepancy between the two models due to the configurational
differences between the slip-chain and the upper chain. Comparing Fig.4.16e to Fig.4.16f it is
found that the slip-chain’s cross-correlation amplitude is not dependent on Ngc, but is slightly
larger than the amplitude of the function observed for the two-chain model. However, despite
these discrepancies, the slip-chain model is a significant improvement over the slip-spring model.

The total stress auto-correlation function is the observable measured experimentally, rather
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than the cross-correlation. In section 3.1.6 it was demonstrated that the relaxation of the cross-
correlation cancels out with the slowest relaxation of G, (t). Therefore, G% (t) — G% (00) in
Fig.4.17a and Fig.4.17b is equal for all three components, v = z,y, z. In Fig.4.17c for the two-
chain model the relaxation time of G?;ff (t), as defined in Eq.(4.37), is shown to be equal for all
~. However, Fig.4.17d displays that this is not the case for v = z in the slip-chain model, which
appears to relax faster than any other component. In Fig.4.18 the final point of relaxation for
GZZA (t) is displayed and it is found that the slip-spring simulation undershoots, unlike the two-
chain simulation. An undershoot indicates that the chain encountered a point where it became
more relaxed than it is when the system has minimal potential energy. Such a situation is able to
occur because the minimum level of stress in the lower chain does not correspond to the lowest
energy state of the entire system, but instead the stress of the lower chain is lowest when it is
least stretched in the z-direction. A further investigation of a three-arm-star model, equivalent to
having the slip-link fixed upon only one bead, observed no sign of an undershoot, which indicates
that the undershoot is caused by the slip mechanism. However, it is unknown how the slip-link
is causing this effect and why this undershoot is not also demonstrated by the two-chain model,

where the dynamics of the entanglement should be analogous to the dynamics of the slip-link.

4.2.4 Summary

The slip-chain model was designed to address the additional stress relaxation time observed in
G (t), which was not correctly reproduced by the slip-spring model. The slip-chain replaced the
single spring in the slip-spring model with a Rouse chain. Such a simulation would take longer to
run, but adjusting the number of bonds in the slip-chain allows the delay in stress relaxation to be
controlled. This additional parameter also allowed the cross-correlation between chain stress and
slip-spring stress to be a better fit in the zz-direction, but all of the cross-correlation functions
were not matched exactly. The total stress, GLA (t), is a fit better with the slip-chain model,
than with the previous slip-spring model. The best reproduction of the two-chain entanglement

simulation in this study so far is found when fitting the parameter Ngc, so that <a§§ > S <orzz>.
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Figure 4.18: Total stress auto-correlation function of the lower section, GTA (t) = G4, (¢) +
GZ (t). Parameters are given in the table Fig.4.8.
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Figure 4.19: Diagram of entanglement forces within the two-chain simulation and the slip-spring
modelling of the forces.

4.3 Bulky-slip-chain model

In Fig.3.28b it was observed that the slip-spring model fails to reproduce the bead positions in the
x-direction. The slip-spring applies a force to every bead pulling it towards an anchoring point
above the chain, while the entanglement modelled in the two-chain simulation repels the beads
from the entanglement position, as illustrated in Fig.4.19. This ultimately means that beads in
both models experience an equivalent force in the z-direction, but in the x-direction the slip-
spring is frequently acting in the wrong direction. A solution is to consider the entanglement as
consisting of two forces. First, a force that attracts a bead towards the centre of the second chain’s
anchors. Second, a repulsive force that repels the other beads away from the entanglement. The
bulky-slip-chain model mimics this by using the slip-chain to provide the entanglement’s pull, and
applying a new repulsive force between the two beads adjacent to the slip-link, as demonstrated
in Fig.4.20.

This section is a proof-of-concept study of the bulky-slip-chain model, with a force only

applied in the x-direction. The potential of this repulsive force is chosen to be

Uy, = —kpb (J?j+1 — :Uj,1) (4.40)
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with a spring-constant kg, such that the bulky forces are

N

byl = a$]’_1’ 8yj_1’ 8zj_1
= (_kbb7070>

N A

A Ozjp1’ Oyjp1’ Ozjp

= (kbbv 07 0)
where r = (z,y, z). The equation of motion for this new model is therefore

§dri = k (ri+1 — 21‘,’ + I'Z'_1) dt + vV QkBTf dWi (t)

—i—(sm' /2750 (SNsc—l — I‘j) dt

i1 kebdt 48y kpbdt

Figure 4.20: Diagram of the bulky-slip-chain model

(4.41)

(4.42)

(4.43)
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Figure 4.21: Two-chain simulations used within this study.
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e) BD: Linear bonds + LJ repulsion

4.3.1 Modified two-chain simulation

In section 3.1.7 different versions of the two-chain simulation were compared. It was demon-
strated that the two-chain simulation with rejection had some differences from the more realistic
simulation with repulsion between chains, but most of these effects could be corrected for by
a slight shift in parameters. However, one of the discrepancies that could not be corrected for
was an increased bead position variance in the x-direction (Fig.3.18). Since, the bulky-slip-chain
model is attempting to perfect the reproduction of the x-direction properties of the entanglement,
it is worth comparing it with an improved two-chain simulation that uses repulsion to prevent

the chains from crossing.

The diagram in Fig.4.21 depicts the simulations used in this study so far, along with their
equation of motion and force potentials. The two-chain simulation that has been used for the

majority of this study is simulation (a), and the new two-chain simulation we introduce now is
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(e). This new simulation is identical to the current two-chain simulation, except that a repulsive
Lennard-Jones force is applied between the opposite chains - within each chain the forces are

unchanged. The equation of motion for this model is given by

¢r; =FPdt + F)Pdt + Ftdt (4.44)

with the forces from the previous two-chain model

FPdt = —k(riy —2r; +1, 1) dt (4.45)

FRdt = \/2kpTE AW, (t) (4.46)

and introduces the non-bonded Lennard-Jones force

N
FiPdt=> F“ (u; — 1) (4.47)
§=0
24e o\8 o\ 14
FIY(R) = R (7) —2 (7) 4.48
® = 2R ((5) -2(F (4.48)
where u represents beads in the opposite chain, labelled ug,...,uy.

Adding the repulsion between chains has slightly modified most of the properties. Mainly
because the beads are stretched further in the z-direction and repelled further in the x-direction
(see section 3.1.7). This has not changed the ability of the slip-spring model to reproduce most of
the properties of the two-chain simulation, but merely requires the model parameters to be fit to
the new simulation values. However, an important difference between the two-chain simulations
is demonstrated in var (z;), where the old rejection simulation has a fairly rounded shape, but
the repulsion simulation observes a sharp peak for the centre beads, as can be seen later in
Fig.4.24a and Fig.4.24b. Much like the variances observed in the z-direction, this increase in
variance is caused by the application and removal of a force to beads. Previously this effect was

not as strong in the x-direction because the other chain is not felt unless a rejection takes place,
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Figure 4.22: Parameters for the simulations in this chapter. The slip-chain model is equivalent
to a bulky-slip-chain model with k; = 0.

but with the repulsive two-chain simulation, the effect of the other chain is felt more often.

4.3.2 Mean bead positions

Displayed on Fig.4.23 is the new bulky-slip-chain model, for a range of k; values, compared with
the new repulsive two-chain model (Fig.4.21e). It is observed that the bulky force creates the
repulsion away from the entanglement as required, such that <@> is opposite to the previous
slip-chain model. Larger values of kj increase the amplitude of <EZ> and it is discovered that
ky = 2.0 will provide the best match to the repulsive two-chain simulation. The parameter Ng ;
can be used to provide the correct width of this plot, and Ng, = 1.0 is used in Fig.4.23 to provide
the width displayed. However, we note that this makes the slip-spring significantly stronger than

before.

4.3.3 Variance of bead positions

The variances of bead positions in the slip-chain model are a fairly good match to the values in the
rejection two-chain simulation (Fig.4.21a), as demonstrated in Fig.4.24a. However, it was noted
that there appears to be a narrowing peak around the middle bead, that was not captured by the
slip-chain model. With the new repulsive two-chain model (Fig.4.21e) the narrowing around the
middle bead forms a more distinct peak, as observed in Fig.4.24b. Since the repulsive two-chain
simulation is more realistic than the rejection simulation, it is important that the bulky-slip-

chain model reproduces the peak observed in the repulsive simulation, rather than the shape of
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Figure 4.24: Bead position variance in the x-direction. The bead number is expressed as a
fraction along the chain, s = £. Parameters are given in the table Fig.4.22.
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Figure 4.25: Mean and variance of bond vectors in the x-direction. The bond number is expressed
as a fraction along the chain, s = (ibond + %) /N. Parameters are given in the table Fig.4.22. The
two-chain simulation is shown as symbols, and the slip-chain and bulky-slip-chain simulations as
lines.

the rejection simulation, which it does for k; = 2.0. It is also observed that increasing kp has the
effect of increasing the variance of the central beads, which agrees with the idea that this peak
is caused by the application and removal of the repulsive force as the slip-link samples different
beads. This is the same mechanism that has been observed for var (z;) previously and discussed

in section 3.2.6.

4.3.4 Mean and variance of bond vectors

The mean bond vectors, plotted in Fig.4.25a, show that, analogous to the mean bead positions,
without the repulsive bulky force the slip-chain model compressed bonds in the centre of the chain
rather than stretching them. With the repulsive force, the bulky-slip-chain model stretches the
central bonds, which matches the two-chain simulation.

In the x-direction bond variance, the slip-chain model demonstrates a worrying discrepancy
(Fig.4.25b), where the slip-chain produces a nearly insignificant peak in variance around the
central bonds, whilst the central bonds of the two-chain simulation demonstrated a distinct

peak. The repulsive two-chain simulation makes this peak larger, but it is observed that the
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bulky-slip-chain model can create the peak required and is able to control the amplitude with &,
where kj, ~ 2.0 provides the best results for comparison to the two-chain simulation, which is the
same value that has been found for all properties considered so far. However, it is observed that
the best value is slightly below 2.0 and the shape of the bulky-slip-chain line is slightly wider

than that of the two-chain simulation.

4.3.5 Stress relaxation functions

Gz (1) is strongly affected by kp, more than by Ng,. It is observed in Fig.4.26a that ky = 2.07
provides the best match for G, (t), which is close to the parameter value required to match the
properties fitted already, but not exact due to the difference in width for var (X;) observed above.
Since the energy is dependent on kp, the probability distribution of the slip-link and therefore
Gyy (t) and G (t) also indicate a slight dependence on k;,. However, this dependence is so weak
that it cannot be observed in Fig.4.26b and Fig.4.26¢.

G (t) is still a good fit to the new repulsive two-chain simulation with the correct values of
h and Ng .. However, whilst G, (t) could be fit to the rejection two-chain simulation results,
the repulsion two-chain model has a higher average stress that cannot be matched by adjusting
Ng,. Fig.4.27 demonstrates why this occurs. Previously, the non-isotropic slip-spring model
corrected for a lack of a peak bond variance, by increasing the variance of all bonds uniformly
(Fig.4.5b), but the repulsive two-chain simulation has a much larger peak variance than the
rejection simulation and cannot be corrected by reducing Ng, in this way. It is possible that
a bulky repulsive force suitably applied in the y-direction would provide the variance required,
in the same way it did for var (X;). However, the bulky potential, U (X;;), defined in Eq.(4.40)
is dependent on the sign of X;;, which makes it only applicable for a large stretch between the
chain anchors, D = xx — g, such that the direction in which the force should act is known. In

the y-direction there is no stretch, yg = yn, which means that a bulky potential

Up = —kpb ((zj41 — zj-1) + (Yj4+1 — Yj-1)) (4.49)
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Figure 4.26: Stress auto-correlation functions. In (b) and (c) all k; values collapse onto the same
line. Parameters are given in the table Fig.4.22.
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Figure 4.27: Variance of bond vectors in the y-direction. The bond number is expressed as a
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two-chain simulations are shown as symbols, and the slip-chain and bulky-slip-chain simulations
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would not be appropriate, since Y;; < 0 has a lower energy than Y;; > 0, which violates the
symmetry of the system. A future study of this model shall search for a more sophisticated

potential that may be applied to all Cartesian components.

4.3.6 Summary

The bulky-slip-chain model is a proof-of-concept model for correcting the x-direction properties of
the slip-spring model. The original slip-spring model attracted beads towards the entanglement
point, whilst the two-chain model repelled them in the x-direction. Using a simple constant force
repelling the two beads adjacent to the slip-link, the bulky-slip-chain model has been able to
reproduce the x-direction mean bead positions and bond vectors of the two-chain model, as well
as improve upon the variance of beads and bonds. In this bulky-slip-chain model, G, (t) and
G- (t) match the two-chain model, but Gy, (t) does not, because there is a lack of y-direction
variance of bonds. It is possible that, with a more advanced potential, the bulky force may be

applied to all directions. This could allow var (Y;) and Gy, (t) to be fit correctly, as was done in
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the x-direction, but the current potential used is not appropriate to be used in the y-direction.
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Chapter 5

Maximum likelihood estimation

During this study, parameters of the slip-spring models have been fit to the two-chain simulation
through comparison of specific properties. However, in doing so we have implemented a bias
towards the properties that are most interesting to this study. This is most clear in section
3.2.3, where the parameters chosen are clearly dependent on preference. Since chapter 3 was
most interested in properties in the z-direction, the parameters were chosen so that G, (t) was
best fit, rather than G, (t) and Gy, (t). Maximum likelihood estimation (MLE) is a statistical
tool that can be used for obtaining model parameters, given observations of a common set of
variables. In this study, the full set of observables shared by all models are the instantaneous

positions of all beads in the lower chain {r;} = (ry,...,r,_1).

5.1 Estimation of parameters

The probability of observing the nj independent observations, {r;},,{ri},,... {ri}nk, given a

slip-spring model with parameters 6 is

P ({rihy o Axidos - Avid, 10) = [T P (xd, 16) (5.1)
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P ({r;} |0) is the probability distribution of bead positions {r;}, from a single observation, given

the model parameters 6. This can be obtained from the Boltzmann distribution, such that

| U ({r:}.,0)
P} 16) = 55 (—M) (5.2)

where U ({r;}, ) is the energy of the system for the observation {r;} and model parameters.

Q (0) is the partition function found from the condition
/ P({r;}|0) d®ry...d%n_1 =1 (5.3)

The advantage that the slip-spring models have over some other polymer models, is that U ({r;}, , )

is known exactly.

The aim of MLE is to find the most probable set of parameters 6 given the observations.

Hence,

0 = argmax (P ({r,-}l Aritys . Arid,, |e)) (5.4)

But, the actual probability values are of no consequence, so the logarithm of Eq.(5.1) divided by

the number of observations may be used to get the likelihood function

L({rad (o A, 0) = o> (P (), 10)
k=1

= mey - =Yy LD

i = ksT

This function is sometimes easier to calculate. Using this, the best parameters for the model are

given by

0 = argmax <L ({ri}l Arida s {xitn, 9)) (5.6)
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5.2 Collection of observations, {r;},,{r:},,...{r;}

Nk

When collecting observations of bead positions, one must consider the frequency of observations.
When taken too frequently, observations show a dependence upon each other, which reduces the
effectiveness of each new observation, because information from the last observation is repeated.
Observations that are taken every 7r are almost independent of each other, but have the disad-
vantage of requiring a longer simulation time to obtain the same number of observations. It is
important to balance both the frequency of observation and the number of observations that are
possible to be taken during the time allotted for the simulation, in order to use processor time
effectively. The time taken to gather observations is significantly longer than the time taken to
calculate MLE with the observations after the simulation; a simulation of the two-chain model
will take days to obtain the observations, whilst the parameter fitting afterwards will be on the

scale of tens of minutes. Hence, it is of interest to optimise the frequency of observations.

A short investigation was undertaken, the results of which are plotted in Fig.5.1. In this
investigation a measure of the error in the MLE calculation was constructed. The MLE calcula-
tion was run for a reasonably small number of observations, n; = 40, 80, ..., 1600, but repeated
100 times or more, and the standard deviations of the estimated values for the parameter Ng

were taken as the error for each value of ng. This was done for data collected every 7p and

1
NG

observations every Tr approaches zero slightly faster than the data collected every %TR, which

every %OTR, which is plotted in Fig.5.1a as a function of . It is observed that the results for
is an indication that the observations made in the second case are not completely independent.
In Fig.5.1b the error is plotted against it, where ¢ is the final simulation time. In this plot it
is observed that data collected every 1—107'3 approaches zero faster than data collected every 7g,
because 10 times as many observations are made in the same period of time, despite each one
being slightly less effective. However, this is only a sample of two observation frequencies and

it is anticipated that this trend will not continue. If observations are taken too frequently, the
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effectiveness of each observation will eventually become so much worse that the error will con-
verge slower as the frequency of observations is increased. In this study, observations are taken
every %TR, with ng = 200000 observations obtained from multiple simulations. It is useful to
note that, because the observations are independent, separate simulations can be used to obtain

the observations, allowing the time taken to scale with the number of computers available.

5.3 MLE for the slip-spring models

The likelihood function is now applied to the slip-spring model, where P ({r;},ra, Ng) is given
by Eq.(3.50). In Fig.5.2, the likelihood function (Eq.(5.5)) is plotted as a contour map over
the two parameters h and Ng, where the slip-spring has anchor point r4 = (0,0, h) and spring
constant kg = k/Ng. It is observed that there is a steep drop in likelihood when the slip-spring
becomes too strong and a similar drop when the slip-spring anchoring point is too close to the
chain. Between these drops there is a ridge of high likelihood. Further investigation, in Fig.5.3,
plots the most likely value of Ng as a function of h, as well as the likelihood value associated with
these parameters. This indicates that small values of Ng are very unlikely. This is a reasonable
conclusion to reach, since basic observation of the two-chain model does not indicate a static
point in the simulation box through which both chains slide. Instead the entanglement point
fluctuates through space. This is in direct contrast with the slip-link models of Hua-Schieber
and Doi-Takimoto discussed in section 1.3.3. In these models the slip-links are fixed in space,

which is equivalent to Ng — 0.

In Fig.5.4 the analytical fitting of the slip-spring parameters, seen previously in Fig.3.25, is
compared to the MLE ridge seen in Fig.5.3. The MLE results closely follow those of G.. (t),
which is not unexpected since to obtain <z N/2>, the slip-spring must provide sufficient force in the
z-direction. It is observed that the point where the MLE results intercept the best parameters
line for G (t) occurs at the same point where the G, (t) best parameters line intercepts the

(G, (0) — G, (00)) parameters line; this point is h = 10.89. However, the MLE ridge is not flat
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Figure 5.2: Contour map of likelihood values for the slip-spring model. Two-chain model param-
eters are N = 16, D = 10 and H = 10.
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Figure 5.3: Most likely values of Ng as a function of h, for the slip-spring model. Plotted on the
right axis is the likelihood value for these parameters. The maximum likelihood value occurs at
h = 11.9, as indicated by the dashed line. Two-chain model parameters are N = 16, D = 10 and
H =10.
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Figure 5.4: Analytical fitting of slip-spring parameters from Fig.3.25 combined with the MLE
ridge from Fig.5.3. Lines for G, (t) and Gy, (t) do not cross the other lines within the displayed
parameter space and are omitted. Two-chain model parameters are N = 16, D = 10 and H = 10.

and the maximum value identified by MLE is A = 11.9. The reason for this can be explained
using Fig.3.25, where it is observed that G, (t) and Gy, (t) would be best matched with a larger
value of h &~ 24. MLE has identified the parameters best for the model, which favours G, (t),
but has not completely ignored G (t) and Gy, (t). Hence, the value found is slightly larger

than is best for G, (t).

The MLE parameter fitting was also applied to the non-isotropic model, the results for which
can be found in Fig.5.5. It is observed that the values for h and Ng . are in agreement with the
analytical fitting, whilst Ng, and Ng, are not. The difference in Ng, values is likely due to the
issues highlighted in Fig.3.28b, where the bead positions are known to be wrong, despite giving
the correct stress value. This caused a conflict with MLE, resulting in a different value from the
analytical fitting to G, (t). The difference found in Ng,, is relatively small. Fig.4.4b shows that
in the y-direction the analytical fitting provided a bead position variance that was too large.
Hence, when fitting Ng, the MLE method selected a smaller value, resulting in a better fit of

var (y;), but worse Gy, (t). Once again, this fits the model to what is actually happening with
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Slip-spring model Best fit of stress moments MLE value
h 10.89 11.93
Ng 4.20 4.95
Non-isotropic model | Best fit of stress moments MLE value
h 10.89 10.91
Ng 8.48 4.32
Ngy 9.85 7.32
Ng . 4.20 4.20

Figure 5.5: MLE parameters for the slip-spring model and the non-isotropic slip-spring model.
The best fit of stress moments, G~ (0) and G, (c0) are found by comparing simulation results
of the two-chain model against analytical calculations of the slip-spring model. The two-chain
model parameters are N = 16, D = 10 and H = 10.

the beads, rather than fitting the property of most interest.

5.4 MLE for a multiple entanglement slip-spring model

MLE can also be applied to the multiple entanglement slip-spring model, for which we now
present the partition function. To construct this partition function, a number of equations from
section 3.2.2 are required. The partition function of a single Rouse chain constructed from n

beads with fixed ends at r4 and rp is known from Eq.(3.36) as

3 3
1\2 [ 2kpTm 3(n=1) k ra—rpg)?
Z(ra,rp,n) = <n> < i; > exp <_2/{:BT( A - 5) (5.7)

The partition function for a slip-spring with spring-constant kg is similarly given by Eq.(3.37)

as

k
Zs(ra,rp, ks) = exp <_2k§T (ra— PB)2) (5.8)
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Figure 5.6: Diagram of the multiple slip-spring model

It is known from Eq.(5.9) that the combination of two of these chains, where the connecting

bead is no longer fixed, is

Zi(ra,rc,na,ne) = / Z (va,r,n4) Z (v,ro,ne) dr (5.9)

Zy(ra,ro,na,ks) = /Z(I‘A,I‘,TLA) Zs (r,rc, kg) dPr (5.10)

Using the above equations, the partition function of the multiple entanglement slip-spring
model does not need to consider the individual N bonds and N +1 beads. Instead the system can
be broken down into M Rouse chains between M — 1 slip-link positions, as depicted in Fig.5.6.
In this section, the beads with slip-links attached are labelled ry to rj;_1, and the fixed beads
at the end of the chain are rg and rj;. The number of beads within a section of chain r,,_1 to
ry, is labelled as N,,, where m = 1,..., M. In order to permit slip-links to occupy the same
bead, the number of slip-springs attached to bead m is labelled as J,,, and the total number of

slip-springs in the system is

-1
NSlipfSprings = Z Jm (511)
m=1
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The anchoring points of these slip-springs are labelled as a,, j, where j = 1,..., J,, is the index of
each slip-spring attached to slip-link m. The spring-constants of each of these beads are labelled

as

k
NS’,m,j

K j = (5.12)

where k is the spring constant for a bond in the Rouse chain, and the spring strength Ng is

allowed to be different for each slip-spring.

The partition function of each Rouse chain is given by Z (ry,—1, r'm, Np,) and each slip-spring
as Zg (Tm,am j, km ;). To obtain the partition function for the entire system without the slip

mechanism, Q¢4 these chains are connected by Eq.(5.9) and Eq.(5.10). Hence,

Qﬁxed (I‘o, ra, M, {Jm} ) {Nm} s {am,j} ) {km,j})

M M—1 Jn,
= / H Z (Cm—1,Tm, Nm) H H Zs (s amjs ko j) | Pri...d®rarq
m=1 m=1 j=1
(5.13)
This equation may be integrated in matrix notation using
Qxed = Xexp(—aC) / exp (—a (Ajrir; — Biry)) dPry...d%ry g
3
1 o\ M-1\ 2 o
— dexp(— (%) (§B747'B) 14
exp (—aC) (detA - ) exp | 4 (5.14)

(as demonstrated in appendix B), where A is given by the product of the prefactors from

Z (m—1,Tm, Np) in Eq.(5.13), such that

i e

M-1 3(N-M)
- (I 1) %BT”>2 (5.15)

m=1
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(Zs (tm,am,j, km,j) has no prefactors). The components «, A, B, C are given by the expansion

of the terms inside the exponential: « is a scalar constant,

1
& QkaT

(5.16)

A is a symmetric (M — 1) x (M — 1) tri-diagonal matrix of scalars, where

k k
Aii = ki s
’ N; " Nit1 2 ki

Aiipt = — (5.17)

Bisalx (M — 1) matrix of position vectors,

J
Qk;\% + 2 Zjlzl ij aj,j
2572 kyjay
B= 237 ks jas (5.18)

Jnr—
r'pm M—1 . .
2k L + 23750 ko1 an—1

and C is a scalar,
M-1

kid ki3
LA T S (5.19)

C =
N Ny

m=1 j=1
This partition function can be used with the MLE routine and Eq.(5.5) to estimate the set of
parameters {k,, ;} and {a,, ;} for a multiple slip-spring model with no slip mechanism, using

observations from a single chain within a MD polymer melt simulation.

In order to test the MLE fitting, it has been used to reproduce the parameters of a slip-spring
model with fixed slip-link indices (Fig.5.7a). There was a single spring-constant used for all the
slip-springs in this test, which was known by the MLE routine. Only the anchor positions had to

be fitted (which required 24-dimensional minimisation for the 8 slip-links used) and there were no
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(a) Before MLE

(b) After MLE

Figure 5.7: A slip-spring model with 8 entanglements was used to generate a collection of ob-
servations for the MLE function. The MLE function was then tasked with fitting a collection of
anchor positions (minimisation in 24-dimensional space). Regular-sized green spheres are slip-
spring anchors, while large black spheres are MLE estimated positions. The chain in the screen
shots is a snapshot of the bead positions at a single time step.
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approximate positions supplied to the fitting, so the method began with all anchor points at the
origin. It is observed in Fig.5.7b that, after MLE fitting, the estimated anchor points (large black
spheres) overlap with the real anchoring points from Fig.5.7a. The slip-springs connecting the
anchor points to the chain are also included on this image for both real and estimated anchoring

points, but due to the accuracy of the parameter estimation, these are very close or overlapping.

This is a model without the slip mechanism, such that M, {N,,} and {.J,,} are constants.
In order to implement the slip mechanism, a summation over all possible slip-link positions is
required, similar to Eq.(3.49) for the single entanglement model. In this case it would involve a
sum of NNslip—sering partition functions (one for each combination of slip-link positions), which
would be a monumental task even for today’s computational abilities. The current challenge of
applying the MLE function to the multiple entanglement slip-spring model, is to simplify the

calculation of the partition function.

5.5 Summary

Using MLE, it is possible to find parameters for any model with known probability distribution,
as has been done for the slip-spring models. The MLE fitting uses the actual position of the
beads to find the best parameters, without a bias towards desired properties. This resulted
in some disagreement between analytical fitting and MLE fitting for the slip-spring models.
Since MLE fitting obtains the best parameters for the model, any disagreement with analytical
fitting is due to flaws in the model. This is not a bad thing and is useful for identifying such
flaws. For example, when comparing the non-isotropic slip-spring model parameter estimates,
it was observed that h, Ng . were estimated accurately, whilst Ng, disagreed significantly from
analytical fitting of G, (). This highlighted the largest flaw in the model, which is known to be
the distribution of beads in the x-direction. Previous parameter fitting was able to make Gy, (t)
equal to that of the two-chain simulation, but did so only by ignoring the motion of the beads,

which obscured the flaw in the model. Hence, MLE fitting can be used, not only as a useful tool
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for finding parameters, but also as a tool for highlighting areas of the model that require further

improvement.
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Chapter 6

Discussion and future directions

6.1 Dependence on system stretch

It has been demonstrated that the slip-spring model represents a single entanglement in great
detail and was found to be an accurate model for stress relaxation, as was calculated from fluctua-
tions using fluctuation-dissipation theorem. Deformation and dependence on system stretch has
not been thoroughly investigated, although a limited study was done using the non-isotropic
slip-spring model in section 4.1.3; through parameter finding to fit (o,,) and <O’,%m/> it was
demonstrated that the anchor position should deform affinely as the system height, H, is in-

creased. Also, for a moderately strong entanglement, it was found that the spring strength of

/

(a) Adjacent (b) Hooked

Figure 6.1: Diagrams of a weak entanglement (adjacent) and of a strong entanglement (hooked),
as originally discussed in section 1.1. The difference between them is the curvature of the chains,
controlled in the two-chain model by the system stretch, H.
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the slip-spring can be kept constant during this deformation. However, it was found that if the
entanglement becomes weak, the spring-strength must change non-isotropically.

When the entanglement becomes weaker, the spring strengths also become weaker, eventually
becoming infinitely weak for unentangled chains. However, it was noticed that the entanglement
strength in the x- and y-directions become weak much sooner, than in the z-direction. This is
because the system becomes akin to two adjacent chains as depicted in Fig.6.1a as opposed to
the hooked case as shown in Fig.6.1b. When two chains are adjacent to each other, there is still a
topological constraint between the chains, which requires a slip-spring force away from the other
chain (z-direction), but there is little constraint perpendicular to this (x- and y-directions), which
requires the slip-spring to be much weaker in these directions. The original isotropic slip-spring
model would not have been able to reproduce these weak entanglement effects accurately; it is

only the non-isotropic slip-spring model that is able to model this effect correctly.

6.2 Slip-spring model for the case of Ng¢ — 0, where slip-links are

fixed in space

A recent paper by Schieber and Horio [36] stated that “the plateau modulus for the elastic slip-
link model [slip-spring model| was unchanged in the rigid limit. The presence of elasticity in the
slip-links would lead only to a change in the shape of the relaxation modulus, but not its height”.
This contradicts the concept of the slip-spring model and suggests that the slip-links should be
fixed in space, which in our model corresponds to Ng — 0. Our study used maximum likelihood
estimation to predict the best pair of parameters for the slip-spring model (section 5.3) and
observed that Ng — 0 is extremely unlikely. Such a finding is corroborated by consideration
of the two-chain simulation, since no fixed point in space - through which both chains must
always pass - is observed; instead the point of the entanglement has its own motion as two chains
fluctuate.

A slip-spring model deformed affinely, should find that the slip-spring anchors are deformed
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affinely as confirmed in section 4.1.3, but the slip-links attached to the end of the slip-springs
are deformed sub-affinely [22|. (I.e. the z-position of the slip-link does not undergo the trans-
formation z — Az when the deformation H — AH is applied to the system.) As such the height
of the plateau modulus should be dependent on the strength of the slip-springs. If the model
was defined with the slip-spring anchors at the average position of the slip-link, then an affine
deformation of slip-links may be observed, but this is not how the slip-spring model should be
applied; the slip-springs should pull the chain away from its unentangled mean path as described

in section 1.3.4 and depicted in Fig.1.12.

6.3 Dual-slip-chain model

The slip-chain model delayed the relaxation of o, (t), but also allowed the cross-correlation
of stress, GX (t), to be better described. However, the cross-correlation function is calculated
between the lower chain and the slip-spring virtual object, which is not ideal. It is only because
the slip-chain modification provides a mechanism to add extra stress into the slip-spring object,
that fov (t) can be adjusted to fit the two-chain model. Yet, this mechanism cannot fit all stress
components simultaneously and, unlike the non-isotropic spring-constant, the number of beads
in the slip-chain cannot be different in each direction.

A modification can be suggested for future work that improves upon the slip-chain model even
further and should allow all G“)fv (t) to be fit. This improvement would introduce a second slip-
chain to the model, where both slip-chains share the same slip-link, but have different anchoring

points. The anchoring positions of this model would be defined as

1 1
rqg; = sh ,  35h , h
( 2ha 2 =) (6.1)
rag = ( _%hm ) _%hy ) hZ )
to add stretch in the x- and y-directions, allowing the stretch term of <a§5p7Cham> to be ad-

justed, in order to fit all the cross-correlation components, where <U§17ip_0hain> is calculated from
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Eq.(4.39). Further improvement could also be added to such a model by allowing beads to be

exchanged between the two slip-chains in a slip style mechanism such that

Nsc = Nsc, (t) + Nscp (t) (6.2)

This would make the dual-slip-chain model more similar to the two-chain model than any other
slip-spring model considered so far. However, one must be conscious when suggesting additional
modifications to a model to make sure that it does not become too complex. A common criticism

of the tube model is that too many modifications to the model have made it cumbersome to use.

6.4 Computational costs of model modifications and the slip-

chain model

In the slip-chain modification (section 4.2) extra beads are added to the slip-spring to slow the
middle bead motion, allowing the relaxation of o, (t) to be delayed to fit to the two-chain
model. However, one must stress that such a solution comes at a cost. The slip-chain increased
the number of beads in the simulation by Ngc ~ N. This means that there are approximately
twice as many beads to move in each simulation step and results in the computation of each
time step taking twice as long (excluding time taken for calculating observed properties). The
non-isotropic slip-spring model does not result in a significant increase in computational costs,

but has its own challenges involved in parameter fitting for the multiple entanglement case.

6.5 Expansion to the case of melts

The aim of this study was to investigate a single entanglement in the simplest model of a polymer
network, in order to identify how well the slip-spring model reproduces the static and dynamic
properties. When studying the simplest case, flaws in the model were identified and addressed,

with the aim of eventually applying the knowledge gained to the full multiple slip-spring model of
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a polymer melt. A recent study by Likhtman, Ponmurugan and Cao [3] has developed a technique
of identifying entanglements in MD simulations by persistent contacts and the linking number
between two chains. As such, it is now possible to get a clear picture of the entanglements within
a polymer melt, which may be used to justify the model of the simplest entanglement used. A
sample of these images are collated in Fig.6.2. In these images the chains are mean paths - the
beads’ positions averaged over a period of time, which smooths the chain without completely
averaging out the temporary entanglements. Fig.6.2 is of interest to this study, because it allows
the types of entanglement to be identified: sub-figure (a) is a clear example of the style of
entanglement studied with the two-chain model, whilst in (h) the chains are completely looped
around each other, and in (j) the two chains are twisted around each other. Importantly, the two-
chain model style of entanglement dominates. Hence, the modifications developed in comparison

to the two-chain model, should be beneficial to the multiple entanglement slip-spring model.

When applying the modifications, the slip-chain model adds the extra parameter for the num-
ber of bonds in each slip-chain, which may be fit in the multiple entanglement model based upon
the average number of chain bonds between slip-links. The non-isotropic model also adds new pa-
rameters, namely the scalar spring strength became a set of strengths: {Ng} = Ng 4, Ng,y, Ng ..
These are more difficult to fit in the multiple entanglement slip-spring model, because each en-
tanglement has a different orientation. Maximum likelihood estimation may be used to fit {Ng}
for each entanglement, as described in section 5.4. The non-isotropic model may also be imple-
mented by defining a spring-constant dependent on the current orientation of the chain bonds
adjacent to the slip-link. This would require only three spring strengths to be defined for the
entire chain and applied to each entanglement relative to the current orientation, such that Ng,
is always applied in the direction that the chain is stretched by the outermost bonds and Ng .
is always applied in the primary direction that the entanglement distorts the chain. Further re-
search is required on applying the non-isotropic slip-spring model to entanglements with variable

orientation.
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6.6 Entanglements within a solvent and the bulky-slip-chain model

The bulky-slip-chain model (section 4.3) repels the beads adjacent to the slip-link, in order to
reproduce a repulsion observed in the two-chain model. However, it can be argued that this
repulsion might not be required if the chain was surrounded by a solvent or polymer melt.
Within such a system, it is possible that the interaction with the surrounding solvent would
apply a pressure opposing the repulsion of the chain beads away from the entanglement point
in all directions. In order to test whether or not this is the case, one should run a two-chain
simulation with an explicit solvent. If the net effect is that beads are attracted towards the slip-
link, then the non-isotropic slip-spring model is likely to be capable of reproducing the average

bead positions.
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Chapter 7

Conclusions

A simple model of a single polymer entanglement in a network has been considered (Fig.7.1),
similar to the case studied analytically by Graessley and Pearson [2]. By investigating this
simple case, this study examined the ability of the slip-spring model to reproduce the static and
dynamic properties of an entanglement, which will potentially lead to a better understanding
of the multiple entanglement case and suggested possible improvements to the model. In this

study, the following properties were considered:

e Stress auto-correlation function (statics): The original slip-spring model is able to
reproduce G, (0) and G (00) of the entanglement, where v = x,y, z, but not simultane-
ously with one common set of parameters. To address this, the slip-spring spring-constant

was replaced by a tensor, creating the non-isotropic slip-spring model.

e Stress auto-correlation function and mean squared displacement of the middle
bead (dynamics): The slip-spring model reproduced the dynamics of G, (t) and Gy, (t)
accurately, but G, (t) was observed to relax faster for the slip-spring model than the two-
chain simulation (the orientation of the entanglement is given by Fig.7.1). Furthermore,
91mid (t) indicated that the middle bead in the slip-spring model moved too fast in the

z-direction at intermediate time. Therefore, the slip-chain model added extra beads along
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(a) Two-chain (b) Slip-spring

Figure 7.1: Main models used within this study

the slip-spring object to slow the bead motion, which improved the fit of gj miq (£) and

delayed the relaxation of G, ().

e Stress cross-correlation function: The slip-spring model is poor at reproducing cross-
correlations, since the virtual slip-spring object is significantly different from the polymer
chain that it replaced. The slip-chain model provided a parameter suited for approximately

addressing the discrepancy, allowing a better fit of G2 (), but not G, () and Gzﬁ (t).

e Average bead positions: The slip-spring model reproduces the average bead positions
in the z-direction accurately. This is not a trivial task, since the mean path of the chain
is sensitive to the way the entanglement slides along the chain, producing a curved shape.
With the best parameter set for G, (t), the slip mechanism of the slip-spring model samples
the chain with the same distribution as the two-chain model’s entanglement, allowing an

accurate reproduction of the z-direction average bead positions.

e Variance of beads and bond vectors: It was demonstrated that the z-direction variance

increases for those beads and bonds due to the entanglement. This is because the repeated
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application and removal of an entanglement to a section of chain causes the variance of
that section to increase. Since the slip mechanism is equivalent to the entanglement sliding
along the chain, the slip-spring model was able to reproduce the same effect. However,
the x- and y-direction variance of bond vectors do not have a peak in variance around the
middle bonds created by the slip-spring, despite this effect being observed in the two-chain
simulation. It is suspected that this is due to an increased repulsion by the entanglement
model that is not fully reproduced by the slip-spring. The bulky-slip-chain model was able

to address this discrepancy.

The slip-spring model does a reasonable job of reproducing the statics and dynamics of an
entanglement, but nevertheless this can be improved upon by implementing the non-isotropic,
slip-chain and bulky modifications. However, these modifications increase the complexity and the
number of unknown parameters in the model. Thus, a tool like maximum likelihood estimation
(MLE) is helpful for finding the model parameters. Furthermore, MLE is recommended for any
model with known bead probability distribution, since it fits the model parameters based on
observed bead motion from a multi-chain simulation, rather than fitting a desired property and

is therefore free of bias.
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Appendix A

Stress correlation functions for a simple

four-arm-star model

To explain the relation between the cross-correlation and auto-correlations of a two-chain model
in Fig.3.13, a simple four-arm-star model is considered, where each arm is a single linear spring,

with spring constant, k = 3]2’§T. The end of each arm is fixed in space and joined at a central

bead, r = (x,y, 2), as illustrated in Fig.A.1. The equation of motion for the central bead is

dr = l;((Alr)+(A2r)+(B1r)+(Bzr)) dtﬂ/%deW(t)

2 [-2) (o) (o
k 2%pT
= 0 + 0 +| D[+ -5 | 4| dt+ ¢ dW (1)
_H _H i i
2 2 2 2
Ak 2%pT
= —prdi+ ? AW (t) (A1)

This is an Ornstein-Uhlenbeck process,

dr = —Lrdt 4 \/2d, dW (¢) (A.2)
T
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Figure A.1: Diagram of the single bead four-arm-star model

To map the model onto this process, the diffusion constant d. = kBTT and the characteristic time

T = %. Because the model is an Ornstein-Uhlenbeck process the first two moments at a time,

t, after a deformation are known to be

(r(t)) = (r)e > (A.3)

(r(t)-r(s) = var(r)e = +dor (esit—e*%“) (A.4)

(PP () = der+ (var (r) —der) e 7 (A.5)

In the four-arm-star model the average position of the central bead is known to be the centre

of the model, which defined such that (r) = 0. The variance of the central bead position at
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equilibrium can therefore be calculated from Eq.(A.4),

var (r) = <r2>—<r>2

Vv
A A A
G'y'y (t) = ]{/‘BiT <O-’y'y (t) Oy (O)> (A7)
v
G% (t) = T <057 (t) va (O)> (A.8)
Vv
X A B
G, (1) = kgT (o3 () 02, (0)) (A.9)
Vv
T T T
G’Y’Y (t) = ]{;BiT <U'Y’Y (t) U’Y’Y (O)> (AIO)
where o4 is the stress contribution from the bonds connecting A; to r and r to A,
A koo~ e ko 72
Ty (1) = 37 (17 (8) = A7) + 5 (7 () — A) (A.11)
0B the stress contribution from the upper bonds connecting By, r and B,
B k Y )2 k Y 732
0y (8) = 37 (7 () = BY)" + 17 (7 () = By) (A.12)
and
ol =t 405 (A.13)

is the total stress in the system.

The xx-component, v = x

Substituting Eq.(A.11) into Eq.(A.7) one obtains
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kgTV V2
G () = 5 (o ()0 ()
D\? D\? D\’ D\’
= <<<$(7§)—2> + <$(t)+2> ) ((m(O)—Q) + <x(0)+2>
1
= 42 (t)2" (0)) +2D* (2*) + | D* (A.14)
where Eq.(A.6) gives
1kgT
D =dr =22 Al
(%) =der = ;= (A.15)
and using Wick’s theorem the first term of Eq.(A.14) is expanded to obtain
2
(22 (t) 2% (0)) = 2 (x (t) 2 (0))* + (2?) (A.16)
where we know from Eq.(A.4) that
(x(t)x(0)) = dere™ 7 +dor (e*% - efé)
= dcTe_é
1kgT _+t
_ = = Al
1k ¢ (A.17)
Hence,
1kgT _2» 1kgT 1k 1 k?
A B —2t B 2 4
t = T+ -—— 4+ =D+ - D Al
Goa) = 5y v Tavl Y akry (A.18)
Similarly we can find
1kgT _22 1kpgT
B _  +thB -2 +hB
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Using Eq.(A.11) and Eq.(A.12) in Eq.(A.9), the cross correlation is

2
TGN 1) = 1y ok (105 0)
2 2
= <<<x(t) — 2> + (m (t) + 2> ) (21'2 (O))>
= 4(2?(t)2*(0)) + D* (2*)
= 8z ()2 (0))® +4 ()" + D*(z?)
GX @) = %% -7 i% + %éDQ (A.20)

Using the above correlation functions the correlation function for the entire system is

GL.(t) = Gi,(t)+2G5 +GE (t)

kT _2 kT k o 1 k*
— 9B - MBS L VD2, =
v O T Ty Ty Ty

(A.21)

ot
The longest relaxation time of these correlation functions, 7., is given by the term e 7z, such

that

T
- _ A.22

The yy-component, v =y

By symmetry the yy-component will relax in exactly the same way as the xx-component, except

there will be a rotation about the z-axis such that G‘y4y (t) = GB, (t) and ny (t) = G4, (b).
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The zz-component, v = z

First we write the auto-correlation for the lower chain, using Eq.(A.11) and Eq.(A.7), as before,

kgTV
k2

2
CA() = Ty (oA (1ol ()

(o)1)

= 4(2*(t) 2% (0)) —4H (z* (t) 2 (0)) — 4H (= (t) 2% (0))

+4H? (2 (t) 2 (0)) + 2H? (2*) — 2H () + iH‘l (A.23)

Compared to Eq.(A.14) there is a subtle change in that both chains are now anchored at the same
position Ay, = Ay, = —%. As a consequence, we now have third moment terms (22 (t) z (0)),
which are known to be zero by symmetry. Hence,

kgT'V
k2

GA (1) = 4<22(t)z2(0)>+4H2(z(t)z(0)>+2H2<22>+iHZL (A.24)

This is equivalent to Eq.(A.14) apart from the new second term, 4H? (z (t) z (0)). Using Eq.(A.17)

this term may be written as

LH? (2 (1) 2 (0)) = H?";BTTe—% (A.25)

to get the auto-correlation function

1kgT k 1kgT 1k 1 k2
=B e SH%e 2B 2y H

A
GZZ(t)_Q Vv Vv 4V 2V 4kpTV

(A.26)

This new term gives the new longest relaxation time, 7y .. = 7, which means that the stress
relaxes twice as slow in the z-axis than in the x- and y-axes. The auto-correlation function of
the upper chain can be seen to be equal to the auto-correlation function of the lower chain by

symmetry, G2 (t) = G4 (t). However, the cross-correlation shows something interesting. Using
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Eq.(A.11), Eq.(A.12) and Eq.(A.9) the function is

kpT'V
L GE() = (ke )

I
T
/N

)

N

Y

=

|

v |
S~
(V)
N~
/N
)
N
IS}
=
_|_
| g
S~
[\o]
~
\/

= 4(2 (1) 22 (0)) — 4H? (z(t)z(0)>+2H2<z2>+iH4 (A.27)

which is identical to Eq.(A.24), except the sign on the second term has changed. Hence,

_lk;BTe%_EHQG,LJr}kBT Lk o 1 k?

X P J—
Gzz(t)_2 1% 1% 4V 2V +4kBTV

H* (A.28)

When the total stress auto-correlation is calculated

GL ) = 2G4 () +2G%
— 9B % FBL oy H A.29
v e Tty eyt Yy (A-29)

the longest relaxation time found in the auto- and cross-correlations has been exactly cancelled
out. Hence the relaxation time of the total stress in all directions is 7, faster than the auto- and
cross-correlations in the z-direction which has a relaxation time of 7. The is analogous to the

effect observed in Fig.3.13 for the more complicated two-chain model.
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Appendix B

List of Gaussian integrals

Gaussian integrals of the form [ exp (—az?) dz

For a scalar z:

For a vector, r, of dimension d:

/exp (—ar2) dir = (E> (B.2)

Generalised for integrating by n vectors, d%r; .. .d%,, using matrix notation:

d
i o\ 2
/ exp (—Aijr rj) d%;...d%, = (detA> (B.3)

where A is a n X n matrix of scalars.
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Gaussian integrals of the form [ exp (—a [ax2 — bx}) dx

For a scalar x:

M

[ e (cafar? b)) ar = (2) e (jf) (B.4)

o aa

For vectors, r and b, of dimension d:

/ exp (~afar? b)) dte = () exp (‘j‘f) (B.5)

Matrix notation for integrating by d’r; ...d%,_1:

/ exp (—a (Ayriv; — Bir; + C)) d%ry...d%,

= (detA (Z)n> : exp (%BTAle — aC) (B.6)

where A is a n X n matrix of scalars, B is a n x 1 vector of vectors with dimension d, and C a
constant. In the above we use Einstein notation, such that when an index variable appears more

than once in the same term a summation over all possible values is implied. Therefore
n
Bix; =Y Bz (B.7)
i=1

and
n o on
Aijxixj = Z ZAij.%'i.%'j (B.S)
i=1 j=1

Example: Partition function of a Rouse chain with fixed ends

Eq.(B.6) can be used to obtain Eq.(3.36), the partition function for a Rouse chain with fixed end

beads, rg and r,,. The integral has the form

3 M
Q= / exp (21)2 Z (I‘i — ri1)2> ddI'l ces ddrn,1
=1
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After expanding the terms within the exponential it can be seen that a, A, B and C are

A= . ; detA=n

To

I'n

Czr%—kri

Hence
3« 2\ 4d d
Q = exp _27722(”_”71) d rl...d rn—1
i=1
N ¢
(1 2rb2\ "\ ? ~ 3 (ra— 1)
N n 3 P 262 n

Gaussian integrals of the form [ x exp (—a [a:c2 — bx}) dx

For a scalar z:
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For vectors, r and b, of dimension d:

/ rexp(—alar? —b-r]) dr = % (W)gexp <le) (B.10)

Gaussian integrals of the form [ z? exp (—aa:z) dx

For a scalar z:
00 1 T 1
2 2 2
—az?) dr = — (7) B.11
/ z® exp (—az”) dz 5 ( )

For a vector, r, of dimension d:

/r2 exp (—arQ) dir = % (I) (B.12)

For the special case of a single component 7 squared and multiplied by a Gaussian involving

the vector r:

/ (r”)2 exp (—ar2) d%r = S <E) (B.13)

These integrals and those below do not have an appropriate equation for Gaussians of the
form exp (fax2 + b$), but this can be overcome by using a change of variables that allows the

Gaussian to be written as exp (—aicz + C). This change of variables is

T = x— — (B.14)

C = —— (B.15)

such that

b\> b
ar® —br = a<x—> - —

= a?+C (B.16)
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Since g—i = 1, the differential for z is simply

di = da (B.17)

With this change of variables it is possible to use Eq.(B.1) to obtain Eq.(B.4).

Gaussian integrals of the general form [ a? exp (—axQ) dx

For a scalar z:

2g-D! (my3 .
o0 o ;. p=2q
/ aP exp (—amQ) dz = (2a)® %) (B.18)
> 0 ;o p=2q+1
where p, ¢ are integers and !! is the double factorial defined as
q
(2 - =TJJ@i-1) (B.19)
i=1
For the special case of (r7)? multiplied by a Gaussian involving the vector r:
(2q—1q)!! (E)% p:2q
/ (r"Pe(—ar?) dr = (a7 Ra (B.20)

0 ; p=2q+1
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Gaussian integral over n elements, multiplied by 2w elements

For the situation where the Gaussian exp (—aAijxi:cj ) is multiplied by 2w individual elements,

Tk, indexed ki, ko, . .. ko, and integrated over all z; the following integral is useful:

/ Thy Thy - - - Thy,, €XP (—Ajjziz;) doy...day,

1
_ L omymy2 1 -1 -1 -1
- <detA (a) > 2w w! o wz (4 )’Wl)kw(z) (4 )kw<3)kw<4) (4 )szw—w’%(zw)

€S2w

(B.21)

where 1) is a permutation of {1, ...,2w} and Z¢€ s,,, 18 the summation over all pair combinations
of {1,...,2w}, producing w copies of A~! [37]. This result is analogous to Wick’s theorem, in

which, for w = 2,

D (zpa)T) (TeE) Teay) = (@122) (324) + (T123) (w234) + (2124) (T223)
weSQw

Example: Calculating (Az,Ax;) for a multiple slip-spring chain model for M —1

entanglements

Consider a slip-spring model with M — 1 slip-springs with strength Ng and slip-link positions
r;. There are M chain segments in this system with N; beads in each segment, as illustrated
in Fig.B.1. In this model slip-links are fixed to beads and do not slip, such that the Cartesian
components are decoupled and may be considered individually. The deviation from the average
bead position in the x-direction is given by Az; = x; — T;, such that the energy of the system

may be written as

k
U = §AUA$2A$]+I€BTC
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Figure B.1: Diagram of the slip-spring model

where
3kgT
k="

A is a symmetric (M — 1) x (M — 1) tri-diagonal matrix of scalars,

Ay = — ottt o
“ " N; Niy1 Ng
1
Ajiy1 = N
(A

and C is a constant. Therefore, (Ax,Axp) may be written as

| Az Ay exp (—adijAriAxy + C) dAzydAzs .. dAzy _

(Ax,Axy) =

where

k 3

T okpT T 22

[ exp (—ad;jAz;Az; + C) dAzi dAzy ... dAzy—q
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I, is integrated first, using Eq.(B.21), where Axy, = Ax,, Az, = Az, and w = 1, such that

-1 _ 72—1
2 )’fw(l)’fw@)*Aab

PpESaN
Thus,
I, = / Az,Azy exp (—adjAz;Az; + C) dAzy dAzy ... dAzy—q
1
1 N\ M-1\ 2 1,
- (detA (&) ) xp(0) 55 4w

Is may be similarly integrated using Eq.(B.6),

I, = / exp (—CkAiinL'iij + C) dAz1 dAxy ... dAzy—1

- (deltA (Z)M_l) % exp (C)

Substituting back into (Az,Axy) = % it is found that

1 1 _
<AﬂjaAl'b> = %Aabl = §b2Aab1

Hence,
1

<mgm5> .

bQA;bl Oaps
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